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Long-Wavelength Collective Excitations in Ferromagnetic Insulators.
I. Strong Coupling of Acoustic Modes to Spin Wave Modes

R. C. LKCRAw AND T. KAsUYA*

Bel/ Telephorfe LaboratorMs, Murray B'il/, ¹u~Jersey

(Received 19 September 1962)

Investigations have been made of long-wavelength collective lattice vibrations and long-wavelength spin
wave modes in ferromagnetic insulators such as the rare-earth iron garnets. These materials have many
diA'erent sites for the rare earth ions and generally have unquenched orbital moments. In this paper both
theoretical and experimental work are reported with the main consideration being strong coupling eHects
between acoustic and spin wave modes. The strong coupling produces a field dependence of the resonant
frequency and acoustic Q of long-wavelength acoustic modes in saturated (i.e. , single domain) samples.
'1 he sample shapes employed are spheres and thin disks. Satisfactory agreement is obtained between theory
and experiment concerning the field dependences, rare earth concentration dependences, and correlation of
acoustic e6ects with spin resonance quantities, such as linewidth. Also from these results values are obtained
of the cubic magnetoelastic coupling constants 81 and 8 for terbium and europium iron garnets.

I. INTRODUCTION
' 'N these papers we consider long-wavelength collective
~ - excitations in ferromagnetic insulators in which
there are a number of inequivalent sites for the magnetic
ions. We wi/1 consider here mainly the rare-earth iron
garnets, but actually the treatment is more general
and can apply to most ferromagnetic insulators.

In Paper I, we consider interactions between long-
wavelength acoustic lattice modes and similarly long-
wavelength spin wave modes with an applied dc
magnetic field such that the sample is magnetically
saturated, that is, a single domain. Until recently the
study of elastic properties of ferromagnets has been
primarily concerned with effects caused by changes in
the domain structure due to an applied dc field, the
"hE" eA'ect. ' Also reported are anomalies in the elastic
properties due to an applied field which occur near the
Curie point, caused by the "paraprocess. '" Xo clear,
quantitative observations have yet been reported of
changes in the elastic properties, as the magnitude of
the applied field is varied, in single domain samples
well below the Curie point. ' We report here theory and
observations in which both the resonant frequency and
relaxation time of ferromagnetic acoustic resonators
depend strongly on the magnitude of the applied dc
magnetic field well above saturation and well below
the Curie point.

II. MODEL AND EQUATION OF MOTION

For special acoustic lattice modes and acoustic spin
wave modes, the Hamiltonian is expanded:

K=Wo+oi Q &.&'/&&.o+Q V.&,+Q V,S,
+-,' g V„„h„d,„+—,

' P V„„D„S„+—' Q V„P„S„(1)
*On leave of ahsence from the Institute for Solid State Physics,

University of Tokyo, Tokyo, Japan.' For a review of this eGect, see R. M. Bozorth, Ferrorrragrretism
(D. Van Nostrand Company, Inc. , Princeton, New Jersey, 1951),
pp. 684-712.' K. P. Belov, G. I. Kataev, and R. Z. Levitin, Soviet Phys. —
JETP 10, 6T0 (1960}.' We exclude here such small effects as volume magneto-
striction.

where 6„ is a collective lattice vibration mode and 5„
a collective spin-wave mode with x and y components.
We assume approximately that the commutation
relation LS i,S„k]=i exists, where 0 refers to the class
of the mode, or in infinite media to the usual wave
vector. In finite media S~ depends on the shape of the
sample, such as the Walker modes. The same situation
exists for 6, also. Hereafter, we represent both h„and
S„by 6]

The first term of Eq. (1) concerns the so called
individual modes and the second term concerns the
kinetic term of the collective lattice vibrations. The
parameters E„Eb and V~„are obtained, for example,
by the Tomonaga method. 4 Among the many possible
collective modes, we consider here only special modes
with a given "wave vector, " or, as scen in Appendix I,
an acoustic and an optical lattice vibration together
with an acoustic spin-wave mode with x and y compo-
nents. Generally speaking, however, in a sample of
finite dimensions, a free lattice vibration couples to
every free spin-wave mode. In such cases, we adopt a
forced spin-wave mode which has the same configu-
ration as the lattice vibration under consideration.
Because we are considering only long-wavelength lattice
vibrations, the exchange eGect is not important. In
this paper it is unnecessary to specify V~, etc. , in more
detail. More detailed discussions based on a definite
model will be given in paper II.

