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Interactions of 1.61-BeV/c Antiprotons in Hydrogen Involving Two
Outgoing Charged Particles*
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Interactions of 1.61-Bev/p antiprotons in hydrogen yielding two charged particles have been studied,
with particular attention to elastic scattering, single-pion production, and annihilation into three or more
pions. Effects of misinterpretation of events are estimated by Monte Carlo calculations, Nine partial cross
sections have been measured. The elastic-scattering data show a secondary diRraction peak at about 82'
in the center-of-mass system. Single pion production is found to be consistent with charge-conjugation
invariance. In the single pion events (p+P ~N+N+rr) the predominance of low-momentum transfer
exceeds that predicted by the single pion exchange formula of Chew and Low. No two-pion resonances
have been observed anywhere in the data.

I. INTRODUCTION

'HIS is a study of events with two outgoing charged
particles (two prongs) among 1.61-BeV/c anti-

proton interactions, including elastic scatterings, an
nihilations, and other inc].astic interactions. The events
analyzed were interactions in the 72-in. hydrogen bubble
chamber. Numerous papers have been written on vari-
our interactions in this film. ' " The most complete
description of the beam and of the experiment as a
whole is presented by Sutton et a/. ' The annihilations
into E mesons have been separately studied. ' Con-
sequently, these events are not analyzed here other
than as a contamination of the other two-prong inter-
actions. Also, the small-angle elastic scat terings
(cos8) 0.80) have not been studied because it is difficult
to separate these events from the elastic pion scatter-
ings that are in the film, and because small-angle elastic
scattering has been studied near this energy by two
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counter groups. ""The search for two-meson annihila-
tions was to some extent a separate project, and is re-
ported in a separate and accompanying paper.

About one-half the two-prong events measured in this
experiment were annihilations involving more than
one neutral particle. These events upon which one can-
not make kinematic fits cannot be identified. Such un-
identifiable events serve as a large reservoir of events
that may contaminate the less frequently occurring
two- and three-body events that we wish to analyze.
Therefore, considerable eGort has been made to deter-
mine the extent of this contamination. An important
tool in this respect has been program FAKE, '~ a Monte
Carlo program that can generate events according to a
particular prescription. These events can subsequently
be analyzed by the same data-analysis system that pro-
cesses the real events. FAKE simulates events to resemble
the output of the track-reconstruction program, com-
plete with a simulation of the measurement errors and
errors due to Coulomb scattering. Thus, by using FAKE
one can observe what his data analysis system will do
with events of a known type, and how often these
events are classified incorrectly. The limitation of this
technique is that, in order to obtain a reliable simula-
tion of a part of an experiment, one needs to generate
the events with the correct matrix element —something
that, at best, is imperfectly known.

II. THE EXPERIMENT

The events chosen to be measured were all the two-
pronged events in a specified fiducial volume in the
bubble chamber and in an edited sample of the film,
except for those events which were obvious small-angle
elastic scatterings. (Events were classified as small-angle
elastic scatterings if simple scanning-table observation
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showed them to be coplanar with a stopping or nearly
stopping proton that made an angle of at least 57' with
the beam track. ) In case of doubt the event was meas-
ured. All events were measured with Franckenstein
measuring projectors and were processed by the PANG-
and KICK-analysis programs.

The 3569 measured events can be classified into the
following groups: (1) interactions produced by incident
pions, (2) elastic antiproton interactions, (3) inelastic
antiproton interactions (single-pion production), (4)
annihilations producing E mesons, (5) annihilations
not producing E mesons (pion annihilations).

The number of events in the first group was esti-
mated by analyzing the events that had 5 rays on the
incident track. "In the measured sample 19+4%of the
events were pion interactions. We estimate that the
3569 measured events came from a sample containing
8823&300 visible antiproton interactions. The dominant
part of the uncertainty in this number comes from the
uncertainty in the number of pion interactions. We have
determined that 3+1 mb of the elastic-scattering events
were not observed by the scanners because the angle of
scattering was too small and the proton recoil was too
short. Thus, the 8823 antiproton interactions correspond
to 93 mb rather than to the total cross section of 96&2
mb."

Most of the pion interactions can be removed from
the sample by requiring that the incident particle have
a momentum greater than some minimum value, be-
cause most of the incident pions had momenta low'er

than the momenta of most of the antiprotons. Whereas
in 14&6% of the interacting pions the measured beam
momentum at the center of the chamber was greater
than 1550 MeV/c, 86&3% of the antiprotons have
measured momenta at least this great. Therefore, the
sample of events with measured beam momenta greater
than 1550 MeV/c has only a 3.6+1.8% pion contamina-
tion. All. the analysis to be described subsequently was
made by using the 2649 events in this high-momentum
sample.

Using the results of the study of the annihilations into
kaons, we estimate 322&40 events in the sample to be
annihilations producing E mesons. There were 110
events observed to have associated E-meson decays,
leaving 212&40 events with E-meson decays that can-
not be so identified.

