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Proton Spectra from the p+D Reaction for 5—10 Mev Incident Protons*t
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The proton spectra from the p+D ~ 2p+I reaction have been measured at the four laboratory energies,
10.62, 9.19, 6.97, and 5.53 MeV, and at the two laboratory angles, 14' and 34'. The proton beam from the
University of Illinois cyclotron was used to bombard a deuterated polyethylene target. The breakup protons
were recorded by a thin CsI scintillation counter used in conjunction with a magnetic spectrometer. The
energy resolution of the system was approximately one percent and the minimum energy for which reliab]. e
data could be obtained was 1 MeV. All of the spectra have fewer low-energy protons than would be pre-
dicted by phase-space arguments alone. They all exhibit rather steep slopes near the maximum breakup
energy, reaching one-third to one-half maximum height in less than 4 MeV. The slope then decreases, the
cross section rising to a maximum near E/E, =—,'. Structure, in the form of a "knee" in the spectrum, has
been observed near the maximum breakup energy for all the spectra with incident proton energies greater
than 7 MeV. This structure becomes more pronounced as the scattering angle increases and less pronounced
as the incident energy decreases. Similar structure has also been observed near the low-energy end of the
spectrum for the 10.6-MeV incident proton energy. The present observations have been compared with the
less complete work of other investigators, and the agreement was found to be excellent. A qualitative under-
standing of the observed structure is provided by the final-state interaction formalism of Watson. A com-
parison with the impulse approximation theory of Frank and Gammel has also been made and the agreement
is rather poor.

disappearing as the scattering angle is increased. The
experimental results have these general characteristics.
Recently, Ilakovac et al. ' observed a similar spectrum
for the protons from the I+D reaction.

Bransden and Burhop' have made the most extensive
calculations of the breakup spectrum. They used the
distorted-wave approximation which, in its most general
form, involves the calculation of matrix elements using
wave functions which represent the motion of the nu-
cleon in the mean field of the deuteron in the initial
state and in the mean field of the excited or "virtual
deuteron" in the final state. Sransden and Burhop
neglect the distortion of the outgoing wave in the final
state, and use a plane wave to describe the relative mo-
tion of the outgoing nucleon with respect to the other
two. Therefore, it is not surprising to find that their re-
sults disagree with the experiments, and even predict,
for 10-MeV incident protons, a total cross section for
breakup eight times larger than the theoretical maxi-
mum for 5-wave interactions.

Frank and Gammel' have developed a theory using
the impulse approximation, in which it is possible to
express the inelastic cross section in terms of the known
elastic cross sections of the nucleon-nucleon interaction.
In order to obtain the results in a closed form, they used
zero-range potentials, and the reasonable agreement of
their calculations with the total cross-section data of
Allred et al. ' and the 4-MeV spectra of Ferguson and
Morrison' is probably fortuitous. Frank and Gammel
only considered the contribution from the Ipfinal-
states, and therefore it is not surprising to find that the

I. INTRODUCTION

'HE breakup reactions p+D ~ 2p+ri and rs+D ~
2rs+p are among the simplest inelastic nuclear

reactions and as such are worthy of intensive experi-
mental and theoretical study. At present, their pri-
mary theoretical importance probably arises more as a
test of the validity of the approximations used in the
calculation of the cross section than as a means of prob-
ing the detailed nature of the forces involved in the
interaction.

The neutron spectra' from the p+D —+2p+I re-

action have been studied extensively by Ferguson and
Morrison, ' Cranberg and Smith' and Wong et at.4 The
neutrons from this reaction can be roughly classified into
a fast and a slow group. The slow group is a result of the
direct scattering of the incident proton by one of the
nucleons in the deuteron, just enough energy being
transferred to the deuteron to disassociate it. The re-

sulting neutron emission is approximately isotropic.
The high-energy neutron group arises either from a
direct knockout process or from a charge-exchange in-

teraction between the incident proton and the neutron
in the deuteron. The energy spectrum might, therefore,
be expected to have two peaks, the high-energy peak

* Supported in part by the U. S. OfBce of Naval Research.
t This work is described in greater detail in a thesis submitted to

the University of Illinois by J. L. Friedes in partial fulfillment of
the requirements for the Ph.D. degree.

f Present address: Department of Physics, Brookhaven
National Laboratory, Upton, New York.

