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Fourier transforms, (B1) and (B13) differ for u=0
only by T being replaced by T'D¢'D. Hence, the
relation

To(p,9)=Di(9)D(9)T ($,9) (B14)
is valid.

If we assume that T':(p,q) is analytic in ¢ so that
q-T'(p,g) vanishes for q— 0, we need only show
D(q)Do(g)=1 in the limit ¢— 0, in order to prove
(4.3). The relation ¢ol'(p,9) =G~'(p+¢)—G1(p) then
follows from (B5), (B14) in the limit ¢ — 0. To prove

ENGELSBERG AND J. R.

SCHRIEFFER
D7(q0)Do(g0)=1 or equivalently D¢ (go)D(ge)=1 we
use Eq. (B12):

DO—I (q,t>D(q y trt/) =0 (t——' t/) - lg (q)(Tp (qyt) GDT (qyt,)> )

where D(q; t,t")=—i(T{¢(q,t) ¢’ (q,#')}). Now for q=0,
p(q,t)=N(t)=N is a constant of the motion, i.e., the
total number of electrons. Thus,

qo[ D¢t (g0)D(go)—17=0

which completes our proof.
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The general theory of the dynamical motion and gamma-ray cross section for a single impurity nucleus
harmonically coupled to an arbitrary collection of NV atoms is developed in supermatrix representation. The
relevant properties of the system are expressed in terms of a functional matrix f,(Q) of order 3N X3N,
where Q is the mass-reduced force-constant matrix. Our approach is to use a Cauchy singular integral
representation for fo(€2) involving an integration along the real frequency, w, axis. Matrix partitioning
techniques are used to reduce our problem to one of evaluating the 3)X3 impurity atom dynamic response
matrix, {G}u=(1+¢)[Is+7eAn] A1, where r=w?—45. Here, § is an arbitrarily small number, and
e+1=ratio of impurity atom to host atom mass, (M;/Mu). For an arbitrary physical arrangement of the
atoms, Au={[Ts¢41)— Dey1(AF/Mp)TD. 11} 11, where the subscript, 1, refers to the impurity atom coordi-
nates, AF is the perturbation in force-constant matrix, and z is the number of sites over which the perturba-
tion extends. The D.;; matrix has matrix elements obtained from the elements of the pure host matrix
Du=[+Lin—FuMyg1T7, Fy is the pure host force-constant matrix. I is a £X#% unit matrix.

The general approach is used to study the dynamic response of an impurity atom substituted in the alu-
minum lattice with arbitrary e and nearest neighbor AF. The A matrix is block diagonalized by introducing
the molecular vibration symmetry coordinates and Ay is characterized by a 4X4 symmetry adapted Green’s
function matrix whose elements have been tabulated. A generalized tensor force-constant model is used with
Walker’s force constants characterizing Dy, the pure aluminum lattice Green’s function matrix. Similar
studies are carried out for a Sn'* atom isotopically substituted in Ge, where the relevant Green’s functions
are derived from Phillip’s frequency spectrum.

The dynamical motion and gamma-ray cross section of impurity nuclei are characterized by a dynamic
response function, K, which is related to the imaginary part of {G}11. Typical K functions are presented for
Fesin Al for various changes in AF and for Sn'® in Ge with AF=0. Our results show that the dynamical
behavior of impurity atoms in real lattices is quite sensitive to the vibrational properties of the host lattice.
The resonant fraction of  rays absorbed by the impurity nucleus, f, the Lamb-Mbssbauer coefficient, 217/,
and mean-square velocity, (v/%av, of Fe?-Al are tabulated for several AF changes as a function of temperature.
Our results are extrapolated to study the temperature dependence of 2W and f for Fe?-Cu and Fes?-Pt. From
the results derived in this paper, it is possible to determine K, 2W, and (v/2)av for any e and AF for Al as a
host lattice.

I. INTRODUCTION

HE purpose of this paper is to present the results

of detailed studies of the dynamical motion and

y-ray cross section of a Mdssbauer impurity nucleus
bound in a locally perturbed host crystal at an arbitrary
temperature.! A completely general lattice dynamics

1For a recent review article on the Mdsshauer effect see
H. Frauenfelder, The Méssbauer Effect (W. A. Benjamin, Inc.,
New York, 1962). Studies of a general nature involving impurity
atom motion, resonant Mssbauer absorption by impurity nuclei,
and optical absorption by impurity vibrational modes have been
carried out by A. A. Maradudin, in Lecture Notes of Brandeis
University 1962 Summer Institute of Theoretical Physics [W. A.
Benjamin, Inc. (to be published)].

model is assumed in which the impurity nucleus is
harmonically coupled to the host lattice with force con-
stants which differ from those of the pure host lattice.

A considerable amount of research has been carried
out on vibrational as well as electronic impurity states
in crystals. Green’s function approaches to these prob-
lems appear to have been developed by Lifshitz,? Koster

% Qualitative studies of the impurity vibrational problem have
been carried out by I. M. Lifshitz and co-workers in Russia
over the past twenty years. See I. M. Lifshitz, Suppl. Nuovo
Cimento 3, 733 (1956) for references to prior work.



DYNAMICAL MOTION OF IMPURITY NUCLEUS

and Slater,® and Lax,* independently. Techniques have
also been developed by Lifshitz,2 Montroll and Potts,’
and Mahanty, Maradudin, and Weiss® which enable one
to compute changes in thermodynamic functions in
terms of contour integrals involving the host-lattice
Green’s functions. This approach has been used by
Wallis and Maradudin? to calculate the optical absorp-
tion associated with an impurity vibrational mode in a
linear chain. Maradudin, Flinn, and Ruby® have used
these techniques to compute the mean-square velocity of
an atom substituted into the lattice isotopically. They?
have also calculated the mean-square displacement of an
impurity atom valid at temperatures in the vicinity of
the Debye temperature and above. :

Brout and Visscher!? have pointed out that one might
observe a Mdssbauer pip associated with a virtual bound
mode in the continuum arising from the isotopic sub-
stitution of a heavy-mass Mssbauer nuclei into a light-
mass host lattice. Lehman and DeWames,!! using tech-
niques described in this paper, have calculated the
cross section for the virtual mode considered by Brout
and Visscher and find it to be quite small.

Visscher!? has recently studied the resonant absorp-
tion of gamma rays by impurity nuclei using a nearest
neighbor central-force model for a simple cubic lattice.
The motivation for this approach apparently lies in the
fact that the mathematical development is fairly simple.
However, our goal is to use the Mdssbauer effect to gain
insight into the coupling of a substitutional impurity
atom with its surrounding host-lattice atoms. Conse-
quently, our studies have been focused on those host
lattices whose phonon spectra have been determined by
neutron or x-ray diffraction methods.

In Sec. II of this paper, we show that the problem
of determining the dynamical motion and y-ray cross
section of a single impurity nucleus harmonically
bound to N—1 other atoms can be formulated in
supermatrix representation. This formulation leads to
the necessity of evaluating a 3X3 submatrix (associated
with the impurity-atom motion) which is obtained
from a 3NX3N matrix function fo(Q), where
Q2=M-172FM~2 M and F are the mass matrix and
force constant matrices, respectively. The customary
practice?® of representing fo(Q) as a contour integral
enclosing the eigenvalues of Q and excluding the poles

3G. F. Koster and J. C. Slater, Phys. Rev. 94, 1392 (1954);

95, 1167 (1954).

4 M. Lax, Phys. Rev. 94, 1391 (1954).
5 E. W. Montroll and R. B. Potts, Phys. Rev. 100, 525 (1955);

102, 72 (1956).

6 J. Mahanty, A. A. Maradudin, and G. Weiss, Progr. Theoret.

Phys. (Kyoto) 20, 369 (1958).
7R. F. Wallis and A. A. Maradudin, Progr. Theoret. Phys.

(Kyoto) 24, 1055 (1960).

(1; é) A. Maradudin, P. Flinn, and S. Ruby, Phys. Rev. 126, 9
9 A. A. Maradudin and P. Flinn, Phys. Rev. 126, 2059 (1962).
10 R. Brout and W. Visscher, Phys. Rev. Letters 9, 54 (1962).
11 G. W. Lehman and R. E. DeWames, Phys. Rev. Letters 9,

344 (1962).

