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The o2m/M corrections to the ratio of the hyperfine structure of the 1s and 2s states of hydrogenic atoms
have been evaluated using a Foldy-Wouthuysen reduction of the Dirac Hamiltonian for the electron plus
additional nuclear motion terms. The covariant two-fermion Bethe-Salpeter equation gives the same result,
as does an approximately covariant calculation based on the Breit equation, a simple nuclear model, and
the correspondence principle. In units of 107¢, the o?m/M corrections to R=(8»2/v1)—1 total —0.115,
—0.029, and —0.101 for H, D, and T, respectively. The corresponding theoretical R values are 34.454-0.02,
34.53+0.02, and 34.464-0.02. These agree with the available experimental values which are 34.495+0.060

and 34.240.6 for H and D, respectively.

I. INTRODUCTION

E have calculated the a?m/M corrections to the

ratio of the hyperfine structure (hfs) of the 1s

and 2s states in hydrogenic atoms, where a is the fine

structure constant, and m/M is the electron to proton

mass ratio. The results are in agreement with the

experimental values’? for hydrogen and deuterium,

which are known to accuracies of several parts in 10°
and 103, respectively.

It should be noted that the theoretical ground-state
hfs in hydrogen? is apparently not in agreement with the
measured frequency. This calculation depends upon the
structure of the proton and is very laborious for terms
smaller than o? (hfs) and a(m/M) (hfs). Recent calcu-
lations* of the o?(lna)? and o(lna) parts of the o
correction have increased this discrepancy.

The ratio is much simpler to evaluate, and is less
sensitive to nuclear structure effects. The hfs for an us
state in a hydrogenic atom can be expressed in the form

E,=E, [0/ (m~+9) P[1+ (o/27)+aa?
+ba(m/M)+ ¢ (Za)2+-dqa(Za)?
+enc2(m/M)+---]. (1.1)

Here E,F is the Fermi energy®; in natural units z=c=1,
E.F=2mag(c-I)(3mM) | u,(0)]2 (1.2)

where #,(0) is the Schrédinger wave function evaluated
at the nucleus, gI is the nuclear magnetic moment in
nuclear magnetons, and e is the electron spin operator.

* Based, in part, on work performed under the auspices of the
U. S. Atomic Energy Commission and in part on research per-
formed under a National Science Foundation Predoctoral Fellow-
ship and submitted in a Ph.D. dissertation to Columbia University
in May, 1961.
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The second factor in Eq. (1.1) is the nonrelativistic
reduced mass correction due to motion of the nucleus;
it is rigorously correct to lowest order in a. Including
it as a multiplicative rather than an additive factor
leads to the conventional definition of 4.%7 The a and
o® radiative corrections® and the am/9N mass® 7
(nucleon motion) and structure®!® corrections are
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14+ R=8vy(hfs)/ v, (hfs). (1.3)
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Therefore, only the differences of the o® and of the
a?m/M coefficients must be calculated to obtain R to
these orders. This greatly reduces the number of terms
which contribute, and simplifies those which do. The
o® part has been evaluated'®® and is in good agreement
with the experimental data. Also, a portion of the
a’m/M term has been computed by a nonrelativistic
method. "
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In Sec. 1II we show that the covariant two-fermion
equation of motion, the Bethe-Salpeter equation,!¢:'?
reduces to the modified Dirac equation of Sec. II. We
treat the proton as a point Fermi-Dirac particle with
an anomalous Pauli moment. Momentum integrals
enter which contain two Pauli interactions and con-
sequently diverge logarithmically, requiring either an
arbitrary cutoff or a proton form factor for their
evaluation. However, since the high momentum
portions of these integrals are state independent, these
structure effects do not contribute to R to the order of
interest. [Structure effects yield R contributions of
order (P nuet'(0)/u(0)=~d?/ai=~ (1073/10-8)2~ 1010
for hydrogen.]

The Coulomb gauge is a convenient choice in this
calculation. We use

'Yva'yvb/kuz= —v12v:*(1/ k42 nub/k,ﬁ), (15)

where ;- k=0. Equation (1.5) is not a rigorous identity,
but it is correct for the relevant matrix elements. It
separates the instantaneous Coulomb interaction from
the transverse part, resulting in a tractable zeroth
order problem plus perturbations.!’

Finally, in Sec. IV we use an approximately co-
variant calculation principle based on the Breit equa-
tion, a simple nuclear model, and the correspondence
principle to obtain the modified Dirac equation for an
arbitrary hydrogenic atom.

II. MODIFIED DIRAC EQUATION

In this section we will begin by reviewing the Foldy-
Wouthuysen® reduction of the Dirac equation. We will
then include additional terms needed to account for
the motion of the nucleus and proceed to calculate R,
reserving for the following sections the problem of
justifying the various assumptions made.

The motion of an electron in an external field is
given by the Dirac Hamiltonian

J=pm~+a- (p+eA)—eo. (2.1)

The “odd” term O, which here is a:(p+eA), may be
eliminated to arbitrary order in m™ by successive
Foldy-Wouthuysen transformations. Each is of the
form

3¢ — €i830e—iS=30+14[S,3¢]
and reduces the order of the remaining odd term by
m~t. To order m—3, 3C becomes
3'=pm—ep+ (B/2m)[a- (p+eA)
— (ie/8m*)[0-E, o- (p+eA)]
— (B/8m*)[a- (p+eA) . (2.2)

18 E. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951);
M. Gell-Mann and F. Low, tbd. 84, 350 (1951).
17 E. E. Salpeter, Phys. Rev. 87, 328 (1952).
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For an electron bound to a fixed nucleus with charge
Ze, spin I, and magnetic moment y, the potentials are
eo=2Ze/r, Aj=—uXVr, (2.3a)
where
u=g(e/2M)L (2.3b)

For positive energy states, Eq. (2.2) now becomes

P? e P4 e
3o’ = ['m'f'—‘-— 8¢0:|+l:-—‘v : Eo————:l'f‘ I:““U' : Ho:l
2m 8m? 8m? 2m

€ e
+l:—0‘ (BoXp—pXEo)+—p-Ao
8 m

m2

2
(-2

4m2

e €
—4_m3(1’2p -Aotp- Aoﬁ)}!-[;-c-

m

PZ e e2
ot Boxao) [ —ane- -
4m?  2m 2m
=JOHFD o 4JCO 4. (2.4)
Here we have dropped terms involving [4,,4,].!8
We will treat all terms but the Schrédinger approxi-
mation, 3@, as perturbations. Thus 3¢® gives rela-
tivistic corrections smaller by o2, and 3C® gives the
lowest order hfs for s states:

(3®)= (¢/2m)(o- v X (—uX vr))

= (¢/2m)(o- vy vri—eo-uvir)
1
- (e/2m)< (=2/3)e- yV2->

= (4me/3m)(o- u)| u(0) |2 (2.5)

3¢® is the spin-orbit interaction plus the convection
current coupling to the magnetic field; it is proportional
to o-L and vanishes for s states.

