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A theoretical study of phonon-magnon interaction in antiferromagnets is made on the basis of a micro-
scopic mechanism developed earlier. The mechanism, which in essence takes into account the mixing of
excited orbital states with the ground orbital states of the magnetic ions owing to crystal field oscillations, is
applied to a crystal which can be subdivided into two interpenetrating identical sublattices coupled anti-

ferromagnetically.

The interaction terms for one-phonon direct processes are first derived following the methods of the pre-
vious paper. The expressions for phonon-magnon relaxation times are then obtained for these processes in
the low-temperature limit. It is found that the relaxation time 7, is inversely proportional to fifth power of
temperature (7°%) in thisregion. Numerical estimate for MnF,at 10°K gives the tentative value of 7,,~108sec.

1. INTRODUCTION

N a previous paper,' a microscopic theory of phonon-
magnon interactions in ferromagnetically coupled
lattices was developed from first principles. The central
theme of the theory consisted in taking into account
the mixing of excited orbital states with the ground
orbital states of the magnetic ions owing to crystal-field
oscillations of appropriate symmetry. The relevant
exchange Hamiltonian and interaction terms were
obtained by making use of such one-electron perturbed
states in the second quantization representation. This
mechanism gave the right order of magnitude for
phonon-magnon relaxation times in ferromagnetic
systems.

The purpose of the present paper is to develop a
similar theory of phonon-magnon interactions in anti-
ferromagnetically coupled two-sublattice systems. Pin-
cus and Winter? have phenomenologically discussed
the effects of phonon-magnon interactions on nuclear
spin-lattice relaxation rates of antiferromagnets. How-
ever, experiments aimed at correlating the linewidth of
antiferromagnetic resonance (AFMR) absorption with
the spin-lattice relaxation times are lacking. Some
preliminary suggestions to explain the AFMR linewidth
owing to fluctuations of the effective molecular field at
the site of an individual spin have been made by
Townes.?

Although the problem of the antiferromagnetic
ground state of a three-dimensional network of spins
has not been solved, the two-sublattice model, with
spins in one pointing up and those of the other in the
reverse direction can be regarded as representing the
reality fairly closely.? Spin-wave theories for such two-
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sublattice antiferromagnets have been developed by
several authors*=? by taking proper cognizance of the
anisotropy energy. Recently, the study of magnon-
magnon interactions in antiferromagnets has been
carried out following the above two-sublattice spin-
wave theory by Genkin and Fain.!

In what follows, we adopt a similar procedure in
conjunction with the mechanism developed in SU(T)
to study the phonon-magnon interaction in antiferro-
magnets. After formulating the interaction terms, the
relaxation time for the establishment of equilibrium at
low temperatures between the phonon and magnon
systems for the one-phonon direct process is calculated.
Two-phonon Raman processes are not considered in
view of their negligible contribution at low temperatures
as expected from the calculations of SU(J).

2. FORMULATION OF PHONON-MAGNON
INTERACTION HAMILTONIAN

We consider two interpenetrating simple cubic sub-
lattices of magnetic ions with one localized d electron.
The spins on sublattice 1 point up, and those on sub-
lattice 2 point down. The two together form a body-
centered cubic structure of the magnetic system. Thus,
the nearest neighbor of an ion belonging to sublattice
1is on sublattice 2 with =38 and vice versa. With the
above model and following the procedure outlined in
SU(I), we get the total Hamiltonian of the system
including anisotropy terms as

H=HL+H51+ch+HZ+Han+Hinty (2~1)
where the symbols, respectively, stand for contributions
to the total Hamiltonian due to lattice, one-electron
terms, isotropic exchange, Zeeman, anisotropy, and
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8 T. Oguchi, Phys. Rev. 117, 117 (1960).
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interaction terms. The explicit forms are given below:

Hyp=3 1wqp(bes'bapt3), (2.2)
qp
H81=Za Ea,Na,, (23)
Hexz% Z J(le)leU' (24)
lm

In Eq. (2.4) I runs over ions on sublattice 1 and m over
sublattice 2 and P;,,"=%1+2S,-S,,

Hu=—Hgus 5 S7-.

7=l,m

(2.5)

H is the external magnetic field pointing in the 2z
direction and the other symbols have their usual
significance.

