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Methods for evaluating shell-model matrix elements in the SU3 classification scheme of Elliott are given.
There are no restrictions on the number of particles. The relationship of the SU3 coupling scheme to the
model of a rotating asymmetric nucleus is investigated in detail.

I. INTRODUCTION

HE empirical success of the shell model' combined
with recent theoretical progress? in understanding
the basis of this approach are certainly impressive.
Nevertheless, the mathematical techniques for classify-
ing states and evaluating matrix elements are not yet
sufficiently well developed to apply the shell-model
program to most nuclei. In fact, outside the 1p shell,
calculations have been carried out for at most four-
particle configurations. The matrices required to deal
with more than four particles are much too complicated
to construct, even with the aid of modern high-speed
computers. This limitation of the shell-model approach
may be overcome by means of the mathematical tech-
niques for systematically evaluating many-body matrix
elements developed in the present paper. Numerical
calculations and generalizations to various deformed
fields and vibrating systems will be discussed in a later
publication.

Before proceeding to the formal development, a
semiquantitative discussion of the main physical ideas
behind the new approach is in order. Our point of de-
parture is the intermediate coupling shell model,!
which considers the interactions among nucleons mov-
ing in the field of a spherically symmetric core. The
particles outside the core usually are confined to the
lowest unfilled major shell. For example, in O and
F1 the nucleons outside the O'® core are restricted to
the 2s and 1d orbitals. The radial dependence of the
two-particle interaction generally is expressed in the
form of a Gaussian or a Yukawa, well characterized by
a range and depth consistent with the effective range
and scattering length of nuclear forces. Various com-
binations of exchange mixtures have been used in such
calculations.

Recently, progress toward understanding the struc-
ture of nuclear wave functions has emerged from a
comparison between the intermediate coupling shell
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model and the rotator model of Bohr and Mottelson.?
In the rotator model, the nucleus assumes an axially
symmetric deformation in response to a self-consistent
Hartree field generated by the nucleons in nonspherical
orbitals. The deformed nucleus then rotates like a
quantum-mechanical top. Nilsson and Mottelson* pro-
posed a specific form for the potential, consisting of an
axially symmetric deformed harmonic oscillator with
spin-orbit interaction. It has recently been pointed out®
that the rotator model, as well as the shell model, may
be applied to F°. In fact, the phenomenological pa-
rameters of a rotator® can be successfully fitted to the
observed spectra throughout the sd oscillator shell. It
is, therefore, natural to ask if the wave functions given
by the rotator model are related in some respect to the
shell-model wave functions. Redlich” noted that such
a relationship indeed exists in the case of O!% and F9,
while Kurath and Picman® verified that the shell-
model wave functions for the 1p orbital also have a
Nilsson-Mottelson structure to good approximation.
The next step was taken by Elliott,? who constructed a
shell-model representation for particles in mixed orbital
configurations which gives rise naturally to a rotational
band structure. As an intuitive aid to the mathematical
treatment to follow, we give here a simplified version
of the Elliott treatment.

We ask first, what are the properties of a shell-model
Hamiltonian which will yield wave functions corre-
sponding to a rotating system of independent particles
in a deformed well? As in the Nilsson-Mottelson treat-
ment, we assume a deformed harmonic oscillator po-
tential, with spring constants k,=k, but k.#k,. The
sth particle in this “intrinsic’” deformed well is subject
to a Hamiltonian:

— 72V 2
H;=

“+3kr2+ngo'.
2m
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The first two terms in H; constitute the Hamiltonian
for a spherical harmonic oscillator with spring constant
k, and eigenvalues (#;+3)%w, where w= (k/m)"2 and
nm=1,2,3, --- labels the various major shells. If we
take

qu*=2(4x/5)"2r2Y (),

where ¥ ,? is the spherical harmonic of order 2, then
Qo= 28— 22—,
and the potential energy becomes
V(ri)=%kr2+ngo’= (Gk—n) (@*+y*)+ (3k+2n)2,

which is the form required. Since we wish to confine the
particles to a single major shell, we impose the condi-
tion that all matrix elements of ¢o¢ vanish between
states in different oscillator levels. The Hamiltonian H;
then commutes with go? as well as with the z component
of the orbital angular momentum L.,? but not with the
square of the total angular momentum. Hence, the
eigenstates of H; can be made simultaneously eigen-
states of go? and L.,? but not of L2. Denoting these eigen-
states as ¢.;x;, we have

Hz¢ K= [(”i+%)hw+n€¢]¢e,-1(.~,
Qo' e;x;= €ieiiy,
inqseiK;: Kid)e,-K,--

The Hamiltonian for V particles moving independently
in the deformed well is

H=3%

=1

N —7V2
[ +%kr3]+nQo.
2m
The quantity in braces is again the spherical harmonic
oscillator Hamiltonian, which assumes a constant eigen-
value equal to N(n+%£)%w for N particles in the nth
oscillator shell owing to the degeneracy of the orbitals
within the shell. The last term in H is the many-body
quadrupole operator
Qu=2"i qi’.

The eigehfunctions of H are products of eigenfunctions
of H;:
H H bex; =[N (n+3)hotn Z €] H ek,
(Z L) H ek = (Z K;) H PeK;

In practice, these solutions must be antisymmetrized.
We designate such antisymmetric solutions as ®.g,
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where
K= Zi Kir
€=Zl' €,

7QoPex= lH—}i: |:

Lz@eK=K¢eK,
H<I>£K=[N(n+%)ﬁw- . ']‘I’ex,
V2

—'—+%kr,~2:| ]¢6K=1,e<1>eK.
2m

The last equation follows from the fact that ®.x is an
eigenfunction of the spherical harmonic oscillator and
is, therefore, also an eigenfunction of Qo alone.

The functions ®.x represent the “intrinsic” states of
a deformed nucleus. The true nuclear wave function
corresponds to a spinning intrinsic system, which may
be represented by a superposition of the ®.x in various
orientations. We write the nuclear wave function for the
state with angular momentum L and z component M as

o = / o (@B7) R (@B bexdy singdgda. (L1)

Here the quantum number M refers to the projection
of the orbital angular momentum in the laboratory co-
ordinate system, whereas K denotes the projection of
the angular momentum along the symmetry axis of the
deformed nucleus. The rotation operator':

®(o,B,7) = e~ iaLog—iBLyg—ivLs

rotates the intrinsic function ®.x through the Euler
angles a, 3, v. The amplitude of the rotated functions
in the orientation defined by «, 8, is given by the
coefficients ayx?, which we now determine from the
condition that ¥.x¥ must be a simultaneous eigen-
function of 1? and L, with eigenvalues L and M.

The intrinsic state ®.x is an eigenstate of L, but not
of L2, We designate a set of simultaneous eigenstates
of 12 and L, as Y%, and write:

qDeK'__ZL II/KLn (I'Z)

This equation simply expands the ®.x in a set of func-
tions (not normalized) which transform like spherical
harmonics under rotation. Yz is the function obtained
by projecting out of ®.x the component with orbital
angular momentum L. As is well known!:

®(a,8,¥)¥xP=3"mr D& (,8,Y)¥ u'%,
where Dy g% is the rotation matrix:
D g™ (a,B,y)=(LM'| e~ eLeg=tLvg—ivLz| LK),

Substituting Egs. (1.2) and (1.3) into Eq. (I.1), we
obtain

(1.3)

Vg M = / anx™(@,Byy) 2. Darx™ (8,7 )Y dy sinBdda
L'M’

=2

L'M’

[/GMKL (Ot,,B,’Y)DM'KL' (aﬁ,’Y)d’Y Sinﬁdﬁda}tleLl. (14)

© M. E. Rose. Elementary Theory of Angular Momentum (John Wiley & Sons, Inc., New York, 1957).
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Since L and M are good quantum numbers for ¥ =¥
the integral in braces vanishes if L's##L and M'#M.
Hence,

Vg IM=A yxYu®,

where Ak is the integral in braces evaluated for
L'=L and M'=M. We now compare this integral,

[t tap ) Dac i s
=Aur“rr0mum,

with the orthonormality relation for the rotation
matrices,

/ Dy ™ (0,8,7) D s &% (a,8,7)dy sinBdBda
8w

= 00,

2L+1

and conclude that axx” is proportional to Dy x?*. The
proportionality constant is, of course, fixed by the
normalization of ¥ ~. Finally, we define the projection
operator:

Dax™ (awBy'Y) .
Pylt=3" / ——— —®(a,B,7)dy sinBdBda.
%) 8%/ (2L+1)

Restating the preceding relations in terms of Py%,
we have
Yul =V "M/ A ygl= Py ®.x.

(I.5)

The operator Py’ operating on an eigenstate of L,
with eigenvalue K first projects out the component
which transforms as the spherical harmonic of order L
and then changes K to M.

Equation (I.5) gives the relation between the in-
trinsic states ®.x of a system of particles in a deformed
harmonic oscillator and the eigenstates ¥ .g*¥ of the
rotating system. Since the ¥.x*¥ describe a rotator,
they must be eigenfunctions of a Hamiltonian with
eigenvalues proportional to L(L+1). Designating this
Hamiltonian as 3C, we write

3V kLM =[a(e,K)+bL(L+1) ¥ LM, (1.6)
Since
L2V xLE=L(L+1)¥ LK,
we can rewrite Eq. (1.6) as
(C—bI2) ¥ g LE=q (e, K)¥ g LK. xn

Dividing both sides of Eq. (I.7) by 4 xx* and summing
over L, we see from Eq. (1.2) that

(3c—bL)® k=0 (e,K)P k.