Breit’s o? corrections to R arise in this treatment
from 3@ in first order perturbation theory, and from
3D together with 3¢® in second order. This will be
shown explicitly below.

Corrections of order o?m/M to R arise from terms
quadratic in A, ie., 3@ in second-order perturbation
theory. [3C® gives no s state hfs.] They also arise from
the effects of nuclear motion, which are omitted in 3¢,
and 3C". For a nucleus of mass 91, terms containing
both ¢ and u must be included to order 912, and other
terms to order 9. Thus this motion is adequately

8 M. M. Sternheim, Phys. Rev. 128, 676 (1962); see also Sec.
IIIC of the present paper.
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described by the Hamiltonian

Fon=3Co+IM~+ (2/291)+ea-3A—edp, (2.6a)
Ze rr
sA= ———(p+— —-p), (2.6b)
29Mr rr
Ze p 1
b= —(g——l)x—~ v- (2.60)
2911 M r

In (2.6), p and r are now the relative momentum and
position. 8A is the vector potential of a moving charge
Ze. 8¢ is the scalar potential of a moving magnetic
dipole; it will be discussed later in more detail.

Applying the Foldy-Wouthuysen procedure to Eq.
(2.6) with A=A¢+08A, o= po+0¢, we replace Eq. (2.2)
by

P2
3Con” =3¢ +IM+—
291

ie

16m?m

[o-pXAi—a-AoXp, p*]. (2.7)
With g=+1,
e ie e
3¢’ =3y +—p-6A——T[o-0E, 0-p]—edo+—T o 6H],
m 8m? 2m

and, with p =m0,

?2 e p4
JCon’ = lim—HﬂH———-— eqoo:l-l-l:'——v ‘Eo——
2u 8

e e e p?
+_P'6A]+[—0'Ho]+—0" [——Ho
m

2 e
- Hu P lL
4dm? 2m

1
Eo X Ao+—(EXp—pX3E)
4m

—L[(DXAO—AOXP)’ sz]
8mIMN

=3 @O+ - + - + 3o ®. (2.8)
Here we have omitted the terms which vanish exactly
for s state, e.g., 3¢® and (e/2m)e-8H, as well as those
not contributing to the hfs to the order of interest,
e.g., 3¢® and —edy. Note that 3Cor® is the Schrédinger
approximation for a particle with reduced mass p.

The state-dependent hfs terms are contained in

AE,=(n|Hu® |n)+X/ (n| 2Hy O+ Hy @ | 1)
X{(i| Hm® | n)(W ,—W,)!

=AEO4AECD 4 AR, (2.9)
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With the Schrédinger approximation, p?|m)=2u(Wa
Zé r

+2Zé/r)|n),

eu Ze

AE,®= <n ——ac- Ho(Wn+—)+——c- —
2m? r 4dm?2

r e Ze P
K)o (- 212
7 4m? 29m NJ;
1 Zédiu ry\ 1
XVVi—— [c-px(gx—s—), —:I n>
r

r  4mIN r
=AE, 80+ AR, G0+ AE, )+ AE,6,

(2.10)

Equations (2.9) and (2.10) contain integrals which
diverge at r=0, e.g., (r*). Since

u1(r)= N1 exp(—pr),
us(r)=N2(1—Pr/2) exp(—pr/2),
‘?V": (ﬁ&/n&’r)l/?, B= Z(I[J.,
it follows that

where

(2.11)

8| ttgs|2— |1, |2~ (const)r?|u1, |2 for r<KB.

Thus, if we cut off the integrals at ro, evaluate R, and
then let 7o go to zero, finite results are obtained.

To illustrate the procedure, we will compute RG»,
Averaging over angles gives

AE, @Y =[Ze(o-u)/6m* Kn|r*|n).
Now

(Is|r4|1s)= (/33/”)/‘” 72 exp(—26r)drdQ

=484(1—2Bro)/Bro+8B* InBro+83* In2y,

where two partial integrations have been performed,
and

lny=— / Inx exp(—x)dx.
0

v is the Euler constant; its value is not needed, since
it cancels out in the final results. Similarly,

8(2s| 7| 25)=4B*(1—28ry)/Bro-+86% InBro+ 584+ 8 Iny.
Thus,

RGY = [8AE,Y — AE,697/[ (4¢/3m){o- u)8*]
=[(5/8)—1n2]Z%u/m

=[(5/8)—1In2]Z%*(1—m/M). (2.12b)
In the same fashion we find
R®a = —(3/8)Z%2(1—2m/IM), (2.12a)
RGO=[—(7/32)+(1/2) In2]
X[1—ZM /g ]Z%m/oM, (2.12c)

RED=[(5/8)—1n2]Z%>m/IN. (2.12d)
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To evaluate the second-order perturbation theory
terms, we note that with ', defined by1*

[F ,3on® ][ m)=5Cm® | n)—(n|3on® | n}| n), (2.13)
it follows that
> 8| 5o @ | 1) (W — W)L
=F,|n)—n|Fa|n)|n). (2.14a)

This state is a mixture of s and d wave functions. The
s-state part is given by?%:14

Fr.= (2eu/3m){e- w)r'+28 Infr+26%],

Fyy= (2eu/3m)(o- w)[r~'+28 Infr+ (8%/2)
+(78/2)(1—pr/2)7 1.