' The following terminology will be used. Let 8 be the angle of
observation, and E the energy of the observed nucleon. Then
d'o (8,E)/dOdE is the "differential cross section, " do ( )/ 8od
=f(d'n/dgdE) dE is the "cross section, " and o =f[do(8)/do
dQ is the "total cross section. "The breakup "spectrum" is a mea
urement of d o (8,E)/dodE versus E.
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high-energy neutron peak. observed by Cranberg and
Smith and Kong et ut. is not reproduced by their
theory.

Heckrotte and MacGregor' have extended the theory
of Frank and Gammel and have shown that the high-
energy peak may be explained by the interaction of the
two identical nucleons in the final state. Since they, too,
use the Born approximation, their results are only
qualitatively correct, the value of the cross section
being in error by an order of magnitude. Komarov and
Popova" have carried out similar calculations in which
they considered the three 6nal-state interaction regions
(p-p; no dominant final state; ri-p) separately. The
agreement that they obtained with the experimental
data is excellent, but somewhat arbitrary because of
their normalization procedures.

The effect of these final-state interactions on the shape
of the energy spectrum of the emitted particles was
first considered by Migdal" and subsequently by
Watson. "Peaks ascribed to final-state interactions have
been observed by Rybakov et u/. " in the d-D, d-He',
and d-He' breakup reactions. Qualitative fits to the
data were obtained using the simple theory of Migdal.

Although all of the calculations mentioned above in-
dicate that the general structure of the breakup spec-
trum can be explained on the basis of final-state inter-
actions, a completely satisfactory theory which gives
the correct magnitude and shape does not exist at the
present time.

The Present Experiment

Prior to 1960, only the neutron (proton) spectrum
from the p+D (n+D) reaction had been measured. The
proton spectrum from the p+D reaction has since been
observed by Kikuchi et al.' and by Nisimura. "Their
experimental arrangement limited their energy resolu-
tion to approximately 10%and the minimum detectable
proton energy to 3 MeV. A factor of 10 improvement in
the energy resolution and a minimum detectable pro-
ton energy of less than 1 MeV has been achieved in the
present experiment by using a magnetic spectrometer to
observe the breakup protons. The proton spectrum has
been measured at two laboratory angles, 14' and 34',
and four energies, 5.53, 6.97, 9.19, and 10.62 MeV.

MONIT

TAR

ANTISCATTE
SHIEL

SI

general background from neutrons and gamma rays,
and from protons which are degraded in energy by slit
scattering, and (2) elastically scattered deuterons which
have the same energy as the protons from the deuteron
breakup. The neutron-gamma-ray background was re-
duced by use of a magnetic spectrometer with a thin
(0.005-in. ) CsI scintillation counter to detect the de-
sired protons. This apparatus removes the detector from
near the target and also allows deuterons to be dis-
tinguished from protons.

Figure 1 is a schematic drawing of the essential equip-
ment. The proton beam from the University of Illinois
spiral ridge cyclotron, collimated by slits S3, S4, and S5
to a 0.125-in. )&0.125-in. square cross section, passes
through the target and is collected by a conventional
type Faraday cup. The antiscattering shieM prevents
particles scattered by S3 from directly reaching the
counters. The monitor counter is used to detect the
elastically scattered protons. Slits S~ and S2 determine
the magnet counter solid angle, and slit S6 determines
the monitor counter solid angle.

The spectrometer is of the Browne-Buechner type"
and possesses an energy resolution capability of better
than 0.1%%u~. The momentum calibration, dispersion, and
magnification of the spectrometer were measured using
the alpha-particle sources Po'"(5.302-MeV alpha
particles) and Bi'"(6.047-, 6.086-, and 8.780-MeV
alpha particles). All of the measurements were consist-
ent with the geometrical calculations. The magnetic
field was determined by a proton resonance (NMR)
device.