The events can be placed in the following experimen-
tal categories:

A: Events with beam momenta less than 1550 MeV/c,
8: Events not in A that fit antiproton elastic scattering

with y2(30,
C: Events not in A or 8 that fit one of the inelastic

three-body interactions with X2(5,
D: Events not in A, 8, or C that are consistent with

pion annihilations,
E: Events not in A, 8, C, or D.

'8 For a description of this 5-ray method, see Ref. 2.

TABLE I. Numbers of events in experimental categories A
through E and estimates of the composition of each category. See
the text for definitions of categories A through E and groups 1
through 5.

1 2 3 4 5 Total

A 470&100
7 +Io

C 9&5
D 32&20
E 32w5

Total 560~100

108&21
641%12

0
18&10
1~1

768'26

55m 11
0

293+11
26+8
15W2

399&17

46a5
0

13~4
150&38
117+2
322a40

232&53 920
SW5 653

46m 7 361
1190&45 1416

54&7 219
1527&72 3569

Table I shows the number of events found in these ex-
perimental categories, as well as estimates of how they
are populated by the previously mentioned groups.
Category E consists of 110 events with associated E
decays, 23 events that fit elastic pion scattering, 6
events identified from 6 rays as pion interactions, and
80 events with measurement errors so large that classi-
fication w'as useless. The arguments leading to the as-
signments of many of the numbers in Table I will be
presented when the categories are discussed in more
detail.

III. ELASTIC SCATTERING

Elastic scattering at or near the energy of this experi-
ment has been studied at sma]l angles before. ""Xone
of these data gave very useful information about the
scattering for center-of-mass (c.m. ) angles greater than
50', the region outside the forward diffraction peak.
Therefore, the emphasis in this study was on these
large-angle scatterings. It was ascertained that the
scanning criteria we used to choose the events resulted in
a high eKciency for including elastic scatterings that
have c.m. angles greater than 36.9' (cos8=0.80). There
were 258 such events that fitted with g2(30. The num-
ber of misinterpreted events in this sample is small,
probably no more than 1 or 2. The angular distribution
of these events is shown on Fig. 1. This shows that
there is a secondary peak in the angular distribution
near cose= 0.15.

Such a second-diffraction peak is predicted by simple
optical models. We attempted to fit these data with an
optical model of a form suggested by Greider and
Glassgold. " The elastic differential cross section is
given by

do 1 2—(8)= Q (2l+1) (rig —1)P&(cos8)
dQ 2zk &=0

and in this model the scattering amplitude is given by

ri&= (1—p)'I e'~i'~ for 0&~l&L
=g(l)e' i'& for L D~&l&~L+6, —
=1 for l)L+6,

"K.R. Greider, and A. E. Glassgold, Ann. Phys. (N. Y.) 10,
100 (1960).
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term has to do with the number of events for cos8&0.8.
As a first step we did a tw'o-parameter fit by con-

sidering complete absorption at small radii; i.e., we set
P=1 and u=0. Such a fit, though it reproduces the
general features of the data, has a very poor likelihood
because it has a zero near cos8=0.5, and the data in
this region are not consistent with the presence of a
zero. Only by making n nonzero can this model give
solutions having the essential features of the data and
not having a zero near cos8=0.5. The fit to the data ob-
tained with a four-parameter fit is shown in Fig. 2. The
best fit corresponds to the parameters L=3.83&0.06,
5=2.05&0.10, rr=11.0'&1.1', and p=0.990 o.eor+"".
The uncertainties quoted are equal to the changes in
the parameters that cause Ii to decrease by 0.5. This fit
does not represent the data well. The solution obtained
with the optical model depended little upon the specific
form of the function g(l). The g(l) used for the quoted
solution was

0 I I I

0.6 0 4 0.2 O.Q -Q.2

Cos op

-0.4 -0.6 -0.8 -1.0

g(l) = exp(1 —81—
s L(L—~—I)/~3'}) '"

for L—D&l&L
=exp(1 —sPt (L+~—I)/~3')'"

for L&l&L+2 .
Fxo. 1.A histogram of the measured differential cross section for

elastic scattering of 1.61-BeV/c antiprotons for cess&0.8. The
errors are statistical only. In addition, there is about a 6% system-
atic uncertainty. The curve corresponds to solution 2 in Table II.

where g(l) is a monotonic decreasing function that de-
scribes the shape of the proton (or rather the shape of
the proton-antiproton system). It depends upon the
parameter I, which is a measure of the effective radius
of the proton expressed in units of angular momentum,
and the parameter 6, which is a measure of the thick-
ness of the "edge" of the proton. The parameter L as
well as the parameter 6 may be expressed in terms of an
equivalent proton radius by means of the expression
E= (L+sr)I'I/P=0. 30(L+—',)F, where P is the c.m.
momentum of the incident particle. The parameter p
is the opacity of the nucleus at small values of /, and o.

is a phase. The smooth curve on Fig. 2 illustrates these
optical-model parameters. The conventional phase
shift 5& is related to these parameters by q=e"", and
for L A~&l~&L+6, we have b—I ——stnI —sf ln[g(l)].