Han= '—'HAgﬂB(Zl Slz_
H  being the anisotropy field.
Hini=Y 2°J (Rin) - 6R1 P+ higher order terms. (2.7)
l,m

2mSm®), (2.6)

In the above S; represents the spin vector of the atom
i, 6R; is the vector representing the change in the
nearest-neighbor distance, wy, is the mode branch
frequency of lattice vibration, and bg,', by, are the
corresponding phonon creation and annihilation oper-
ators. Here J(Ry,) represents the effective exchange
integral. Although in SU(I) we expressed this in the
Heisenberg formalism, it may be taken to include all

other types of exchange or superexchange interaction
terms.'" ¢ As defined in SU(T),

aJ(le)=2a<¢a¢mI V12[¢m¢l>
X{¢a| V* 91/ (Ea—Er), (2.8)

with ¢, and ¢, standing for the excited- and ground—
state orbitals, respectively, and V= (dV/3dRx)o,

being the crystal field due to the nearest-neighbor ions.
Further, as before, we express 8RR, in terms of by, b4 a8

1
5Rh=:/7v qu; Sqp° (bqpf‘b—qp) (e’ RO—¢it-Rn0) (2.9)

with g,,= (—1i)eqp(/2w,M)'?, ey, being the polar-
ization vector and M the mass of the ion. We now
transform the spin-dependent parts of the Hamiltonian
Eq. (2.1) in terms of the spin deviation operators of

the two sublattices, which are expressed below :
Sit=Sr+iSr= (25)2(1—n,/25)a,,
Si=S8r—iS¥=(25)2a;! (1—ni/25)*?,
S—Srr=a;'a;=n,(the spin deviation).

11T, Kasuya, Progr. Theoret. Phys. (Kyoto) 16, 45 (1956).

12 P, W. Anderson, Phys. Rev. 115, 2 (195

13 S. Koide, K. P. Smha, and Y. Tanabe Progr Theoret. Phys.
EKYO§O) 22, 647 (1959); K. P. Sinha, Indian J. Phys. 35, 484
1961

14 See P. O. Lowdin, Rev. Mod. Phys. 34, 80 (1962), for other
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Likewise, for the other sublattice
St = (25)2d T (1~ 1,/ 25)112,
Swm= 2S) (1= 1/ 25)?d ,
S+Sn?=1m.

(2.11)

These operators satisfy the commutation relations
aad'—ata=1 and dd'—dfd=1.

Using Egs. (2.10) and (2.11), the spin-dependent part
of the Hamiltonian can be written as

Hs= Hex+HZ+Han+Hint
=constant+Y_ J (Ryn)S{(@dn+aitd,t+aifas
lym

+dn'dn)}tgus{ H(Z al'ai—3 duldn)
l m

+Hy (; oo+ dnldn)}

4S
+W %ﬂ% SurJ Rin)[adntaitdnt+arita;

+ dmfdm][b qu -

b_qp][eiq-Rlo___ eiq-Rmoj
4+l (2.12)

In writing (2.12) we have neglected the terms of the
type #1,/2S and higher order terms in the expansion
of (1—#;,,/25)"? and the constant includes the terms
independent of spin-deviation operators.

The Hamiltonian H, can be written in the spin-wave
representation by making use of the Fourier transforms
of the spin deviation operators given by

o= (2/N)2 ¥y exp(—ixr- R0y,
ai'=(2/N)2 3 exp(ixa- R an',
dun=(2/N)"2 35 exp(ixa- Ru)dn,
dut=(2/N)2 3x exp(—ixa- Ra0)dT,

(2.13)

where the propagation vector ¥, runs over N/2 points
of the first Brillouin zone of the reciprocal space of the
lattice. With the help of (2.13) we can express (2.12) as

H,=const+3_ Z](R;J’)S{'yx (ard\+- axtdyh)
A
+atart+d\idn} +gus{ (H+H A)Z)‘: afar
45z
+ (HA"‘H)Z ded)\}‘}‘—— Z Z gqp'aJ(RhO)
) VN

X [('Yk—q* w)a)\d)\_q—{— (’Y Mq—Y ) axfdxﬂ*
+ (1 _'Yq)a)\lra)u-q‘“}‘ ("Yq'— l)d)\fd)‘_q]

X [:qu’T“b—qp], (2- 14)
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where
=[2nexp(Finr-Ri%)]/z;