The (CDs)„ target used in this experiment was pre-
pared from crystalline (CDs)„ in a manner similar to
that described by Reid."The yield of protons elastically
scattered from the deuterium was measured and com-
pared with the results of Allred et a/."who employed a
gas target. In this way, the thickness was determined to
be 1.31+0.08 mg/cm'. This target withstood average
beam currents of 50 mpA over a 0.1-cm' area without
appreciable distortion. The eftect of the target nonuni-

II. EXPERIMENTAL EQUIPMENT

The main experimental difhculties associated with
measuring the breakup spectrum are due to: (1) a
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FIG. 1. Schematic diagram of equipment used
for the p+D breakup measurements.
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formity on the calculation of the differential cross sec-
tion was small and will be discussed in Sec. III.A second
target, about twice as thick and less uniform than the
first, was also used. Proton spectra measured with both
targets had essentially the same shape. Small differences
in the shape near the low-energy end of the spectra were
due to target thickness effects which will also be dis-
cussed in Sec. III.

Both targets were checked for contaminants by ob-
servation of the elastic scattering of protons at 90 .The
only contaminant found was 0", resulting from oil de-
posits on the target. The amount of C" normally found
in natural carbon (about 2%) was observed by studying
the inelastic scattering of protons in the region of the
known levels of C". Background runs were made with
no target and with a (CHs) „target prepared from com-
mercial polyethylene sheet. The (CHs) target also
contains C" and about the same amount of oil con-
tamination as the CD2 target, and therefore the effect
of these contaminants was easily taken into account.

The pulses from the CsI counter on the magnetic
spectrometer, after amplification, were routed to a 100-
channel pulse-height analyzer. The output from the
monitor counter used in the experiment was split into
three branches, one going to an integral discriminator
and the other two to differential discriminators. The
outputs from these discriminators went to three separate
scalers. The integral discriminator was set to record only
those protons elastically scattered from carbon, and the
other two were set for the protons elastically scattered
from deuterium and hydrogen.

The beam current entering the Faraday cup was in-
tegrated by an Elcor model A309A current integrator
whose absolute accuracy is about 1%.

III. DATA ANALYSIS

The number of particles, X, recorded in the energy
interval DE(MeV), by a detector of solid angle Q, is
given by the equation

1V =3.76&(10'(pXA/3E) (Q/s) (d'o/dQdE) (DE)Q, (1)

where pX is the target thickness in mg/cm', 3l is the
molecular weight of the target material, A is the number
of atoms/molecule, s is the charge number of the in-
cident particle, Q is the charge, in pC, collected by the
Faraday cup, and d'a./dQdE is the differential cross sec-
tion in mb/(sr-MeV).

A measurement of the effective target thickness by
the usual area and weight measurements was not
appropriate for two reasons. First, the amount of
deuterium in the target decreased under bombardment
while the amount of carbon did not; and second, the
CDs targets contained a rather large amount (about
10%) of CHs. Instead of using a direct measurement of
the target thickness, a monitor counter was employed
to measure the yield of protons from the p+D elastic
scattering reaction. The known differential cross sec-

TABLE I. p+D elastic-scattering cross sections, do.,&/dO (mb/sr),
used in determining the effective deuterium target thickness.

Eo (Incident proton energy, MeV)
q (Lab scattering angle) 10.62 9.19 6.97 5.53

34.0
37.9
41.9
52.0

206 229 284 316
201

158 174
105 119 150 171

"S.Kikuchi, J. Sanada, S. Suwa, I. Hayashi, K. Nisimura, and
K. Fukunaga, J. Phys. Soc. Japan 15, 9 (1960).

tions for this process (which were measured with gas
targets) were then used to determine the target thick-
ness term (pXA/M). The determination of the dif-
ferential cross section for the breakup reaction consisted
then in measuring the ratio 1V/1V„, where JV is the
number of monitor counts.

The p+D elastic-scattering cross sections were de-
termined from an interpolation of the data of Allred
et al' and Kikuchi et at" The accuracy of the p+D
elastic-scattering data is quoted to be 2—3%, and we
believe that the accuracy of the interpolated values is
better than 7%. Several monitor angles were used for
each incident proton energy as a check for any incon-
sistencies in the extrapolated values of the p+D elastic
cross sections. The values of the cross sections used for
calculating the 6nal results are shown in Table I.