In making this analysis, both the data of this experi-
ment and the data of the previously measured diBeren-
tial cross sections were used. Making the maximum-
likelihood analysis involved finding the maximum of the
function

sss o', ) 11 (o'y —O'I)s (258—Xy)F=P 1n
1V~j i-r 2 (bo;)' 2 (81V~)'

where o.„and 0-, are the predicted and measured dif-
ferential cross sections and X„is the predicted number
of events for cos8&0.8. The first term in Ii serves to fit
the shape of the angular distribution for cos8&0.8, the
second term treats the data for cos8&0.8, and the third

2—P (2l+1)L1—Re(III)]—or /(~ar)',
2k &=&

Lmax

from the function F in order to constrain the fit to satisfy
the optical theorem. The total cross section was taken
to be O.p&60~=96&4 mb. Although this method is far
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Fro. 2. The differential cross section for elastic scattering of
antiprotons of 1.61 BeV/c. The data for cosS)0.8 are previously
measured cross-section values, and the data for cosa(0.8 are the
data from this experiment. The curves represent the best optical-
model Gt (dotted curve), the 6-parameter solution (dashed curve),
and the best j.2-parameter solution (solid curve).

As a final attempt to understand the data, a fit was
made leaving each complex g~ as a free parameter and
subtracting the term,
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short of a complete phase-shift analysis, inasmuch as
spin and isospin are not taken into account, this method
does not have any approximations. The l= 5 terms were
included, and because such solutions were satisfactory,
no attempt was made to include higher waves. With such
a model containing many parameters (12 for /, „=5)
there is little doubt that a good fit can be made to the
data. The interest is not to see if a good fit can be made,
but rather to see what one can conclude from these
fits. There are many diferent solutions having good
fits to the data and having quite different values for
some of the fitted parameters. However, all the good
fitsare similar in character. The angular distributions
predicted by the best of these fits are shown on Fig. 1
and Fig. 2. All the good 12-parameter fits have the same
features as does this one: namely, in addition to the
forward peak with a height of about 60 mb/sr, there is
a secondary peak with a height of about 0.30 mb/sr
centered at about cosa=0.14 and a narrow backward
peak with a height of about 0.13 mb/sr. The values
found for the parameters for the four best solutions are
presented in Table II. The good solutions have other

I.O
(0

0.8—

ol 0

0+a
CL

0.2—

Opt(ca l model

0
G
~ ' l2 parameters

0
6 parameters

Solution 1 2 3 4 5

TABLE II. Values of p& corresponding to the best fits to the
elastic-scattering data. Solutions 1 through 4 are the best 12-
parameter solutions obtained, Solution 5 is the 6-parameter
solution.

0
0

FIG. 3. A plot of the opacity (1—
~ n& ~

') of the proton-antiproton
system for various cases. The smooth curve r'epresents the best
four-parameter optical-model fit to the data. The points represent
the indicated solutions.

Re(g))

WIm(qg)

L=O
1
2
3
4
5

0 0 185 0 165—0.165 —0.151
2 —0.127 —0.136
3 0.037 —0.105
4 0.140 —0.072
5 0.130 —0.038

0.727 —0.277
0.343 —0.113
0.117 0.201
0.119 0.095
0.035 —0.024
0.039 0.014

0.182 —0.546 —0.386 —0.181 —0.701
0.017 —0.029 0.042 0.083 0.027
0.183 0.330 0.317 0.261 0.316
0.419 0.531 0.530 0.509 0.543
0.676 0.679 0.663 0.688 0.672
0.866 0.813 0.809 0.838 0.840

solutions, it certainly does not appear to be a poor solu-
tion. The opacity predictions corresponding to this fit
are in good agreement with those of the good 12-
parameter fits.

The integrated elastic cross sections predicted by the
good fits to the data yield 31.1&2.0 mb.

IV. INELASTIC SCATTERING

The reactions

things in common besides agreement on the shape of
the differential cross section. Figure 3 shows a plot of
the values of 1—

~
rl~

~

' as a function of I for the four best
solutions found. This quantity is proportional to the
contribution to the reaction cross section and can be
thought of as the opacity of the proton as seen by the
antiproton for a particular partial wave. The values of
Ii for these four solutions do not differ from one another
by more than a factor of 10. We expect that this set of
solutions, though not complete, is a representative set
of the possible solutions. The opacity corresponding to
I=O is not very well determined, but it does seem to be
fairly well indicated for the other partial waves.

