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The general quantum theory of quadratic response functions, such as the optical-frequency quadratic
polarizability of dielectrics, is developed on the lines of Kubo’s density matrix—Green’s function theory of
linear response functions. Sum rule series are obtained, and applied to the quadratic polarizability. A
suitable form of Kramers-Kronig relations for quadratic response functions is developed.

N experiments by Franken et al.,! and others, they
observed radiation from dielectrics due to polariza-
tion proportional to the square of the amplitude of an
incident optical Maxwell wave from a laser, or propor-
tional to the product of the wave amplitudes of two
laser beams, the radiation, therefore, being at the second-
harmonic frequency or at the sum and difference fre-
quencies. The quantum theory of this quadratic polari-
zation, as a generalization of the theory of the linear
optical-frequency polarization of matter, has been in-
vestigated by several people.?~ The present paper con-
cerns the general formulation of the theory in terms of
the response of the density matrix to “impulse” per-
turbations, on the lines of Kubo’s treatment of linear
response functions,’ % and the derivation from this point
of view of sum-rule formulas and dispersion relations.

1. LINEAR THEORY

This section outlines the general linear theory, as a
preparation for the following sections. The density
matrix, p(¢), satisfies

dp/di=[H(®), p]. ¢y
Now let the Hamiltonian, H (¢), be given by

H=Hot+hid(1—1), @
where H, and %; are independent of #, and let

p=po(Ho), 1<ty;
p=potpi()+---, t>t;
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©)

where p; is to be proportional to %;. Then

p1=[h1|ti—1), po] 4
where, for any operator 4,
A|s)=exp(iHos/h)A exp(—iHs/h). ©)

We will use the notation
(G)n=Tr(pG). (6)

Then from (4), (5), and the fact that po=po(Ho), it
follows that

CAGHh=([G, Iu|—s1) Do, s1=t—t. (M

If G is the physical variable (polarization, current)
whose response to the perturbation %; we are calculat-
ing, then

G(s|h)=G1(5)=([G, k1| =) Do=([G|s), InT)o (8)

is the effective ““Green’s function” for the linear
response.® The relation

A(s| B)=—B(—s[4), ©)

which follows from (8), gives the Onsager relation corre-
sponding to 4 and B as driving force and response.’

The conventional susceptibility is the linear response
to a harmonically varying disturbance, not to an
impulse; so it is the Fourier transform of (8). Corre-
sponding to sy positive in (7), we must take

G(w— |h1)ETw_.G(SIh1), (10)

To-f(s)= Jim / ) e~ s f(s)ds. (11)

If the limit A — 0 be written as a sum over poles,

n

f@)=Tuf(s)=2n )

W— Wy

(12)

then we have to make the substitution
fw) = flo—)=@f(w)+ir > n Rad(w—w,) (13)

in order that integrals over w, or over a continuum in
place of 3., should give the right answer. One such
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integral is in the Kramers-Kronig relations’:

© f(Q—)dQ
7if (=)= / 1@-)o (14)

e W0—

The “sum rule” expansion, of the Fourier transform,
introduced by Kubo?® is obtained as follows : Integration
by parts gives

To_G1(s)= (lw—)"[G:1(0)+ T—(dG:(s)/ds)]. (15)
Therefore,
ToGi(s)= Xp: (fw—)= DG (0)
+ (fw—)""T, G @+ (s), (16)
where
G1™ (s)=d"G1(s)/ds*, G1®(s)=Gi(s). (17)
Similarly defining
W =(d"ns)/ds") s, (18)
we have
G1 (0)=([G™, hi])o= (—)[G, I Tpo. (19)

The usefulness of this expansion is that in practice the
first few terms (say, #=0, ---p—1) of (16) turn out
to be identically zero (irrespective of the details of
the system), and the high-frequency limit has the
simple form

TuG1(s) = (i)~ TH[GP, b1 ])o. (20)
Of course, one has, exactly,
To-G1(5)= (=) ?Tul{[G?, | —5)])o
=[—i(e—)]7Tu-G(s| @)
=[—i(0—)I"Glw— ™). (1)