Since the operators 3¢—bL? and Q, are both diagonal
in the ®.x representation, they must commute

L(5e—0dL3), Qo]=0. (1.8)
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We now obtain additional commutation relations for
3¢—bL2 by applying the rotation operator to Eq. (L.8).
Rotation of Q yields the linear combination:

(RQ() R1= Z“ DMOZ (a7‘377)QM'

Since the scalar operator 3¢—bL? is invariant with re-
spect to rotations:

®L(BC—bL?), Q&
=2, [(c—0bL?), Q;A]D#OZ (@,8,7)=0. (L9)

Multiplying Eq. (1.9) by D,¢** (,8,7), integrating over
the three Euler angles, and recalling the orthogonality
relation of the rotation matrices, we arrive at the
relations:

[(Be—bL2), 0,]=0, u=0,=£1,+2. (I.10a)

We have also the analogous commutation relations for
the components of angular momentum:

[(e—bL?),L,]=0, u=0,+1  (I.10b)

which hold for all scalar Hamiltonians.

The eight commutation relations summarized in
Egs. (1.10) have been deduced from the conditions
imposed on the Hamiltonian, namely, that it must
represent a deformed harmonic oscillator with eigen-
states corresponding to a rotator. As shown in the main
body of the paper, these commutation relations make it
possible to find new quantum numbers which char-
acterize both the intrinsic states $.x of the deformed
oscillator and the rotational states ¥.xZ¥. We intro-
duce here the Casimir operator

L2 —n
=tz (-2,
12 & 36

which obeys the commutation rules:

[C;Qu] =0,
[C:L#]Z 0.

Since C is constructed from the eight components of
L, and Q,, it follows from Egs. (1.10) that

[(e—0Ly), C]=0,
which leads immediately to the desired relation
[5e,C]=0,

since the scalar operator C commutes with L2

We now have three simultaneously diagonal opera-
tors in the “intrinsic” @ representation—Qg with eigen-
value ¢, L, with eigenvalue K, and the Casimir operator
with eigenvalue C. The projected states

Pu® k= (1/A ur")¥cex™™
are also eigenstates of C since the projection operation

depends only on the operators L,, which commute with
C. We have, thus, arrived at a new quantum number C
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which is a constant of the motion for the intrinsic
states of a deformed harmonic oscillator as well as for
the projected states.

Since a realistic nuclear Hamiltonian does not yield
an exact rotator, it can be expected to conform only
approximately to the conditions prescribed above. In
that event, C is only approximately a good quantum
number. Numerical calculations for the sd oscillator
shell nevertheless confirm that a representation labeled
by C has physical meaning. We wish also to call atten-
tion to the flexibility of such a representation. Consider
any scalar operator .S, with an inverse S~1. Then the
class of transformed Hamiltonians S3CS—! with eigen-
states PgLS®.x€ still yields a rotational spectrum, and
the transformed operator SCS— still has eigenvalue C.
If S is a product of identical one-body operators,
S=]JI:S;, the nonspherical term in the transformed
independent-particle Hamiltonian for the intrinsic sys-
tem becomes SQpS1=3_:5:00’S:t. Thus, we see that
the representation outlined in this section is not re-
stricted to a special form for the intrinsic Hartree field.
A program is now in progress to discover and apply the
scalar transformations S appropriate to various de-
formed fields and vibrating systems of physical interest.

II. THE ELLIOTT CLASSIFICATION OF STATES

In a series of two papers, Elliott? has discussed the
classification of the many-particle wave functions of a
degenerate harmonic oscillator level according to irre-
ducible representations of the group SU3. First, the
states are labeled by the partition [ f7], which describes
the symmetry under space permutations. Associated
with [f] are the isotopic spin quantum number 7 and
the spin quantum number S. Next, the orbital states
belonging to a given partition are classified according
to the irreducible representations of SU3, labeled by the
two numbers (\,u). Finally, three additional quantum
numbers (K,e,A) are introduced which uniquely char-
acterize the states within an irreducible representation
of SU3. This classification scheme applies to the so-
called “intrinsic” states discussed in Sec. I. Although
the intrinsic states comprise a complete orthonormal
set, they have no convenient transformation properties
with respect to rotations. To remedy this situation,
Elliott projects from the intrinsic states a new set of
states for which the total angular momentum is a con-
stant of the motion. The wave functions associated
with the final representation, thus, have L as a good
quantum number and at the same time refer directly
to the intrinsic system. In Sec. ITA; we show that the
group SU3 is generated by a set of operators which
commute with the harmonic oscillator Hamiltonian. It
follows that the intrinsic states of a degenerate har-
monic oscillator level can be classified according to the
irreducible representations of SU3. Section IIB con-
cerns the characterization of the intrinsic states -be-
longing to a given irreducible representation, while
Sec. IIC deals with the projected wave functions.

IN NUCLEAR STRUCTURE CALCULATIONS
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A. Generators of the Group SU3

Consider a single-particle harmonic oscillator Hamil-
tonian
H=p*/2m~+3mo?r?,

where the frequency parameter o is expressed in terms
of a length parameter &:

w="7/mb>

Introduce operators that annihilate energy quanta:

1 i
U= :F—Z—bli (*Fiy) +£b2 (Pz:’:ipu):l’

1 i
wom (e,
v2b 12

and operators that create energy quanta:

1 i
Uyl =ny,*= :ng[ (w=£1y) _;:72 (Pxﬂ:ipy)]’

. . 1< ib2>
ugl=1ug" =——| z2—=b%p. ),
ol =1 h?

v2b
where
o #a %o
Pa="y Py=TT D=7
i 0x 7 9y 103

These operators have the commutation rules:
Loty V1= 8,0,
Cobuyrs, 1= (81,3, 71=0.
The transformation properties of the %, with respect

to rotations are like those of the first-order spherical
harmonics ¥ ,!. In terms of the #, operators,

H=3hw+hw 3, u,tu,,

where the eigenstates of H are of the form:

10,0~ Moy, 0,0
lA(/nlm Ys0,0)=1Vnq (f/b) m yP).

We give here the functions R.;(r) and the constants
N, for n=1,2,3, in terms of the dimensionless pa-
rameter S= (r/b). The functions R,; are normalized
to Jo*R.2dS=1.

n Rl Na?
QU2
1 8225111 _—
w12(2141) 1!
25?2 21+1(214-3)
2 eSSt | _—
( ZH—S) at2(21+1) !
452 454 ] 2L(214-3) (214-5)
3 gStegu| | — 1
[ 2143 (2014-3)(21+5) w2(204+1) 1!
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where (24+1)11=1X3X5X - -+ (2!41).
Note that

u,,ll/13= 0.

The 1s state, thus, plays the role of “vacuum” with
respect to the operators #,. We shall henceforth use the
symbol |0) to denote the 1s state. It is easily verified

that
1
z"[
u

where []1 J2 ]3J is the Clebsch-Gordan coefficient
my mg M3

for coupling angular momenta 7; and j, with z com-
ponents 7, and s to a resultant 73 and ms. This fol-
lows from the fact that y», is an eigenstate of H with
E=1hw and I=m;=0. Similarly,

1 1 2
2 [ ]MMTW—uT ‘ 0) &< ¢1a.

n o m—u m

u#T I 0>= ‘plm
and that

0
O:I“utuﬂﬁ I 0) =y,

U

We now form the 9 product operators #,tu,. All of
these operators commute with H; hence their matrix
elements vanish between states in different oscillator
levels. The commutators of the product operators are

[uto st = wtu,8,—u, w6, (IIA.1)

where dms is the Kronecker delta symbol.
Equation (ITA.1) is a special case of the standard
form
(X0 Xo]=27Cprs™X . (I1A.2)

A set of operators X, subject to the commutation rules
(ITA.2) constitute the generators of a Lie group. We
call attention here to two properties of generators which,
together with their simple commutation rules, will
prove extremely useful in the following development.
First, consider a wave function belonging to a given
irreducible representation of a group. A generator of
the group operating on the wave function can change it
only into a linear combination of wave functions be-
longing to the same irreducible representation. Sec-
ondly, by repeated application of a suitable linear
combination of the generators, one can change any
member of the irreducible representation into any other
member. These properties may be illustrated in the
case of R3, the group of rotations in three-dimensional
space generated by the operators L,, L,, L,, The irre-
ducible representation in this case is labeled by the
total angular momentum number L. Operation on any
state ¥~ by one of the components of L does not
change the total angular momentum, and any state
Yu® can be transformed into any other state YL with
—L< ML L by applying the operators L,=:L, which
are linear combinations of the generators. For a formal
discussion of these properties, we refer the reader to
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Racah’s notes! on group theory and spectroscopy, in
which the theory of continuous groups is developed
from the point of view of generators. These notes pro-
vide the mathematical foundation of much of the
present work and will prove helpful in elucidating the
discussion.