Also, plotted on Fig. 2 and tabulated in Table II is
the result of making a six-parameter fit by constraining
the imaginary part of ri& (and thus the real part of the
scattering amplitude) to be zero. Although the likeli-
hood for this solution is only about 10 4 that of the best

and

p+ p ~p+ p+ ~
~

p+ p ~ p+n+7r+,

p+p~ n+p+s,

(1)

(2)

(3)

are of interest because they can provide a test of charge-
conjugation invariance (C) in strong interactions. The
proton-antiproton initial state is an eigenstate of both
CI' and CR, and these invariance principles demand
among other things that (a) the cross sections for (2)
and (3) be equal, (b) the angular distributions of the

p and the p in (1) be reflections of each other, and
(c) the angular distributions of the p and the n in (2)
be reflections of the angular distributions of the p and
the n, respectively, in (3).

If we assume the validity of the conservation of parity
(P) in strong interactions or the validity of invariance
under spatial rotation (R), then tests of these statements
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TABLE III. Estimates of the composition of the samples of events analyzed as inelastic scatterings.

True
/pm-0

events

True
pn7r

events

True
pn~+

events

interaction Annihilation Annihilation
of producing producing

pions only pions only E' mesons Total

Events in pp~' sample
Events in pn7f sample
Events in pn~+ sample
Events eliminated by y' cuto6
Unanalyzable events
Total

123+5
1&1
4&3

12&6
7&1

147&8

1&1
80&6
1+2
8~4
4+1

94~8

3+2
1+2

65+7
6+3
4+1

79+9

2+2
2+2
4+3

7&3
18W4
18+4

1&2
6&2
6+2

137
108
89

constitute tests of charge-conjugation inva, riance in
these reactions. A more detailed statement of the pre-
dictions of charge-exchange inva, riance is presented by
Pais'0 and by Xuong et al. 4

The sample of events analyzed as inelastic-scattering
events are those events which did not fit any tw'o-body
final state and which had a y2(5 for one of the three in-
elastic reactions. Many events fit more than one of
these reactions. For almost all of these events, ioniza-
tion observations removed the ambiguities. The sample
was found to contain 137 events that fitted (1), 108 that
fitted (2), and 98 that fitted (3). Table III shows the
estimates of the compositions of these groups of events,
or how many misinterpreted events each group contains.
The estimates of background events from annihilations
involving kaons were made by analyzing those events
having associated kaon decays. The estimates of the
background events from annihilations yielding only
pions were obtained by using program FAKE. The FAKE
annihilation sample is described in Sec. V. These data
indicate that the pPxs events are about 90%%uo pure,
whereas the samples for the other two inelastic modes
are only about: 70% pure. The fact that these latter
samples are not very pure makes the tests of charge-
conjugation invariance more difficult. The cross sec-
tions obtained for these reactions are

60 .
( b) 120 (c)

40— -80-

20-

where m is the mass of the pion, o. is the pion nucleon
total cross section, p; is the laboratory-system momen-
tum of the incident antiproton, 6 is the invariant four-
momentum transfer for one nucleon (or antinucleon),
M is the effective mass of the other two particles, k is
the momentum of either of the other tw'o particles in
their own center of mass, and f' is the renormalized
pion-nucleon coupling constant. This formula predicts
that the pps cross section should be nearly twice as great
as the cross section for the other two channels because
in this region the cross section is dominated by the
(ss, ss) resonance, and for the 7= ss state the m'p cross
section is twice that of 7r+e or m. p. Our data give
2op„oj(o p„++a~- -)=1.69+0.28, in agreement with
the peripheral-model prediction, and in disagreement
with the prediction of 0.8 given by the statistical model.

Figure 5 shows a scatter diagram of the @ps' events
in which the coordinates are essentially M2 and O2. The
ordinate has been distorted in such a way that the points

o.g~„o= 1.85+0.22 mb,

o~„- -=1.19&0.16 mb,

o-~„+= 1.00+0.16 mb.

40-Ot

07

20'
O

Cos ep Cos ep ~(~ ' cos ttp

-80-

The angular distributions for all the particles are
shown in Fig. 4. Also shown in Fig. 4 are estimates of
the background events. In each case the prediction of
charge-conjugation invariance is well satisfied.

These angular distributions suggest that these reac--

tions are the results of peripheral interactions. So we

may expect that the events conform to the one-pion.
exchange Chew-Low" formula

d'o f' 1 Q2

Mko. (M)
dM'die 27r p'm ' (LV+m ')'

~ A. Pais, Phys. Rev. Letters 3, 242 (1959).
2' G. F. Chew and F. E. Low, Phys. Rev. 113, 1640 (1959).

Also, F. Bonsignori and F. Selleri, Nuovo Cimento 15, 465 (1960).

0 .