2 W. M. Visscher, Phys. Rev. 129, 28 (1963).
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of fo(w), where w is a complex frequency variable, breaks
down for our dynamical motion and cross-section prob-
lem since the fo(w)’s involved are unbounded off the
real axis. Consequently, our approach is to use a Cauchy
singular integral representation involving an integration
over the real frequency axis. Procedures of this type
have also been used by other workers, notably in field
theoretic problems. The details of our approach appear
new and are designed for the problem at hand. Briefly,
our problem reduces to that of obtaining a simple repre-
sentation of {G(7)}u={{7Llin— Q2] '} 11, where r=w?
—18, Iz is a 3N X 3N identity matrix, the subscript on
the curly bracket refers to the 3)X3 impurity atom sub-
matrix obtained from the 3N X3N supermatrix G, and
8 is a small positive number which is set equal to zero
after the integration is carried out. We use partitioning
techniques, whose importance has recently been stressed
by Léwdin (see Ref. 21), to establish the remarkably
simple result that {G(7)}u=1+e€)[Is+7eAn T An,
where e+1=M;/Mpu, where My and M; denote host
and impurity atom masses, respectively, and A is G when
the impurity atom mass is M. The A matrix, in turn,
can be expressed in terms of the host Gy and a matrix
AF describing the perturbation in F introduced by the
presence of the impurity atom. Further simplification
results when the host assembly forms a periodic lattice.
In this case, one should introduce molecular vibration
symmetry coordinates as basis functions and construct
the matrix elements of Gy in this basis. The total num-
ber of symmetry coordinates is 3(z+1), where z is the
number of perturbed neighboring atoms of the impurity
atom. The 3X3 A;; matrix is then expressed in terms
of a symmetry adapted Green’s function matrix whose
order is equal to number of symmetry coordinates which
couple to the impurity atom motion. This motion is
characterized by a dynamical response function, K,
which depends upon frequency. This function has the
valuable property of always being normalized to unity.
We also establish in this section that the gamma-ray
cross section, mean square displacement, and mean-
square velocity of the impurity nucleus are simply
related to averages over the K function.

In Sec. I1, the general formulas of Sec. IT are used to
calculate the dynamic response function, K, for a
Sn!®® atom isotopically substituted into the germanium
lattice. The Green’s function for this problem is tabu-
lated using Phillip’s frequency spectrum!® for ger-
manium obtained from Brockhouse and Iyengar’s
neutron data.!* The temperature dependence of the
Lamb-Moéssbauer coefficient,! 2W, is calculated for the
Ge—Sn'?® problem and compared with experimental
and theoretical calculations of Sn—Sn!®.

In Sec. IV, we consider the general problem of deter-
mining the K function for an impurity nucleus sub-
stituted in the aluminum lattice. A complete character-

18 J. C. Phillips, Phys. Rev. 113, 147 (1959).

( “’slg). N. Brockhouse and P. K. Iyengar, Phys. Rev. 111, 747
1958).
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ization of the vibrational spectrum associated with this
general impurity problem requires 39 symmetry co-
ordinates. Fortunately, the Green’s function for this
problem transforms according to the full cubic group
and only three impurity modes associated with arbitrary
changes in nearest-neighbor force constants couple to
the impurity nucleus. Consequently, a 4X4 Green’s
function symmetry adapted matrix is needed in order
to calculate the dynamical behavior of the impurity
nucleus. This Green’s function matrix is tabulated using
Walker’s generalized tensor force model for aluminum
derived from x-ray data.!® Detailed calculations of the
dynamic response function for Al-Fe® are also pre-
sented in graphical form. The temperature dependence
of the Lamb-Méssbauer coefficient, 27, is also given
for various changes in first-neighbor force constants of
the Fe’” nucleus. By appropriate scaling of the fre-
quency spectrum, we also study the cases Cu—Fe%
and Pt—Fe".

II. GENERAL THEORETICAL CONSIDERATIONS

As a prelude to deriving formulas which enable us to
calculate the Mdssbauer absorption coefficient of an
impurity nucleus bound harmonically to /V atoms in a
crystal, we consider the classical motion of an impurity
nucleus of mass, Mz, which has received a momentum
transfer p: at time, /=0. We denote the amplitude
of motion of the N atoms in terms of a supervector,
y=(¥1,¥2, * *,¥~), Where y; refers to the harmonic dis-
placement of the 7th atom. The subscript ¢=1 always
refers to the impurity atom; similarly, the next z sub-
scripts label the z nearest neighbor atoms. The equations
of motion of our NV coupled atoms are

My (5)=—Fy(), 1)
where M and F are the mass and force-constant super-

matrices.!® The mass supermatrix is diagonal with a
block of 3)X3 matrices on the diagonal denoted by

Mi=6é;M1ls, 4,5=1,2,3 2)
M.j=6;Muls, 4,7>3, ©))

where M g refers to the mass of a host-lattice atom, and
I; is a 3)X3 identity matrix. Dots over y(?) in Eq. (1)
and elsewhere refer to time differentiation. The time
dependence of the momentum of the N atoms will be

denoted by
p()=My(). )
Equation (1) is to be solved under the boundary

conditions
p(0)= (p1;0;0: e 70) ’
y(0)= (0;0: --+,0),
where 0 is a 3-component null vector.

15 C. B. Walker, Phys. Rev. 103, 547 (1956).

16 We follow the convention that all nonsubscripted bold-face
symbols are supervectors or supermatrices; similarly, double-
subscripted bold-faced symbols are 3X3 matrices and single-
subscripted bold-faced symbols are 3-component vectors, with
the exception that o is always a 3-component null vector.

®)
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A. Time Dependence of Impurity
Atom Momentum

We now recall that the eigenvalues of F are positive
definite. Hence, we can construct the positive square-
root symmetric matrix

Q= (M-1/2FM—1/2)1/2, (6)

and obtain a formal solution to Eq. (1) which vanishes
at {=0 given by

y(t)=M"12Q1 sin(Qf)M~1/2p(0). @)

The matrix operator Q~!sin(Q¢) has a unique repre-
sentation in power-series form since the eigenvalue
spectrum of Q is bounded. One can also express this
operator in spectral form using the eigenfunctions of Q.
However, the formal development is more compact in
matrix form. The solution given by Eq. (7) satisfies the
second boundary condition My(0)=p(0). Our final re-
sult for p, obtained from Egs. (4) and (7), is

(1) =M"2 cos(Qi) M~/2p(0),, ®)
so that the momentum of the impurity atom is given by

p1(t)= {cos(L1)}11p:(0), )

where { }1; refers to the 3X3 matrix associated with
the impurity atom in the supermatrix representation
of cos(Qf).

An explicit representation of cos(Q¢) suitable for the
impurity atom problem will be developed in Sec. II C.

B. Formulas for Calculating Méssbauer Cross
Sections for an Impurity Nucleus

Lamb?'7 has derived the absorption and emission cross
section for a process in which momentum is suddenly
transferred to an atom of the lattice and Mossbauer!®
has applied this theory to the resonant absorption of
gamma rays in crystals. Kaufman and Lipkin!® have
re-examined Lamb’s treatment and show that his ap-
proximate formulas are, in fact, exact. The derivation
given by Kaufman and Lipkin is valid for an arbitrary
collection of NV atoms harmonically bound. The total
cross section for absorption of a gamma ray having
momentum, p;, by an impurity nucleus of mass, My,
can be written as

W(E)= (%‘) Re ]; i du

Xexp[—u@GT)+ip(E—Ej)]er®, (10)

where E, is the energy difference between excited and
ground state of the nucleus, I' is the natural linewidth

W, E. Lamb, Phys. Rev. 55, 190 (1939).

18 R. L. Méssbauer, Z. Physik 151, 124 (1958). Also see Ref. 1.
(1196]3). Kaufman and H. J. Lipkin, Ann. Phys. (N.Y.) 18, 294

962).