We now show that the product operators #,'%, gen-
erate the group U3. Moreover, since the form of the
commutation rules (ITA.1) is invariant under any linear
transformation of the operators, any nine linear com-
binations of the #,'%, also generate the group U3. We
select as generators the following linear combinations:

H="3%ho+ho 3, w,'u,,
L;I:1= + (%*Mq: 1+ Milfuo) ,

Lo=u"u1—u_y'u_,, (ITA.3)
Q2= —06"u  tuz,

1= — 32 (ugtu1— uyitu),
Qo = ZMOT%Q— %1T141'— u_f'u—l.

The first of these nine generators is again the harmonic
oscillator Hamiltonian, which commutes with L, and
Q, since it commutes with all the #,%%,. The next three
generators are the components of orbital angular
momentum, which also generate the group R3. Our
group, thus, contains R3 as a subgroup, as it must if
the projected states Px’®.x are to belong to the same
irreducible representation as the intrinsic states ®.x.
The five operators Q,, introduced by Elliott,? are re-
lated to quadrupole distortions. In terms of the opera-
tors r and p, in units of 1/b, we have

Qu= (4m/S)*[PY 2 Q) +77p°Y 2 (@) ],

where V,? is the second-order spherical harmonic.
Within a major shell, Q, is equivalent to the operator,

2(4n/5)*rY 2 (),

defined in Sec. I. The commutation rules of the L,
and Q, are:

11 1
[LnLy]= _21/2|— , :ILfrH’y
L ' ot
2 2

[Ly0y]= —61/2[1

n 1 ntn

1
77+7)':|Lﬂ+"'.

Again I:;'?ﬂll ;7': \ ;Zz 33] denotes the Clebsch-Gordan co-

:lQ,,+,,:, (IIA.4)

2
[Q’HQ’I'] =3X 10”2[:
7

efficient. We note that the commutation rules (ITA.4)
are of the form (ITA.2). The eight operators L,, Q,,

11 G. Racah, “Group Theory and Spectroscopy,” Spring 1951
Lectures at the Institute for Advanced Study, Princeton, New
Jersey (unpublished).
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therefore, generate a subgroup of the group generated
by the nine operators #,'u,.

Of the generators (IIA.3), only H, L,, and Q. are
Hermitian. We construct Hermitian combinations of
Lil, Q:l:ly Q:!:% denoted by Gl, Gz, . 'Gs. Then

¢ieH giBLogiTQugita1. . . ginGo=S (8,7, ),

where the infinite set of unitary operators S(a,8,- - -,u)
for all values of @,B---,u form a continuous group.
Similarly, we define:

eviaHS@‘ﬂB;'Y;' : ',“)ET(ﬁﬁ’;' : '7#)7

where T'(B,v,:*+,u) is a subgroup of S(a,8,: - -,u). The
development here is analogous to the definition of the
rotation operators e¢i*Lz¢iflvgivlz which form a continu-
ous group generated by the three components of orbital
angular momentum. Carrying this analogy further, we
define matrices S(a,8,--,u) and T'(8,y, - -,u) which
represent the operators .S and 7, just as the matrix
D(e,Byy) represents the rotation operators. The S
matrices are unitary and depend on nine parameters,
a, B8, - -+, p. Since an arbitrary unitary matrix of three
dimensions likewise depends on nine arbitrary pa-
rameters, it is evident that the group generated by the
operators (ITA.3) is isomorphic to U3. We note further
that the matrices of the eight operators L,, Q, all have
zero trace. Hence, the T matrices must have deter-
minant unity since:

detT=detefLo deteiv@ dete?®d1- - - deteints
= eiﬂ TrLoei'y TrQneiG TrGi1. . .eiu TrG¢ — 1.

The subgroup of U3 generated by the L,, Q, is, there-
fore, SU3, the group of three-dimensional matrices with
determinant unity. In physical problems, we are not
concerned with the transformations e?*# which merely
induce an over-all change of phase. Consequently, we
restrict our attention hereafter to the subgroup SU3
and the corresponding matrices 7'(B,,- - *,u).

The generalization of the preceding considerations to
many-particle systems is simple. We define the operators

N
2wttt
=

for a system of N particles, where the generators
u,*'u,? refer to the ith particle. Then,
[“ni>”vﬁ]= Ous0ije
us)M

&

apN

F1c. 1. Reduction of the
matrix using harmonic os-
cillator quantum numbers.

(dM2s)NM
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us)N

.

(PN
f
ke
Fic. 2. Reduction of the X M N-M
matrix using permutation o L1417 (28)

symmetry quantum num- f
bers [f].

f

J .

The N-particle generators corresponding to Egs.
(ITA.3) are similarly defined as a sum of one-particle
operators, in which case the commutation rules (IIA.4)
hold as well for the N-particle system. Finally, the N-
particle operators T(B,y,- « +,u) are constructed from the
N-particle generators.

In a harmonic oscillator representation, the matrices
of T assume the form given in Fig. 1, that is,
the nonvanishing elements of 7 reduce to square
matrices referring to each major shell of energy
(n+%)hw. We now consider the N-particle submatrices
of T(Byy,: - -,u) forall values of 8, v, - - -, u referring to a
given oscillator level. Since the operator T'(8,y, - -,u) is
symmetric, all matrix elements of T between states of
different permutation symmetry vanish. The sub-
matrices of T are, therefore, diagonal in the quantum -
number [f7], which describes the permutation sym-
metry of the N-particle wave functions, and each sub-
matrix can be factored accordingly as shown in Fig. 2.
The submatrices labeled by # and [ f] correspond to the
irreducible representations of SU3 only in the case of
the 1p shell. For #>1, these submatrices can be fac-
tored into still smaller boxes of nonvanishing elements
along the diagonal by applying suitable unitary trans-
formations. When no further factorization is possible,
the representation spanning each box is by definition
irreducible and can be characterized by two numbers
(\u) determined by group-theoretical methods.? It is
clear that the matrices of the generators can be fac-
tored in the same manner as the 7" matrices. Conse-
quently, a generator acting on a state belonging to one
irreducible representation cannot transform it into a
state of another irreducible representation.

B. The Intrinsic (K,¢,A) Representation
of Elliott

Our N-particle system is now classified according to
the oscillator level #, the permutation symmetry [f],
and the irreducible representation (Au) of SU3 to
which it belongs. The problem remains to distinguish
among states in the same oscillator level with the same
permutation symmetry belonging to the same irre-
ducible representation of SU3. We note first that the
operators Qg and L, commute with each other and do
not join states of different #, [ ], or (A\,u). Hence, these
operators can be simultaneously diagonalized and their
eigenvalues ¢, K, used to characterize the states, With
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TasBLE I. Commutators [4,B] of the operators H,, Fg.

Hl H2 Fl F..l FS F_.S F4 F_A
H 0 0 —F, Fy Fs —F_s 2F4 —2F_,
H, 0 0 3F, —3F_, 3F; —3F, 0 0
Py Fy —3F, 0 3(—Hy+Hy) 0 Fs —Fs 0
F, —F_, 36, M(Hi—H)) 0 —F, 0 0 F_s
Fs —Fs —3Fs 0 F, 0 L(H +Hs) 0 —F
F_s F_s 3F_s —F_, 0 3(—Hi—H>) 0 F_, 0
Fy —2F, 0 Fs 0 0 —F_ 0 H
F 2F_, 0 0 —F_s F 0 -, 0

this choice of representation, it becomes convenient to
consider new linear combinations of Lyi, Qi1, Q42
which act as step operators with respect to Lo and Q.
That is, we seek operators which transform simul-
taneous eigenstates of Lo and Qo into different eigen-
states of Lo and Q. Following the notation of Racah!
we define:

Hy=Lo=utuy—u_stu_,
Hy=Qo=2uo'uo—utus—u_1"u_y,
F1=[1/(12)"*](Q-1—V3L-1)= —uo'us,
F_y=Frt=—[1/(12)"*](Q1—V3L1)= —u:tus,
Fe=[1/(A2)"*](Q1+V3L1) = —uo'u_,
F_y=Fgt=—[1/(12)"*](Q-1+V3L_1) = —u_1"uo,
Fy=(1/6")Q2= —ustu_,
Foi=Fit= (1/6)Q_s= —u_ytus.

The commutation rules of the operators (IIB.1) are
summarized in Table I.

(IIB.1)

We note that:

[H1,H;]=0, [HoFgl=CasFp, [Fp,F_p]=Ci1H1+C:H,,
[FﬁiFﬂ':l::tFﬁ+ﬂ' if 08+B,=:|:17 :|:4" :1:5,
[Fg,Fs]=0 if B4p's£1, £4, 45.

From the commutation rules in Table I, we see that

Fg acts as a step operator with respect to eigenstates

of H; and Hs; that is, F.; and F.5 change K by one

unit and change e by three units, whereas F. 4 change K

by two units without changing e.
As observed by Elliott,® the three operators,

—3(FstF_y), 3i(Fs—F_y), 3L, (IIB.2)

have commutation rules identical with those of the
three components of angular momentum, L,, L,, L,.
Denoting the operators (IIB.2) as A,, Ay, A,, we define
a new operator:

A2=Az2+A£2+A1/2
=1Li+3(FsF_stF_iF)=3Lé+3Lot+F_4F,
=3Ll?—3Lo+F.F_y. (IIB.3)

The last two equalities in Eq. (IIB.3) follow from the
commutation rule [F4,F_,]=L,. We note that A? com-

mutes with Lo and Qo, and has no matrix elements
joining states of different [ f] or (\,u). The eigenvalues
of A? can then be used together with the eigenvalues of
Lo and Q, to classify the states spanning an irreducible
representation of SU3. In fact, Elliott has shown that
the states belonging to a given irreducible representa-
tion (\,u) are uniquely characterized by the three
quantum numbers ¢, K, A.