F
Cos

40—

0
Cos(g) Cos (t — ~(hos p

—80-

e~ ~ ~

(i).-
P

0
-1.0 Cos e & 1.0

-40-

p
-1.0 Cos e „- 1.0 -1.0 Cos e„

FIG. 4. The angular distributions of the nucleons and anti-
nucleons in the inelastic-scattering events. Figures (a), (b), and
(c) are for the ppx0 reaction, and the others are for the pnx+ and
pcs reactions. Figures (c), (f), and (i) are the appropriate sums
of the two figures to the left of each. For each graph, estimates of
the background events have been made; the data are plotted in
such a way that the background events are plotted negatively;
and the remaining events, which are the estimated number of
genuine events, are plotted positively.
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l,4 I

o 60

40

20,

0 0.2 0.4 0.6 0.8 J.O I.2 I.4

( BeV/c)
I'zG. 5. A scatter diagram in the M', b.' plane, where 6' is the

invariant four-momentum transfer of the nucleon or antinucleon
and 3II is the efkctive mass of the other two particles. The M'
scale has been distorted in such a way that, according to the Chew-
Low formula, any vertical strip would be populated according to
0 (M), the ~p cross section. Each event has been plotted twice on
this diagram. A histogram of the projection of these data on the
c9 axis is compared with a phase-space prediction (dashed curve);
with the prediction indicated by the Chew-Low formula (dot-dash
curve); with a modified prediction, based on the Chew-Low
formula, including the distribution for both of the nucleons
(dotted line); and with a similar prediction based on a peripheral
model with a (19+m ') ' dependence (solid line). All curves are
normalized to the data.

in any vertical strip would uniformly populated accord-
ing to the Chew-Low formula, if fT were constant. "This
plot illustrates the concentration of events at small
values of momentum transfer. The projected distribu-
tion on the 6' axis has the features of the prediction of
the Chew-Low formula. However, there are many more
events at low' momentum transfer than predicted by
this formula. The Chew-Low formula would be strictly
applicable to our experiment only if we knew which
pion-nucleon pair was resonating, that is to say,
with which nucleon to associate the pion. Since
we do not know this, the prediction must be
modified to include the other pion- nucleon pair.
The dotted curve on Fig. 5 is the prediction for
the momentum-transfer distribution based on the
assumption that (a) the Chew-Low formula gives
the correct momentum-transfer distribution for one of

~ If the events were populated uniformly in phase space, then
the density on this plot would be proportional to M '.

the nucleons, that (b) the momentum-transfer distri-
bution of the other nucleon is determined statistically,
and that (c) what we observe is the sum of these two
distributions. That this curve does not agree with the
data indicates that the A2 term in the numerator of the
Chew-Low formula is not appropriate. The solid line
on Fig. 5 shows the prediction of a peripheral-scattering
model in which the 6' dependence is only the propaga-
tor (dP+m ') s, rather than lV(A +rIs ') s. This curve
is a much better fit to the data than are any of the other
curves. Such a 6' dependence of the cross section cannot
arise from the exchange of a piori in p wave, as is re-
quired for %3~2* production, but could be the correct
form if the particle exchanged were a vector meson.

Figure 6 shows histograms of the distributions of the
pion-nucleon effective-mass squared for each of the re-
actions. In every case the data are consistent with
charge-conjugation invariance. This is illustrated in
Fig. 7, where the distributions of all of the pion-nucleon
effective masses are compared with the distribution of
the sums of all of the pion-antinucleon effective masses.
These two distributions should be identical, according
to charge-conjugation invariance. These distributions
do not agree well with the phase-space prediction, nor
w'ith the predicted distribution corresponding to all the
events involving the production of a pion-nucleon or a
pion-antinucleon pair in the (s,s) resonance. The pre-
diction based on the Chew-Low formula is essentially
identical to this latter distribution. The data would fit
such a resonance model if the mass of the A3~~* were
assumed to be 1210 MeV rather than 1238 MeV. Per-
haps such a shift can effectively be produced by inter-
ference betw'een the iV3~2* and the ¹ j2*.

V. ANNIHILATIONS YIELDING ONLY PIONS

There v»ere 1404 events analyzed as annihilations pro-
ducing pions. From this sample were excluded aH events
fitting any two-body process (including 14 events fitting
two-meson annihilation) with a x'(30, and all events
fitting any of the three-body inelastic interactions with
x'(5. In this sample there is a contamination of 16+4%
of events that are not pion annihilations: the largest
contamination consists of annihilations involving E
mesons, as can be seen in Table I. We also estimate that
8+1% of the true pion annihilations have been ex-
excluded from this sample. Previous analysis' of the
annihilations at 1.61 BeV/c indicated that the multi-
plicities were consistent with the predictions of a statis-
tical model that uses an interaction volume 0=5, where
the volume is measured in units of the volume of a sphere
having a radius equal to the Compton wavelength of
the pion. This model predicts that the sample of two-
prong pion annihilations consists of 11% three-body,
36% four-body, 37% five-body, 14% six-body, and 2%
seven-body annihilations.