The calculation of the magnet solid angle was com-
plicated by the fact that different points on the target
subtended different solid angles, and each point had to
be weighted by the target thickness and beam density
at that point. The effective solid angle for any size tar-
get spot was determined by a simple geometrical cal-
culation assuming a uniform target thickness. The cor-
rection to the data concerning the nonuniformity of the
target or beam density was estimated to be less than 5%,
and we have taken this value as a measure of the un-
certainty in the absolute value of the effective solid
angle. The error in 0 due to a geometrical misalignment
of the magnet was less than 0.5%.

The energy of the incident beam was determined by
using the spectrometer to observe protons elastically
scattered from a 0.0005-in. nickel target. The incident
energy was then found from the measurement of the
energy of the elastic peak, and from the known scat-
tering angle. Several measurements at different energies
indicated that the cyclotron frequency was a good
measure of the beam energy and this measure was used
in the remaining parts of the experiment. The measure-
ments also indicated that the energy spread of the inci-
dent beam was about 1%. Since the differential cross
section is not a rapidly varying function of the energy,
this energy spread had a negligible effect on the meas-
urements of the breakup spectra.

The width, 8', of slit S» was g~ in. corresponding to an
energy resolution (DE/E) of 1.2%. The target angle
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was always set equal to the scattering angle so that the
protons from the breakup would lose a minimum amount
of energy in escaping the target.

Figure 2 shows some typical data from the magnet
counter as recorded on a 100-channel pulse-height
analyzer. The neutron-gamma background appears as
an exponentially decreasing function of the energy. The
peaks for the 1..5-MeV protons were always well re-
solved, but those for 1.0 MeV were well resolved only
for the lower incident proton energies. The most di%-
cult case to resolve was the 1.0-MeV yield for an inci-
dent proton energy, Eo, of 10.6 MeV. As many as six
runs were taken for the poorly resolved peaks, and the
error assigned to these points was taken to be the maxi-
mum discrepancy between all the runs. The error as-
signed to the well resolved peaks was the usual statistical
factor.

Typical data of Ã versus spectrometer magnetic
Geld (plotted in terms of the NMR frequency) are
shown in Fig. 3. The CH2 background in the regions
away from the inelastic peaks is due to an accumulation

Ch
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FxG. 2. Typical data from the magnet counter as
recorded on a 100-channel pulse-height analyzer.

of low-energy "tails" resulting from higher energy pro-
ton groups, and also to those protons in the incident
beam which are scattered by the entrance slits and then
elastically scattered by the target. The broad peak in
the CHs data between 10and 13 Mc/sec is probably due
to the p+ C"~p+3n reaction. The alpha particles from
this reaction and from the competing reaction p+ C"-h
n+Be' (Be'~ p+2n) were observed and easily dis-
tinguished from the protons of equal energy because of
the difference in scintillation response of the CsI detec-
tor to alphas and protons. To correct the CD~ data for
the effects of these background events the CH2 data
were appropriately normalized for the differences in
target thickness.

The presence of the excited levels of C" was an un-
fortunate consequence of using a CD& target. However,
because of the good energy resolution of the spectrom-
eter, the peaks in the yield of protons from these excited
states mask only a small portion of the breakup spec-
trum. Accordingly, these regions have been omitted in
the calculation of the Anal results.

Elob (MeV)
2.78 3.58 4.47 5 46 6.55

x-CD&
~

~

.-CH~ (normalized to equivalent
77 target thickness)
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FIG. 3. Number, E, of protons from the CD2 and CH2 targets as
a function of proton momentum (proportional to frequency). To
obtain the differential cross section E(CDa —CHa) has to be
divided by hE aa E «a (frequency)'.

The finite target thickness had two effects upon the
shape of the spectrum. First, because of multiple scat-
tering in the target, the protons which emerge from the
target at an angle 0, were actually produced at some
other angle. The rms multiple scattering angle for
1-MeV protons passing through 0.0005 in. of CD2 is
only 2', and since the differential cross section is not a
rapidly Quctuating function of the angle, we would ex-
pect that any corrections due to multiple scattering
would be small. This was veriied experimentally by the
fact that the measured spectra were essentially inde-
pendent of target thickness; the only differences oc-
curred at low energies and these are explained by the
second effect.