Following the notation in Sec. I, we designate the
single-particle simultaneous eigenstates of Lo, Qo, A% as
¢(A\u,KeA) and the corresponding many-particle eigen-
states as ®([f J(Au)KeA). Hence,

LI w)Ker)=K([f1)KeA),
Q@([/JMwKeA)=ed([v J(\u)KeA),
(L&/A+3F F_s+3F_F)([f1(\)KeA)
=AA+DB[fJ(Aw)KeA),

where F.4, Lo, Qo are the many-particle operators ob-
taining by summing the single-particle operators. We
have suppressed the quantum number » designating
the oscillator level to which the states belong. The
quantum numbers in the argument of & fail to uniquely
distinguish the states only if an irreducible representa-
tion of given (A,u) occurs more than once for given #
and [f]. Although such irreducible representations are
encountered in dealing with many-particle configura-
tions, they correspond to states of high energy and may
generally be disregarded in calculations involving low
excited states.

The allowed values of ¢, K, and A for the various
irreducible representations of SU3 have been deter-
mined by Elliott. For a given (\,u), e may assume the
values

(ITB.4)

e=2M+pu, 2\+p—3, -+, —A—2u, (1IB.5)
while for each value of ¢, A takes on the values

A=%|20—2u—¢|, ¥|2A—2u—e€|+1, -,
min[3 (2 +4u—¢), §(4N+2u+¢€)] (I1B.6)
and for given A,
K=2A 202, ---, —2A. (IIB.7)

Equation (IIB.7) follows from the definition of A, as
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the operator Lo/2. For the maximum and minimum
values of ¢, the value of A is unique:

€= €max =™ 2)\+“;
—A— 2”7

A=u/2 for
A=N\/2 for

€= €min=

and, hence, for e=2\-+pu, we have Kp.x=pu. The state
with (6K)= (€max,Kmax)= (2A+u, p) is called the state
of highest weight in the irreducible representation (A,u).

Since the Fg operators cannot change (A,u), and since
states with €> emax and K> Kpax do not exist, we have
the following relations involving the step-up operators
F 1, F 5y Fy:

if >0,
if f=1,5.

Fﬂé(emaXmeax) =0

I1B.8
Fﬁ@(émax,K) =0 ( )

Equations (IIB.8) are analogous to the relation
(L2+iLy)‘I’M1=LL= 0,

for the angular momentum operators in the (L,M)
representation.

We return now to the Casimir operator C, introduced
in Sec. I:

L2 Q 2
=24l ~—+—+1 5 Fobi
T AARET g
Le4-2Ly Qp*46Q0
= } 3 > F_gFs (IIB.9)
12 36 =
where

[C,Lo]=[C,Qo]=[C,Fs]=0. (I1B.10)
The last equality in (IIB.9) and the commutation rules
(I1B.10) follow from the commutation properties of
the H, and Fg. In general, a Casimir operator, C, which
commutes with all the generators of any group can be
formed from a bilinear combination of the generators.
It follows that the matrix of C within an irreducible
representation of the group is a constant. For example,
the Casimir operator for the group R3 of rotations is
the square of the total-angular momentum, L?, which
has the same eigenvalue for all states Y belonging
to a given irreducible representation of R3. Similarly,
all states ®([f](Au)KeA) belonging to a given irre-
ducible representation (A\,u) of SU3 must be eigen-
states of C with the same eigenvalues. This eigenvalue
is readily determined from Egs. (IIB.5), (IIB.6) and
(I1B.7), (IIB.8), and (IIB.9). Since

(6 (I:f ] ()\#)Kmax; €max,A)
Kmax2+ ZKmax 6maxz'*' 65mnx
[ ey
12 36
Xé([f:l ()\#)Kmax, EmaX’A)y
and
Kma.le"; emax=2)\+ﬂ,
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TasLE II. The allowed values of L and K for the irreducible
representation (\,u)= (10,6
L
0123

4 5 6 7 8 9 1011 12 13 14 15 16
6 X X X X X X X X X X X
4 X X X X X X X X X X X
2 X X X X X X X X X X X
0 x x x x x x
10213 2 43 434332211

we conclude that the eigenvalue of C associated with an
irreducible representation (A,u) of SU3 is

w2 (AH-u)'+6(2+p)

12 36
___O\+#)(>\+u+3)—>\#. (I1B.11)
9
It follows from (IIB.11) that
Q- Qe([fIJAMWKeA)=36(C—5LH)P([fJ(\u)KeA)

=[4(\+p) A p+3)—p—3L7]
X®([f1(Au)Keh).

The operator Q-Q is, therefore, an example of a Hamil-
tonian which yields a pure rotator spectrum.

C. The Projected (L,M) Representation

Consider the degenerate states of a harmonic oscil-
lator belonging to a given partition [ f] and to a given
irreducible representation (A\,u). We have seen in Sec.
ITB that these states are uniquely characterized by the
three quantum numbers (K,e,A). Alternatively, the
operators I? and L, may be diagonalized within each
irreducible representation and the states characterized
by the quantum numbers (Z,M). In this case, however,
the classification is not complete, as the same values of
L, M may occur more than once in the same irreducible
representation.

Elliott has shown that the allowed values of L for
given (\,u) are just those of a series of rotational bands
based on states with L,= K, where K assumes all values
consistent with €= émax, that is,

A2 p,
K=p,u—2,---,00r1,
L=K,K+1,K+2,---, (K+)) if K0, (IIC.1)
L=\A—2,A—4,---,0 if K=0.
If u>A,
K=XX=2,---,00r1,
L=K,K+1,K+2,---, (K+4p) if K0, (IIC.2)
L=p, pu—2,u—4, ---,00r1 if K=0.

An example of the rule (IIC.1) is given in Table II,
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which shows the allowed values of L and K for the irre-
ducible representation (A,u)= (10,6). The last row of
the table indicates the number of states of each L
value in the representation. It is noteworthy that each
value of L up to L=6 occurs the same number of times
in the irreducible representation (10,6) as in an asym-
metric rotator’? made up of even numbers of neutrons
and protons. This suggests that the various states in an
irreducible representation can be associated with the
states of motion of an asymmetric rotator, in which case
different (\,u) symmetries may correspond to different
states of intrinsic excitation. Support for such an in-
terpretation is provided by the discussion in Sec. ITIC.

It remains to determine the transformation from the
(K,e,A) to the (L,M) scheme. For this purpose we
introduce the operator P which projects out of an
arbitrary function that part which transforms as the
spherical harmonic of order L. In general, P* can be
expressed in terms of the rotation operators as dis-
cussed in Sec. I. If the function under consideration
contains angular momenta only up to some maximum
value, Lm.x, the operator P becomes simply a poly-
nomial in Z? which vanishes for all L#L’ and equals
unity for L=L’. In any event, the P operator com-
mutes with all components of the angular momentum
operator and with any scalar. It is always possible to
combine P’ with the step operators L,4=iL, which
change the eigenvalue of L,. In the following we denote
as Pu” the combination of operators that first projects
out the part of a function with angular momentum L
and next changes the eigenvalue of L, to M.

Since no angular momenta greater than L=\+u
occur in the (A,u) irreducible representation, the opera-
tor Pyt acting on the states ®([f](Au)KeA) can be
expressed as a polynomial in L2 multiplied by an appro-
priate linear combination of L, and L,. Recalling that
L., L, L, are among the generators of SU3, we con-
clude that Py% does not change the irreducible repre-
sentation (A\u). The projected states can then be
written as a linear combination of the ®:

Varl ([ f 1)K eA)=P " f](A)KeA)
=T a(KeMBCFIMMEN), (LIC3)

where the functions ¥? are unnormalized eigenfunc-
tions of L? and L, with eigenvalues L and M. The
quantum numbers (K,e,A) in the argument of WL
refer to the intrinsic state from which the projected
state is derived.

It is obvious that equations of the form (IIC.3) for
all allowed values of L, M, K, ¢, A, will yield many more
functions ¥ than ®. These functions cannot all be
linearly independent since the ¥ are s'mply linear com-
binations of the ®. The problem is to find a complete,

12 A. S. Davydov and G. F. Filippov, Zh. Eksperim. i Teor. Fiz.
35. 440 (1958) [tranlsation: Soviet Phys.—JETP 8, 303 (1959)].
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linearly independent set of functions ¥~ which span
the same space as the ® and constitute the basis vectors
of the L, M representation. Elliott has shown that this
is accomplished by choosing

\I’ML(U] ()\P‘)Kemax) if A 2 M,
Yl ([f IO Kemin) if  u>N.

The quantum number A has been suppressed in Egs.
(IIC.4) and the following as it is uniquely determined
for the extreme values of e. The allowed values of L
and K are given by the rules (IIC.1) and (IIC.2).