Figure 8(a) shows the distribution of the square of the
missing mass for these events; namely, the square of the
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effective mass of the neutral particles. Figure 8(b) shows
the same distribution for a sample of simulated events
generated by the FAKE program according to the statis-
tical-model prediction. In both cases the solid curve rep-
resents the predicted phase-space distribution corre-
sponding to the statistical model with Q=S for all but
the three-body events. This model predicts far too many
events with missing mass less than 1 BeV, a region
populated predominantly by the four-body annihila-
tions. A much better 6t to the data is obtained by re-
ducing the predicted number of four-body annihilations
by a factor of 1.6 while maintaining the ratio of the
other modes the same. This calculation is shown as the
dashed curve on Fig. 1(a).

The missing-mass distribution shows no compelling
evidence for the production of resonances. The 71- peak
is present in the real data with about the same strength
as it is in the data from FAKE; this indicates that on the
order of 100 x+x x' events are included in the sample.
One might well expect to see evidence for the reaction
p+p —+ n-++m +tf, rf

—+ neutrals, even though no evi-
dence for the g has been seen in other p annihilations.
By chance, the FAKE data show, if anything, more
evidence for g production than do the real data. We
estimate that there are 20&20q's present in these
data.

Theie is no evidence for a peak at the mass of the p
meson or at the mass of the cv meson. This is not sur-
prising since the p is not expected to have a significant
all-neutral decay mcde and the all-neutral decay mode
of the ~ has a small branching ratio.
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FIG. 7. Histograms of the distribution of the effective-mass
squared for (a) all the pion-nucleon pairs, and (b) all the pion-
antinucleon pairs. The solid curve is the same resonance-model
prediction shown in Fig. 6.
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diction based on a statistical model with 0=5. The dashed curve
represents an empirical model discussed in the text.

Figure 9(a) shows the distribution of the square of
the effective mass of everything other than one of the
visible pions. In other words, it is the momentum dis-
tribution of the charged pions expressed in terms of
effective mass. The distributions corresponding to the
7t-+ and m were in good agreement with each other and
were combined. We note that there is no evidence for
the reaction p+p —+ p"+~+ for any decay mode of the

p meson. Figure 9(b) shows the same distribution for
the FAKE data. Just as was the case in Fig. 8, the solid
curves represent the statistical-model prediction cor-
responding to 0=5. Again, this curve does not agree
well with the data because it is too high in the low
effective-mass region dominated by the three- and four-
body annihilations. Both phase-space calculations and
the FAKE data show that for effective masses less than

BeV, the three-body annihilations are dominant.
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events: 8% three-body, 23% four-body, 48% five-body,
18% six-body, and 3% seven-body. This model is used
to calculate the dashed curve on Fig. 9(a) as well as
the dashed curves on Figs. 8 and 10. This curve fits
the data very well. There is no evidence for substantial
production of charged resonances with a single pion.

Figure 10(a) shows a histogram of the distribution of
the effective mass of the m+vr pair, and Fig. 10(b) is the
same distribution for the FAKE events. Again, the
dashed curve, which is the phase-space prediction ac-
cording to the model used to fit the other effective-mass
data, is a better fit to the data than is the prediction of
the statistical model with 0=5, although in this case
the preference is not as marked as it was in the other
cases. Neither of the curves is a good fit to the data.
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FIG. 9.A combined histogram of the square of the effective mass
of everything except one of the charged particles for (a) the real
events in the pion-annihilation sample and (b) the FAKE events,
The solid and dashed curves are predictions of the same statistical
model and empirical model used in Fig. 8.

Then, on the assumption that the three-body annihila-
tions are distributed according to a phase-space
distribution —an assumption supported in the next
section —we estimate that there are 122&35 three-pion
events in this sample. On the basis of this and the in-
formation gained from the missing-mass distribution,
we have a new estimate of the composition of these
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tion sample.
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The most striking feature of the data is the overpopula-
tion around 1.3 BeV. However, this peak is no more im-

pressive than is the peak near 1.1 BeV in the FAKE
data.

From the study of the four-prong annihilations" it is
known that considerable numbers of p mesons are pro-
duced in five-pion annihilations. However, Fig. 10 does
not show much evidence for the presence of p' mesons.
If there are about 30 p mesons here, as one would esti-
mate from the four-prong data, then both phase-space
curves are too high in this region. A lowering of these
curves would produce a better fit to the data from 800
MeV to 1 BeV, but would produce a poorer fit to the
data near 500 MeV.