At first, we should treat 3C0. However, 3CO is so
complicated that it is impossible to treat rigorously.
Therefore, as a first approximation we assume three
independent modes of the system, namely, thermal
phonons, thermal spin waves of the Fe'+ lattice, and
single ion energy levels of the rare-earth 4f electrons.
Of course these modes interact with each other and
thus have finite life times. Among these we consider
here only the eGects of the rare-earth energy levels and
treat Eq. (1) in the usual adiabatic approximation.
This means that since the motions of the collective
modes are sufficiently slow, the state of the 4f level is

4 S. Tomonaga, Progr. Theoret. Phys. (Kyoto) 13, 467 (1955).
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given corresponding to the instantaneous distortion of
the collective coordinates. The e6ects of nonadiabatic
terms and also terms due to other magnons and phonons
will be given in subsequent papers.

Due to the collective modes the rare-earth energy
levels change as follows:

h.= h.'+Q h.'6t+-,'Q h.«6th„, (2)

where e means the special energy level of a, rare-earth
ion loca.ted at the lattice position E„. Assuming sub-
stantial separation of the energy levels, 8„& and b„&&

are calculated by the usual perturbation method. As

A~ changes with time, the occupation number &Y„also
changes. It is solved by the usual Boltzmann equation,

dX./dt = (d.V.jdt),.»;.;...
where the right side is due to the nondiagonal. terms of
Xo. We now assume that small driving forces are
applied which vary as cosset and a steady-sta. te condition
exists. Then 5~ can be represented by a linear combi-
nation of cos~f and singlet terms and the solution may
be written as

iV„(t)=IV.'+p[tY.&'+iY "F(t)]At(t), (4)

where ~Y„' is the thermal equilibrium value correspond-
ing to 8„", namely, no collective mode distort, ion. Tf
the collision term in Eq. (3) is zero, then iY (t) is
constant with time. The second term of Eq. (4) is due
to the rearrangement of the occupation number by
collision processes corresponding to the change of b„,
the second term of Eq. (2). E„&' is the in-phase term
and corresponds to the frequency shift of the collective
modes. cY„&' is the out of phase term and corresponds
mainly to the damping of the collective modes, F(t)
= (1//id) (dtdt).

An essential characteristic of our model is that there
are nonvanishing contributions to both b„" and b„&.
Otherwise, the second term in Eq. (4) disappears.
[See Eqs. (16) and (17).] We consider this in more
detail: Suppose that the main interaction between the
rare-earth ions and Fe'+ ions is the usual isotropic
exchange interaction. Then it is clear that b„p is
proportional to (m

~
S„R

~
n), where S„Ris the p component

of the spin operator of a rare-earth ion at a position E. If
there are only unique sites for the rare-earth ions, then it
must be zero, because we assume that the s direction is
chosen in the direction of the magnetization v hich lies
in a symmetry direction. In our model there are many
rare-earth sites, and for each of these sites there is a.

finite value of (m
~
S„R

~
n), etc. , but when averaged over

different sites it cancels out and vanishes. Of course
the rare-earth garnets and many other materials satisfy
the above condition.

The equations of motion for the collective modes a,re
obta, ined as follows:

(a)A(dS„/dt) =F„+f, coscdt,

—(ft'&'Jt „)(d'6„,&'dP) =F„+j„cos~t,

where the (&) corresponds to (x,y) and

Ft= +[A «+a«F (t)]6„,

A «=+(Ã„'h J&+X„&h„&)+At„',

at„=p X "'h &,

A/' 7,—=ycb, Q = 2app, (12)

where (do is the Zeeman frequency, namely, g&„,ADO, & A in
a, spherical sample, where Ho is the applied dc magnetic
field, and hH is the usual ferromagnetic resonance
lineividth (full width). The quantity r, defined by this
relation is not necessarily the same as the free-decay
spin wave lifetime, v,', because in the present case if~„
is strongly dependent on frequency. Only in the case
where the frequency dependence of A g„ is negligible,
then ~, a,nd 7,' are equal. The expression for v,' is, in
the present case, much more complicated than Eq.
(12). (See Appendix I.) For the acoustic vibration
modes, v e obtain

ace/cu = (1/2A „o)[A „„'—Q (A „„4„,/A „„)], (13)

1 1 1
a,„+P a„„—P

idr. Q A„o i
pp p

2.4 „pc„p
, (14)

where hen is the deviation of the frequency from that in
the absence of rare-earth 4f level effects, and r, is the
relaxation time of the energy of the freely decaying
a,coustic mode. Note that because we consider here a
low-frequency acoustic mode, the frequency dependence
of 3 ~„ is negligible.