The physical interpretation of the functions (IIC.4)
is clear. The quantum numbers [ f], (\,u) describe the
intrinsic state of an axially symmetric rotator composed
of independent particles in a deformed well. Both e and
K also refer to the intrinsic system; the former relates
to the quadrupole distortion of the well, whereas the
latter is the projection of the angular momenta on the
symmetry axis. For any given state of internal motion,
states with different values of K [min(\,u), min(A\,u)—2,
-++0 or 1] can be mixed to form an asymmetric rotator.
Finally, the quantum numbers L and M give the total
angular momentum and its z component in the labora-
tory coordinate system. It should be noted that states
with different quantum number K are not necessarily
orthogonal in the LM representation. This causes no
special problems in principle or in practice provided
that the nonorthogonality of the representation is duly
considered in carrying out calculations.

(IIC4)

III. MATRIX ELEMENTS FOR THE 2s, 1d
OSCILLATOR LEVEL

In this section we restrict our attention to the 2s, 1d
oscillator level with =2, E=%iw. We assume further
that A > g, in which case the representation of interest
is spanned by the states:

‘I/ML([f:I ()‘#)KemaX) = PML¢’([f:| O‘”’)KemaX)-

In Sec. IIIA, the single-particle states ox for the sd
oscillator level are considered and a set of operators
convenient for dealing with these states is introduced.
Section ITIB concerns the matrix elements of the Hamil-
tonian in the intrinsic (K,e,A) representation. Finally,
in ITIC we apply the projection operator and arrive at
a general expression for the matrix elements of the
Hamiltonian in the projected (L,M) scheme. The dis-
cussion in Sec. IIT is limited to the 2s, 1d oscillator
level in order to facilitate presentation and is readily
extended to other oscillator levels and to states with
A<,

A. Single-Particle States

The single-particle states for the 2s,1d oscillator
level are derived from the shell-model states ¥2q, ¥1a,m
by simultaneously diagonalizing the matrices of Lo and
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Qo. Designating the simultaneous eigenstates of Ly and
Qo as ¢(Au,KeA), we find that:

(A, KeA)
¢(20, 0 40)=¢o =(1/V3)(—y2stV14,0),
e(20, 1 1H=¢1 =vua,,
¢(20, =1 1) =¢_ 1=y, (ITIA.1)
¢(20, 2-21)=¢2 =v14,2 ’

(20, 0—21)= oy = (1/V3) (V2¥2,+v14.0),
¢(20, —2 —2 1)= (p__2=1//1¢l,_2.

The allowed eigenvalues K, ¢, A, for (\,u)=(2,0) follow
from Egs. (IIB.5)-(IIB.7).

It is convenient to regard the states ¢x as levels in
a K—e plane, as shown in Fig. 3. The arrows in the
diagram indicate the directions in which the step
operators Fy Fi, Fy change the eigenvalues K and e.
The Hermitian conjugate operators change the eigen-
values in the opposite directions; that is, F_, decreases
K by 2 units and leaves e unchanged, F_; increases K
by 1 unit and decreases e by 3 units, F_; decreases K
by 1 unit and decreases ¢ by 3 units. Many-particle
states ® are constructed by filling the single-particle
levels in accordance with the Pauli principle. For A2 u,
the many-particle state of lowest energy is generally
the state of highest weight; that is, the state with
€= €max, K = Kmax. This coupling scheme may be com-
pared with the Nilsson* scheme in the limit of large de-
formation. Since the ¢k states are eigenfunctions of Qo,
they are equivalent to the asymptotic states in the
Nilsson scheme if mixing of major shells is neglected.
The two schemes differ inasmuch as Elliott considers
an intrinsic Hartree field given by Q, alone, whereas
Nilsson includes also a spin-orbit force and an L? force.

We next introduce a set of operators X,f, X,, with
u, »=0, 41 42 0’, which create and annihilate the
¢k states. The commutation rules of the X,%, X, are:

XX 1= 0, [ XX 1=0, [X.5,%,7]=0. (IIIA.2)
From the X,%, X,, 36 product operators X,'X, may be
formed which generate the group U6 just as the nine
u,u, generate U3. The eight operators H,, Fg, can be
expressed as linear combinations of the X,X, which
generate SU3. In order to find the appropriate linear
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combinations, the matrices of the H,, Fg are evaluated
in the ¢x representation using shell-model methods.
For example, the matrix of the single-particle operator
F 1 iS

b0 b1 b1 P2 Po P2
¢ [0 —V2 O 0 00
¢1 |0 0 0 —V2 00
$_1| 0 0 0 0O —-10 (ITIA.3)
¢: | O 0 0 0 00
¢o | O 0 0 0 00
¢_2| 0 0 0 0 00
and, hence,
Fi=—[V2Xo" Xi+X_1"Xo+V2X:TX,].  (11TA.4a)

Similarly, we arrive at expressions for the remaining
operators:

F_i= —[V2X,"Xo+Xo "X 1 +V2X, X1 ], (IIIA.4b)
Fy =—[X"X0+V2Xo X o +V2Xe X0 ], (I1IA.4c)
F_y= —[ X"+ V2ZX o X0+ V2Xo X5 ], (IIIA.4d)
Fs =—[VIX{ X1+ X Xo+VEX 11X 5], (ITTA.de)
F_y= —[V2X_1 "X+ Xo X+ V2X o TX 1], (IIIA.4f)

H, =Ly= XX — X_1TX_1+ 2Xo Xy — 2X_2TX__2, (IIIA4g)

Hy =Qo=4Xo X0+ X1t X1+ X TX_1— 2X5TX,

—2Xo "X —2X_oTX_,. (IITA.4h)

In the next section we shall see that calculations in-
volving the operators (IITA.4) can be simplified by
invoking the time-reversal transformation, under which

L——L,

(IIIA.5)
YML - (— 1)MY_ML.

The five operators Q, behave like Y,* and the Fg

operators can be expressed in terms of L and Q. Hence,

the transformation properties under time reversal of all

the operators (IIIA.4) follow from (IIIA.5). The trans-

formations of interest are:

Qu— (—1)“Q—u: Fii— —Fi5, Xo <> Xy,

L,— (=1L, Fys— —Fy1, X1 & —Xy,

L,——L Fos—Fxs, Xo Xy, (IIIA.6)
Xor > Xor,

L_——L,, AL —As, Cc —C.

We also need the transformation properties under time
reversal of the Elliott wave functions ®([f J(Au)KeA).
In the absence of spin, the time-reversal transformation
is simply complex conjugation. Therefore

P Ker) — &*([f1(An)Ked).

The eigenvalue equations for Lo, Qo, and A? transform
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under time reversal as follows:
(Le®d=K®) — (L@*= —Kd*),
(QuP=e®) — (Qud*= ™),
(A=A (A+1)8] — [A2*=A(A+1)D*].

Since the generators of SU3 transform into each other
under time reversal, the transformed functions must
span an irreducible representation of SU3. Moreover,
the transformed functions must span the same irre-
ducible representation as the & since they have the
same values of emax and Kmax. Hence, under the time
reversal,

S(Lf 1)K ed) — e ([f J(Mu) — K ed),

where « is a real phase.

B. Matrix Elements in the Intrinsic (K,e,A) Scheme

We write the Hamiltonian for a system of IV particles
in the 2s, 14 oscillator level as a general sum of one-body
and two-body operators:

N
=33 a,X,i0x,®

=1 u,v

N
43 T B X, FOX, DX, DX, D)

i,7=1 uvxo

(TIIB.1)

where the X,T®, X,® create and annihilate the states
ox(r;) of the ith particle. The restriction to one-body
and two-body forces is made for convenience only and
is not essential to the following development. Since 3C
is a scalar symmetric in particles, the partition [f] is
a good quantum number. Then the function &
X ([f1Ap)K,emax) can be expanded in the complete
orthonormal set of ®’s:

3e®(Lf JOu)K, €max)
= Y CaaM*ES([fINu)KEN).

Myl A

(I11B.2)

Since a suitable combination of generators can change
any member of an irreducible representation into any
other member, we have

Coa™ER([f J(N1)KeA)

=EonM* 5 (Ho,Fo)®([fJNW)K emax),  (I1IB.3)
where Eop ¥ E(HqFp) is a sum of products of the
eight generators of SU3 which changes € from emax to

€ and changes A from u/2 to A’ without changing K.
Substituting (IIIB.3) into (IIIB.2), we obtain

ch)([f :l O‘I‘)K 7€maX)
= ZA:’ Ee’A')‘"Kq)([f] O\ﬂ)K,ema"X)

+2

A (W u)E(p)

EEIAI}‘,”’K@([](:] ()\’,U’)K, emax)-
(I11B.4)
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The term in (IIIB.4) with (\,u")# (\,u) is small com-
pared with the first sum if the classification of states
according to irreducible representations of SU3 is a
good zero-order scheme. We, therefore, deal first with the
operators Eq MK (H o, Fp).