DYNAMICAL MOTION OF IMPURITY NUCLEUS

of the nuclear excited state, and E is the energy of the
gamma ray. The function g() is given by

3N 14y, a5 e,
2oy = — 3 ot — I,y
S 1=, 1_73
where
vs=exp(—hw,/kT) and x,=exp(+ifiwu), (12)
and
0'32= (pl U13)2/(ﬁw3M1) . (13)

The vector uy, denotes the amplitude of the impurity
atom in the sth mode belonging to the frequency .
The wy’s are eigenvalues of the @ matrix defined by
Eq. (6). Since uy, is the element of the supervector of the
generalized amplitude function, y,, associated with the
impurity atom motion, where

Qys=wsYs, (14)
we can write
3N
2g(u)= 2 (p1-u1,)2H (w,)
s=1
3N
=2 [pr H(ws)ur J(uis-pr), (15)

s=1

for suitably defined H(ws), see Eq. (11) or Eq. (17)
below. Setting p= (py,0,- - -,0), it follows that p; and uy,
can be replaced by p and y,, respectively. Now, formally
H(w;)y,=H(Q)y;, and since the y,, s=1, 2, -+, 3N,
form a complete set of orthonormal vectors, one has

2 (a-Ay)(y,-a)=(a-Aa).

Consequently, Eq. (15) can be written as
28(w)="[p-H(Q)p]=[p:1- {H(Q)}up:].

From Egs. (11) and (13), one can write

H(w)=(1/z2M71)[(cosuz—1) coth(z/2kT)—i sinuz], (17)

(16)

where z=fiw.

Consequently, g(u) can be determined from the 3X3
matrix {H(Q)}11. One should also note that H(w) is
bounded along the real frequency axis, is an analytic
function for all 0<7< e, and has simple poles at
2m=2mimkT on the imaginary axis, where m? is an
integer.

C. Integral Representation of Matrix Operators
Associated with Impurity-Atom Motion

In order to calculate pi(f) and g(u), we need an
explicit representation for the 3X3 matrices, {cos(Q¢)}11
and {H(Q)}11, which are even functions of their argu-
ment, Q. We now develop an integral representation
of a matrix operator fo(Q) in terms of fo(|7]¥2) for
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— o <7< . This approach avoids the usual pitfalls of
contour integral techniques for functions which are un-
bounded when one goes off the real axis as is the case
here when u or t — «. We note that for fy(x) continu-
ous, fo(—x)= fo(x), and bounded for —oo <x< o,
one has

1 0
—jlim/ drfo(| 7| V){[r—10—22 ] —[r+i6—a2]1}
2 820 J

™

1 0
=~ lim /_ sl

according to Cauchy’s well-known singular integral
theorem.2® Since all of the functions discussed in this
paper are bounded and continuous on the real axis, we
can replace ¥ by Q in the first line of Eq. (18) and obtain
a useful representation of a large class of matrix opera-
tors. Hence, we have established, using Egs. (6) and
(18), that

)= (1/m)tim [ arfll | 1Gr—i), (1)

where

G(T) = [TlaN— M_I/ZFM*U?]—I (20)

and Im stands for the imaginary part of the expression
which follows it.
In order to obtain pi(¢) and g(u), we simply need

{G(")}u={[rLy—M-12FM-12]"1},, . (21)

that is, the 3)X3 matrix associated with the impurity
atom.

We now set
M=MyL:y+AM (22)
and
F=Fy+AF, (23)
DH(T) = [TI;;AV— FHMH_lj_l ’ (24)

where the subscript, H, refers to the pure host lattice.
By straightforward matrix manipulation, one finds,
using Egs. (21), (22), (23), and (24), that

[rLy— M-12FM-12 ]t
= M1/2[13N+ AT(AM/M}{)]_lAMI/zMH—l ,

where

(25)

A= [Ig[v— DH(AF/MH)]~1DH .
In deriving Eq. (25), we have used the fact that
[B-1C+ Ly '=[B+C]'B

for arbitrary C and nonsingular B. Next, we obtain a
simple form for the inverse matrix shown on the right

(26)

2 F, C. Titchmarsh, Introduction to the Theory of Fourier
Integrals (Oxford University Press, London 1937), p. 30.
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side of Eq. (25) by using partitioning techniques.?! In
supermatrix form, one has

A, b)

A/’

( An,
A=

Ay,
where the subscript 1 refers to the impurity atom and &

refers to the remaining N—1 atoms of the crystal. By
direct construction, one finds that

AM —1 13+A11T€, 0 -1
[13N+Ar*ﬂ7] =( ) @)

" Aure, 1,

27

where

e=(M1/Mr)—1, (29)

and 0 is a 3X3(N—1) null matrix. By inspection, one
notes that

B11, 0\1 Bu*l, 0
", 1) ) @
By, I —BuBu ™, I
since BB—1=B-'B=1;y. Hence, when the previous re-
sults are combined one obtains from Eq. (21)

{G(T)}u'——— (1+€)A11[I3+A117’€:]-1, (31)

where

Ap={[Isn—Du(AF/Mu) ' Du}u,

is the 3)X3 matrix associated with the impurity atom in
the supermatrix representation of A.

Equations (31) and (32) are completely general and
hold for arbitrary AF, (Fxz/Myg) and e for an arbitrary
collection of N harmonically coupled atoms. An inspec-
tion of our integral theorem, Eq. (19), now shows that

(32)

1
lsin’(} Im—/ dT{G(T‘—’La)}nE 13, (33)

TJ -

a result obtained by setting fo(|7|V2)=1.

1. Force-Constant Perturbation Restricted to 3 Sites

In practice, one restricts the perturbation in F to
atoms in the neighborhood of the impurity atom. If z
denotes the number of atoms over which the perturba-
tion extends relative to the impurity atom, then Ay is
considerably simplified. Using steps analogous to the
construction of Eq. (28), one readily finds that

An={[Lern—Dya(AF/Mu) T Doyi}n,  (34)
where D1 is a 3(z+1) X 3(z+1) matrix obtained from
the appropriate 3(z-+1) elements of Du[Eq. (24)].

2t Per-Olov Lowdin, Studies in Perturbation Theory. IV . Solution
of Eigenvalue Problem by Projection Operator Formalism (Quantum
Chemistry Group, Uppsala University, Uppsala, Sweden, 1960).

G. W. LEHMAN AND R. E. DEWAMES

2. Construction of D,y for a Cubic Crystal

We now pass on to the case of an arbitrary cubic
crystal lattice and take our impurity atom to be located
at the center. The most convenient description of the
motion of the atoms is given by using a supermatrix
representation for D,1. We denote the (j,k) element of
D1 by a 3X3 matrix, d;x, where j and % refer to the
positions of the impurity and z perturbed sites. Using
periodic boundary conditions it is easy to show that?

dy=N"13 [rI;—A(q) ] expliq-(R,—Ry)], (35)

where q labels the NV (continuum) propagation vectors
which range over the appropriate reduced Brillouin
zone, R; denotes the position of the jth atom, and

A(q)= X [1—exp(—iq-R)JFR)My.

R;7#0

(36)

The form of Eq. (36) arises from the fact that the (j,k)
element of the force-constant supermatrix, Fr, depends
only upon R;—Ry, i.e.,

{Fu}i=FR;—Ry). (37

The polarization vectors, &, and frequencies, wqr, are
obtained by solving

A(@)E= (wqr) .

Physically, it is obvious that D, transforms accord-
ing to the group of operations associated with the posi-
tions of the z atoms relative to the impurity atom.
Equation (35) involves a summation over the entire
reduced Brillouin zone. It can be shown that [7I;— A
transforms like A(q) with respect to rotational operators
on q. The symmetry properties of A(q) are identical
to those of

(38)

9<% Qau, qxqz]
Ao(q)oc q2qy, gy2> QszJ s (39)
2% P 2 P

which is a special case of A in the long-wavelength limit.
Hence, the symmetry properties associated with dj
[Eq. (35)] are identical to

do(R)=3"q Ao exp[iq-R],

which can be written as

(40)

axx; aa:y, 022
—dy(R)={0ay, 9y, Buz| 20 exp(iq-R), (41)
axz, 61/2, 022

where ..=0%/0x% 0.,=09%/dxdy, etc. The sum in
Eq. (41) belongs to the completely symmetrical or Ty
representation with respect to symmetry operations on
R (as can be seen by making a power-series expansion
of the exponential factor) and we conclude that d; has
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transformation properties isomorphic to the transfor-
mation properties of

Tik%y  XkYik, Tk
TiKYiky  Vikh  VikZik| » (42)
TikZiky  VikZiky  Zike

where the x;x, yji, 2jx denote the differences between the
Cartesian components of R; and R;. Equation (42) is
simply a bond-stretching molecular vibration force-
constant matrix. This proves our previous assertion
concerning the transformation properties of D.; 1.