The foregoing results may be illustrated by the
electric polarizability of an atom or molecule. We have
G=gx, hi=—gx-E. (22)

If the stationary states of the unperturbed system have
energies 7iwn, and wi—wa=win, then

[G l S), hl:lnn':' (Zqz/ﬁ)Zl(xnlxln) -E sin (wlns). (23)
The polarizability is defined by
E=E ¢!, g¢(x)1=a(w) E.e®t. (24)

7 See, for example, Quantum Theory, edited by D. R. Bates
(Academic Press Inc., New York, 1961), Vol. 1, 372, 373; J. R.
Macdonald and M. K. Brachman, Rev. Mod. Phys. 28, 393
(1956). Strictly speaking, the Kramers-Kronig relations will not
hold if A2 is allowed to tend to zero as in the right-hand form of
Eq. (13); due care must be had in summing over the levels of the
system, for example at a sharp “absorption edge.” These remarks
apply also, of course, to the discussion following Eq. (62). Not
letting A? become zero means, physically, that we have perturba-
tions of slowly increasing, rather than constant, amplitude.
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TaBLE I. Derivation of the terms of the sum-rule
series for linear polarizability.
m G(m n PR [G™ by ™]
0 X 0 xp 0
0 1 (1/m)ps (1/m)8a,
0 2 —(1/m)aV/dxg 0
1 (1/m) pe 2 (1/m2)d2V /dx.dxg
2 —(/m)dV/dze 2 0
Therefore,
2q2 Win
“(w)=_2l2n annlxln< )
/73 Wi —w?
¢ f,
=—=3 (25)
m* wl—ow,
where p,=po(hiw.). By (13),
q2 Win
u(w—)= - Zl Zn annlen[ 2(?
7 Wi —wia?
F 78 (0—win) + 8 (Wt win) } (26)

The “sum rule” series (16) is developed as follows: If
the Hamiltonian of the system is

Ho=(1/2m)p*+V (%), @7

the variables to be substituted in the series (leaving out
the constants multiplying them) are as given in Table L.
The Green’s function for & is —¢2x(s|x), in the notation
of Eq. (8), and so we obtain from (16)
1 1

a(w)=—g*{ —14+——VVV)ot R4}, (28)
mw?  miot
where

1 2 Win
Ry(w) =7—n2—w; - 2 ZnP»(VV)jz(VV)ln(wz_le)

=0(w™). (29)
The reason for calling (16) the “sum rule” series is
illustrated by this case. Writing the summand on the
right of (25) as

1 ? wt
i+t ]
w? ot wt(wi—w?)
and comparing the resulting three sums with the three
terms of (28), one obtains the formulas >_,f,=1 (the
familiar one), m 3, f,0,2=(VVV)0.

The example represented by Egs. (22) to (29) was
for a single active particle with charge ¢g. For many
particles, one would replace the first term of 27, x,
and V by sums over particles, and V (x) by the many-
particle potential. It is an interesting fact that central
forces between the particles make no contribution to the
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quantity which then replaces (V2V), (the trace of (VVV),,
which gives the sum rule for cubic symmetry). In fact,
for an atom or molecule with fixed nuclei the many-
electron result has Tr(VVV ), — 4re? Y. .Zn(X;), where
the sum is over the nuclei, at positions X; with charges
Ze, and where #(x) is the electron density.

2. THE QUADRATIC THEORY
We replace (2) by

H({)=HoFhid (t— 1)+ hod (1— 1), (30)
and (3) by
p()=po(Ho), 1<ty ts;
~potp1(?), h<t<ts;
pot+ps(t), 12 <t<t;
~potp1tpetpu(l), 1<t<t;
~potpitpetpi(l), L<uL<i (31)
Then the quadratic effect linear in %; and in /% is given
by
pu (D)= [ha|ta—1), [h:|ti—1), po]], (32)
(@) a=([[G, he| —52)], lr| —51) Do, (33)

where s;={—1;, sa={—1,. In analogy with (8), we may
use the notation

(G>215621 (52,81) EG(82, S1 l ha, hl)- (34)

One should remember that the right-hand symbols
(s1 and %, in this case) represent the earlier time
(t1<t2, or 81>Sz).