(2.14b)

By Egs. (2.8)

Hy® = (nZe*/2m*)8 (r)— (p%/8m?)
—(Ze*/2m<M)p-r(p+rrr-p)

=301+ 50 1P ++-FCn 1. (2.15)

Using Egs. (2.8) and (2.14), we find
R0 =[(3/2)—1n2]Z%2(1—2m/M), (2.16a)
R©2» =[—(9/8)+2In2]Z%2(1—3m/M), (2.16b)
R20=[— (9/4)+4 In2]Z2a%m/IM. (2.16¢)

The term AE® involves both the s and d parts of
Eq. (2.14a). Schwartz" has found

R =[— (145/128)+% In2JgZem/M. (2.17)

Adding Egs. (2.12), (2.16), and (2.17), we obtain
the Breit correction (5/8)Z%:2 plus

R(e?*m/M)=— (9/8)Z2%m/M

+[—(7/32)+(1/2) In2]
X [1— (ZM/gm) ] Z%m/om

—[(145/128)—7 In2JgZo?m/M. (2.18)
For the hydrogen isotopes, this gives?
R(e*m/M ,H)=—0.115X 108,
R(e*m/M,D)=—0.029X 1075, (2.19)

R(a*m/M,T)=—0.101 X107,
The complete theoretical expression for R is®®

R(th)=(5/8)a?+[3.4040.02— (5/167) Jo?
+R(a*m/M)+R(@*)+- - -,
where the uncertainty in the o3 term arises from a
numerical integration. Thus we have finally
R(H, theory)=(34.45+0.02) X 105,
R(D, theory)= (34.53+0.02) X 10~
R(T, theory)=(34.460.02) X 10-5,
* R. M. Sternheimer, Phys. Rev. 84, 244 (1951); H. M. Foley,
R. M. Sternheimer, and D. Tycko, ibid. 93, 734 (1954).
# J. W. DuMond and E. R. Cohen, Phys. Rev. Letters 1, 291

(1958); in Handbuch der Physik, edited by S. Fliigge (Springer-
Verlag, Berlin, 1957), Vol. 35.
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where the uncertainty is due to the error in the o® term
and to the uncalculated o term.
The experimental values are!:?

R(H, exp) = (34.495-0.060) X 10-°,
R(D, exp)=(34.240.6) X 105,

which are in good agreement with (2.19).

III. BETHE-SALPETER EQUATION

We will now demonstrate that a covariant treatment
of the two-body hydrogen atom problem leads to
exactly the results found for R with the modified Dirac
equation.

A. Instantaneous Interaction Terms

The Bethe-Salpeter equation for the hydrogen atom
iSIG

Fo(p)= (=200 [ G(oup W (o), (1)
where

F(pu)=F(p,e)=[n.E—Ha(p)+e]

X[mE—Hy(p)—e] (3.2)
and

Hi(p)=e-p+B°m, Hy(p)=—c’p+B8'M, (3.3a)
ne=m/(m+M), n=M/(m+M). (3.3b)
¥(pu) is a 16-component spinor function of the
relative momentum p,, and E is the corresponding
eigenvalue. The interaction operator G is an expansion

in powers of « which may be split into a large instan-
taneous Coulomb interaction,

Gelp—p)=—(¢/27%) |p—p'| 2,
plus small perturbations.

If G is approximated by G¢, Eq. (3.1) may be
integrated over e, giving!”

LE—H.(p)—H(p)1é(p)
=[A+*(p)A+*(p) —A_*(D)A_*(p)]

(3.4)

X / Golp—p)6@)PY, (3.5)

where
o(p)= / Y(pade, (3.6)
E,=E, (D) = (p2+m2)”2’ (3-8)

with similar definitions for A ® and E,. The corre-
sponding solution for ¢(p,) is obtained from ¢ (p) with

V(b =[—2miF (p, T / Golo—p)o ()P, (3.9)
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Let
¢+:(P)=AL2(P)A: (D)o (D), (3.10)

T.(p)=0°p/(Eatm), Tu(p)=0b-p/(Es+M). (3.11)

Then it follows from the properties of the Dirac
operators that!’2

“’““*("):(r:(p))(_rl,, (p))¢++++(p>, (3.12)

where the ‘“large-large” wave function ¢44+F+(p) is a
four-component spinor. Also,

(AL (p)o4+(p) IF
=[Ey(p)+M~+0® pl's(p') Jbs+T(0')/2Es(p),

where the single 4+ superscript refers to the large part
of the proton wave function.

Multiplying Eq. (3.5) by A4A_? and by A_°A®
shows that

(3.13)

¢ +=¢;_=0. (3.14)

Multiplying by A,°A.? gives, with k,= (kw)=p,'—p,,
—é

(B Ea=Eder* =120 )
X / [Es+M+a®pTs(p') Jo+++(p)

Xdp' )2k, (3.15)

neglecting ¢__ on the right-hand side. Expanding in
p/M gives

[E—M—Eo— (2/2M)Jbsit =Ay*(—&/20%)

ob-pot-ky\ ¢, F(p")d%p’
X / (1 1 ) .
4M2 k2

(3.16)

Let us compare this with the modified Dirac equation
(2.6). For Ay=0A=0, Eq. (2.6) gives for the Dirac
wave function ¢ with this notation

(E—Ho—p*/2M)¢=—e(¢ot30)9.

Writing this in momentum space, multiplying by

(3.17)

et L
ol R A

F16. 1. Instantaneous interaction diagrams G¢ and Gee. The
solid line on the left denotes the electron which has corresponding
to  a momentum four-vector (p, e+7n.E), where no=m/(m-+M)
and E is the total energy of the atom. The solid line on the right
similarly denotes the proton. It has corresponding to —p a
momentum four-vector (—p, —e+n:E), where my=M/(m~+M).
Dashed lines represent Coulomb interactions.