The second effect is due to the energy lost by the pro-
tons in passing through the target. The protons which
emerge from the target with energy E were actually
produced rvith different energies, the value depending
upon the depth in the target at which the reaction
occurred. A correction for this effect can be derived
as follows. Let f(E) be the true differential cross sec-
tion and f'(E) the measured one. Then, if f is the thick-
ness of the target, we can write

(If'(E) =
~

—
i ffE+AE(x)i dx,

&f),

Now,

f[E+AE(x)j=f(E)+(itf/r)E)AE(x)+ ~ .

dEy (dE~
ZE(x) = ~dx=~

dxi &dxi

This approximation for AE is accurate to 5%, even for
1-MeV protons passing through a 0.0005-in. CD 2

target. It follows, after some simple algebra, that

f(E)=f'(E) (df/dE) (dE/dx) —«s(f/2).
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This equation was evaluated for all the experimental
curves using the range-energy tables of Rich and
Madey. " The approximation (df/dE)= (df'/dE) was
used to calculate an initial value of f(E) and then an
iterative procedure was employed to obtain corrections
to this value. The third term in the expansion of
f(E+AE) was also evaluated and was found to be
negligible.

IV. RESULTS

The results of the present experiment are shown in
Figs. 4 and 5. The laboratory differential cross section

"M. Rich and R. Madey, UCRL-2301, 1954 (unpub1ished).

for the production of protons is plotted as a function of
the energy of the scattered protons for each incident
energy Ep and scattering angle 8. The experimental
points have been corrected for the effects of the target
thickness as explained in the previous section. At 1
MeU, the correction terms were less than 10% of the
measured values for all the spectra except the Ep= 5.53
MeU, 8=34' spectrum where it was 20% and the
Eo——9.19 MeU, 0= 14' spectrum where it was 50%. The
correction terms become negligibly small at the maxi-
mum of the spectra and are less than 4% of the meas-
ured values for energies above the maximum. The errors
shown are due to counting statistics. The uncertainty
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reaction for g~~b=34'.

- lO

-8
I
I
I
I
I
I
I
I
I
I
I-2I

I
I
I

/
0

L

Eo= 6.9.7IMeV
8» 34

t
l
I
(
I
I
l
I

/
t ~

0 I 2
Enweb(M eV)

in the absolute value of the differential cross sections
depended largely on the uncertainties in 0 and in the
elastic p+D cross sections, and, consequently, is of the
order of 10%. A plot of the phase-space factor (see
Sec. V), normalized to equal the experimental area, is
also shown for comparative purposes.

Although these proton spectra do not exhibit the
double humped structure characteristic of the neutron
spectra, there are several trends which should be
noticed. All of the spectra have a rather steep slope at

threshold, reaching one-third to one-half maximum
height in less than a quarter of a MeV. The slope then
decreases, the cross section rising to a maximum some-
where around E/E =2. The decrease of the dif-
ferential cross section to zero is more rapid than that
of the phase-space factor. It is evident that the observed
spectra are displaced with respect to the phase-space
factor toward higher energies. This shift is probably due
to the effect of the Coulomb force in the final state.

The structure that appears at the high- and low-
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at 9.2 MeV, and 60 mb/sr at 10.6 MeV. A linear extra-
polation to 9.66 MeV gives the value of 50 mb/sr in
excellent agreement with Gammel's result. Similarly,
Kikuchi e/ ul. ,

"for 10.1-MeV incident energy, evaluate
the cross section for the yield of protons with energy
greater tha, n 3.5 MeV, and find values of 80 mb/sr for
14', and 20 mb/sr for 34'. Again, our result of 28
mb/sr at 34' is in excellent agreement; however, our
result of 63 mb/sr at 14' differs considerably. As the
experimental uncertainty quoted by Kikuchi et a/. is
+5, and ours is &2 mb/sr, it is difficult to reconcile
these two values.
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FIG. 6. The cross section for the production of protons from the
p+D —+ 2p+e reaction as a function of incident proton energy.