The Fourier transform is

G(wl—, wo— Ihl, hz)
= T (51) Ty (52)(G12(s1<52)+Go1(52<51)).  (35)

[On the left-hand side of (35), the order of factors
merely signifies that w; goes with %4; and w, with k,;
both wi>w; and ws>w; are permissible, of course.] The
transformed function (Gi3+Gz) has discontinuous
derivatives at s;=s;. One may, however, remove this
feature by writing

G(wl—, wWo— lhl, hz)
= Ttwrron—({ Ter—(s)G (5, s+5") | 12, 1)
+Tw2~(s,)G(s: S+S'Vl1, h2)} (36>
Equations (35) and (36) give the Fourier component,
(Gt Tesulting from a “perturbed part of the Hamil-

tonian” ki exp (iwif)+ ke exp (iwst), the addition of the
other terms from %," and %, being understood. Since

G(s, s+5'| b1, ho)=([[G|s), 1], he| —") Do, (37)
we have
G(w1—, we— | b1, h2)
= T(wrron—(){Tur (SWLLG|5), h2], Fr| —5") Do
+ Tar(")LLG|s), 2, h2| —s") Do} (38)

PRICE

Results equivalent to the foregoing have been given
by Kubo,? by Kogan* and by Kelley* (see also Butcher
and McLean, reference 2).

The sum rule expansion has to be derived from (36)
rather than (35), because of the discontinuity in the
integrand of (35). The general formula corresponding
to (16) looks complicated, because one may expand the
integral over one variable to an arbitrary number of
terms, with their remainder, and then expand each
term, as an integral over the other variable, to an
arbitrary number of terms. Formulas like (21) rather
than (20) may be obtained if required, for example,
Eq. (43) below. The infinite series is?

G(w1, w2 ! kl, hz)

0 0

in=D

l=0 n=0 (w1+w2) H+1

1
X

Gy 0 G W0m b (39)
w1n+1 w2n+1
where

G &m=([[GD, hy™7, hy™T)q (40)

and GO etc., are given by (18).

3. APPLICATION OF THE SUM-RULE EXPANSION

The nonlinear polarizability first observed was in
quartz, a crystal lacking inversion symmetry. One can
think of this polarization as proportional to the local
value of E;Es;. A model for the effect’is a localized
electron with Hamiltonian (27) and perturbation
—gx- E(#). If the potential V (x) lacks a center of sym-
metry, a polarization proportional to E? results. With
G=x, =X, ho=x, one finds that G®%»=0 for
I+n<4. The two nonzero ones with [4#n=4 are

1
Gp®0V = ——VVVY,
m3
(41)

2
G100 = +—VVVV.
m3

Combining the resulting terms as in (39) gives

)2, (42)

where E, is a Fourier component of E(¢). Equation (42)
agrees with the result for the “anharmonic oscillator,”
with potential ax?>+ba®; but it is, of course, more

2
(Xt zq_<VVV V)o: Eu, sz(
md

w1+w2)w1w2

8 Such series are evidently asymptotic; they need not be con-
vergent, in applications,
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To,(s")

w1 . W2

general. The result derived from (16) is
Tu,(s")
(Xastar= +— )

¢ Tortar (5 ) [ (
2 (E,E..0)
m3( ’ (w1Fws)?

X(CLLVVY)-p}|s), x], pl—5) D)o
+(T w1 (8)+Tay(s")

W1T W2

)([[(mwvm- @)

—{{(VVVV)-p}-pDIs), X1, x| =) Doy, (43)

the scalar products (E;E,:) being taken in the order
T1|:[ ,y * Ez], Elj and Tzl:[: y 'E1], Ez] The next
integrations by parts give the leading term (42).