Referring to the diagram (IITA.3) of the ¢x states,
we note that a Hamiltonian composed of one-body and
two-body operators can change the eigenvalue ¢ by
three, six, nine, or twelve units. For example, a twelve-
unit transition would be obtained by operating with
Xo T OX DX TP XD, We also note that AK is odd if
Ae is odd, whereas AK is even if Ae is even. Since JC
is a scalar, it cannot change K. Hence, the first sum on
the right in (ITIB.4) includes only terms with €= emax,
emax—0, and emax—12. FOr €= emax, the sum over A’
reduces to a single term with A’=pu/2 and

E e AN E=C e s ME. (IIIB.5)

For fixed K and e=enax—0, there are three allowed
values of A’. The corresponding three operators
Ecporoa™ME(H o, Fg) are sums of products of H,, Fg,
which change e by six units without changing K. Since

F@[( 1)K yemax)=FsP([f JA)K, emax) =0, (IIIB.6)

the operators F; and Fs may be eliminated from the
argument of the E’s by commuting them to the right
where they annihilate the wave function. This can be
accomplished regardless of the form of the E’s by re-
peatedly writing:

FgFg=[Fg,Fgl+FgFg,

(II1B.7)
FgHo=[Fg,Ho]+HaFp,

where =1, 5, and using the rules in Table I to evaluate
the commutators. In the same manner, H, and H; can
be commuted to the right where they are replaced with
their eigenvalues, K, and €nax=2\+p. The only com-
binations of the remaining four operators capable of
changing e by six units without changing K are

F_iF_s,

and, hence,

2 Eens ™ @(f T K emax)

F_\F_\F_, F_F Fs (IIIB.8)

=[aMEF_F_s+aEF_{F_4F _sta?EF_F_gF4)
X(I)([f] O\M)Kﬁmax))

where the ¢*K are constants for fixed (A\,x) and K.
For fixed K and e=emax—12, A’ can assume five
values. Again the five operators Epe—12,4**K are de-
termined by eliminating Hi, Hs, F1, Fs, and requiring
that the remaining generators change e by twelve units
without changing K. The only five products meeting
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the requirements are

fi=F_1FiF_F_s,  fo=F_F_F_\F_F_,
f3= F—sF—sF—sF-1F4, f4= F—IF»«IF—JF——IF—‘iF—h
f5=F_5F_5F_5F_5F4F4, (IIIB9)

and, hence, there exists a set of five constants b,*X such
that

[f\\; E cnaxe12,AMEJR(Cf M) K €max)

=[5 WA R 10K )

=[bMEF_F_\F_sF_5+b*EF_1F_F_\F_sF_,
+bEF_sF_yF_sF_\F b MEF 3 F 3 F 3 F F_,F_,
bMEF_F_F_oF_oF F ([ f M) K mas).

In the rest of this paper, we suppress the parti-
tion quantum number [f], and denote the state
([ f 1)K, emax) simply as ®.x™ or as |AueK), with
the understanding that e= emax= (2A+u), A=p/2. Using
this notation and substituting (IIIB.S), (IIIB.8), and
(I1IB.9) into (IIIB.4), we have
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3| MueK)
={CMELgME(F_\F_5)+a X (F_1F_1F_y)
+a K (F_sF_sF 3)+bME(F_1F_1F_F_5)+- - -
+bME(F_sF_sF_sF_sFsF4)} | \ueK)
+X X EaaM(Hu,Fg)|NweéK). (IIIB.10)

/A7 (N p)#E(\p)

The next step is to obtain expressions for the con-
stants C MK, g X p K, This is easily accomplished
owing to the orthonormality of the set of functions
& g™, Multiplying (III1B.10) on the left with (AueK|
and integrating, we obtain

(AueK | 3| MueK)=C ME, (IIIB.11)
All matrix elements on the right with coefficients a;, b;,
vanish because they involve operators that change e,
while all matrix elements in the sum over (\Nu’)5 (Au)
vanish because the operators H,, Fs, cannot change
(w).

We now write (IIIB.10) three times and multiply
each equation from the left with the Hermitian conju-
gate of one of the operators (IITB.8). Multiplying again
on the left with (ApeK | and integrating, we obtain a set
of linear equations for the a;:

()\MEK' F5F1£KZ I )\HGK) = <)\M€K‘ [01)“‘KF5F1F_1F_5+ az’\”‘KF5F1F..1F_1F_4+d37\“KF5F1F_5F_5F4:| I )\,U.GK),

(\ueK | F4F1F13C | AueK )

= <)\/.L€K I [al)‘"KF4F1F1F_1F_5+dz)\“KF4F1F1F_1F_.1F._4+dax“KF4F1F1F_.5F_.5F4] l )\M.éK),

<)\/.t6Kl F_4F5F5C‘Cl X[I,GK>

(I1IB.12)

= (MueK | [a:MEF_yFsFsF_1F_s~+aEF_yFsFsF_\F_\F_s+asMKF_yFsFsF_sF_sF 5 ]| \ueK).

The matrix elements on the right of (IIIB.12) are
diagonal in all quantum numbers and involve only
products of the F, whereas the matrix elements on the
left also involve 3C. We hereafter refer to matrix ele-
ments such as those on the right as “homogeneous”
and we call those on the left “inhomogeneous.” All
other matrix elements vanish because they are off-
diagonal either in € or in (Au).

In order to evaluate the homogeneous matrix elements
on the right of (ITIB.12), we apply the commutation
rules in Table I and the relations (IIIB.6) and (IIIB.7).
First, the operators F; and Fy are commuted to the
right, while F_; and F_; are commuted to the left
where they annihilate the wave function. Next, H; and
H, are commuted to the right or left and replaced with
their eigenvalues. There remain the product operators

F4F£4, which satisfy the eigenvalue equations:
L¢é Ly

F4F_4 l >\,ueK>= <A2—?+—2-> I )\}LéK)

(i (u+2)— K (K—2)7

= I )\I‘GK>;

L 4
(IT1B.13)

F_yFs|MueK)={FsF_s+[F_4,F i} | MpeK)

Mu(u+2)—K(K+2)7
= 4 ]N‘EK%

1
a1""‘=;{4l:(u- e+2) (st +2(e+K) (e—K)

F2L (K+u)(K—p—2) (e+K) ks

+2[(K—p)(K+p+2)(e—K) I}, (111B.14)
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TasLE III. Expressions for the matrix elements Cj;»(A\ueK). The notation Cjj»(AueK)=C;j(Aue, —K) is used.

‘Cu=Cu=1@+K) (u—K+2) (p+K~2) (u—K+4)+;(e— K —4) (e~ K—6) (e+K) (e+ K—2)+ (u+K) (u— K+2) (e+ K —2) (e— K —4)
Ciz=Cus=§(p—K) (u+EK+2) (u+K) (u—K+2) (e— K—2)+3 (u+K) (s — K+2) (e— K) (e— K —2) (e-+ K —6)
Cis=Cra=3(u+K) (u— K+2) (u— K) (0 +E+2) (e+ K—2)+3 (u— K) (u+ K +2) (e+K) (e+ K —2) (e— K ~6)
Cis=Cis=§ (u+K) (u— K+2) (u+K—2) (u— K+4) (e— K) (e—K—2)

Cis=Ca=3 (p— K) (u+K+2) (u— K —2) (u+K+4) (e+ K) (e-+K—2)

Ca=Cu=3[(u—K) (u+K+2)(e—K—2)+ (e—K)(e— K—2) (e+K—6)]

Co=Csi=3(e—K)(e—K—2)(e— K—4)(e+K—2)+(9/8) (u+K—2) (u—K+4) (e— K) (e— K—2)
Cas=Cr=3(u—K) (u+EK+2)[(u—K—2) (u+K+4)+3(e+K—4)(e—K—2)]
Ca=Css=3(u+K—2) (u— K+4) (e—K) (e— K—2) (e— K+2)

Cos=Caa=3(u—K) (u+K+2) (u— K—2) (u+K+4) (e+K—2)

Ca=Cu=3[(u+K) (u—K+2) (e+ K —2)+(e4K) (e+ K —2) (e—K—6)]

Caz=Cos=3§ (u+K) (u— K+2)[(u+K—2) (u— K+4)+3(e— K—4) (e+ K —2)]
Cas=Cre=3(e+K)(e+K—2)(e+K—4) (e—K~2)+(9/8) (u— K —2) (u+K+4) (e+K) (e+ K —2)

Cu= 625=%(#+K) (II—K+2) (M+K—2) (M"‘K+4) (E—K—Z)

Css=Coau=3(—K—2)(u+K+4)(e+K) (€+K"_2) (e+K+2)

Cu=Cu=6(e—K)(e—K—2)

Cip=Crs=3(e—K)(e—K—2)(e—K+2)

Cu= 652=3(M"K) (#+K+2) (G—K—2)

Cu=Cs=2(e—K)(e—K—2)(e—K+2)(e—K+4)

Cus=Css=3 (t—K) (u+K+2) (u—K—2) (u+K+4)

Ca=Cu=6(e+K)(e+K—2)

Csz=Cis=3(u+K) (u—K+2)(e+K—2)

Cys= 642=3 (€+K) (5+K—2) (€+K+2)

Cos=Cus=3(+K)(u—K+2) (u+K—2) (u— K+4)

Css=Cuu=2(e+K)(e+K—2)(e+K+2)(e+K+4)