For the simplest case, the collision term of Eq. (3)
is written using a single relaxation time as

dX,„/dt = —(iY„tY„~)jr, —

where C~„ is the contribution from other tha, n rare
earth 4f levels. The first term of Eq. (8), which repre-
sents the terms due to rare-earth 4f levels, is referred
to as A~„' hereafter. With the assumption that the
da.mping terms are suSciently small, the solutions are
obtained as follows (see Appendix I):For the spin-wave
modes, assuming the acoustic vibration frequency is
much less than the Zeeman frequency and the optical
magnetoelastic eR'ect is small,

Ace = (A „A„„)"-".

Or, assuming that the main term is the Zeema. n energy
of the Fe'+ spins,

Ah(u—=A(a) —coo) =-,'(A „'+A„„'), (1l)

and for the damping term, assuming further that the x
and y directions are equivalent and magnetoela. stic
effects are small,
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,(QT )o
BiV„o

h
1+(tor)' ~ tlh„'

And then

Mf' BA
~V &'= h

1+(iver)' 8$ '

L«~l Vtl ~&&~l V. l~&&o
1+(ter)' KT

—&Vt)o(V.&sj- (lg)

X ((~ I
V1 I1

~&(~ I V, 1 ~&+&~I V, I ~&&~ I V(I ~&)

+—&V).&V,&o+ o, , (19)
KT -av

where Sg is the number of rare-earth ions, and

& V)s ——P iV.'&is
~

V
~
tt) (20)

refers to the thermal average on a site and L j,„refers
to the average over all diRerent sites. In the second
term of Eq. (19) the diagonal term means

(.V '—iV ') iV '
lim

e-+m (g 0 g 0) «T
(21)

%hei e lV „q is the thermal equilibrium value corre-

sponding to the instantaneous distortion due to the
collective modes. Then the following results are
obtained easily;

where g is an eRective g factor, Ho is the applied dc
field, and H is an eRective anisotropy field including a
uniform shift term. Except at very low temperatures,
H is sufficiently small so that the second terms in

Eqs. (13) and (14) exhibit large dependences on the

applied 6eld Hs Thu. s, the 6eld dependence of Dco/ei is

nearly proportional to (Hs+H, ) '. For Q
' there are

two terms, one proportional to (Hp+H ) ' and another
proportional to (Hs+H ) '. The 6rst term, however,

may be considerably smaller than the second term in

heavily doped materials, except at very low tempera-
tures and strong magnetic fields. For example, in
terbium iron garnet (TbIG) at room temperature,
where the present experiments were done, the first
term is probably two orders of magnitude smaller than
the second. Thus, we may expect that

1/QH (1/Qob 1/Q ) 1/ (Hs+ H ) (23)

where the subscript H refers to the 6eld-dependent
part of Q and the subscripts obs and ~ refer to the
observed Q and the Q at in6nite applied 6eld, respec-
tively.

In Figs. 1 and 2, we see plots of v=&a/2s. and Qa vs
(Hs+H, ) obtained at room temperature on single-

crystal spheres of TbIG. Figures 3 and 4 show similar

plots for YbIG at 78'K. The technique used to obtain
these data is essentially the same as outlined previ-
ously, ' except that instead of a continuous wave (cw)
method utilizing orthogonal input and output coils, a
pulsed scheme is used employing a single coil together
with a number of coaxial mercury switches. (See Fig. 5.)
After a steady state has been reached, the switches are
used to (1) switch the coil from the generator to the
receiver, (2) turn off the driving generator, and (3)
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III. COMPARISON VGTH ACOUSTIC EXPERIMENTS

A. Field Dependence of es and Q-'
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OWe shall now consider a comparison of the theory

with low-frequency ( 1 Mc/sec) acoustic experiments.
In Eqs. (13) and (14) the first terms represent the
direct interaction between the acoustic distortion and
the rare-earth ions and are relatively independent of
the applied magnetic 6eld. This is because usually the
exchange 6eld is much larger than the applied 6eld.
The second terms of Eqs. (13) and (14) are due to the
strong coupling of an acoustic lattice mode and a spin-
wave mode via the rare-earth 4f levels Acharacteri. stic
feature of these terms is a strong 6eld dependence
because, as the wavelength is very large, the forced
spin-wave distortion is inversely proportionaL to the
efI'ective field on the Fe'+ spins. Thus, the 6eld de-
pendence of At„, etc. (except A»), is negligible, and
the main 6eld dependence comes from A». It is
written as
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FIG. i. Resonant frequency vs (H0+H ) for a 0.088-in. sphere
of TbIG at 298'K for the TII pure shear mode. The circles are
the data. The solid theoretical curve has been Gtted at 10.4S and
5.45 kQe, yielding v„as shown and H =450 Oe. The applied
dc 6eld 00, is along the t ili j axis.