17 H. A. |Bethe and E. E. Salpeter, in Handbuch der Physik,
edited by S. Fliigge (Springer-Velag, Berlin, 1957), Vol. 35.
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ol fp

k—>
p‘T T -p'
(a)

F16. 2. One-Dirac- T.p
photon diagrams Gp, PT oo T -
GC'DI, GCDz, Gccpl, b - ———— "'T _________
Geeps. The wavy p ]
lines represent Dirac ot -p
photons. (b) (c)

P'T (e)

A,2(p) and using (ge/2M)I= (14-u4)(e/2M)0a?, we find
[E—Ea— ($*/2M) ]¢+=A1*(— €/ 2%)
(14 244)0% pot-ky 6+ (@)1
X/(l—'r > -

4M?
neglecting ¢_ and (e2/4M?)p-Vr~! on the right-hand
side. Thus, if we neglect the proton’s Pauli moment
w4 [which is omitted in Eq. (3.15)], we see that

b=y (3.19)

Note, however, that ¢_ does not vanish; by Eq. (3.17),
a good approximation for ¢_ is

¢-(p)=[E+E.— (p*/2M) A2 (p) (— ¢/ 27%)
¢ (p)d%’
[ B

, (3.18)

(3.19a)

Both instantaneous and time-dependent pertur-
bations are included in the full expansion for G, the
interaction operator in Eq. (3.1). The instantaneous
perturbations include all irreducible Feynman diagrams
containing only Coulomb interactions. The largest of
these is Gec, shown in Fig. 1. It is easily proved that
these diagrams vanish unless there is a negative-energy
intermediate state. The leading energy terms are Sabm
and spin independent ; the state-dependent hfs terms are
negligibly small.

The time-dependent perturbations will now be
considered.

B. One-Dirac-Photon Terms

The one-Dirac-photon diagrams contribution to R
are shown in Fig. 2. AEp, AE¢p, and AEc¢cp are of
order (hfs), a(hfs), and a?(hfs), respectively. Together
they give the hfs due to the proton’s Dirac moment
along with the Breit and nonrelativistic reduced mass
corrections, as well as a(m/M) (hfs) and o2(m/M) (his)
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terms. We note that

AEcpi=AEc¢ps=3AEcp
and
AE¢cpi=AEc¢cpe=3AEccp,

and that the several other diagrams containing two
Coulomb interactions and one Dirac photon do not
contribute to R.

The first-order perturbation theory energy arising
from a small G; is

AE= f VPG (ub W(ppdp",  (3.20)

where ¢ is expressed in terms of ¢ by Eq. (2.9) and
1p)=[ [Geo-m1* @y |[-20ip 0T G20

From Egs. (3.5) and (3.9), we obtain a convenient
expression for ¢, 4 :

Vit (pu)=[—2miF (p,e) I

X[E—E.(p)—Es(p)Jo++(p). (3.22)
A similar expression for . follows from Egs. (3.5)
and (3.21).

To sufficient accuracy, ¢ may be replaced by ¢, in
Egs. (3.9) and (3.21). Using

V=v vy Yy,

we may integrate Eq. (3.20) over the fourth components
of the momenta. Only terms containing ¥, or J,, or
both contribute to R to order a?mu/M ; terms containing
¥ _ are negligible.

Newcomb and Salpeter® have calculated explicitly
the a(m/M) (hfs) terms: AEp, AEc¢p, and various
terms treated in later sections give such contributions,
but not AE¢¢p. They have found that all these terms
can be cast into the form

82 2
AENS= (—2—2) / S++T*(D)T:(p,0',p" )it (D7)
Y8
d3 d3 Ida 17
_?;.P_P’ (3.23)
k2k’2

where k,/=p,"—p,’. Since ¢+ (p) diminishes rapidly
for p>>po, to lowest order they take k=k’=p’ for
2">po. Thus to lowest order they find

AENS(B>>po)

82 2
B (ﬁ) / 4+ (050, k004 1+ (p)
X dépd3kdip” [k
o2 7:(0,k,0)d%
= (‘*‘) (27)2¢4F*(0) / S —
22 k4
X¢4+11(0), (3.24)

where ¢,,t+(0) is the large-large wave function at
r=0. This result is state-independent and is La(hfs)

STERNHEIM

in all cases of interest. The integrands of Egs. (3.23)
and (3.24) differ in lowest order by terms of the form
(p-korp”-k)/k times the integrand of Eq. (3.24).
These change sign under k— —k and therefore
integrate to zero for k>>p,. Similarly, taking into
account p and/or p'">>p, gives energy terms So?(hfs)
which are also state-independent. Thus, the state-
dependent part of AEN® is negligible unless p, p’, p”’
are all ~p,. Similarly, we can show that R¢ep is
negligible unless p, p’, p"’, p"’ are all ~p,.

When put into the form (3.22), all the integrals
contribute to R only for low momentum values and
can be correspondingly simplified without affecting R
to the required order. For convenience we may write
formal expressions for AE; which diverge. They are not
correct for evaluation of AE; but do yield R; correctly.
Thus, terms like [%2(r)/r],50 will appear in AE; but
cancel later in R;. Alternatively we could work only
with expressions for R,, but this would be more
cumbersome.

We first consider AEp, using Eq. (3.22) and
Go=" (82/2#2.)0““' o'/ ki (3.25)
W=wl— k1A,

Integrating over e and ¢/, the term containing ¢, and
¥4+ becomes

82
AED++=§ / Epd*p’ ¢ * (D)o’ ey®

1
S P
B — (Ey—Ey')?
R E—E,—E,
" (2B)(k+EotEy — E) (k— Es+Ey)
E—E,/—E,'
: |
(2k)(k+E,/+Ey—E)(k— Ey'+Ey)

Xé4++(D)
=AEptto{ AEptto4 AE e, (3.26)

These terms arise from poles at w=E,—E,’, +k, —k,
respectively.

For p and p’'~po, AEp*+e gives the nonrelativistic
hfs; it is the only term which must be evaluated with
wave functions containing the relativistic corrections.
Since AE**e contributes to R only for p and p’'~ p,,
(Ev—Ey')/k*~a*m?/M? may be neglected. With Eq.
(3.12), we find

—é?
AEptte— _é_;z_ /dspdap: k_2¢+++* (D)aza
[To(p")+Ts(p") 0% Jpr (D)
= o Epd*p’ $i T (Pt
e

*(p+p'+ioXk) 2ME) ¢, (). (3.27)
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Fourier-transforming this to coordinate space, with Eq.
(3.19) we find

abpe= [ G @aeAB O, (29

where A=A,+0A is given by Egs. (2.3) and (2.6a)
with Z=1, g=2.