3. Construction of D, for Diamond Lattice

We now construct D, for a lattice having the diamond
structure. One easily finds that

Di=N1 2 {[7Li—A(q) ]},

( An Aw)
A= .
A12* All
The asterisk on A;» denotes a complex conjugate trans-
pose operation. The Bravais lattice for a diamond struc-
ture is face-centered cubic. The 3X3 matrix Ay refers

to atom motion on the same lattice, while A refers to
coupling of the two sublattices. Clearly,

(43)
where

(44)

[rL—AT"= (B“ B”) , (45)

B, By,

and one can show by partitioning that
Bu={rL—An—Au* [rL— AT A}, (46)

The symmetry properties of this matrix in q space are
isomorphic to the symmetry properties of Ao, defined
by Eq. (39). The simplest way to visualize this is
examine the long-wavelength limit, where Ay, is propor-
tional to I and

(' C1 iCZq: 1:62(];,
Ap= lzczq, 1 69qz| 47
LiC2gy iCzqz C1

where c¢; and ¢, are constants. The dependence of Ay,
is dictated by the tetrahedral site symmetry in the
diamond lattice. From Eq. (47), we construct As*A,
and find that its symmetry structure in q space is iso-
morphic to Ao. These arguments show that >_q By is
proportional to I, since the g, and ¢. axes can be rotated
into ¢, and the off-diagonal elements vanish by reflection
in the ¢, gy, or ¢. plane. Finally, since the upper right
and lower left 3X3 blocks of Eq. (43) are identical, D
can be expressed in terms of the trace of [7Is—ATJ™! or
more simply as

D,= Is/wM dw N(w)[7—w?]-1, (48)
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where N(w) is the density of vibrational states per unit
frequency and wy denotes the maximum frequency.
The N(w) function is normalized to unity, i.e.,

/;dewN(w)=1.

III. MOMENTUM TRANSFER AND y-RAY CROSS SEC-
TION FOR AN ISOTOPICALLY SUBSTITUTED
NUCLEUS IN GERMANIUM

(49)

The momentum transfer and y-ray cross section of
an impurity nucleus of mass, My, isotopically sub-
stituted into the germanium lattice are studied in this
section. In this case, AF=0 in Eq. (32) and Eq. (31)
can now be written as

{G()}u=L1+¢)D(r)[1+7eD(+) ], (50)

where

D(r)= / " do N(@)[r— T (51)

is the scalar part of Eq. (48). From Egs. (19) and (50),
one obtains

(@Y= Ltt/m iy [ drfr 1+

XImD()[14+7eD() T, (52)

where 7/=7—148. One should note that the contribution
to the above integral for 7<0 vanishes identically for
a stable lattice.

A. Behavior of D(x) Near Real Axis
From Eq. (51), one notes that

oM (71— w?)
D(r—1d =/ dw N(w)—
) 0 ){:T—w3]2+52
i [ o v (53)
l/Z) W w [T_w2:|2+52’

where 7 is considered to be real, ie., 0<7< . The
density of modes function N(w) is proportional to w? for
small w, vanishes at w=wyr, and is continuous over the
interval 0<w<wy for a three-dimensional crystal.
Phillips?® has shown that N(w) has a finite number of
critical points, w,, for which N(w) is proportional to
a1 w?—w.?| Y24-as for w near w., where a; and a, are
constants.

1. 0<<7y

When 7 lies in the continuum 0<r<7y=wy? the
real part of D(r—125) tends to an improper integral inde-
pendent of §, while the imaginary part tends to
1w N (742)/(271/2) according to the same analysis which
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established Eq. (18) as § — 0. One can readily show,
however, that

(r—a?)

oy
lim / dow N(w)———
80/, [r—w?]*+6?

EP/mM dw N(w)[7—w?]!

=[N (Y2)/(2rY2) ] In[ (war+72)/(wu—7Y2)]

o FN(w)—N(r
_/ dw[Lle( )], (54)

where P denotes the Cauchy principal value of the
integral. The analytic character of the last integral can
be investigated by subdividing the continuum into
regions delineated by the critical points. A detailed in-
vestigation of this integral shows that it is continuous
for 0<7<wpy? (and bounded) and has discontinuous
derivatives at the critical points. Consequently, one can
interchange the limiting process, § — 0, and the integra-
tion process in Eq. (52) over the continuum region
0<7<Lwn?

2. T>wp?

When 7 lies beyond the continuum limit or ws?, the
imaginary part of © is proportional to é for small 4. If

147eR(rL)=0, (55)

for 7.,>wu?, where

(R(T)=/ ) do N(w)[7—w?], (56)

then a localized mode occurs and a singular contribution
to Eq. (52) may exist. Since

d wy
—{1+471eR(7)} = — e/ dw N(w)w?[71—w? ]2,
dr 0

T>wu?,

(57)

it is clear that 14 7e® is a monotonic function of 7 for
increasing 7, and consequently, Eq. (55) has at most a
single solution. Furthermore, it is necessary that
Mug>M;or

@M
— e/ dw N(w)[wn?—w?T12>1, (58)
¢

in order that a localized mode exist.

B. The Dynamic Response Function, K(x,e)

In order to simplify the notation, we introduce a new
frequency scale and transform 7 to a new variable

TV2=x(wu/xa), w=y(wwu/xu), (59)
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where 0<x, y<w denotes the new continuum. [For
germanium, x3=0.895 which happens to be i of the
scale used by Phillips.'* However, for aluminum, we use
xp=1.] With this convention 7'D(7’), 7'=7—14d goes
over to 2 R(x)-+imN(x)/(2x)], where

M

R)=P / "y Ny T, / dyN(y)=1 (60)

and
N»)=0, y>xu.

Equation (52) can now be written as

(61)

® wyuX
dx f0< )K(x,e) , (62)

Xu

(o@)n=1I /
where ’

K(x,)=(14+e)N(@){[1+ex*R(x) ]*
+er(x/2)N(x) ]2} Hard(x—xr) (63)

and ay, is either zero or
ar=(1+¢) e—lR(xL){[xL2R(xL):}’}‘1 , (64)

provided a localized mode exists at w=w; or x=wx,
given by

1+ exz2R(x1)=0. (65)

The first term in Eq. (63) is zero for x> x and § denotes
Dirac’s delta function. The prime appearing in Eq. (64)
denotes differentiation with respect to xz. The contribu-
tion to @, is obtained by expanding 14-7'eD(r’) about
7'=71, in Eq. (52), and evaluating the integral in the
same manner as Eq. (18) was established.

1. Conservation of States Rule

If fyis a constant in Eq. (62), we obtain the important
result that

/“’ dx K(x,e)=1. (66)

This conservation rule is extremely valuable for pur-
poses of numerical calculations. In fact,

’TA‘M
aL=1——/ dx K(x,e), (67)
0

for all e and any N(x) function obeying the previously
outlined requirements.