In the above, J(R;?) and «J(R;?) are assumed to be
the same for all nearest-neighbor interactions; the
summation over % extends to nearest neighbors. Further,
in deriving (2.14) from (2.12) we have carried out the
summation over ! or m utilizing the following inter-
ference conditions, for the terms in the square brackets:

R=R =R, (2.15)

Ky —K\==q, (2.16)
with the plus sign before q being used for the first and
the last terms and the minus sign for the second and
the third terms in the first square bracket of (2.14).
It can be seen from (2.14) that the pure spin part of
H,, i.e., terms in the curly brackets, is not diagonal.
To diagonalize the pure spin part as well as to write the
interaction terms in the same representation, we make
use of the following canonical transformation'®:

ax=ay coshfy+pBf sinh6s,
a>\"=a>ﬁ COShﬂ)\-l—,B)‘ Sinhe)\,

i (2.17)
dy=an" sinhfy-+B coshé,,
d\'=a sinh\+B\T coshb,
and
tanh20\= — (we'yx/we—l—wA), (218)

and the symbols w,= 2257 (R:9)/% and wa=gugH4/k.
Using the magnon operators «, 3, the pure magnon and
interaction Hamiltonian in (2.14) take the forms given
below.

Ho,=2" kot (lant+3)+20 Aon~ (Ba1813),

where

(2.19)

inE=[(watwe)t—w?]*+twn,

wr=gugH /.

(2.19a)

The above for x,=0 gives the well-known relation for
AFMR frequency.'® Likewise, the phonon-magnon
interaction terms reduce to

Hin= >[4 xqp(ﬂlxak—quqpf_alf‘x%qbqp)
Agp
+qup(akﬁk~qbqu_akfﬁk—qlrbqﬁ

+AMp(ﬁkﬁx—quqzz_B)\Tﬂh—qbqpf)]y (2~20)

where

45z T (R,0) 8
Alqu—_"‘qf[ (va—q—¥») sinh(6r—q—06)

VN
+(1_7q) COSh(G)\_q—B)\)], (2.21)

15 T, Nagamiya, K. Yoshida, and R.Kubo, in Advances in Physics,
%}iited by N. F. Mott (Taylor and Francis, Ltd., London, 1955),

ol. 4, p. 1.

16 C, Kittel, Phys. Rev. 82, 565 (1951).

INTERACTION

IN MAGNETIC CRYSTALS 941

48z <7 (R,9)- g
Brgp=——————T (va—g—72) cosh (x_q—61)

/N
4+ (1—74) sinh(fr—q—01)].
In deriving (2.20) from the interaction part of (2.14),
we have omitted the terms which represent processes
involving simultaneous creation or annihilation of two

magnons and one phonon as they will not conserve
energy.t’

3. PHONON-MAGNON RELAXATION PROCESSES

Noting the properties of the boson creation and
annihilation operators pertaining to transitions between
different states in the occupation number representation
[see SU(I)], the transition probabilities of the various
processes contained in Eq. (2.20) can be easily written
as

W (na, r—qy NVqp — (mn— 1) (nr ot 1) (qu+ 1)
= (2n/h) |A \gp | 2(m) (ma—q+1) (V gt 1))

X (Ek—q'i'Eq— EX); (3~ 13)

W (n, r—gy N qp— (mr+1) (1r—q— 1) (Vgp—1))
= (2n/1)| Angp|*(mt1) (m2—g) (V )
X3 (Ek—q+Eq_ EX):

W, 1o, Nop— (m—1) (- = 1) (N op+1))

= (27/h) | Brgp I 2(m) (ma- o) (N gp+1)
Xs(E)\'*‘E)\— q’—Eq))

(3.1b)

(3.2a)

W, tr—yy Ngp— (ma+1) (2 '+ 1) (Vgp—1))
= (2n/h) l B I 2(mt+1) (- '+1) (NVgp)

X (EX+E)\— q,_ Eq)v (3-2b)

W', maq'y Nop— (1 — D (o +1) (Ngp—1))
= (2m/1) | Argp|2 (") (mr—o'+1) (V qp)

X (BN +Eq—FEry’), (3.32)

W', iy, Nop— (m'+ 1) (m—g'—1) (Nqpt1))
= (27/h) !A quI 2 +1) (r—q") NV gt 1)