AEpt+t and AEpt+e are equal and of order a(hfs).
Using Eq. (3.5)

22
e N L
0 PA 2 (p)AL (D )+ (D7)
X [k(k+Es'+ Ev— E) (k— Ey'+Ey) T
For p, p’, p"'~ po, this gives
— (0*Xk)- (e*Xk)
4mME

2 2 2
x[1+ (W—i——'i—Jr—-P )] (3.29)
M 2m 2M

Jpttbe=

where J is defined by Eq. (3.23). Equation (3.29) is
correct for a?#m<<k<m, the k range contributing to R.
Its leading contribution is of order a but will be can-
celled by a similar term from J¢pt+.

The other AEp terms of the required order are those
containing ¥4+ and Y_4 or ¢,_, and the complex
conjugates of such terms. Integrating over the fourth
components of the momenta, we obtain the low-
momentum approximations

Jp~t=—(0*XKk’)- (e*Xk)/8mM,
Jpt—=—(02Xk)- (6®*Xk')/8mM>.

(3.30)
(3.31)

Since k and k’ may be interchanged in Eq. (3.30)
without affecting AEp*—, the sum of Egs. (3.30) and
(3.31) is

Jp~t+Jpt—=—(e°Xk)- (6®XK')/8nuM (3.32)

which gives an o? contribution to R.
We now treat AE¢p similarly. With Eq. (3.20),

i f—e?
AEcD=—(-2?) / dpdipd'p’ [k —in) ]

m
X (pwat[nE—Ha(p")+e"—w]™
X[mE—Hy(@)—e—w] iy (p.),

where ¢ is summed over directions perpendicular to %.
To remove the Dirac operators from the denominators
we insert into the integrand the factor

1=[A4(p")+A- (") J[A+* (@) +A-2 () ].

(3.33)

(3.34)
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To sufficient accuracy we may use here

v=v4r, ¥="Vir

Labeling energy terms by the projection operators, we
find three terms contribute to R: AEc¢pt™, AEcp™ T,
AEc¢p*t—. After integrating over the fourth components
of the momenta we find

(XK (oK)
C 4mMR
1112 2 "2 ’2
X[1+ <2W—g——j)——£———p )], (3.36)
2m 2m 2M 2M
e~ T+ Jept—=— (0°Xk)- (6 X K')/8mMp.

(3.35)

Jep

(3.37)

Thus, the leading term of J¢p*+ cancels that of Jpt+be,
and Jep~t+Jept~=Jp~t+Jpt.
The last one-Dirac-photon term to be considered is

AEcep ='—_1<:f>3 / dpdp'dp”dip”
272\ 272
X[ B2k (02— k2 +iA) ]
X V(pwart(nE—Ha(p)+€ 1"
X[maE—Ha(p")+¢" 1
X[mE—Hy(p¥)—e+e”—e' T
X[mE—Hy(p'V)—€—¢'—e]™
X (9,

where ! is summed over directions perpendicular to
k' =p)""—p,. Again we use Eq. (3.35) and insert
suitable projection operators. Only the term corre-
sponding to positive energies in all intermediate states
is of the required order, and it contributes to R only if
9,9, p", """ all ~po. It reduces to

(3.38)

e2 3
AEccptt= <§) (1/4mM) / Epd’p'dp dp"

X ¢4 (p) (02X k") - (0¥ X K" )+ (p")

X (R2k2E"4)L. (3.39)

Averaging over angles and using the Schrédinger
approximation for ¢, we find

Jeeptt=—(e°Xk): (e?X k) (4mME2)1

X (W—p""2/2u).  (3.40)

Note that Jeept™ cancels the o?(hfs) terms from
Tpt+bed Joptt.

Defining Jp~ as the sum of the J’s in Eq. (3.29),
(3.32), (3.36), (3.37), and (3.40), d:scardmg terms
leading to vanishing integrals, and averaging over
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PT i T'P

..t 4op F1c. 3. The irre-

P gl P ducible two-Dirac-

p"T $-p photon diagram
(a) GppX and the first

two terms of Gpr,

which gives the sec-
91 -0 ond-order  pertur-
4 4+ bation theory con-
v -p tribution for Gp.
ot 1y

(b)

angles, we obtain

Jp—=— (0% o®)k-kK'/6m>M. (3.41)
Transforming to coordinate space, this gives
64
AEp—= /¢++++*(r)oa. o (wr)e
6m*M
Xyt H*(x)d%r
= [taren A +irepder, G

using Eq. (3.19a); A is defined as in Eq. (3.28). Com-
bining Egs. (3.28) and (3.42),

AECD = AED++"+ AED—

= / Fa-Add¥r, (3.43)

neglecting the small term involving ¢_*¢_.

Thus, we see that the low-momentum parts of the
various Bethe-Salpeter one-Dirac-photon diagrams sum
to the simple expression (3.43), i.e., to the result ob-
tained with the modified Dirac equation for Z=1, g=2,
to first order in 4.

C. Two-Dirac-Photon Diagrams

The two-Dirac-photon diagrams shown in Fig. 3
include the irreducible diagram Gpp¥ and the second-
order perturbation theory term Gpp° arising from Gp.
We shall show that together they contribute to R the
nonrelativistic second-order perturbation theory term.

We first consider

i /e \?