C. The g(u) Function

The g(u) function defined by Egs. (16) and (17) takes
the simple form

g(u)= [szzw/(ZMIﬁwAI)]/ dx K(x,€)

X {(cosxo—1) coth(xp)—i sinxe}x~t, (68)



DYNAMICAL MOTION

where

a=(th/xM)u; p= th/(2kaT) (69)

1. Lamb-M éssbauer Coefficient, 2W

The resonant fraction, f, of v rays absorbed, using
Lamb’s original formalism, is given by f=exp(—2W),
where 2 is the Lamb-Mdssbauer coefficient defined as
the negative of the p-independent part of Eq. (68).
[The factor, f, is commonly called the Debye-Waller
factor because of its similarity to the Debye-Waller
factor occurring in x-ray scattering theory.'] From
Eq. (68), one has

2W=x/ dx K(x,e)x~! coth(xp), (70)
0

where

x=[p*nu/2M1hwy)]. (71)

2. Resonant Absorption Cross Section
when Localized Mode Exists

Kaufman and Lipkin!® have pointed out that the
resonant fraction of vy rays absorbed is the w-inde-
pendent part of e?™ and not ¢~2%. If a localized mode
exists, i.e., if ¢,70 in Eq. (63), then they argue that
f#e 2", We note that Eq. (68) can be written as

¢(w)=—2W+x / dz K (,6)

X {cos(xo) coth(xp)—1i sin(xa)}x1
+x(ar/xr){cos(xra) coth(xzp)—1 sin(xze)}. (72)

It is easily shown that the second term tends to zero for
large u and does not contribute to the resonant f. The
third term contributes to f since it does not vanish as
p—> o, but oscillates and an analysis similar to that
given by Kaufman and Lipkin leads to

f=e W ee LI 2L (W 1)*— (W 1o)* ]2},  (73)

where

M
2Wc=x/ dx K (x,6)x! coth(xp) (74)
0

represents the continuum contribution to the Lamb-
Moéssbauer coefficient, Io(x) is a Bessel function of order
zero having an imaginary argument,
2W i, =x(ar/x1) coth(xrp), (75)
and
2W o= X(dL/xL) (76)
is the contribution to the Lamb-Mdssbauer coefficient
from the localized mode at =0 or p= .
It is clear that an enhancement in f occurs, i.e.,
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f>e?2", where 2W=2W .+ 2W 1, when a localized mode
is present, particularly if 2W, is large compared to
unity and 2W <<L2W .

D. Numerical Results for the Germanium
Lattice

The frequency spectrum for Ge, derived by Phillips,'3
has been used to construct the R(x) function [Eq. (60)],
which was calculated from S(x)=N(x)/(2x) by taking
N(x) to vary linearly between the tabulated points.
[Tables of R and N can be obtained from the authors,
if desired. ]

One can construct K (x,e) from N(x) and R(x) for any
desired M;/Mp=1+¢ from Eq. (63). In Fig. 1, we
show the behavior of K(x,¢) for Ge-Sn!''® for which
€=0.63. This dynamic response function can be ap-
proximated by three Breit-Wigner resonances. The
highest frequency resonance at x.=0.79 has a long life-
time and has a frequency half-width of Ax=0.007. Reso-
nances occur in the continuum when 1+ ex.2R(x.)=0
and the resonance half-width is Ax given by

Ax=m(xe/2)N (xc) | [x2R(xo) ]| , (77)
where the prime denotes differentiation with respect
to x at x=x..

In Fig. 2, we have plotted the 2I¥ function for a
Sn!!? atom in a Ge lattice as a function of temperature
using Eq. (70). The Sn'*® recoil energy, p2/(2M7y), is
26 keV and 7iwy=~Fk6, where 63r=2372°K for Ge. It is
quite interesting to note that at room temperature 2W
for an isotopically substituted Sn!* atom in Ge is
almost a factor of 3 times smaller than 2IW for a Sn!?
atom in a Sn crystal as determined experimentally.??
We also show two theoretically determined curves for
the Sn-Sn!!® for sake of comparison. Both of the curves
were derived from the A-S lattice dynamics model?®
with curve A referring to results derived on the basis of
elastic constant measurements of Rayne and Chandra-
sekhar?* and curve B based on similar measurements of
Bommel and Mason.?® The fraction of resonantly ab-
sorbed v rays is given by f=¢72%, here. One can also
determine the total absorption cross section from
Egs. (10) and (68).

2 A, J. F. Boyle, D. St. P. Bunbury, C. Edwards, and H. E.
Hall, Proc. Phys. Soc. (London) A77, 129 (1961).

2 The theoretical curves shown in Fig. 2 were derived from an
application of the A-S lattice dynamics model. See G. W. Lehman,
T. Wolfram, and R. E. DeWames, Phys. Rev. 128, 1593 (1962).
For a discussion of the lattice dynamics of white tin, see
T. Wolfram, G. W. Lehman, and R. E. DeWames, tbid. 129,
2483 (1963). The calculation of the Debye-Waller factor for white
tin is given in another paper, see R. E. DeWames, T. Wolfram,
and G. W. Lehman ¢bid. 131, 529 (1963).

24 7. A. Rayne and B. S. Chandrasekhar, Phys. Rev. 120, 1658
(1960).

26 W. E. Mason and H. E. Bémmel, J. Acoust. Soc. Am. 28,
930 (1956).
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Fi1G. 1. Dynamic response function for Sn'? isotopically
substituted in germanium.

IV. DYNAMICAL BEHAVIOR OF AN ISOLATED IM-
PURITY ATOM SUBSTITUTED INTO ALUMINUM
WITH ARBITRARY CHANGES IN FIRST-
NEIGHBOR FORCE CONSTANTS

In Sec. II, we established a simple prescription for
calculating {fo(€)}11 in terms of the A;; matrix, which
depends upon D.;; and AF/M g but is independent of
e+1=M;/Mpy. In this section, we express A;; for the
case of arbitrary nearest neighbor changes in Fy for a
face-centered cubic lattice in terms of the matrix ele-
ments of a symmetry adapted Green’s function. Physi-
cally, the impurity atom is coupled to the host-lattice
atoms in the fashion of a giant molecule. Only those
modes which transform like (x,y,2) interact. Clearly,
AF transforms occurring to the cubic point group and
we have already shown that D,,; does likewise. Con-
sequently, it is most convenient to construct the D,4q
matrix using the molecular vibration symmetry co-
ordinates associated with the impurity atom and the
12 nearest neighbor atoms. A simple group theoretical
calculation shows that only 3 of the 36 symmetry co-
ordinates associated with the 12 nearest neighbor atoms
couple to the x component of the impurity atom co-
ordinate. Of course, the y and z motion is degenerate
with that in the x direction and need not be considered.

A. Symmetry Adapted Green’s Function for
Face-Centered Cubic Lattice

In order to proceed further, it is necessary to work out
the symmetry coordinates which transform like the
x-direction motion of the impurity atom. If the impurity
atom is located at R;=(0,0,0), then the equilibrium
coordinates of the 12 nearest neighbor atoms can be de-
noted by Ro=(0,1,1), Rs= (0, —1, 1), Ry=(0, —1, —1),
Rs= (01 1, _1): Re= (170;1)7 R7= (1, 0} _1)1 RS: (_1)
07 —1)7 R9= (_1; 01 1): R10= (17170); Rll: (—1; 1: 0)’
Ri:=(—1, —1,0), Ri3=(1, —1,0), where the unit of
length has been chosen to be a/2, half of cube edge.

It Ax;= (A.%‘j,0,0), Ay;= (O,Ay,O), and Azj= (0>0:Azj)
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denote unit-vector displacements of the jth atom in the
%, 9, and z directions, respectively, then one can easily
show by group theory that the 4 symmetry coordinates
transforming irreducibly as x are

¢1=AX1,

13
po=(12)"12 ¥ Ax,,

n=2

5 13 (78)
p3=(24)712[2 3 Ax,— X Ax,],

n=2

9

¢s=—8)71* 2 (—1)"[Az,+AYuys].

n=6

Here, ¢: denotes a unit displacement of the impurity
atom in the « direction, while ¢, denotes a unit displace-
ment in the same direction of the 12 nearest neighbor
atoms rigidly locked together. If isotropic restoring
forces are assumed, as in the case of Visscher’s calcula-
tions,!? then the «, ¥, and z motion of the entire system
decouples and ¢; and ¢, completely specify the coupling
of the impurity atom to the nearest neighbor shell re-
garding motion in the « direction. When tensor restoring
forces are involved, then ¢; and ¢4 must be included.
The symmetry coordinate ¢; involves an optic-type
motion in the x direction in which the 8 atoms in the
x-y and x-z planes move in phase with each other and
out of phase with the 4 atoms lying in the y-z plane. The
rigid y-z plane motion has an amplitude which is twice
that of the rigid -y, x-2 motion and, hence, ¢; is
orthogonal to ¢;. The ¢4 motion is likewise pure optic
with no displacement in the « direction. This motion is
most easily visualized as a distortion of a cube in which
the two cube faces perpendicular to the x axis preserve
the symmetry of a square with one face expanding while
the other face contracts, the amplitude of the motion
of the 8 atoms involved is the same.