energy ends of some of the spectra is due to the effects
of final-state interactions. This structure becomes less
pronounced as the incident energy decreases, and more
pronounced as the scattering angle increases. These
general characteristics are in good agreement with the
observations of Kikuchi et alt'. '4 It should be noted that
the lack of structure in the spectra for low-energy in-
cident protons is not an indication that final-state in-
teractions are unimportant, but rather that no one Anal

state plays a more prominent role than any other. This
is reasonable when we consider that, for an incident pro-
ton energy of 5—,

' MeV, the maximum kinetic energy of
any nucleon in the 6nal state in the center-of-mass sys-
tem is less than 1 MeV. At this low relative energy all
three particles should be interacting strongly and one
should not expect to see the effect of any one pair
interaction.

The experimental data have been extrapolated to
zero energy as shown on the graphs. The integral, from
zero energy to E, , of the differential cross section has
been plotted as a function of the incident proton energy
Eo in Fig. 6. The error assigned to the points of Fig. 6
was taken to be equal to the area under the extra-
polated curve of the spectra. The cross section for the
production of neutrons (multiplied by a factor of 2) has
also been drawn on the graph. This correction factor is
needed because two protons are produced for every
neutron. However, the factor of 2 is not strictly cor-
rect, for although the total cross section for proton pro-
duction is exactly twice that for neutrons, there is no
reason why the cross section at any angle should differ

by the same factor.
Gammel~ found the cross section for the emission of

protons at an angle of 34' with energies greater than 1.3
MeV to be 51 mb/sr at 9.66-MeV incident energy. The
corresponding values for the present data are 46 mb/sr

V. THEORETICAL CONSIDERATIONS

The differential cross section in the center-of-mass
system is given by the familiar formula

d'0.* 2+
= —p(E*)E I

Tl'.
dQ dE

~
~ (2)

The density of final states for three particles of equal
mass is given by

p(E*)= (-,E*K E*')", — (3)

T= (pi&p2q Bl Ui2+ Via+ Vial+ )

= (&piX23 I Ui2+ Vi3 I%',+)

= (y2Xi3 I
U»+U23I+, +)

= (&,x„-Iv„+v„le,+)

-(+r lv»+U»l~iXd)

(4)

(5)

(6)

(&)

(8)

q; and I;& are the solutions of the Schrodinger equa-
tions T; p;=Eq;, and (H~+T„)q X i,=Ep Xq, where

H;i ——T;+Ti,+V; i,. Xq is the ground-state deuteron
wave function. + is the properly antisymmetrized total
wave function of the three-particle system: H%'=EC,
where H= Ti+T2+T3+ V12+ Ui3+V23.

Equations (5), (6), and (7) called the final-state
interaction formulas. For example, the matrix element

(Xiiy8I Vi8I+~+) describes an initial state, +,, broken

up by the potential V» resulting in a strongly inter-

where E* is the energy of the nucleon in the center-of-
mass system, and E is the amount of energy in the
center-of-mass system above the threshold for the
breakup reaction. e* is the velocity of the incident
nucleon in the c.m. system, and T is the nuclear matrix
element. Equation (3) transformed to the laboratory
system and normalized to equal the experimental areas
has been plotted in Figs. 4 and 5.

Consider the p+D —&2p+n reaction labeling the
incident proton as "1" and the neutron and proton
initially in the deuteron as "2" and "3," respectively.
Let T; be the usual kinetic energy operator and V,&

represent the interaction potential between the nucleons

j and k. Then the T matrix for this reaction may be
written in any one of the following forms:
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acting final state, X~2, and an outgoing plane wave, q 3.
The formal solution for +;+ is

~'+= I~ &.)+ . (V-+V.) l~' ).
K—2'2'' —Vss+is

Expanding this equation in terms of the initial asymp-
totic state

~
yiXe) gives

+.+=
~ s i&.)+ (1/e) (V»+ V») I ~i&d)+ (1/e)
X (Vis+ Vis) (1/e)(V»+ Vis)