AEppT= 5;(5;) / Bpd A (P — -Fil) !
X ("= k2430 Y (pu) Lsjajfai®
X[aE—Ho(p"')+€¢'—w]™
X[mE—Hy(p')— e—w %% (p,"),

where 7 and j are summed over directions perpendicular
to k and Kk, respectively. Inserting projection operators
and using the approximation (3.35), upon integrating
over the fourth components of the momenta we obtain

(3.44)
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the low-momentum expressions
JppX—*t=g% (e?Xk)o*- (6 XKk')/16mM?,
JopX+—= (e°Xk)-ob (02 XKk') - ab/16m?M, (3.45)
]DDX——= % Ulbﬂ'ya’ Oy bkk'/S (k+k,)mM.
The contributions Rp*—+, RppXt—, and RppX—— are
of order o?m/M, o2, and a, respectively; RppX*+ is
negligible.
The second-order perturbation theory energy due to
Gp is?t

AEpp’=—2xi({, Go(F—Ge) ' PGo¥)
+ 21rl(1;, SD (F‘— 90>-1PAED
X (E"‘Hu"‘Hb)_180¢)

=AEpp*+AEpp?, (3.46)

where
Gt (p) = — (2ri)d / GiPut WB)dD (347)

and P is a projection operator which vanishes when
operating on the unperturbed state and is one otherwise;
it arises from the normalization requirement. We use
the expansion

(F—Go)'=F'4-F-GoF14---.  (3.48)

Replacing (F—G¢)™* by F!in AEpp® gives, except for
the projection operator, the same result as is found by
treating the diagram in Fig. 3(b) as an irreducible
Feynman graph. For negative energy terms P=1;
since the order of the a;® and «;® factors is reversed, the
negative energy terms cancel those of AEpp¥:

Jpp®~t=—JppX—1,
JDD411+_= —-JDDX+—, (3.49)
Jpp®~—=—Jpp¥ .

Since the ++ term here has an energy denominator

smaller by a than in AEpp*, we must also include

Jpp#tt=(e*Xk)- (¢*Xk)P(s°XK')- (e®Xk')
X[16m2*M2(W—p2/2u) 1. (3.50)

We now examine the remaining terms of AEpp® A
typical one is

—2mi (§,GpF-1GcF1- - -GF1PGpy).

If we insert projection operators, we find that only
positive-energy states contribute to R to the required
order. Integrating over the fourth components of the
momenta is simple since G¢ is instantaneous, and the
first and last integrations are the same as in AEp*+,
Thus, this term becomes

([¢++*aa.AA+a]++’ (E— E,—E)!
X (—ep)(E—E,—Ey) ™ - (—ep) (E— E,— E3)™!
X P[A%ec-Ady 1 ]).
1 This follows from Eqgs. (22) and (39) of reference 17.
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Thus with Eq. (3.50) we obtain

AEpptte=([¢si*at AN o T+, (E—E,—Ev—V)!
X P[A %t Apyy JFF).  (3.51)
A similar treatment of AEpp**?® shows that only
positive-energy states contribute, and
AEppttt=— ([p++*e®- AN T, (E—Eo—Ey— Vo)™
XAEpP¢, ++). (3.52)
Thus, for low momentum values, AEppTt=AEpt+e
+AEppt+? is identical to the result obtained by
treating ee- A in second-order perturbation theory with
the modified Dirac equation, provided only positive-

energy states are included in the sum. This is equivalent
to dropping the terms in 3C arising from [4,,4;]70.

D. Effects of the Pauli Moment

The effects of the Pauli moment are found by re-
placing v,? in the Dirac terms by

D= (ua/4M) (v,%y, = 7.5, ks, (3.53)

where &, is the momentum absorbed by the proton.®7?
In place of Eq. (1.5) we have the identity

7,900 k2= —y oy [ A/ B+ e AY/R2], (3.54)
where
Aub=’Y4beb, (3.5521)
or
Asb= (ua/2M)B%" K, (3.55b)
AP=i(ua/2M)B%(0*Xk)i+ (ua/2M)B%c;.  (3.55¢)

Effectively the Coulomb (C) interaction is sup-
plemented by an instantaneous ‘“‘Q interaction” pro-
portional to A,%/k?%, leading directly to a contribution
Rq. Replacing C by C4Q in R¢p also gives contributions
of the required order. Similarly, the Pauli (P) photons
replace Dirac (D) photons to give Rop, Rpp, and Rpp
terms. The result is equal to that found by an extension
of the simple arguments used in the preceding sections.

The inclusion of the Q interaction replaces 1/k* by

(14 (wa/2M)B%’- K/ R (3.65)

in Eq. (3.5). For positive-energy states this adds to
(3.5) the term involving u4 in Eq. (3.18).

We now evaluate the one-Dirac-photon diagrams
with C replaced by C+Q. Terms with proton positive-
energy states are proportional to the proton matrix
element

&+*(p)ei®Ay* (p) [ 1+ (na/2M)B%® kg (p”)
= (i/2M)$,**(p) (0*Xk);
X (140c*m*/ M)+ (p").

Thus, the change in AE is Sa?(m?/M?)(hfs), and
RQD_+=RQD++=O-

(3.57)

(3.58)
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Terms with negative-energy states contain

&+ * (p)aitA- (p")[1+ (ka/2M)B% K Jo. (p”)

= (i/2M)¢,+*(p) ("X K');s(1+ua)$:+(p”).  (3.59)
Thus, we find
RQD+—=[1ARCD+_, RQD——=H.ARCD__. (360)

To evaluate the R¢p terms we replace a;® by 4% in
the integrals of Sec. III. For proton positive-energy
states, the first term in Eq. (3.55¢) gives p4 times the
Dirac photon result. The second term gives contri-
butions smaller by w/M, where w must be replaced by
its value at the pole. Since AEpT*+e~hfs arises from
w=Ey— E'~a?m?/M as mentioned below Eq. (3.26),
(w/M)AEp*te is negligible. The poles in AEp*+? and
AEptte are at 4% and —k, respectively, so that here
the second terms are of order a2(hfs) but cancel.
Exactly the same cancellation is obtained from the
diagrams contributing to AE¢pt+. Finally, all other
terms have poles at |w/M|Sk, so that (w/M)AED
Sa(m/M)a?(hfs) and is negligible. Hence, we neglect
the second term and conclude

Reptt=paReptt, Repr +t=paRep~t. (3.61)

For proton negative-energy states, the P matrix
element is Sam/M times the D matrix element, so
that AESa(m/M)a?(hfs), and

Rept~=Rcep ~=0. (3.62)

Finally, we consider the two-photon diagrams. Re-
placing a Dirac photon by a Pauli photon gives a factor
ua(zero) for a positive (negative) proton energy term,
so that
(3.63)

(3.64)

Rpp=Rpp=paRpp,
Rpp=p4’Rpp.