A „„=gii(Hs+H, ),
'R. C. I.eCravr, E. G. Spencer, and E. I. Gordon, Phys. Rev.

22 Letters 6, 620 (1961).
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X IO5 0 Because of the complexity of the calculations on spheres
we have not evaluated the constants of proportionality
to obtain, for example, the magnetoelastic coupling
constants. This we do later for disks.

0
0 IO2 4 6 8

Ho+Ha) IN KILO-OERSTEDS

FIG. 2. QH vs (Ho+H, ) for TbIG at 298'K, with the same
sphere, mode, and dc field direction as in Fig. 1. The solid theo-
retical curve has been fitted at 8.45 and 4.0 kOe. The same H,
was used as in Fig. 1. In this material, Q„ is so large that Q~
=Q,b„hence this figure is very nearly the same as a plot of the
actual observed Q vs (H0+Ho). See Eq. (23).

turn on the superheterodyne receiver to observe the
free decay of the sphere. The sphere rests loosely on
the bottom of the evacuated quartz tube. The applied
dc 6eld is horizontal, and the applied rf field is approxi-
mately vertical.

The acoustic mode observed for the data in Figs. 1—4
is a pure shear mode designated' Tii with all particle
motion lying in planes perpendicular to the mode axis,
which is not necessarily parallel to the dc 6eld. Since
initially the spheres are free to rotate, the dc 6eld is
along an easy axis, L111$.The acoustic motion consists
of an inner sphere and an outer shell rotating in opposite
directions about the mode axis. Both the driving and
detecting processes of this higher order mode are rather
complicated and will not be considered further here.
However, this mode is one of the few that can be
identified unambiguously by its resonant frequency,
since there are no other modes particularly close-by in
frequency. As is the case for YIG, it appears that TbIG
at room temperature and YbIG at 78'K are approxi-
mately elastically isotropic in the limit of large applied
magnetic fields (though not quite to the degree of YIG).
The resonant frequency for the above mode as well as
many other modes of an isotropic sphere are given by
Lamb. '

It is seen that the data for (v„—v) on both materials
are good fits to (HojH, ) ' with H, =450 Oe for TbIG
a.nd 450 Oe for YbIG. The v„corresponds to (Ho+H, )
equal infinity. Also the data for Q« ' in both materials
are good fits to (Ho+H ) 2 using the same values of H .

6 The notation here is the authors' and will be de-
scribed in detail in a separate paper. The first subscript refers to
the angular dependence of the displacement, and the second sub-
script refers to the radial boundary condition and is the root of
the appropriate Bessel function.

'H. Lamb, London Math. Soc. Proc. 13 (1882). See also, A.
E. H. Love, A Treatise on the Mathematica/ Theory of Elasticity
(Dover Publications, Inc. , New York, 1927},4th ed.
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Fro. 3. Resonant frequency vs {Ho+H,) for a 0.10/-in. sphere
of YbIG at /8'K for the Tii pure shear mode. The circles are
the data. The solid theoretical curve has been fitted at 6.45 and
3.45 kOe, yielding v„as shown and H =450 Oe. Ho is along the
L111j axis.

B. Relation between Acousti. c and,
Linewidth Measurements

Xext, it is of interest to examine the ratio of Qa '
to Ace/td. This ratio has a strong correlation with the
resonance linewidth because a» involves the usual
spin resonance line width. Considering the frequency
difference between the microwave and acoustic reso-
nances, the concentration diBerences, and also assuming
that a =a» and A„=A», we obtain from Eqs. (12),
(13), (14), (18), and (22)

Q
—1 -o

=2
(A&a/Mo)H -A pp

g„(AH) (v. c. 1+(ao,-r)'

, (24)
g, (HO+Ho) a), c„1+(a),r)~

where the subscripts a and r (used only in this section
to separate the two frequencies) refer to acoustic and
spin resonance, respectively. If both the resonance and
acoustic measurement are done with the same sample
and at the same frequency, then the last term of Eq.
(24) is simply hH/(Htt+H, ). Usually, however, the
conditions are different. Note that in heavily doped
samples, g and AII depend complicatedly on the rare-
earth concentration, c, but the product ghH is propor-
tional to c (c being the fraction of yttrium ions replaced
with rare-earth ions). In high-temperature approxi-
mation, which means that the temperature is higher
than the energy separation of the lowest J con6guration,
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but smaller than the energy separation between the
lowest and next excited J con6guration, then

g. ..= 23f „&/MF„ (25)

where Mt, ,~ is the total magnetization and MF, is the
net magnetization of the iron lattice. Usually resonance
experiments are done on dilute rare-earth samples, and
then g, is 2. A more detailed discussion of Eqs. (24)
and (25) will. be given in paper II.