A complete description of the vibrational modes for
an impurity atom in a face-centered cubic lattice with
nearest neighbor changes in force constants requires 39
symmetry coordinates. As previously noted, only 4 of
these are required for a complete study of the Méssbauer
effect. However, if one were interested in computing the
thermodynamic properties of our system, it would be
necessary to determine the other modes which are not
degenerate with Eq. (78). We shall discuss this problem
further in the next section of this paper.

Our final task is to construct the {G(7)};; matrix
from Ay; which can be written, according to symmetry
arguments given previously, as A;;=C,(7)I;, where C,(r)
denotes the (1,1) diagonal element of the A supermatrix
associated with the # coordinate of the impurity atom,
i.e., the @1 symmetry coordinate. From Egs. (34)

A=[Ip—d(AF/Mz)Td, (79)
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where d is a 39X39 matrix, whose 3X3 supermatrix
elements are defined by Eq. (35). We now establish that
the (1,1) element of A is simply the (1,1) element of a
4X4 matrix whose elements are constructed from
Eq. (79) in a basis using the symmetry coordinates
defined by Eq. (78). Our assertion is physically obvious;
however, for completeness we establish the result
mathematically. Let ¢ be a matrix whose elements are

g-llzg‘: g-'if':o; (1/7.7)¢(1)1)7 (80>
and for brevity put
C=AF/My (81)
and observe that
{(8/0¢) In det[I—dC+d¢ ]} 0
={(8/8¢) In det[I4-(I—dC)'d{T} 1o
={(8/8¢) Tr In[I+(I—dC)~*d{T} ;0
=([1-dC]'d)u1, (82)

where In denotes natural logarithm, det denotes determi-
nant, and Tr denotes trace operation. Equation (82)
holds for arbitrary d and C as long as I—dC is non-
singular which is the case in this paper. We have used
det (AB)=det(A) det(B) and Indet(A)=TrIn(A) in
Eq. (82). Next, let U be a unitary matrix transformation
relating the symmetry coordinate ¢;’s with the atomic
displacement vectors Ax., Ay,, and Az,. In Eq. (82),
let d7=U-1dU, and note that

det[T—dC+d¢]
= det[I— dTCT:' det[I—I— (I— dTCT)_ldT(] N

since {r={. The 39X 39 matrix in the second determi-
nant can be written as a 4X4 block whose elements
are associated with the ¢;’s of Eq. (78) and a 35X35
matrix involving all other symmetry coordinates. We
now denote the 4X4 block of the transformed d and C
matrices by d7 and C” and observe that

det[ I+ (I—d7Cr)'dr{]=det[ 1,4 (1,—d7CT)~1d7¢]
=14 ([L—d7CT]d7) ¢ (83)

Using the procedure shown in Eq. (82) and the relation
given by Eq. (81), we obtain our final result

A11=Cz(T)I3y (84’)

where
Cz('r) = ([14— dT(AFT)MH_IJ_ldT)n . (85)
1. Construction of 47 in Terms of Symmetry
Adapted Functions

The matrix elements of d7, denoted by Djz, are easily
constructed by noting the form of Eq. (35), In fact,

Djp=N""Zo(Yp,[7L—A(@ T, (86)

where (a,b) denotes an ordinary inner product between
a and b. The /s are 3-component vectors constructed
from the ¢;’s by replacing the row vector representation

L L L L
400 500 600 790

T °K

300

L I
o 100 200

800

Fic. 2. Lamb-Méssbauer coefficient, 2W, for Sn'® isotopically
substituted in germanium as a function of temperature. The other
curves refer to Sn' in natural white tin and are included for sake
of comparison. [See text for labeling.]

of Ax,, by (100) exp(—iq R,) and similar representations
of Ay, and Az,. From Eq. (78) and the definition of
the R,’s ,one obtains

1
= M , = VLC.CACCACCI,
0

= (%)1/2[2Cycz_CZ(CJ/"}‘CZ)]‘QI y
0
Py=212S, lsy

z

(87

b

where C,=cos(ag./2), S,=sin(aq./2), x=x, vy, 2.

B. Numerical Results for Symmetry Adapted
Green’s Function for Aluminum

Since

A¥p=[wp(q)]%,, (88)

where w,(q) is the eigenfrequency associated with the

pth polarization vector £,, we can write

2Djk=/ do[1—w? TN j(w) , (89)
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where
Vale)=v [ da 3 o= Tos@T9000s, 90)

and
= (4;&p) - (91)
The integration in Eq. (90) is to be taken over the
reduced Brillouin zone having volume v.
From Egs. (90) and (91),

/wﬂ{ dw Njk(w)=”_1_/dq (&)=, (92)
¢

as can be established from Eq. (87) and the orthogo-
nality relations

N=132q explig (Rj—Ri) ]= 6.

The element N11(w) is the ordinary density of modes
function for a monatomic face-centered cubic crystal.
We refer to NV, as density-of-modes matrix elements and
note that critical points occur in these functions at
frequencies which are identical to the critical points
fOI' N 11((.0).

(93)

1. Numerical Values of Rij(x) and N;(x) for Aluminum

According to the detailed analysis of the previous
section on the Green’s function for Ge, we see that the
dynamic response function given by Eq. (63) can be
used here provided R(x) and N(x) are replaced by
R.s1(x) and Negs(x), respectively. We find

Resi(x)=Re([Is— Dx D)y, (94)
and
Nets(x)= (x/m) Im([I,— Dx]1D),, (95)
where
D=R+inS, (96)
1 N
Rw=[ dyNG)e—y T, S=—, (7
J O 2x
and
x=AFT/(M gwa?). (98)

We have used Walker’s atomic-force constants!®
derived from diffuse thermal x-ray scattering data on
aluminum to calculate the 4X4 N matrix whose ele-
ments are defined by Eq. (90). A mesh of 45 000 points
was used over 1/48 of the Brillouin zone and N;; was
computed by suitable symmetrization of Q;,Qk,. The
delta function in Eq. (90) was replaced by a step func-
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tion of width Aw=0.005wzr and height (1/Aw). The re-
sulting histogram indicated that more points should
have been taken for our Aw used. The ten histograms
for Nj, were carefully examined by plotting and cross
plotting. Our Ny; function agrees quite satisfactorily
with Walker’s density of modes but has more structure.
We were able to choose 88 w/wx points which allowed
us to calculate N by linear or quadratic interpolation
for 0<w/wy<1. The final N;; curves satisfied the
orthonormality rule, Eq. (92) to about 19, in the worst
case. This error was actually introduced by our smooth-
ing technique as our histograms satisfied Eq. (92) to
better than 0.29, in all cases. [ Tables of Nj; and Ry,
are available from the authors upon request. ]

C. Construction of AF” Matrix

One of the simplest ways to construct a AF? matrix is
by examining the A-S lattice dynamics model which is a
special case of the generalized tensor force model?® used
by Walker for aluminum.!® In fact, Walker’s force con-
stants for aluminum are essentially axially symmetric.
According to this model, the 3X3 matrix which de-
scribes the interaction between the ith and jth atom is

N
{F}i=26;5 2 ky—kij,

s=1

(99)

where

2o Im, In
k,’j=CSB(7'7;j) lm, mZ, mn +C3(ri]-)13, (100)

n, mn, n?

with Cgp referring to the difference between a stretching
and a bending force constant and Cz denoting a bending
force constant. The vector r;=(x;y;72;) denotes the
equilibrium position of the jth atom, 7= |r;z|, and
(Emm) s (r4)"(xs5,9i5,%). Equations (100) and (101)
hold for an arbitrary arrangement of the NV atoms.