Figure 11 is a histogram of the c.m. angular distribu-
tion of the x and the ~+, as well as the combined dis-
tribution obtained by adding the Dumber Df events in
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lated four-pion annihilations.

the (—cose +) bin to the events in the (+cos8 -) bin.
Xone of these distributions is consistent with isotropy.
They exhibit an effect similar to that seen in the four-
prong annihilations'; namely, that there is a peaking in
the forward direction for the ~, and a peaking in the
backward direction for the x+. The question arises as to
what extent could this be the effect of misinterpreted
events in this sample rather than a property of the pion
annihilations. The peaking in the forward direction for
the negative particles can be enhanced somewhat by the
p+ p ~p+ p+n.o and p+n+n+even. ts, and the
~ +p ~ ~ +p+m. o events, since in all these reactions
the angular distribution of the negative particle is
peaked in the forward direction. However, the number
of these events in the sample is not sufficient to produce
the effect observed for the negative particles. Further-
more, these events cannot produce the backward peak-
ing of the positive particle observed in Fig. 11. The
reason is as follows: In order to obtain the c.m. angle for
Fig. 11, the assumption was made that each partide
was a pion. If the particle were heavier than a pion, the
calculated pion c.m. angle would be too small. Even if
there are in the sample protons going predominantly in
the backward region (c,m. ), they will not produce much
of a backward peaking when the mass is assumed to be
a pion mass.

The angular distributions of the kaons and pions in
annihilations involving E mesons deviate very little
from isotropy. For the E mesons in the sample, mis-
interpretations of the mass of the particle will produce
a small amount of peaking in the forward direction for
both the positive and negative curves. Thus, the major
effect of the misinterpreted events should be to destroy
the condition imposed by charge-conjugation invariance

that the ~+ and ~ angular distributions should be re-
flections of each other. A y' test indicates that there is a
10% probability that two distributions from the same
sample would disagree as much as do the observed x+
and m= angular distributions, whereas there is less than
0.1% probability that an isotropic distribution would
appear as anisotropic as do either of these distributions.
Therefore, this effect is almost certainly a real property
of pion annihilations.

Since all three of the eRective-mass distributions are
fjtted f irly well by one model, it is probably not far
from the correct one. However, it is difficult to estimate
the accuracy of the determination of the frequency of the
various annihilation modes, both because of the dif-
ficulty in estimating the effect of the background events
and because of the uncertainty about the assumption,
implicit in this analysis, that the phase-space distribu-
tions are correct representations of the data.
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FIG. 13. Histo-
gram of the square
of the missing mass
for those events in
the pion-annihilation
sample having g2(5
for the three-pion
interpretation.

VII. THREE-PION ANNIHILATIONS

From the foregoing analysis we estimate that there
are about 110events of the reaction p+ p ~ ~++7r +~'
in the pion-annihilation sample. These events are in-
teresting ones in which to look for two-pion resonances
because no other types of resonances can be present.
However, it is difficult to get a fairly pure sample of
these events to analyze, because the fit to this process is
overdetermined by only one constraint, and the average
error on missing mass is on the order of a pion mass. The
y' distribution LFig. 12(a)] for the fi.ts to these three-
pion annihilations illustrates the problem. Whereas the
p' distribution for the pure events should essentially go
to zero when y~ is equal to 10, the observed distribution
has a long "tail" of events that cannot be real events.
That there is a large contamination is further evidenced
by the fact that there are 270 events with p'(5 in this
sample, which is more than twice as many as we ex-
pected to have. A third indication that the background
is great is that the distribution of missing-mass squared
for those events with z'(5 (Fig. 13) is strongly weighted
to the large-mass side of one-pion mass. Almost all these
contamination events are other annihilation events. By
observing the two-prong events that have associated
E-meson decays, we estimate that 20&10 of the events
with x'(5 for three-pion annihilation are annihilations
involving E mesons. The rest of the contamination
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annihilations with k mesons, and (e) the difference between the
real data and the estimated background.

events are four-, five-, and six-body two-prong an-

nihilations that fit the three-body hypothesis.
It is common practice to analyze a p' distribution,

such as that on Fig. 12, by observing that the "tail"
on the distribution is 10 or 15 events high and by as-
suming that this amount can be subtracted from the
total number of events in the bins at small y' in order to
obtain an estimate of the actual number of events that
correspond to the hypothesis being tested. In the pres-
ent case such a method indicates that there are about
200 three-pion annihilations in the sample. That such
a method is wrong when one is dealing with a sing1y con-
strained (1C) fit is illustrated by the x' distribution for
the three-pion assumption obtained by using the FAKE
four-pion events LFig. 12(b)].The above method would

lead to an estimation that there were about 60 three-
pion events in a sample composed entirely of four-pion
events.

To understand the shape of the g' distribution to be
expected when one tries to fit to an hypothesis with one
constraint events that are not in agreement with that
hypothesis, the following observation is instructive. If
one has a set of events for which the distribution in the
square of the missing mass is equally populated for all
values of missing mass and if the error on this quantity
is independent of the value of the quantity, then the p'
distribution for any 1C hypotheses will be proportional
to 1/X. The distribution will be flat when expressed in
terms of x, the square root of y'. For the events that
agree with the hypotheses, the distribution in x should
be Gaussian with unit variance. Because of these pro-
perties, a distribi tion in x is usually more useful than
one in x', if one wishes to separate the background from
the true events when one is w'orking with a 1C hy-
pothesis. Figure 14(a) shows the distribution in x for
the experimental data. Figures 14(b) 'and 14(c) show
the estimated background due to many-body pion
annihilations obtained from the FAKE events. " Figure

"The number of 47I-, 57', and 6~ events used to make these
estimates corresponds to the statistical-model estimate described
in Sec. VI. This model fitted the data better than did the empirical
model that was used to fit the many-pion annihilations.