~ v iXe)+, (9)

where e=E—P;T;—Vss+is.
All of the theoretical calculations mentioned in the

Introduction start with one or more of the above
T-matrix formulas. Bransden and Burhop' use Eq. (5)
with the distorted-wave approximation, 4 =XgFp,

where Fp is the solution of the Schrodinger equation
corresponding to motion of a particle in the mean field
of the deuteron. The interaction potentials were taken
to be Gaussian, and X23 singlet and X23 triplet were
taken as appropriate "deuteron" continuum wave func-
tions. Frank and Gammel~ use the Born approximation
O', =X~q~ and delta function potentials in the same
formula. This permits them to express the inelastic-
differential cross section in terms of the known elastic
cross sections. High-energy neutrons from the p+D re-
action should arise from the breakup of the deuteron by
the interaction leading to a final p-p state. This contri-
bution is not included in the Frank and Gammel theory.
Heckrotte and MacGregor' emphasized this term by
using Eq. (6) with the Born approximation, and while
their results do fit the shape of the high-energy neutron
peak, they do not fit the low-energy peak.

Komarov and Popova" have combined the cal-
culations of Frank and Gammel and Heckrotte and
MacGregor. They evaluated the matrix elements (4),
(5), and (6) in the Born approximation for the region
in which each should be most important. The magnitude
of the differential cross section for each region then was
normalized to the experimental data. The excellent
agreement that they obtain between theory and experi-
ment (better than 10/o over the entire spectrum) is sur-
prising only at 6rst sight. As will be shown, the use of
the final-state interaction formalism should lead to good
fits to the data in the appropriate regions provided that
the proper normalization is used.

In connection with the final-state interaction formal-
ism it is useful to introduce the momentum q of one of
the nucleons in the final state pair in the center-
of-mass system of the two nucleons forming the
pair. Also let E" be the excitation energy of this pair
(E"=q'/m). Watson" has shown that under certain
general conditions the T matrix is given by T= constant
e' (ssi 5n) /qwhere 8=8(q) is the S-wave scattering phase
shift and the "constant" is a constant only in the sense
of being independent of q. The necessary conditions
for the validity of this form of the T matrix are that

the interaction be strong and attractive and confined
to a short range of the order "b," and that the wave-
length X=h/q, corresponding to the motion of one of
the nucleons in the final-state pair, be much greater
than "b." Substitution of this expression for the T
matrix into Eq. (2) for the differential cross section
yields

C (spy~ g&l:s)1/2 (10)
dQ*dE* (q cotb)'+ q'

where we have also used the density of final states as
given by Eq. (3).This form of the cross section applies
to n-n and n-p final-state interactions. The n-p final-
state wave function can be either singlet or triplet,
whereas the final-state n-n, or p-p wave functions can
only be singlet for S-wave scattering. We, therefore,
have two "constants" at our disposal for an n-p pair
and one each for an n-n or p-p pair. For the final state
p-p pair, the form of the differential cross section is
greatly complicated by the Coulomb interaction and
will not be presented here (see Ref. 11).

Equation (10) is exactly the same as the one derived

by Frank and GammeP LEq. (36a)g, where their theo-
retical development led to values of the "constants, "
C ~' and C ~', in terms of the elastic-scattering cross
sections and the relative strength of the interaction po-
tentials. The important point to realize is that Eq. (10)
has a resonance type structure and will naturally lead
to peaks in the differential cross section. Whether or not
these peaks are actually present depends on the value
of the "constant" and it is this "constmst" zvhich comes

from a detailed calculation of the breakup process. Thus
one should always expect to be able to find a reasonable
fit to the experimental data by picking the appropriate
normalization.

The usefulness of the final-state interaction formalism
lies in the fact that if a peak is experimentally observed
one can say which final-state interaction is most im-

portant, and hence, which one of the Kqs. (5), (6), or
(7), it is best to use. The magnitude of the "constant"
comes from the calculation of this matrix element, and
therefore depends on the choice of interaction potentials
and on the approximations made in the calculations.
At the present time, no calculations exist which give
both the shape and the magnitude of the observed
spectra.