The {AF};; matrices for the A-S model are obtained
from the above equations by replacing the k;;’s by Ak,
and Cgp and Cp by ACsp and ACp, respectively. When
the perturbation is restricted to the nearest neighbor
shell of the impurity atom in a face-centered cubic
crystal, it is easy to construct Ak;; for the generalized
tensor force model used by Walker.!® In fact, one need
only multiply the off-diagonal terms in Eq. (101) by a
scale factor, thereby introducing a third force constant
for the first-neighbor shell. In Walker’s notation, the
change in ky; associated with the impurity atom nearest
neighbor coupling is

[2Aa:22+ AB(m2+n2) ], 2Ay1lm, 2Av1in
Ak1j= 2A'yllm, [2Aa1m2+A61(n2+l2):], 2A’ylmn , (101)
2Av,ln, 2Ayymin, [2Aam? 4 AB:(12+m?2) ]
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where I, m, and 7z denote the direction cosines between
an impurity atom and a nearest neighbor atom. It is

further assumed in this paper that Ak;=0 when 7 or 12 —(12)¥2, 0 0
J#1. These perturbations are easily included but are _(ﬁ)m . 0 o0
not warranted in the present work, unless higher *=[4Aar/(Mzws®)]| ;7 7 0 1 ol
neighbor interactions are included. The correlation be- 01 O: 0 1

tween the A-S force-constant changes and the general-
ized tensor force model changes are?

Aoq: ACB+ (ACSB/Z) 5
A61=ACB )
A')’1= Aal'—A6]_= ACSB/Z .

(102)

The force constants for pure aluminum are shown
in Table I.

1. Construction of the v Matrix

The next task is to construct the 4X4 matrix, x,
defined by Eq. (98) using the ¢;’s of Eq. (78) as basis
vectors. The calculations are lengthy but straight-
forward and we find that the matrix elements ki;=«;;
of x can be written as
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direction or isotropic. In this case, ne=n3=%5=0 and
ns=n¢ and

(105)
D. Numerical Results for Al-Fe®

Experimental Mossbauer studies on the Al-Fe5? sys-
tem are currently being carried out at our laboratory.
However, at the present writing, no experimental data
are available. Consequently, we have calculated the
response function, K, for several sets of Aaj, AB;, and
Ay, with e=1.1111. We recall that K is given by
Eqgs. (63), where R(x) and N(x) are replaced by Res(x)
and Nei(x) defined by Egs. (94) and (95). In these
equations, the matrix elements of R(x) and S(x) are
those appropriate to aluminum, and the matrix elements
of the reduced force-constant matrix, x, are given by
Egs. (103) and (104).

TaBLE 1. Atomic force constants for aluminum
(in units of 10® dyn/cm).

k11=12m1, k1=(12)"2ny, K13=(12)"2n,,
F Walker’
k= (12)"2n3, Kkpp=m1, Kes=—n2, Kkau=—n3, (103) constant valte A-S value
K33=14, K34=N5, Kas=1s, ay 8.45 8.45
B1 —0.93 —-0.9
where 1 10.67 9.35
Mooy az 2.14 2.0
nou*n=4(Aa1+A61)/3, 8, 0.40 -10
0.27 0
M ywnne=(2/9)2(20c1—ABy), Z: —0.31 0
0.10 0
. Mpwuns= (8/3)“2A’Yl Iy —0.

M ywu®ns= (280,4-5081)/3,
M youns=(4/3)V20y,,
MHwM2776= 200+ A.Bl .

2. Isotropic Changes in x

If AB1=2Aq; and Ay, =0, Aky;= 2Aa;1;, the perturba-
tion in restoring force acting between the impurity
atom and the nearest neighbors is independent of

The numerical calculations reported here were carried
out on the IBM 7090 electronic digital computer using
Fortran programming. These programs were constructed
for the general case of arbitrary e and x. The frequency
dependence of K and the temperature dependence of
2W and the mean square velocity of the impurity atom,
(vr%)av can be obtained in less than 5 min for a particular
choice of ¢, Aaj, ABy, and Ay,

TaBLE IL 2W =%/ (2M 1hwn)]{1/x) and M 1 (v:2)av= (3k02:/2)(x) as functions of temperature for various sets of force-constant
changes, in units of 10® dyn/cm, for Fe” in Al. Here, #iwy = k0 and war =5.94X 101 rad/sec. (x") is defined in text.

Aoy -1.0 —038 —0.4 0 0.4 —-2.0 2.0 4.0
AB: -2.0 —1.6 —-0.8 0 0.8 0 0 0

Ay 0 0 0 0 0 —2.0 2.0 4.0

T/oa (/x) (=) (A/z) (&) (A/x) (&) A/a) &) (M2 @ (A/z) &) A/z) &) (A/x) @
0 9.73 016 507 024 337 034 272 042 240 048 356 030 236 050 215 058
01 219 027 721 030 402 038 303 044 271 049 432 034 269 052 246 0.59
02 415 045 122 046 601 051 418 055 3.66 059 653 0438 366 061 328 0.67
10 2032 205 572 201 263 202 172 203 147 204 288 202 147 205 129 206
2.0 57.4 4.01 29.2 4.02 25.6 4.03

100 2030 20.42 5700 19.94 261.0 20.00 170.6 19.97 1449 20.01 286.7 20.00 1455 20.00 127.4 20.01
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F16. 3. Dynamic response function for Fe5? in aluminum for
various isotropic changes in nearest neighbor force constants.
(Cf. Table II.)

1. Typical Response Functions for Al-Fe¥

The frequency dependence of typical dynamic re-
sponse functions associated with isotropic changes in x
[cf., Eq. (106)] are shown in Fig. 3 for three choices of a,
where a=4Aa:1/ (M pwu?). For aluminum, wy=5.9 X 1013
rad/sec, My=0.45X10"22 G so that Aa;=(40X10%)a
dyn/cm, AB;=2Aq;, Ay;=0. These curves show that
one can have quite localized K functions corresponding
to continuum resonances of the type discussed by
Brout and Visscher,!® Visscher,'? and Lehman and
LeWames.!!

The frequency dependence of the K function was also
calculated for several sets of pure bond-stretching
changes in force constants for which Aa;=Ay; and
AB;=0 but will not be presented here.

2. 2W and (vr2)ay for Al-Fed

Typical numerical results are presented in Table IT
showing the temperature dependence of the Lamb-
Mbossbauer coefficient, 2, and the mean square ve-
locity of the impurity atom, (2r2).y, for several sets of
force-constant changes when Fe® is substituted into the
aluminum lattice. These quantities are given by

2W=[p*/(2M1he ) 1/x) (106)
and
Mr(v®)av=(3k02:/2)(x), (107)
where
0 xo}l{
(x")=/0 dx K(x,€)x coth<-2~T—> (108)
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and &0y =hwy, with 0,,=440°K for aluminum. Equa-
tion (106) follows from Eq. (70). The derivation of
Eq. (107) follows a pattern similar to that used in ob-
taining 2. Note that (x) — 27/6y as T— o by
Eq. (66) so that M1(v?). — 3kT as required, i.e., when
T — o, the average kinetic energy of the impurity
atom is simply 3£7 per degree of freedom in momentum
space independent of the binding forces holding the
atoms together. The fifth column of Table II corre-
sponds to an atom isotopically substituted into the
aluminum lattice. It is important to note that changes
in B; have a quite pronounced effect on 2W and (%),
the mean square velocity of the Fe’” atom, even though
oy and +y; are nearly 10 times larger than f; according to
Table I. The recoil energy, $2/2M7, for Fe’" is 0.0018 eV
and k63,=0.037 so that 2W=0.049(1/x). Hence, the
fraction, f, of v rays resonantly absorbed by Fe’” nuclei
isotopically substituted into aluminum is f=0.43 at
440°K and f=0.88 at 0°K. If ABi=2Aa;=—2X103
dyn/cm and Ay;=0, column 2 of Table II shows that
f=0.00005 at 440°K and f=0.69 at 0°K. On the other
hand, the last column of this table shows that f=0.63
at 440°K and f=0.9 at 0°K when Aq;=Ay;=4X103
dyn/cm and AB;=0. The other columns of Table II
show results intermediate to these two extremes.