If the system has inversion symmetry, there remains
an effect ~10~% smaller which can be represented as
the sum of “Faraday’ and “quadrupole” contributions.
These have been calculated by Adler? (for a model of
the dielectric in which it is divided into a periodic
lattice of separate localized systems) by taking into
account the “plane wave” dependence, on position, of
the perturbing fields and the component of polarization
which is calculated. One obtains contributions to the
polarization, additional to the ‘‘anharmonic” part to
which (42) and (43) apply, which are not zero when the
system has inversion symmetry. The sum rule series
may be applied to these. However, it will be applied
below to a somewhat different formulation of nonlinear
polarization.

An appropriate Hamiltonian for an electron in the
dielectric is®

1 q |?
H=——’p—~A +V(x). (44)
2m c

In this gauge, in which its scalar potential is zero, the
laser electric field is®

Ex,)=—(1/c)aA/di=— (1/c)X jiw,A_,

Xexp (fw,f—1ix, x). (45)
(It is convenient to label components by wave vector
x rather than angular frequency w, so long as one
remembers to pair these correctly in sums.) The
component of the current density with wave vector
—x is the expectation of

(e
m 4

® We are leaving out the spin term here, and the corresponding
term (Ref. 3) in Eq. (46) It is shown by Adler, (Ref. 3) for his
model and neglecting spin-orbit coupling, that if the system has zero
spin polarization in its unperturbed state then the contribution
from spin terms to the quadratic polarlzablllty is negligible.
*= The superscript and subscript «, A, u occurring throughout the
rest of this section should be read as vectors.

(46)
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TasiE II. The contributions to the “sum frequency” quadratic-
polarization current, due to the field given by Eq. (45), in the
notation of Eqs. (8) and (33). x=%;+x%..

Term A B C
p* G
(g/c)A_. exp[z(k %,)-x] Gv=1or2)
— (g/me)yp™- he or Iy hy and hy
(@/me)A_q A—~2 ‘exp(—x%x)  h
where, for any quantum operator U,
Us={U, exp(ix-x)}. 47

The linear polarization is usually calculated, from (44)
and (46), letting k — 0. One may, of course, expand the
linear polarization in ascending powers of x. However,
the second term (proportional to ) vanishes if the
system has inversion symmetry. Otherwise, its order
of magnitude relative to the first term is (lattice
constant)/ (optical wavelength), so it should not become
important until x-ray frequencies are reached. For the
quadratic polarization, we may make the same expan-
sion in the wave vectors xi, x2; but the parity situation
is now reversed. The first term (independent of the «’s)
vanishes if the system has inversion symmetry, but the
term proportional to the «’s doesn’t. [Again, its
estimated order of magnitude is smaller than that of
the (nonvanishing) first term by the factor (lattice
constant)/(optical wavelength).] As with the linear
case, the polarization proportional to the «’s is out of
phase with the polarization independent of the %’s by
/2. It has recently been detected, in a crystal with
inversion symmetry.!°

Table IT indicates the different contributions to the
quadratic polarization as calculated in terms of (44)
and (46). The contributions A and B are given by the
theory of Sec. 1; contribution C is to be calculated as
in Sec. 2. The component of current represented in
Table II is that at angular frequency wi+ws. In the
Bloch scheme, contribution A is proportional to x (plus
higher powers, of course) because it is given by inter-
band matrix elements of exp(—ix-x) and, hence, of
x-p+O0(x?). Similarly, the contributions B are propor-
tional to x; or to xe. (More generally, it is obvious that
the contributions A and B are zero in the limit ¥’s —0.)
The contribution from C consists of sums over triples
of matrix elements (n|p*|m)(m|p*| )| p*|n), with
x+A4u=0. On expanding in the wave vectors, one has
a part independent of the «’s (vanishing if the system has
inversion symmetry) and a part proportional to the ¥’s.
An expression for the former (the part of the polariza-
tion independent of the «’s) will be found in the forth-
coming paper by Kelley.* From all the foregoing contri-
butions, in the Bloch scheme one has a sum over the
Brillouin zone of functions of interband matrix elements
of p. It should be noted that the triples of matrix

10 R, W. Terhune, P. D. Maker, and C. M. Savage, Phys. Rev.
Letters 8, 404 (1962).
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elements include matrix elements between occupied
one-electron states as well as between unoccupied
one-electron states.