1 tions:
MK =—{—48 (4 K)A-12(e++K) (e4- K —2)hs cquations 5
6
T (K= K+, bweK)= T B MCiy (ie), - (ITIB.15)
iz
1
agME=—{—48(e— K)h—12(K+p)(K—p—2)h, where the Cjj(AueK) are the homogeneous matrix
i +12(e—K) (e— K —2)hs} clements
— —K—2hs}, ,
where (AueK | fi fi' | \ueK)
Cjjir(AneK) = X
e=2\tp, (AueK | gi| MueK)
= (e—p) (e+ut+2)(et+u)(e—u—2) g=1, go=Fuoy g=F s, gs=Fusss gs=F_s_sss,
=16 A+w) A +ut+1) (A1), and we adopt the notation for the inhomogeneous
hi= Q\peK | FsF13C| AueK), terms:
FaFﬂF'r:Faﬂ'r-
<>\l£€K| F4F1F13€ I )\MéK)
0= ) (AueK | Fy51115C| MueK)
(\ueK | FF_s| ueK) ti=(\eK | Frussde| AueK), o= ’
(\ueK | F_sFsF5| AueK) (MueK | Fys| ueK)
. <)\MEK‘ F_4F4IXM€K> ’ fe <)\NGK|F_4155BJCI)\M€K> <)\l£€K l F441111$C l }\[LEK)

, b= )
The constants ;K are dealt with in the same manner (MK | Fsa| MueK) (e | Faa—sa| MueK)
as the ¢k, Multiplying (IIIB.10) on the left with KI|F 5| ek
(\wueK | fit, 7=1, - - -5, where the f; are the five opera- ._<M | FassssC e >.

ts= (IT1B.16)
tors (ITIB.9), we obtain upon integration a set of five MueK | F_s_441] NueK)
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(MueK | Fos|MueK)=1[p(u+2)— K (K—2)],
(ApeK | F_ga| MpeK)=1[u(u+2)— K (K+2)],
(AueK | Fasss|AueK)

=76 (u+K)(u—K+2) (u+K—2)(u—K+4)],
MueK | F_ssua| MueK)

= (p—K)(ut+K+2)(u—K—2) (u+K+4)].

Consider now #;(A\ueK). Applying the time-reversal
operator, we have

(e, — K| F_si555| Ae, —K)
(Nue, —K|F_ss|\ue, —K)

Setting the variable K equal to —K on both sides of
(ITIIB.17) and comparing with the definition (IIIB.16)
of ¢3, we conclude that

b*(\ue, —K)=t2(\ue, —K)=13AueK).

t*(\ueK)= (I11B.17)

(ITIB.18)

Similarly,
Iy ()\“5) —K)=ts O‘/‘GK)7

(e, —K) =t (NueK),

where we have used the fact that the #;’s are real.
The matrix C;; (A\ueK) is given in Table IIT, in which
we use the notation:

Ciy (\ueK)=Cjj (\ue, —K).

The equalities between the various Cj;’s listed in the
table follow from time-reversal considerations similar
to those discussed above. '

Finally, we consider the terms in (IIIB.10) with
(Nu")5#~ (A\i). We note first that u—u’ must be an even
integer since K and y are either both even or both odd
and JC cannot change K. This restriction limits the
possible values of € t0 €max’; €max —0, €max —12, and
€max — 18, Where emax’=2\+u'. In practice, the terms
with € = emax’ — 18 are negligible for Hamiltonians of
the type generally used in intermediate shell-model
calculations. We, therefore, drop these terms and re-
write (IIIB.10):

3
3 AueK)={ > MCNHELF Mg WK fi(Fp)
=1

N’

(ITIB.19)

b
+E MW E S (FR)} N ),
=1

where the operators f;(Fg), fj(Fg) are given in (ITIB.8)
and (IIIB.9). Multiplying (IIIB.16) on the left suc-
cessively with (\"u/’¢’K |, with (\""u” 'K | fi+(Fg), and
with (\"u"’ ¢’ K| fi+(Fg), we obtain the sets of equations:

<)\”ﬂ"6”K‘3€l)\I~L€K>= )\yce)\”}t”K,
\'u"e'K | fit (Fg)3C| MueK)

3
— Z k“al)\”“”K<)\”[l,”€”K I fi+f1" | )\I/MIIGHK>,
=l

i=1,2,3, (IIIB.20)
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W'u"€" K| fit (Fp)3c| MueK)

13
=3 M N K| S VKD,
=1
j=1,---,5.

Again, all off-diagonal elements on the right vanish
because of the orthogonality of the ®.x**. We see that
the expressions for the MCMN'#'K| the MqgN'#'K  and
the Mp'#"'K gre the same as those for the C M., the
aME and the MK with the eigenvalues (\"/,u’") sub-
stituted for (A\,u) throughout the equations except on
the right side of the inhomogeneous matrix elements.
If terms with €= ema’—18 were included, we would
obtain an additional set of seven equations of the
form (IIIB.20) involving seven operators f; which
could be determined in the same manner as the f; and
fi. The general problem of calculating matrix elements
in the intrinsic (K,¢) scheme thus reduces to the evalua-
tion of inhomogeneous matrix elements of the type on
the left of (IIIB.20).

C. Matrix Elements in the Projected (L,M)
Representation

In this section, we first find a set of “equivalence
relations” such that

So(F_1,F_§,Fia)®x™=g,(Lyi,AL)Px™, (IIIC.1)

where the eight operators f, are given in (IIIB.8) and
(I1IB.9), and

L+= Lx+1Ly= —\/2 (F5+F_1>,

2
L_=L,—iL,=—VI(F_s+F)), (IIC.2)
A+=F4y

3
A=F (I11C.3)

As shown by Elliott, A, play the role of step operators
with respect to eigenstates of A? and Ao=L/2, just as
L, serve as step operators with respect to eigenstates
of L?* and L,. The nonvanishing matrix elements of
Ay are
ek Ay | e, K—2)
= (\ue, K—2|A_| \ueK)
=[(A+3K)(A—3K+1) ]2 (IIIC.4)
We note that A step K up or down by two units and
leave all other quantum numbers unchanged. These
operators are associated with the part of the Hamil-
tonian that connects different K bands and destroys
axial symmetry.
In order to illustrate the techniques involved, we
derive the equivalence relation for F_;F_;. Since

L,L_=2(Fs+F_,)(F_s+F,)
=2(FsF_s+F_F_s+FsF1+F_F)),
we have

F._1F_5= %L+L_~F5F_5'—F5F1—F_1F1. (IIIC.S)
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when operating on states ®.x**.

F_1F_s: 3(L2—K2—¢)
FoaFyF_y: 3L LA~} (utK) (u—K+2)
F_sF_sFy: L LA —3(u—K)(@u+K+2)
F_lF_.lF_.aF_s M

F_1F_xF_1F_5F_.4I
F__5F_5F_5F‘1F4Z

L= 3 (K4 2e=S) 12— 3 (L LA+ L LA +3 [u(ut+2) + K (K2 +4e—10)+2¢(e—4) ]
iLPL LA —§(utK) (p—K+2) L2~ K (K —2)+3e—6]Li LA _+3 (ut+K) (u— K+2) (e+K2--2)
FPL LA —3(u—K) (et K+2)L*— K (K+2)+3e—6]L_ LA+ (u—K) (u+K+2) (e+K2~2)

FsFaPF_F_yF_y: 3L, L L, LAA_—3(u+K—2) (u—K+4) L, LA+ (utK) (u— K+2) (uh- K —2) (u— K+4)

F_sF_sF_sF_5F4F4 :

$L L L LAA—~3(u—K=2)(ut+K+4)L L Ay+75(u—K) @+ E+2) (u—K~2) (ut+K+4)

But
FeF_y=[Fs,F_s]+F_sFs=%(Lo+Qo)+F_sFs, (IIIC.6)

where we have used the commutation rule in Table 1.
Substituting (ITIC.6) into (IIIC.5) and recalling that
Fy, Fs annihilate ®.x* while L, and Q, are eigen-
operators with eigenvalues K and emax:

F_F @ gM=[3L,L_—%(K+¢) @ (IIIC.7)
Now
L,L_=—[—124La— L], (ITIIC.8)
so, finally, we obtain
F_ F_s®xM=[3(L*—K2— )@ x*]. (IIIC.9)
Next, consider F_,F_;F_,. Starting with
L.L A =2(Fs+F_1)(Fs+F_y)F_s, (IIIC.10)

we commute all F5’s to the right where they annihilate
$.x*. Then

L+L_§A_¢5K)‘”= 2{F5[F5,F_4]+ [Fs,F__ljF_4
+F_[Fs,F_yJ+FFsF_4]

+F_F_ F_4}® M

= 2{F4F_4+F_1F_1F_4}Q)¢K)‘“.

The second equality in (ITIC.11) follows from the com-
mutation rules and the fact that F; also annihilates the
wave function. Substituting the eigenvalues (ITIB.13)
of F4F_4 into (IIIC.11), we arrive at the equivalence
relation :

F_F_F_& k"
=[3L LA —%(u+K) (p— K+42) J@x .