3. High-Temperature Form for 2W

We now show that 217 can be expressed quite simply
when 7/6,21. From Egs. (6) and (20), one notes that
{G(r=0)}11(wn)?= —{Q~2}; for a completed arbitrary
set of atoms coupled together harmonically. On the
other hand, for an isolated impurity in a monatomic
cubic lattice, Eqgs. (31), (84), (85), (94), and (96)
show that

{G(r=0)}11(wn)?*= (14 €) R (0) I, (109)
where
Rets(0) = ([ Li—RO)xJ'R(0)11, (110)
with )
R@=—fcwmwr% (111)

Consequently, using Egs. (16), (17), (70), and (106)
and the above results it can be shown that

(1/2)=~—(2T/0) 1+ &) ((Li—R(0)x 'R (0))11,

for large T/0x. Since 14-e= M1/ M, it follows that 2IW
is independent of the mass of the impurity atom for
T/6x large. This fact is well known physically. From
Eq. (110), we obtain the relation

(112)

/ i dx x72K (x,€)
' =—(1+9(CL—ROT'RO)y, (113)

which holds for all ¢, x, and N. This relation also pro-
vides a very valuable check for computational purposes.
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An examination of Table II shows that (1/x) is practi-
cally linear with 7T for T/6x>1, so that Eq. (114)
provides us with a useful tool. Furthermore, one should
note that the matrix elements of R(0) can be obtained
from

[RO)Jp=—N"F 5 [p(@)/eone]

q p=1
X (ll!jaz?)(wky‘fp) )

by combining Egs. (90) and (111). Our experience shows
that one can evaluate these sums quite accurately by
using no more than 1000 points in 1/48 of the Brillouin
zone, thereby skipping the troublesome problem of
constructing N(x).

One can easily work out Eq. (115) analytically, if
R(0) is known. For aluminum, we find, for an isotropic
x [cf., Eq. (106)], that

(114)

/ s 22K (x,€) =4.2950(14 &) J1(a) [ Jo(@) T,  (115)

where

Ji(a)=1+14.016a+47.79a2+47.384%

116
Jo(a)=1+41.6482+171.37a24184.3943, (116)

and a=2.5X10"%Aq;. The numerical coefficient on the
right side in Eq. (115) is simply —Ry;(0). It follows
from Egs. (106), (108), and (115) that

(1/x) — 8.590(146)J1(a)[Jo(a) (T /00), (117)

at high temperatures for isotropic x. Table IT shows that
the above result is quite accurate for 7/6x=1 for the
cases shown in columns 2-5 inclusive. One can also
derive a high-temperature result for (1/x) for the case
of arbitrary x, but such a formula is a bit unwieldy and
will not be given in this paper.

E. Qualitative Results for Cu-Fe* and Pt-Fe%

Since Cu-Fe’” and Pt-Fe® are used extensively as
Mossbauer sources, we felt that it was worthwhile to
carry out quantitative studies of the temperature de-
pendence of 2 and (v72).v using the symmetry adapted
Green’s function obtained for the aluminum lattice
with an appropriate choice of wy. Our experimental
colleagues inform us that no reliable data exists on
these two systems so that we have used the isotropic
% to study the behavior of 2.

1. Cu-Fer (e=—0.1)

For these cases, no bound mode appears for the calcu-
lations carried out and the temperature dependence of
(1/x) is shown in Fig. 4 for the isotropic x case when
a=—0.01, 0, and 0.01. The Lamb-Mossbauer coeffi-
cient, 2W, is given by Eq. (108) with wy=4.4X10%
rad/sec appropriate to Cu.
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F16. 4. Relative mean-square displacement, (1/x), as a function
of T/6ar for Fed? in copper for various isotropic changes in nearest
neighbor force constants. 8y=2335°K.

2. PL-Fe (e=—0.7)

For this case, (1/x) is plotted in Fig. 5 for a=—0.02,
—0.01, 0, 0.01, and ¢= as a function of T/8y. For
Pt, we estimate wa=3.0X 10" rad/sec and 6, =225°K
from heat-capacity data. The case a=c corresponds
to the case in which the 12 nearest neighbor atoms of the
impurity atom are rigidly coupled to the impurity atom.

In all of these cases, a triply degenerate localized
mode appears at a frequency determined by solving
Eq. (65), where R(xz) is replaced by Re«(xz) given by
Eq. (95). The position, xz, and the strength, ar, of the
localized modes are presented in Table III along with
bo, b1, and by, where

1
bn=/ dx Kx—n
0

denotes " averaged over the continuum response
function. The conservation-of-states theorem, Eq. (66),
shows that

(118)

dL+bo= 1 . (119)
Equations (63) and (115) give us
(xL)“2aL-|—b2= — (1+ e)([L— R(O)K]_IR(O))H . (120)

The above two equations allow us to determine ¢z, and
a1, if bo, be, and the expression on the right-hand side of
Eq. (120) are known. Conversely, if a; and x; are

TasLE III. Frequency, xr=wr/wm, and strength, az, of a
localized mode appropriate to Pt-Fe®’, e=—0.7, for various iso-
tropic force-constant changes AB;=2Aa;, Ay;=0, where
a=4Ac;/ (Mpwn?). For Pt, wpr=3X10% rad/sec and the b,’s
[Eq. 120] have been calculated using the aluminum dynamic
response function, K.

a XL ar bo b1 bz
—0.02 1.012 0.353 0.647 1.411 3.718
—0.01 1.122 0.700 0.300 0.623 1.299

0 1.257 0.839 0.161 0.298 0.761

0.02 1.532 0.927 0.073 0.151 0.486
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FicG. 5. Relative mean-square displacement, (1/x), as a function
of T/0y for Fe® in platinum for various isotropic changes in
nearest neighbor force constants. 6,r22225°K.

known, one can use these relations to check the numeri-
cal accuracy of ez and xz. Our machine calculations
were set up to compute all the quantities in Egs. (119)
and (120) and our numerical results are in error by less
than 0.19, in all cases computed to date.

The fraction, f, of resonantly absorbed « rays is given
by Eq. (73) instead of f=¢"2%, due to the localized
mode.

V. SUMMARY AND CONCLUSIONS

We have developed techniques in this paper which
are suitable for determining the classical motion of an
impurity atom harmonically bound in a large crystal
when the impurity atom has received a momentum im-
pulse at time {=0. This motion was characterized by a
dynamic response function, K. It was also shown that
one can express the g(u) function, which is needed to
determine the total y-ray cross section of the impurity
nucleus, as a simple average over the K function.

We derived expressions for K in terms of the sym-
metry adapted Green’s functions associated with the
pure crystal for the cases of an isotopically substituted
atom in the germanium lattice and a substitutional
impurity atom in the aluminum lattice. We also noted
that one should use a Green’s function representation in
which the molecular vibration symmetry coordinates
which coupled with the impurity atom motion serve as
basis vectors.

The temperature dependence of the Lamb-Mdssbauer
coefficient, 2W, for Sn''? substituted isotopically in Ge
was calculated and presented in Fig. 2, along with
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similar calculations and experimental data on Sn-Sn''®.
The K function for Ge-Sn'!® was given in Fig. 1 showing
that the frequency distribution is pushed to lower fre-
quencies. Consequently, we strongly suspect that the
low-temperature heat capacity of Ge-Sn!!® for low con-
centrations of Sn'*® will exhibit marked deviations from
that shown by pure Ge. The possibility of detecting
the redistribution in frequency by a heat-capacity
measurement looks much more promising than the
Mossbauer experiment at present.

Our studies to date on an atom substituted into the
aluminum lattice have been restricted to Mossbauer
measurements with Fe®7 although we can easily examine
Al-Au'” and Al-Sn'®®. Our detailed calculations on
Al-Fe% show that an isotopically substituted Fe®”
nucleus in aluminum should act like a detectable Mdss-
bauer emitter at room temperature. On the other hand,
if the Fe®” atom is loosely bound it appears as if the
resonant fraction of Mossbauer v rays could be below the
level of detection at room temperature but would be
observable at liquid-helium temperatures.

We have used the aluminum lattice symmetry
adapted Green’s function to study the temperature de-
pendence of 2W for Cu-Fe® and Pt-Fe’” and find that
a triply degenerate localized mode occurs for the latter
system. On the basis of existing data it appears qualita-
tively, as if a Pt-Fe® pair is more tightly bound than
a Pt-Pt pair.?¢

We also stress the fact that the low-temperature
specific heat of aluminum doped with heavy-mass atoms
such as Au, Th, or U should show a marked increase
over pure aluminum in view of the large shift to lower
frequencies in the frequency distribution of those modes
strongly coupled to the impurity atom. We are currently
calculating the temperature dependence of this heat
capacity associated with arbitrary changes in the nearest
neighbor force-constant perturbation matrix, %, for
several impurity masses. It is hoped that x can be
bracketed by a combination of Mssbauer studies and
heat-capacity studies.
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