Collecting results, we see that all the Q and P
interactions are accounted for in the modified Dirac
equation with g=2(14u,).

IV. BREIT EQUATION

To compute the hfs of an arbitrary one-electron atom,
we ideally should start from a Bethe-Salpeter equation
for one electron and 4 nucleons. Even for deuterium
this does not yet appear tractable,?? since we do not
have a covariant description of nuclear forces. Never-
theless, it may be possible to derive the modified Dirac
equation (for the calculation of R) from such a Bethe-
Salpeter equation by omitting nuclear excited states
and utilizing the transformation properties of the
electromagnetic vertex functions.?

(1;26]0))' A. Greenberg and H. M. Foley, Phys. Rev. 120, 1684
b L..Durand, III, P. C. DeCelles, and R. B. Marr, Phys. Rev.
126, 1882 (1962).
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Alternatively, one may work with an approximately
covariant equation of motion, the Breit equation.? For
the hydrogen atom it leads to the modified Dirac
equation if we treat the Breit and Pauli interactions as
perturbations and in second order keep only positive-
energy intermediate states as in the usual treatment of
the Breit equation ; this is equivalent to the requirement
of neglecting [4:4;,] in Sec. IL.!® We will show that
with this prescription and the correspondence principle
it also leads to the modified Dirac equation for 4 >1
for a simple nuclear model which neglects velocity-
dependent and exchange forces.

The Breit equation for 4 nucleons and one electron is

[E=2 H,(p)—Ha.(p?)Jp= (X V,+ V)¢, (4.1)
Here v is summed over all nucleons, and
Ha(p)=a®-p*+B°m, H,(p")=e« p+pM. (4.2)

V' is the nuclear interaction. V, is the interaction of
the electron and the »th electron. It is composed of
Coulomb, Breit, and Pauli interactions (V¢,, Vg,, and
V p,, respectively) for protons, and Pauli interaction for
neutrons. In momentum space,

Vet Va)o(,p*, - +)= (%;)/[1 —ot ]

a*k

X¢(p“+k, p,—k) 0 ); (43)
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Vp, is found by replacing (1—e% @) with (4¢
—a,%-A,”), where A4 and A4; are given by Egs. (3.55)
with w=0 and us — u4’.

Multiplying Eq. (4.1) by IT A;*(p”), we obtain an
approximate equation for x=(AjA}2-- A 4p)tt )
a 4X24-component spinor in the approximation

ApKLAL D
[E_ Z E, (pv) —H, (P“)]X

=Vax+OI Ay Z Vidpr JFH, (44)
where Vy is defined by
Vax=[AsAd - A AV i T (45)

In general, Vx will contain spin operators even if Vy’
does not.

In the frame where the total momentum of the atom
vanishes, we define new variables by

= po v — V. /4
pP=p% ==p+p/4, (4.6)
r=r—R, p'=r—R,
with
p=—2p, R=Xr (4.7)
or
> w=0, X ¢’=0. 4.8)

The constraints (2.8) imply that ¢” and = are not
canonically related, but

[p,",rj“]‘:i&,‘j(a“"— 1/A) (49)

Introducing these variables into Eq. (4.1), we obtain

EX(D;“")r‘[Z E'(”y_p/A)-l-VN(@v) “y_p/A; “y)+Ha(p)]X(p7“v)
- (62/2’"'2)/d3k {Zs L' (=—p/4, #*—p/A—k) —e,* 0y, " (m"—p/A4, =" —p/A—K)]

T2 wa?/2M)[k- (B0”) 14 (=" —p/ A4, = —p/A—k)—ia® 01, (x*—p/A, =" —p/A— k) Xk]}

Xk (p+k, =y, -0, m—k, --¢), (4.10a
where 3, means sum over all protons, and x( ' 7 b ( )
o’-po’- (p'—p)+ (E,—M)(E,~E,)
Ly (pp) =1+ , (4.10b)
2E,(E,/+M)
1 ) EA+M .
o’ (pp)= l:p—chr”+ (p’+¢p’><o"):|, (4.10c)
2E, E/+M
E,—~M ¢’p o-p
o’ (pp)=0"— ( )0”.- Y ) (4.10d)
2E, 2E, E/4+M
1 rE+M
(B"e")++(pp") = [ ca-p’—c-po], (4.10e)
2E,LE/4+M

E,= (g,

This can be written in the form
ch = (Jcnuc+gcatom+gcmix)x= EX. (4. 10f)

(1;435})‘ Breit, Phys. Rev. 34, 553 (1929); 36, 383 (1930); 39, 616

/= (34 Mye,

3Cnuc contains only internal nuclear variables =’, o7, and
0”; 3Catom contains only p, r, and 0%; 3Cpix contains both
sets of variables. Explicitly, we expand in p/M, =*/M,
and p”/7, keeping terms proportional to A= (p/M) and
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A2 which contribute to R in first order, and terms linear
in X\ which contribute only in second order. We may also
drop all terms with more than one power of p’/r to the
accuracy required. Thus,

5Cnu¢:=z(7”)2/2]‘{'_2 (Ty)4/8M3+ et
+VNO,
5Camm=AM+p2/2AM+H,,(p)—e(po+ea-6A,
Hmix=e.*[(1/4) . g XV+L, ="]
X(—et/M)(1—p*- V)r
—2(ua’/2AM?) 0" pX V (—€/r)
+2 5 {([1—(1/4AM?*) 0’ - pX V]
X[1—¢-V]—1}(—¢*/r)
+[ = p(@")2/ 2AMHV O+ -+ (4.11¢)
Here ¢ is defined as in Eq. (2.3a), A as in Eq. (2.6b)

with N — AM, g*= (14+u4*)(e/2AM) for protons and
ua’(e/2M) for neutrons,

W= (AM),

(4.11a)
(4.11b)

and Vy, which, in general, depends upon p but not R,
is expanded in powers of (p/M):