We should like to compare Eq. (24) with experiment
for TbIG at room temperature and cu, 10' sec ' and

10" sec '. Here (cv,r)"-((1 and (&d„r)'((1 an&1 g.—2/7. M&„& in Eq. (25) was measure&1 at room temper-
ature on a large sphere of TbIG and found to be
approximately 20 G. The linewidth at room tempera-
ture was measured at 15.3 kÃIc/'sec and 300'K along a
L111]axis of a single-crystal sphere of (Yo &Tbo 2) &Fe&0$2

yielding AH=4100 Oe.' This is in satisfactory agree-
ment with linear extrapolations from the work of
Dillon" on much lower percentage dopings of terbium.
Thus, using (Ho+ H, )=4000 Oe, s&,/2&r =2.8336 Mc/sec,
&v,/2n. =15.3 kMc/sec, co=1, c,=0.2, and g, =2, we
obtain 6.65X10 ' for the right side of Eq. (24). From
Figs. 1 and 2, the left side of Eq. (24) a.t the same
value of (Ho+H, ) is 5.65&(10 3, in relatively good
agreement.

The same comparison between acoustic and linewidth
measurements has been made for YbIG at 78'K, using
the data of Teale, Pearson, and Bight" and again the
agreement is good. Here (cu,r)' in Eq. (24) cannot be
neglected.

X IO~

4-

I
I ~s YACUAT & ON

HOSE
fW--- I
r

QUARTZ TUBE

SPHERE

Y
/ GOIL

H0

TO GEN.

I ro Rse.
C-——

E'IG. 5. Schematic diagram of driving and detecting method for
spheres. The single-pole double-throw switch permits the same
coil to be used for both driving and detecting the acoustic motion.
The switch is activated after steady state is reached, and the
free decay is then observed in the receiver.

C. Rare-Earth Concentration Dependence

The rare-earth concentration dependence of the
acoustic properties was studied in the following samples
(Y&,Tb, )3FesO&~ and (Y& „,Yb,)BFe&O&2 with c—1.0,
0.75, and 0.5. If g does not change much with concen-
tration, then from Eqs. (13) and (14) together with
Eqs. (8) and (9), we expect Ace/co to vary as c2 and QIr '
to vary as c'. For YbIG at 78'K, g is nearly constant
as c decreases, and we observe very nearly these
dependences. In TbIG at room temperature, however,
g changes very much with concentration since the
compensation point is at 250'K and moves lower
rapidly as c is decreased from unity, thus increasing
Mt, t. This causes the concentration dependences to be
in the range c' and c' for A~/cv and Ql& ', respectively,
for 1.0&c&0.5. The agreement here with experiment
is also quite good. These results for terbium and
ytterbium concentration dependences lend additional
support to the correctness of the held-dependent terms
in Eqs. (13) and (14) as well as the form of g in Eq. (25).

2 5 4 5 6
( Ho+ H) IN KILO-OKRSTKDS

FIG. 4. QH vs (H0+II ) for YbIG at 78'K, v ith the same
sphere, mode, and dc field direction as in Eig. 3. The solid theo-
retical curve has been fitted at 5.45 and 2.95 koe. The same 0,
as in Fig. 3 was used.

This measurement was kindly made by R. C. Sherwood of
Sell Telephone Laboratories.

9This measurement was kindly made by W. H. Hewitt, Jr.,
and separately by E. M. Gyorgy of Bell Telephone Laboratories.' J. F. Dillon, Jr., and J. %. Nielsen, Phys. Rev. Letters 3,
30 (1959).

'I R. W. Teale, R. F. Pearson, and M. J. Hight, Suppl. J.
Appl. Phys. 32, 1508 (1961).

D. Magnetoelastic Coupling Constants

4 „„ in Eq. (13) is a generalized magnetoelastic
coupling constant. In the limit of eve ~ 0, which applies
to the present acoustic measurements, A,„can be
expressed in terms of the static magnetoelastic con-
stants Bi and B2. In the lowest order in a cubic crystal
there are two constants, Bq and B~, and they are
dehned by the relation for the magnetic energy density:

U, e B&(n,'e„+n„'e„„+——n,'e„)
+B2(nw„e «+nea, e„,+a,n, e„), (26)

where of; are the direction cosines of the magnetization
referred to the cubic axes, and e;; and e;; are the
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SHKAR
0l SPLAC EIIEN T

lily

V, e can also estimate the contribution to the ani-

sotropy field due to the macroscopic magnetostriction.
Using Bj and B~ it is written

t;eo]
Z

H 0

I ~ ! Z

Ho

(b)

FrG. 6. Plan view (a) and edge view (b) of (110) disk. In (a),
the Y axis is out of the page. The dc field H0 and the shear dis-
placement are along $1001 in the plane of the disk. The rf driving
(and detecting) field is along $110j perpendicular to the disk.