XB(E)\I+Eq—E)~q,)7 (33b)

where ny, 72/, Ngp, respectively, represent the occu-
pation numbers of magnon associated with energies
#iwy™, Fiwx™ and phonons of energy %wg,. The 6 functions

ensure the conservation of energy. The rate of transfer
of energy between the magnon and phonon systems is

17 It may be remarked that in the processes involving 8 and gt
[see Eq. (2.20)] the momentum conservation law for particles
is not apparently satisfied. However, we are dealing with quasi-
particles and the momentum of the particle should not be taken
identically equal to Zx». See J. M. Ziman, Electrons and Phonons
(Clarendon Press, Oxford, 1960); G. H. Wannier, Elements of
Solid-State Theory (Cambridge University Press, New York, 1959).
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given by
Q= Qa+ Qaﬂ'l‘ Qﬁ
=z[(qu>a+<qu>aﬂ+<qu>ﬂ:]ﬁwq:0
ap

= (2n/h) )\Z: Trwsqu | Argn|*{ (1) (mr—qt+1) (Ngpt+1)

— (m+1) (1a—q) (N )} (Br—q+Eq— Ey)

+ [ Bags|*{ (m2) (2—g) (N gp+1)

— (maA1) (g +1) (N gp) }6 (Ex+ Er—y'— Eq)
+ [ Angs [ (0x'+1) (1r—g') (Vg t1)

— (m\) (mr—g'+1) (N g5) }6 (EN+E«—E\¢)] (3.4)
In proceeding further, we neglect the Zeeman energy
contribution to the magnon energy, i.e., mx*=wy"=w.
Hence, (#,) and (#)\") may be expressed by the same
Bose distribution function 1/[exp(Ex/kT)—1].

As in SU(I), we define AT=T,—T1=T—T; and
making use of the Taylor expansion of terms containing
(T—AT) in powers of AT and keeping only the first-
order terms, we get

0 2r AT _ (hwyp)?
=;_Z;qu: F(\qp)

X{ | Argp|2ePVFT6(Er_g+Eq—E)

+ IB)\qp I 2eBalkTy (Ek—q""El_Eq)

+ [ Angp|2ePVETG (Ex+Eq— Er—g)}, (3.5)
where

1
F(aqp)= . (3.6)

(eEx—q/kT_ 1) (eEx/kT_ 1) (eEq/lcT_ 1)
We change the summation into integration, and use
the Debye approximation for phonons, namely, wq,
=k0pqa/h, a being the lattice constant and for magnons
neglecting w4 compared to w,

fin=fiw, (1=} 12=2JSkra(22) 2=F0.x)a,
where we have used the approximation (x-R,0)<«<1.
The above defines the parameter 6.. Let us now con-
sider the forms of the coefficients |Arqp|? and |Bagp!?
under the approximation (xy-R;9)<<1. We get [with
Sap= (%/2wq,M)'? as explained in SU(I)]:

2z2

'A)\qu2=

(1) 20q,M)[ =T (Ri) T

XG{(r—q—72)*+ (1—7¢)*} cosh2(6r_q—6))
F{(Vr—q—7) (1—74)} sinh2(6r_q—0»)

FH{ A=v)*— (——1V)}], (3.8)
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where if we use

tanh26\= — (weyy)/ (WeFwa) = —7a, (3.9)
cosh2 (9)_,1— 0)\)
=l=n-an)/[A=1-DA—1H ], (3.10)

sinh2 (8—q—6))
=(Mm—o/Ld—m- A A —m)I"

Substituting (3.10) into (3.8) and using the approxima-
tion ya=1—r2a*/z for x\-akl, we get after making
use of the relations Ex=£k0.ax\ and E,=k0pag, etc.,

167 7
|A7\qp[2=_(
N\2w M

1
X [ [; (EXS—EME\_— EXE)_*+Er—¢°)

1
o[ a RhO 2__
)@

1
+_(Eq4E)‘2+Eq4E)\——q2) - (-EqZE)\4
2] D4 2

DU¢

+E2E)_— 2Eq2E>\2E>\_q2):| / 4E)_ B\

[ Es 7
—]——-I:———— — ——(E)\ —I—E)\_ 2EA2E)\—~q2)_“~ (311)
2Lt 6.2

We get a similar expression for | Bgp|? except that the
sign before the second square bracket in (3.11) is minus.
It is interesting to recall that as in the case of ferro-
magnets [SU(I)], the dependence of |Axqp|? is of the
fourth order in propagation vectors. However, the
present expression [cf. Eq. (3.11)] is more involved
than the corresponding expression for ferromagnets.
We discuss the integration of the three terms in
(3.5), i.e., Qa, Qup, and Qg separately. Thus, we have