VI. COMPARISON WITH THEORY
AND DISCUSSION

The 9.2 MeV, 34', differential cross-section data from
Fig. 5, have been redrawn as a function of E/E, and
are shown in Fig. 7 where they are also compared to the
results of Frank and Gammel. For each 6nal state of the
three-body system there is an outgoing nucleon, re-
ferred to as the "scattered" nucleon, and a nucleon
which comes from the final-state pair, referred to as the
"ejected" nucleon in the Frank and Gammel paper.
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Frank and Gammel 8=32, E;-9.66MeV
4. Ejected proton n-p triplet state
B. Ejected proton n-p singlet state
C. Scattered proton n-p triplet state
D. Scattered proton n-p singlet state
E, Differential cross section for

proton production

F. Present data e 34, E 9.2MeV

da rnb
R

dQdE sr - MeV
l6-

l2
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FIG. 7. Comparison between the observed diGerential cross section
and that calculated by Frank and Gammel (Ref. 7).

Experimentally, it is impossible to distinguish which
proton is detected; however, for purposes of calcula-
tion it is convenient to make this separation. Although
the fit between the theoretical and experimental curves
is rather poor, the comparison between them is inter-
esting for several reasons. First, the Frank and Gammel
curves indicate very clearly the energy region in which
each type of final-state interaction is most important.
The structure at the high-energy end of the spectrum
shows quite obviously the eGect of the singlet final state.
The Frank and Gammel curves show that this peak is
due to the singlet I-p final state. One would find con-
tributions to this peak from both the singlet n pand-
p-p states if a more detailed calculation were made. In
this case, the p-p state refers to the interaction between
the scattered proton and the proton in the n ppair, -

and this interaction was neglected by Frank and
Gammel. Since the final "deuteron" continuum state is
a singlet state in this calculation, whereas the initial
deuteron state is a triplet state, the incident proton has
either exchanged with the proton in the deuteron, or one
of the nucleons in the deuteron has had its spin Qipped.
A simple physical picture of the structure near the maxi-
mum breakup energy is the following. In the two-body
p+D elastic scattering system, the scattered protons
have a well-defined energy, which is just 2.33 MeV

above the breakup threshold. If just enough energy is
given to the deuteron to dissociate it, this peak "jumps"
down 2.23 MeV, and since we now have a three-body
system, the width of the peak will increase. Contribu-
tions from both the triplet and singlet states should be
present, but since the resonance denominator, Eq. (10),
is stronger for the singlet state we might expect it to
dominate. This is true for energies E" less than one-
half MeV. Above this energy the triplet state, because
of its greater statistical weight, begins to dominate.
Therefore, one would expect to see the eGects of the
singlet state over a region of approximately one-half
MeV below the maximum breakup energy.

The Frank and Gammel theory does not include the
contribution from the p-p final state. If this state re-
sults from the I-p charge-exchange interaction, it will

contribute two slow protons, whereas the same state
formed as a result of a p-p pickup process will lead to
intermediate-energy protons. In any case, more low-

energy protons should be observed than this theory
predicts, which is in the right direction to improve the
agreement between the experimental and theoretical
curves. It has been pointed out" that the inclusion of
multiple-scattering terms (higher order terms in the
expansion of 4;+) would move the high-energy Frank
and Gammel peak towards lower energies. Multiple
scattering may produce a displacement of the triplet
contribution with respect to the singlet which would
reproduce the observed structure. Finally, it should be
noted that the Frank and Gammel theory does not in-
clude any Coulomb corrections. Unfortunately, in-
clusion of this factor should make the agreement with
the experimental data even worse.

The only result that clearly emerges from an inspec-
tion of the experimental curves is that no one final
state dominates the scattering at these low incident
proton energies. The sharp rise and subsequent struc-
ture is most likely the effect of the singlet n psyste-m.
The broad central peak has contributions from all the
possible final states. The small structure near the low-

energy end of the 10.6-MeV spectra may be due to the
effect of the p-p final state. Since a low-energy proton in
the laboratory corresponds to backward scattering
angles in the center-of-mass system, this p-p state is a
result of the p-e charge exchange interaction.
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