Ei(mag. str. ) = (1j2c44) (Bi'-—B2'). (32)

M'e can see from the experimental values of 81 and 82
for TbIG and EuIG at room temperature, given below,
that Ei(mag. str. ) is an order of magnitude or more
smaller than the observed static anisotropy constant.

Before giving the experimental results, a convenient
relation to obtain c44 for use in Eqs. (29)—(31) is given by

c44= 4+Pv~ ) (33)

(:1vP) (-4 Fv) gFegB2 /MFe (2)
Thus, Eqs. (13) and (22) yield

g V V
[100]

B."= 2c44.VFs(H-o+—Ha+&Mioi), (28)
gee Ill J,x

where 4+Mt, t is a demagnetizing field. In high-temper-
ature approximation, using Eq. (25), we obtain

[100]

B22= 2c44M„, (H0+H, +4Ms, „,) . (29)
Vao m ax

When the applied dc field is along the L110] axis,
again in the plane of the disk, and the applied rf field
is perpendicular to the disk as before, we obtain a
similar relation for BI, namely,

[llo]

Bii= 2c44Mi, i(HO+Hg+4m Mi, i) — . (30)
Voo l I i:ix

When the dc field is along the [111]axis, Bi and B~
are mixed, and the mode with the maximum frequency
shift yields the relation

3 (2Bi'+B2')
V

[111

= 2c44M„,(HO+ H, +4irM„„) — . (31)
Voo m ax

components of strain. In order to obtain a simple
relation between A,„and 81 and B2, the disk geometry
shown in Fig. 6 is much more advantageous than the
spheres used previously. By holding the thin, diamond-

shaped (110) disk at the corners, it is possible to make
acoustic measurements with the applied dc field along
a hard axis L100], as shown in the figure, in addition
to the usual [111]axis, as in the case of spheres. Also
both the shear and magnetization displacements are
unidirectional. In Fig. 6 the applied rf magnetic field

and the resulting rf magnetization are in the y direction
or perpendicular to the disk. Such rf magnetization
can drive "thickness shear" modes with displacement
directions lying almost anywhere in the plane of the
disk. However, the mode for which (v„—v) is a maxi-
mum for a given value of H0 is the "e„,mode, " with
shear displacement along the L100] axis as shown in

Fig. 6(b). For this mode A„„ in Eq. (13) is the elastic
modulus c44, and;-f, „and 1„„aregiven by

where p is the density, d is the thickness of the disk,
and v„ is the frequency of the mode with ),j2 across the
thickness of the disk.

Experiments were performed at room temperature on
approximately diamond-shaped (110) disks of TbIG
and EuIG. They were 0.4 mm thick and approximately
6 mm on each edge. The shear modulus c44 was found
to be nearly the same as YIG in both cases, or approxi-
mately 7.7&(10" dyn cm '. By curve fitting the data
for v vs Hp to Eqs. (29) and (30) in the manner shown
in Figs. 1 and 3, we obtained the results below. The
data have given excellent fits to the equations in all
cases. For TbIG, ~Bi~ &3.5X10' erg cm ' and ~B2~
=30X10' erg cm '. For EuIG, ~Bi~ =45X10' erg
cm ' and ~B2~ (4.5X10" erg cm '. '2 The signs must
still be determined from strain gauge measurements.
0 e also obtained values of the anisotropy constant E&.
These are not as accurate as the 8 values and are
given only to show their consistency with observed
static values, in the case of TbIG."They are K&=6500
erg cm ' for TbIG and 20,000 erg cm ' for EuIG.
LIeasurements of (v„—v)/v„have also been made with
Ho along L111], and the results were quite consistent
with Eq. (31) and the above values of Bi and B2. The
observed reversal of the magnetic anisotropy (ratio of
Bi to B2) between TbIG and EuIG is being investigated
as well as the temperature dependence of 81 and 8~.