The sum rule series is obtained by the procedure of
Sec. 2, applied to the G’s and A’s of Table II, using
the formulas

L/®),p1= (V)5
o6 1= (kapa™ —Napp™).

It is useful to express the results in terms of P (polariza-
tion density) and the E’s, rather than J and the A’s.
We find that the series begins

P=P@D{PEOL PO ;...

(48)
(49)

(50)

where P(™™ means the terms of order w—™" (ie., a
sum of terms of this order in the w’s and «’s). There is
no (m=4, n=0) term, and no term with m<4. The
first term of (50) comes from the A and B contributions
in Table II; the second term comes from the C contribu-
tion; the third term comes from A, B, and C. The
expressions for these are

¢ i 1+,
Pwl+w2(4,1) =qn— {% E;-E,
m? wiws (wrtws) | witw,
1 1
+—x;- E1E2+—1<2' EzEl}, (51)
w1 w2
2
Py, 60 = gt— ———————(VVVV): BBy, (52)
e ! m3 [wiws (w1+ws) J? D
2 1
P‘DI w2(6'1)= M
i e m® wiws(wi+ws)
X SH{VVV)+T(VVV)o), (53)
where
K1 K2 \ E.E, Ei:Eo4-Eo By
s=( , , (53)
ws? wlz/w1+wz (w1tw2)?
1 K1 L3 1
T=———(——' E1E2+‘—" E2E1)+_—-—
Wiwa \W2 w1 w1+w2)2
w1+ 2w wet 2wy
('—‘—Kz‘ E1E2+——“—1<1' E2E1>
w22 wlz
E;-E,
F———(1tx2). (53")
2 (w1+w2)3

Here # is the electron density, and E;, E, stand for
E_,, (.e., E,,) and E_,,. The quadratic polarization of
free carriers is given by (51) alone. (In this case, x;- E;
and «2- E; will of course be zero; we then require only
the first term in the brace.) The coefficient of gn on
the right of (52) is identical with the right-hand side of

PRICE

(42), although the calculations were in quite different
terms, as it should be.

The term given by (53) introduces the crystal field
and symmetry into the part of P proportional to the «’s.
It is evident from this term that the relation between
the direction of P and the directions of the E’s and «’s
is not simple, even for a cubic crystal. For w;=w,=w,
and a cubic crystal, we have

2

Py, 6V = qnq_
m® (2w)3w?

(V2V>0{K1' E2E1+‘K2' ElEz
+§(atx)Er-Eo}. (54)

The replacement of (VVV)o and (VVV V), by their many-
body equivalents is on the same lines as explained at
the end of Sec. 1.

4. DISPERSION RELATIONS

The Kramers-Kronig relations apply in a normal way
to (35). That is,

miG(w1—, wa— | k1, h2)

) daQ
=/ GQ—, wy— | by, k2) p (55)

wi—

and similarly for ws. However, the usefulness of (14),
for the linear response function G(w—), depends on
the facts that it may be rewritten as two integral
relations connecting the parts of G which are even and
odd in w, with the integrals going from 0 to «, and
that these parts are separately of physical interest.
With the quadratic response function, the parts of
physical interest will be even or odd in w; and ws
together, but not separately; and so the separation of
(55) into integrals over even and odd parts does not
have the same usefulness as for the linear case.
However, if we treat G as a function of

w+Ew1+w2,

(56)

then the relation (14) will apply to the variable wt,
with w™ held fixed. Furthermore, we may define functions
which are even, or odd, in w* as follows: Let C(w,ws)
be a quadratic response function or part of one, and
let S12 be the operator which interchanges w; and ws.
Then

W =wi—ws,

205 (wtw™) = (14512)C (w1,w9),

(7
2C= (w"‘,w‘) =(1 —.5’12)C(w1,w2).