Va=VyO+VyO4 .., (4.12)

Note that the I,,* (Coulomb) terms in Eq. (4.10a)
contribute —egq in JCatom plus the third term of IFComix.
The @20y ,” (Breit) terms contribute ee?-8A and part
of the terms containing @® in 3Cmix. The a-0.”
(Pauli) terms yield the remaining terms linear in ¢,
and the k-e,,” (Pauli) terms give the second term in
scmix-

Treating 3Cmix and ea-5A as perturbations, in the
lowest approximation x is a product of an internal
nuclear wave function and of an atomic wave function;
the latter is the same as in Sec. II with 9T — AM. With
[p*3Cnuc = (i/M)x?, i.e., assuming a velocity-inde-
pendent, nonexchange force, and neglecting corrections
to the nonrelativistic kinetic energy, we have

0= ([p,"'pj",ﬂcnuc])
= (i/M)(xp’+pimi”)

u=(Xs(e/2M)p"X = +3 2 g’0”).

Thus the first term in 3Cm;x reduces to ea- Ao, where A,
is given by (2.3a), when its expectation value is evalu-
ated for the nuclear ground state. Taking the expec-
tation value of the second and third terms gives

(& 2AM(Y pa’e’+2 p 30”) - pXVr!

which is part of —ede.

Let us now consider the fourth term of 3Cmix, which
is linear in p and independent of r. Since Vy is the sum
of a charge-independent nuclear potential U plus an
electromagnetic interaction Vgm, we may write

Vy@=UO4Vey©®, Vy®O=UD4Ve®, ... (4.16a)

(4.13)
and

(4.14)

(4.15)
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The nucleon-nucleon electromagnetic interaction is, like
the nucleon-electron interaction, composed of Coulomb,
Breit, and Pauli terms. Thus we find

Ven@=e2 3 ,1/20"+- -+, (4.16b)
Itaid
1

Veu®= (/44U T, [{ =4, —-]

Il pl“’

Q#V.pp MY 1

+{1r5“, —— }—o”-px v'—-]. (4.16¢)
(o o>

Note that the Pauli moments do not appear in Vgu®;
the Pauli-Coulomb (Pauli-Breit) terms contribute
+ (=) 2 pa’Cr, Crr=e*-pXV’(e?/2AM?%*"). The
Breit interactions contribute the spin-independent part
of Vem® and —3 C**, and the Coulomb interactions
contribute 1 > C»».

We may eliminate Vem® and the kinetic energy term
from the last part of 3Cmix by the transformation

3 — et =g0+[id5c]+ -+,  (4.17)
where
¢=p-[X m0'n7/2AM*— 3 (0" X =*) /4AM?
+et 3, 07/2AM | o*—¢’|].  (4.17a)

pEy

The commutator of i® and JCny. cancels Vem® and
the kinetic-energy term in 3Cumix ; 1[®,3Catom ] is negligible
and [1®,3Cuix | contains one term of interest:

i[¢, —2» 0* V](—€/7)
= (e?/2AM?) 3", 3, [(ps*ms*+m0?) piV:

+io-pXv]@E—1/4)r"+ -, (4.18)

where the quadrupole term proportional to [$;,V:¢o ]
has been omitted since it does not contribute to R.
The expectation value of (4.18) for the nuclear ground
state is

(e/2AM*) (3 (0" X ="+307)

—(Z/ AT (X =*+10")) pXVrl (4.19)
Adding (4.19) to (4.15) gives
(e/AM)(e/2M) (X 0’ X="+3 X g’0”)
— (Ze/2A M) ("X ="+307)) - pX Vr?
=(e/AM)[u— (Ze/2AM)I]-pXVr
— o (4.20)

by Egs. (4.14) and (2.6b), with 91 replaced by AM.
Equation (4.20) gives the interaction of the electric
field due to the electron with the electric dipole moment
arising from the motion of the nucleus. If we study a
nucleus moving in a weak external potential, we obtain
(4.20) again, with (—e/r) replaced by that potential.
As we expect from the correspondence principle, this
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result is identical to that obtained by Thomas? for a
classical system using purely kinematic arguments.

Note, however, that the transformation (4.16) was
constructed to cancel only the explicitly known part
of Vy®, If a term due to the nuclear force remains, in
second-order perturbation theory together with the
> » 0"V (e?/r) term it can contribute another term of
the type (constant) I-pX V71, spoiling the agreement
with the Thomas expression. Since we expect the
classical limit to hold for a weak external potential, we
conclude that the constant must vanish.

It may appear a bit odd that we can use Vgu® to
limit the form of U®. Consider a system of interacting
particles described by a Hamiltonian, 3¢. Thomas and
Bakamjian? and Foldy*” have proved that the com-
mutation relations for the generators of the infinitesimal
Lorentz group require the existence of a function &,
such that

€i®3Ce %= (p2+h2)\2,
h=AM+Y 72/ 2M+VO4 ... (4.21)

2 L. H. Thomas, Nature 117, 514 (1926) ; Phil. Mag. 3,1 (1927).
26 B. Bakamjian and L. H. Thomas, Phys. Rev. 92, 1300 (1953).
27 .. Foldy, Phys. Rev. 122, 275 (1961).
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Here, ® is a rotationally invariant function of p and the
internal variables, and % is a function of the internal
variables only. The “reduced’”” Hamiltonian defined by
(4.23) is the natural generalization of the single-particle
Hamiltonian. However, in this reduced representation
the coordinates and momenta do not have their usual
physical interpretation.

Since Vn® is linear in p and the right-hand side of
(4.23) is a function of 2, V@ arises entirely from the
transformation from the reduced to the usual or
“physical” representation, i.e., VyV=—[i®, Y (z*)/
2M+V y©7). Requiring a specific form for the electro-
magnetic part of Vy® in the physical representation
therefore restricts ® and U® substantially.

Thus, Egs. (4.11) are equivalent to the modified
Dirac equation (2.6a) if we replace AM by 9. Since
B=AM—9ME 10791, it can be neglected. In principle,
one can look at the terms quadratic in $? in Eq. (4.11¢)
and obtain the binding energy effects explicitly.
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