In connection with the latter point it may be noted
that at lower temperatures Eq. (28) should be used
rather than (29), together with the correct value of g.
In heavily doped samples, g is dificult to measure at low
temperatures either by torque or resonance methods.
However, it should be possible to obtain g on heavily
doped samples with the acoustic technique described
herc, using the relation

g=2gF„Ki/H„MF, . (34)

H, can be obtained by, fitting v vs Ho to Eq. (28), and
"Professor S. Iida at Bell Telephone Laboratories has obtained,

using strain gauges, a BI and B2 for EuIG at room temperature of—SQX10' and —4.2&(10 erg cm ', respectively. The observed
rnagnetoelastic constants for TbIG and EuIG may be compared
with

~
B2 I

for YIG at room temperature of 7.4X 10' erg cm
obtained from acoustic wave rotation measurements, H. Matthews
and R. C. LeCraw, Phys. Rev. Letters 8, 397 (1962)."R.F. Pearson, Suppl. J. Appl. Phys. 33, 1236 (1962).
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E~ can probably be extrapolated from lightly doped
samples. Thus 8& and Bg, as well as g, may be obtained
at low temperatures with the theory and techniques
we have described.

Mention should be made of the low-temperature
nature of the generalized magnetoelastic constant A,„.
In general, Ar„ is given by Eq. (19). The second term
of Eq. (19) becomes very large when the temperature
is lower than the lowest excited level and the lowest
excited level is very small. This phenomenon has been
observed as a giant anisotropy in the case of A». ' It
is expected that the same thing should happen also to
A„„, or in the magnetoelastic coupling constants. At
high temperatures, Eq. (21) is applicable and such a
"giant" eGect disappears.

Here we have treated the case of the low-frequency
limit. When the frequency becomes higher, the fre-
quency-dependent character of A ~„becomes important.
Such a phenomenon occurs in spin resonance experi-
ments, treated in paper II, where the frequency is more
than three orders of magnitude larger than in the
acoustic experiments described herein.

When the driving forces are given by f, cosa&t and
f, coscA, the equation of motion for Sv and A„are
given by

(&)AdS„/dt=F, +f, cosset,

—(A'/K„)d'6„/dt2=F, +f„cosa&t,

(1.1)

(1.2)

where p=x or y and (&) corresponds to (x,y). Because
these are linear equations, and we are interested in the
stationary solution, we can treat these by the usual
complex number method. That is, the driving force is
written as fte ' and ht as APe'"', where hP is a complex
number, and the real solution is given by the real or
imaginary part of it, namely ReLhpe'"'j. Then Eqs.
(1.1) and (1.2) are written as

2 TrA'= ft—(1.3)

Then 6„ is solved as

~,= I
T"'I/I T'I,

(1 4)

(1.5)

(1.6)
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—A, tA t~ „, „—A „tA tvA,.)/(A ss
—ft'oP/Kt)

+ (A „,.4 „„A„,A—„„)(A,„A,, „A,„A—„„)/
(.4 „„—ft'uP/K„) (A „„—ft'(u'/K„)], (1.8)

where we have considered that only an acoustic phonon,
v, an optical phonon, p, and an acoustic magnon with
x and y components are coupled strongly with each
other. Postulating Eq. (1.8) equals zero, we obtain
three solutions of ~. In the following, we assume for
simplicity that A „=A„=O, and A~, ——A„~. The erst.
assumption implies that there exists an interaction
only by the magnetoacoustic coupling. The second
implies the symmetry relation of A ~„.

(i) Acottstic mode, v: We consider here the case
where the Zeeman frequency is much higher than the
acoustic frequency. Then the following relations exist

A „Ayy))A'(u, ', A „„It„))h'or, '. (1.9)

Then the frequency of the acoustic mode is given by

A'o), '= A „„E„

A,+v.2+AvvA P—(A„A„„A„A„„)'/—A„,—E,
A„A„„—(A„A„„'+A„A„„')/A„„

(1.10)

(ii) Optical mode, p: Now instead of Eq. (1.9), the
following exists:

A ggAyg((A (dop 1 A vvKv((A coop .

Therefore, co,~ is given approximately as

ft'(o, v' A„„E„+(A.,A„„'——+A „„A,„')/A „„. (1.12)

Usually the second term is negligible.
(iii) Magnetic mode: The resonant frequency is given

by
A +„p'+A„„A„]'

tt'co'=A Avv —Q
A ts —1't'(a'/Ks

(A „A„„—A,„A„„)'
(1.13)

(A.,—tt'co'/E. ) (A „„—)'t'co'/E„)

where
I TI is the determinant of Tt„and I2'"tI is the

determinant where the g column is substituted by ft.
We assume now that the damping terms, namely, a~„

are much smaller than the real terms, namely, A~„,
and we take into account only the lowest order terms
with respect to the damping terms. In such a case, the
resonance frequencies are determined only postulating
that the real part of

I Tl is zero, and the linewidths
are determined from the imaginary part of

I Tl. The
real part is written as

(,4 „„—i't'&v'/E, ) (A „„—h'cv'/E„) DA,Q „„A„A—„
A'(g')+Q—(A, tAt„A„,+AvtAt A, v

v, p
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In the present case, the following relation exists

A „„E„&&A2~2&&A„„E„.