14(d) is the estimated distribution in x due to kaon
annihilations, as estimated from the two prongs with
observed associated kaon decays. These background
distributions, though not Qat, are consistent with
linearity; this demonstrates the utility of using a p dis-
tribution for background subtraction. Figure 14(e)
shows the result of subtracting the estimated back-
ground from the experimental distribution. This graph
demonstrates that the background estimation is fairly
accurate because the data after the subtraction are con-
sistent with a normal distribution. The distribution in-
dicates, that there are about 120 pion events in the
sample.

The FAKE data indicate that 15&4% of the back-
ground events that have y'(5 have the square of the
missing mass less than the square of a pion mass. One
half the real three-pion events should satisfy this cri-
terion. From this, we deduce that 130&25 of the events
with x'&5 are three-pion event. s. By using a direct
subtraction of the estimated background from the ob-
served number of events with y'&5, we find that there
are 111+15three-. pion events with x'&5.

All these calculations @re consistent with one another
and in good agreement w'ith the statement that there
are 125&15 three-pion events in the sample, and
117+15 of these have y'&5. Therefore, the sample of
270 events with x'(5 is only about 43% pure.

In an effort to purify this sample, only those events
with missing-mass squared within 0.2 (BeV) of a pion
mass were kept. The resultant sample, which contains
131 events, will be called the "three-pion sample. "From
the FAKE data we estimate that there are 37 four-pion
annihilations and 3 five-pion annihilations in this
sample. We also estimate that there are six E-meson
annihilations and two events that are inelastic pion in-
teractions. This adds up to 48&7 background events,
leaving 83&7 three-pion events. From the FAKE data
on three-pion events, we estimate that 65&7% of the
three-pion events w'ill be in this sample. This leads to
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FIG. 15. An eRective-mass-squared scatter diagram for the 131.
events in the three-pion annihilation sample. The narrow bands
indicate the position of the charged p meson. The neutral p would
show up in a band near the upper right-hand edge of the envelope.
However, this band is spread out considerably due to the spread
in the beam momenta. The envelope corresponds to the kinematic
limit for 1.61-BeV/c antiprotons.
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yet another estimate of 128&18 for the number of
three-pion events in the pion-annihilation sample. Thus,
the data are self-consistent and the three-pion-annihila-
tion sample is 63&5%%u& pure. This sample, impure as
it is, is the one used to investigate the three-pion
annihilations.

Figure 15 show's an effective-mass-squared scatter
diagram for the events in the three-pion sample, and the
projections of this distribution for each of the pion pairs
is shown on Fig. 16. The distributions are consistent
w'ith a phase-space distribution. The FAKE data indicate
that the background events produce effective-mass dis-
tributions that are fairly consistent with phase-space
predictions. These data indicate that at 1.6 BeV/c the
three-pion annihi)ation mode does not often arise from
the reaction p+p ~ p+x, for there is not a significant
surplus of events w'ith an effective mass near 750 Xj:eV.
This is in contrast with annihilations at rest, where the
p is observed to be a prominent constituent of the three-
pion annihilations. '4

The angular distributions (Fig. 17) of the charged
pions in these three-pion events are not isotropic. The

goes predominantly in the forward direction and the
m+ in the backw'ard direction in the c.m. system, as was
observed in the total two-prong sample. The m+ and

angular distributions are consistent with the con-
straint imposed by charge-conjugation invariance that
they be reRections on each other. When the tw'o dis-
tributions are combined, one finds that the ratio of
negative pions going forward to those going backw'ard is
1.54' 0.19.
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VIII. CONCLUSION

The elastic-scattering data show that there is a
second diffraction peak at about cos0=0.14. Using these
data to determine the scattering amplitudes for each
partial wave gives information about the "shape" of
the proton when it interacts with an antiproton.

The inelastic events agree with the predictions of
charge-conjugation invariance and serve to test this
conservation principle. These events are peripheral in
nature though they more heavily populate the low-
momentum-transfer region than even the one-pion-
exchange model predicts.

No resonances are observed in the two-prong an-
nihilation data. Even the p meson does not show up
significantly in these annihilations.

The cross sections of the various modes of two-prong
interactions of 1.61-BeV/c antiprotons in hydrogen
have been found to be (in mb):

77+P~ 77+P 31.1 &2
7i+P+~' 1.85 &0.22
p+n+~ 1.19 +0.16
p+n+7r+ 1.00 +0.16
7r

—+m++m' 1.58 +0.25
—+ annihilations' with 3.4 ~0.5

E mesons
~++~—" 0.119a0.030
E++E 0.055&0.018

—+ other annihilations 13.9 &1.5.
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