If R, is the operator changing w; to —ws, and similarly
for Ry, and if Rt changes wt to —wt (but leaving w™
unchanged), and similarly R~ changes o~ to —o™,

we have
RT¥Cs=R1R,C% R*¥C*=—RiR,C?, (58)

and

R-Cs=Cs,

R-C*=—C=, (59)
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On account of (59), the relation (14) for w*t as variable,
with o~ fixed, holds for C* and C separately. We then
have four relations of the usual form, with integrals
over wt from 0 to « : two connecting the even and odd
(in w*) parts of C* and two connecting the even and
odd parts of C* By (58), these even and odd parts are
given by the operations on the right of (57) applied to
the two parts of C satisfying

R1R2C= G'C, (60)

(c=+1 gives the even part of C* and the odd part
of C2.) When (as in the next paragraph) R R.C=C%¥,
we have

wiC*(wt, w™)

o==1.

. aQ
=20 f (wr Re+4Q Im)C* (@0 )—————,
0 (w+)2__92
(61)
wiC*(wt, w™)
=20 | (2 Retiwt Im)C2(Qu)—.
0 (wH)2—Q2
[To avoid confusion the minus signs attached to the
’s in (55), etc., which indicate the “time sense” in
(11) and correspond to the sign of the denominator in
(14) and (55), are omitted in (61).]
For an illustration,! let C be the constant in the
relation P, % u,=CogyEofE,,", for the “anharmonic”
part of the polarization independent of the «’s. Of course,

(62)

so C* and C* are the symmetric and antisymmetric
parts of the tensor whose 8, ¥ component is Cyug,. Now,
C(w1,ws) may be expanded like Eq. (12), in a (double)
series of poles, the terms having denominators of form

S12Casy=Cars;

(wl'—wm) (w1+w2—-wn),
and  (we—wm) (Witwe—wy).

(wl—“’nz) (wg—-wn),

11 A more complete discussion, than is contained in these two
final paragraphs, of the division of a response function into real
and imaginary parts and into parts satisfying (60), on the basis
of parity rules will be found in P. J. Price, in Proceedings of the
Ohio State University Symposium on Lasers and Applications
(Ohio State University Press, to be published).
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When we make the substitution (13) for each pole, the
products of principal values [®(wi—wm) '@ (we—wa) ™,
etc.], and the products of delta functions, will together
give the real part of C, with o=+1, in the present case
(in the absence of a static magnetic field), while the
products of principal values and delta functions
[@(wi—wn) 28 (wa—wn), etc.] will together give the

- imaginary part, with ¢=—1. These two parts of C

may appropriately be called the ‘“reversible” and
“irreversible” parts, respectively. Writing

C(an— y W ) = Crev(wlyw2)+iCirrev(wlyw2), (63)
a representative dispersion relation is
TC%ev(wh, w™) =20 f QC%rev(Q, w)———.  (64)
0 (w+)2_ Q2

The relations, such as (64), for C* are the analogs of
those for the linear electric susceptibility. The relations
for C# have the roles of reversible and irreversible parts
interchanged.

For the part of the quadratic polarizibility linear in
the «’s, dispersion relations similar to (64), etc., will
hold with %; and x; held constant and, hence, will
hold for the coefficients of x; and x. separately or in
any linear combination. (In this case the reversible
part is imaginary and the irreversible part real, in the
absence of a static magnetic field.) The relations with
x; taken as proportional to wi, k2 to ws, should also be
valid, since (50) indicates that the response function
will still fall off fast enough as |wi|, |ws| — ®. One
may conjecture that the dispersion relations (55), etc.,
hold also for the complete quadratic polarizability, with
the ¥’s on which it depends governed by the actual
w(x) functions.
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