Then Eq. (1.13) is approximated by

(1.14)

of ~ in a freely decaying mode. Therefore, when the
damping is small, it is clear that her= 7. '.

(i) Magnetic mode: Using Eqs. (1.14) and (1.15),
Eq. (1.16) is written as

A'ip'= A ..A „u (A—..A „„'+A„A.„')/A „„. (1 15)

The physical meaning of the equations is clear. The
optical frequency is so high that the acoustic mode
can not follow it. Therefore, (Puu„)' is simply given by
.f „„E„.The frequency of the long-wavelength acoustic
spin mode is between those of the long-wavelength
acoustic and optical lattice vibrations, and so only the
opt ical .vibration follows it. This is given by Eq. (1.15),
and the second term is the anisotropy due to the
optical magnetostriction eRect. The frequency of the
acoustic lattice vibration is lowest, so the other two
modes can follow it. But the main eRect of the optical
lattice vibration appears only through the spin-wave
mode. In other words, the eRect of the optical mode is
already included when we use the spin-wave mode
modified by the optical mode as given in Eq. (1.15)
because the direct interaction between the acoustic
and optical vibrations are neglected in the present
treatment. Usually the last term of Eq. (1.15) is not a
main term because of the large term A», and in Eqs.
(10) and (13), of paper I, this term is dropped for
simplicity. Or, in another approach, it is possible to
consider that all optical modes are included in the
individual modes part, 3Cp, in Eq. (1), and then not
to treat the p mode particularly.

The imaginary part of
~
T~ is written as

(A „„tippy'/ 1C„)(A„„A—'happ/F, ')[a„A„„—+a„„;1., .

++{apt(A A„, fi'pi') —2a p
4—t 4,u. . .

2autAutA» a*~A uu auuA*t )/
(A tp

—&'~'/&p) 3 (1 16)

where again the following relations were used, namely,
A„,=A„,=O, A~, ——A„~, and the same for the ag„
terms. Also higher order terms with respect to (A„„—It'pi'/E„) ', etc., have been omitted.

The usual linewidth App is defined as 2~cup —coiip~,
where co&~2 is the frequency corresponding to half the
maximum absorption. Or, co~&2 corresponds to the
frequency where the real and imaginary parts of

~
T~

are equal. Therefore, hip is given by dividing Eq. (1.16)
by —,'d

~

T ~/d&a. On the other hand, the inverse relaxation
time of the energy, 7, is given by the imaginary part

-,'d~ T~/dpi=A„„A, „A„.4u„jap

and thus Eq. (14) is obtained.

(1.22)

{A„„&'—pi'/&„)ta*, (AuuAuu Auu )+auu(AvuA*
2a~~A ~~A» 2au~AvuA

+a„„(A„A„„'+A„„A,„')/A „„j. (1.17)

On the other hand, pid~ T~/dp& is a very complicated
function because of the frequency-dependent character
of A~„. If we neglect the frequency dependence of Ag„,
we obtain the following result

-', d
~

T
~

/dpi= (A „„ft'cp'/—E,)A „„ft'ip (1..18)

For the case in this paper, however, the frequency
dependence of Ag, is not negligible. Experimentally,
hH is usually measured, not A&a. To get AH, Eq. (1.16)
is divided by pid~T~/dHp Again A.p„also depends on
IIO, but since the exchange 6eld is usually much larger
than the external field, we can neglect in the zeroth
approximation the 6eld dependence of A~„, except for
A „and A». A» is then written as

.4vv=Avvp+(BAvv/BHp)Hp= guti(Hp+Hv —) (1.19).
Then pd~ Tt/dHp is given as

—,'d
~

Tt/dHp ', (A„N——a'/-IC„)[—(A„„A„A,„')g„—
+(A-A- —A-')g*3 (120)

Note that even in the special case given in Eq. (1.18)
Ahco and ELIJAH are the same only when the x and Y
components are equivalent and the anisotropy due to
local magnetostriction is small. Also Eq. (12) is obtained
by the same assumption as above, namely, omitting
the last three terms in Eq. (1.17).

(ii) Acoustic mode, v: Using Eqs. (1.9) and (1.10),
(1.16) is written as

AL A&,„a+{A„„/A..)A.P a+(A„/A„„)A„„Pa,„
2A zvA „„a,„—2A „„A„a„„],—(1.21)

where for simplicity we have neglected local magneto-
striction eGects.

Concerning the derivative of
~

T~ with respect to pi,
the frequency dependence of Ag„ is neglected because
the frequency of the long-wavelength acoustic mode is
sufFiciently low. Then we get,