. 2r AT 1 N&*7?
Qa”"—‘_—I: ]/lAlqu2Eq2F()\(IP)

h Tk
X eFMETS(Fy_q+Eq— E\)dndrg, (3.12)
where
dT)\= K)\2dK)\ sinﬁxd(ixd%, qu= qqu Sineqdengoq.

Integrating over angle variables with the help of the
8 function, which gives a factor proportional to Ex_q,
the above reduces to

83 AT 1 [Na*p
= I:‘_‘] /Eq2|A>\qp|2
# T2 k%0720 8xd

X E)\_.qF ()\qp)eEV"TK)\qdmdq.

(3.13)

This expression with the help of the dimensionless
variables
n=E\/kT and E=E/kT
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can be written as

. © g2dE o SF(n,E)emdn
Q=G / . (14)
o (f—1)J e (et —1)(en—1)
where
G N( h )AT a ST (RO) P (3.15)
T B\ME) T2 60704 el '

1
B+ (n8)= l [0—;(871“52- 169° £+ 14975 — 60 £°+ £°)

1
+— QP — 254 £°)
0p*

2

0p%07

4+

(ingr—trt—9) | /1n(a—0)

ire 1
:I:—[—+—(4n53—4ﬂ252—f4):“, (3.16)
2L6p* 6.

and r=(6,+6p/20p. For 6,>0p, r>1; however, for
6,<0p we have to use r=1 to satisfy the § function
condition. For very low temperature limits the integral
in (3.14) is easily evaluated for all the terms of (3.16).
We have

Q. (low-temperature limit)

1.7 1.7 3.3
= 104G|i——+’~ -
04 6p% 0p202

]. 3.17)

Following the same procedure, we get, after making the
appropriate use of the & function while integrating,
the values of Q. and Q:g. Summing all the three
expressions, we can write @) as

Q (low-temperature limit)

100N/ # \AT Tw
- (——)— STeT(ROT
a5 \MFE/ T? 6p%0*
47 5.3 9.6
[-— e ] (3.18)
04 0pt 0202

Relaxation Time for Equilibration

The relaxation time for phonon-magnon interaction
Tsp 15 expressed as [SU(I)]

1 Q(1/Cs+1/Cy)
Tsp— AT ’

(3.19)

where C and Cg are, respectively, the lattice and the
spin system specific heats. For the low-temperature
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limit we use

127t T\? T\3
CL=——Nk<—> =234Nk<—) ,  (3.20a)
5 0p 0p
and for a bcc antiferromagnet?
Cs=4Nk(T/8.)3. (3.20b)

Substituting (3.20) and (3.18) into (3.19), we get

1 104< ﬁ) s (003_]_01)3)
rep 7 \ME/0,204\ 4 234

(4.7 5.3 9.6
6p%0.2

6* 6p

)52[07(11,,0)]2. (3.21)

It is interesting to note that the above expression
gives, in the low temperature limit, a simple law of the
temperature dependence of the spin-lattice relaxation
time in antiferromagnets, namely,

Tap= 1/75, (3.22)

4. ESTIMATES AND DISCUSSION

We shall now apply the foregoing theoretical analysis
to some specific systems. Unfortunately, we cannot
compare the theoretical estimates with any experi-
mental value, in that none is available for any system.

The system which may closely approximate the
model chosen, i.e., a body-centered cubic distribution
of magnetic ions with each interpenetrating simple
cubic lattice representing one of the two sublattices,
is perhaps MnF; (body-centered-tetragonal structure)
on which some AFMR experiments have been carried
out. The estimated exchange field Hy for this system
is of the order of 10° and H,~10® Oe.® Thus, our
approximation of neglecting H4 in comparison with
Hpy is reasonable. If we estimate 6, following the
Weiss approximation, its value for Tx~70°K (the Néel
temperature for MnF,) turns out to be 30°K. A rough
measure of 8p can be obtained from the melting point
of MnF,, ie., Tx=1129°K by making use of the
Lindemann relation?®:

0p=B(T /M V2032 4.1)

where M is the mean atomic weight and V is the mean
atomic volume. Using a value of the constant!® B equal
to 115, we get 6p~250°K. We get nearly the same
value by using the formula!®

Op= (%/k)(10a/9Mx)'2, (4.2)

where x is the compressibility. The value of x is deter-
mined from the data of Benedek and Kushida.? In
estimating

aJ(RhO) =Za<¢alvh,¢l><¢a¢ml V121¢m¢l>/AEa;

18 M. Blackman, in Handbuch der Physik, edited by S. Fliigge
(Springer-Verlag, Berlin, 1955), Vol. VII, Part I.
13 G. B. Benedek and T. Kushida, Phys. Rev. 118, 46 (1960).
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the procedure is the same as discussed inTSU(I).
{¢pa| V*|¢:) is expected to be of the order of 1X10~3 dyn
as shown from our previous study as well as the ligand
field calculations on inorganic complexes.?

The exchange integral of the type (podm| V12| dmds)
may be estimated from the latest calculations of
Freeman and Watson.?! On the basis of their calcu-
lation a minimum value of the above integral can be
taken to be of the order of 1073 V. Actually, for the
present integral one may expect a larger value because
of the extended nature of the excited orbital. Further,
the superexchange effects are mainly responsible for
the spin coupling in magnetic compounds such as
MnF,, and the excited orbitals are to be chosen on the
magnetic ion centers or linear combination of atomic
orbitals involving magnetic as well as nonmagnetic
ions. Thus, using a value of AE,=E,—Ey~10 eV, we
get “J (Ry9) of the order of 1)X10~7 dyn. If one identifies
7 (Ry?) with (dJ/dRy’), another estimate can be made
from the data of Benedek and Kushida.?? Using their
values, namely,

(1/Tx) (0T n/dP)=4.4X10-8/ (kg/cm?),
(1/a)(da/dP)=— (0.45X10-)/ (kg/cm?),
(1/¢)(dc/dP) = — (0.31X10-9)/ (kg/cm?),

where P is the hydrostatic pressure, ¢ and ¢ being the
lattice constants of MnFs, we get 2J(Ri)~dJ/dR®
~6X10~8 dyn. This is in rough agreement with the
value noted above; however, to be on the safe side,
we shall use a value of 2J(Ry?) to be of the order of
10-8 dyn. Thus, with S=5/2 and at T=10°K, we have

1/7,~ 108 sec™;

2 A. D. Liehr and C. J. Ballhausen, Ann. Phys. (N. Y.) 3,
304 (1958).
( 2 A, J. Freeman and R. E. Watson, Phys. Rev. 124, 1439
1961).
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i.e., 7sp at 10°K is of the order of 10—8 sec. However,
keeping in view the uncertainties in the values taken
for the parameters involved, the above may be con-
sidered to be a tentative estimate.??

In contrast to the ferromagnetic case, an important
difference is the absence of an exponential temperature
factor in the expression for 75, in antiferromagnets
which, in turn, is responsible for giving a shorter
relaxation time in antiferromagnetic systems. This
arises owing to the linear dispersion relation for anti-
ferromagnets, namely, wy <« k.

From the experimental results on the linewidth of
AFMR on MnF, we expect the magnon-magnon
relaxation time to be of the order of 1071 sec at such
low temperatures. Thus, the assumption, implicit in
our theoretical analysis, that the magnons are in
statistical equilibrium with each other would seem to
be justified. It is desirable to have more experimental
results on the AFMR of various antiferromagnets
before a more quantitative estimate is attempted.
Future experiments may help the verification of the
temperature dependence suggested in the present work.
We have already discussed the merits of choosing the
present mechanism in preference to others in the
previous paper [SU(I)], and the reasonable agreement
between the experimental and calculated values of the
relaxation time for ferromagnets impelled us to under-
take a similar calculation for antiferromagnets.
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2 The expression for (1/74p) is very sensitive to the value of
the parameter 6,=2JS(22z)12/k. If J is estimated from the
exchange field (reference 10) Hp~6X10% Oe, 6, would be of the
order of 40°K. Using this value of 6;, 7.p~10"7 sec at 10°K.