(ITIC.11)

(IIIC.12)

The methods described above can be used to obtain
equivalence relations for all the operators (II1B.8) and
(IIIB.9). Inspecting the list of relations in Table IV,
we note a symmetry among the operators. For example,
the equivalent operator for F_;F_;F_, is obtained from
the equivalent operator for F_sF_sF_4 by changing L,
to L_, A_ to Ay, and K to —K. This symmetry is a
consequence of the time-reversal transformations
(ITIA.7). Consider the relation:

f,,(F_1,F_5,F4,F__4)<I>eK)‘"= g,(L+,L_,F4,F_4,K)‘I>¢K)“‘,
(IIIC.13)
which changes under time reversal to

fo(—F_5, —F_F_4, F)®._g**
=g7(—L—-, —Ly, F_y, Fy, _K>@€.—K)\I"

Since this relation holds for all values of K, we can
change the sign of K to obtain

fo(—F_g, —F_1, F_4, F)® g
:gd(——L_, _L+) F—47 F4) K)CpeK)‘"~

The operators f,(Fg) change € by six or twelve units
and therefore involve products of even numbers of Fg’s
with = —1, —5. Hence, in general,

fd(—F—5> _F—ls F—-4y F4)=f0'(F'—57 F——l; F—47 F4)
(I1IC.14)

Returning to Eq. (IIIB.16), we substitute the equiva-
lent operators g,(Ly,Ay) for the f,(Fg) and obtain:

3o M= {C MEA4 LgMEL24 3 KL L A_+3aEL LA,
— 30 (K2 = Ja ™% (ut K) (u— K+2) —1as# (u— K) (ut-K+2)
+ L[ E LA b E IR, LA 4 bMEL2L L Ay A+bMEL Lo Lo L A_A_+bKL_L_I_I_AA,]
= [0:E3 (K*+-2e—5)+ 305 (u+K) (u— K+2)+ 305 (u— K) (u+K+2) J12
—[bM#E4 1p MK (K2 2K 4 36— 6)+ 324K (- K — 2) (u— K+4) Lo LA
—[3bME 41K (K2 2K+ 3e— 6) 4305 E (u— K —2) (u+K+4)JL_L_A,
+ 30Kt 2)+ K2 (K4 de— 10)+ 26 (e—4) T+ 802K (- K) (u— K+2) (e K2~ 2)]
+§0ME[ (u— K) (ut+K+2) (e++ K2~ 2) I+ 1605 (u+ K) (u— K+2) (u+ K —2) (u— K+4) ]

+550M 5L (u— K) (u+K+2) (= K—2) (p+ K+4) }@ x+terms with (V') ().

(I11C.15)
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TABLE V. Projection relations derived in Sec. ITIC.

Py LiLiA_|K)=3[(L+K)(L—K+1)(L+K—1)(L—K+2) (u+K) (u— K+2) /2P p* | K —2)
PytL L Ay |K)=3[(L—K)(L+K+1)(L—K—1)(L+K+2) (u—K) (u+K+2) J/2Py*| K+2)
Py"L LiL LA A_|K)
=i{{T+E)(L—-K+1)(L+K—-1)(L—K+2)(L+K—2)(L—K+3)(L+K—3)(L-K+4)
X (+K—2) (u—K+4) (u+K) (u— K+2) [/2Pa™ | K —4)
PyEL L L L AA_|K)
={{Z-K)(L+EK+1)(L—K—1)(L+K+2)(L—K—-2)(L+K+3)(L—K—3)(L+K+4)

X (p—K—2)(u+EK+4) (u—K) (u+EK+2) 2Py | K+4)
Pyt| —K)= (=1)F*upyl| K)

If transitions with Ae=18 are neglected, the terms with (\'u) () are obtained from the sum in brackets simply
by substituting N, u’, for A, p.
We now apply the projection operator to (IIIC.15). It is clear that
PaE3C | MueK)=3CP 3% | AueK), (IT1C.16)
Pyl | zueK)y= L(L4+1)Py" | ueK), (I1IC.17)

since 3¢ and L? both commute with P%. In order to evaluate operators of the form P g,(Ly,AL), we require
the matrix elements of Ay and L, :

(e, K+2[ A [ MueK)= MueK | A_ | Mue, K+2) =3[ (u+K+2) (u—K) ]2, (II1C.18)

(L, M41| Ly | L, MY= (L, M| L_| L, M+41)=[ (L+M+1) (L— M) T~ (ITIC.19)

In Eq. (ITIC.18) the symbol |AueK) designates an intrinsic state ¢.x**. In Eq. (IIIC.19) the symbol |L,M)
designates the projected state W= Py ® g™, which is an eigenstate of I? and L, with eigenvalues L(L-+1)
and M, respectively. Comparing (IIIC.18) with (IIIC.19), we see that u/2 plays the role of L and K/2 plays the
role of M. This is a consequence of the fact that A transforms like the angular momentum operator and has eigen-

value p/2 for €= emax. We note that the matrix elements of L, cannot be easily evaluated in the ®.x* representa-
tion since L is not a good quantum number. Operators such as Py~L,. can nevertheless be dealt with by writing

Ppl=Py Pg", (II1C.20)
PyPLy | MueK')=PpyLL, PgZ| \ueK'). (ITIC.21)
Equation (ITIC.20) follows directly from the definition that P,* projects out L and changes the eigenvalue of L
to M. This operation is performed whether one applies Py Px’ or Py’ alone. In Eq. (ITIC.21), Pyr* is a poly-
nomial in I? that projects out L without changing K’. Hence it commutes with Ly, and (IIIC.21) is simply a
special case of (IIIC.20).
The evaluation of Py“LLiA_|\ueK) is now carried out with the aid of (IIIC.18)-(IIIC.21):
PyLy LA | MaeK)=3[ (u+K) (u— K+2)J"2Pu Ly Ly | Nue, K—2), (I1IC.22)
PyPL L | \ue, K—2)=Ppy "L L Pg_o%|\ue, K—2)= Py L, Pg_+*(L, K—1|L,|L, K—2)| \ue, K—2)
=Py Px{L, K| Ly|L, K—1XL, K—1|Ly| L, K—2)|\ue, K—2)
=[(L+K)(L—K+1)(L+K—1)(L—K+2) 2Py~ | \ue, K—2). (I1IC.23)
Combining (IIIC.22) and (ITIIC.23), we have
PyLyLiA_|NueK)

=3[(L+K)(L—K+1)(L4+K—1)(L—K+2) (u+K) (u— K+2) 2P 5% | \ue, K—2)).  (IIIC.24)
Similarly,

PuyPL_L_ A, \ueK)
= {L—K)(L+K+1)(L—K—1)(L+K+2)(u—K) (u+EK-+2) 2P " | hue, K+2). (IIIC.ZS)

We note the appearance of PyZ|\ue, K—2) in Eq. (IIIC:22). The projected functions Pa“|\ueK) are deﬁned
only for K >0. Negative values of K are dealt with by means of the relation given by Elliott:

Py hue, —K)= (= )*uP oL AueK). (IIIC.26)
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The relation between the states Palg,(Ly,Ay)|AueK) and the states WpP= PyZ|\ueK) for any combination of
L, Ay, is immediately apparent from (ITIC.24) and (IIIC.25). For example,

PMLL+L+L+L+A__A_ | )\[.lfK)

={<L7 K[L+‘L7 K_1><L7 K~1‘L+lL7 K_2><L7 K—21L+|L7 K_3><L’ K—3‘L+1L, K'—4>
X (e, K—4|A_|hue, K—2)(Aue, K—2|A_| Mue, K)} Pur| Aue, K—4).

We are now in a position to investigate the mixing of different K bands by the operators A,. Applying the pro-
jection operator to (IIIC.15) and considering only terms with Ae=0, 6, we have

SCPML‘ﬁeK)\“

= D3R L (L4 1)+ COE—Ja» (K2 ) — Ja (u-t K) (u— K+2)— 02 (u— K) (urt K+ 2) TP s i
+10MR[ (LK) (L= K+1) (L+ K= 1) (L= K+2) (i K) (4= K+ 2) 2P o 5

+iaM (L= K)(L+K+1) (L—K—1) (L+K+2) (u— K) (u+K+2) 2P 2 "D, k4 2™

(ITIC.27)

We compare (IIIC.27) with the matrix elements of an asymmetric rotator®:
(LMK |H, .| LMK)=%(1/I4+1/Is)[L(L+L)— K*]+K?/2I ¢,
(LM, K+2|Hor | LMK)=%(1/14—1/I5)[(L—K) (L—K—1)(L+K+1) (L+K+2) ],

where the eigenstates |LMK) are the standard top
wave functions and

Hor=3{(L)/1a+ (L/)/T 5+ (L) c}.

In the limit of large values of u/K and with a*X
=as™K  we can identify corresponding terms in

(ITIC.27) and (TTIC.28):
108 =4(1/14—1/Ip),
3o E=1(1/14+1/15),
i(dz)‘"x'i‘da)“d{) = 1/2](}

If the term in (IIIC.27) are evaluated for a typical
force such as that considered in Sec. IVA, we find that
a™ and ag** are much smaller than ¢*. The Ae=12
terms also are very small. It thus appears that K is
approximately a good quantum number and asymmetry
effects are small in the sd oscillator level. For the forces
considered, however, the ¢**X are quite K-dependent
and consequently an exact analogy cannot be drawn
between these constants and the parameters of an
asymmetric rotator.

Finally, the development in Secs. IIIB and IIIC
has led to an expression for the matrix elements of 3C
in the projected (L,M) representation:

> [OwK|L|Wu)K']

K’

JCPMLCI)‘K)‘”=

X Pal®ox™*.  (IIIC.29)
The coefficients [ (\u)K | L| (Wu/)K'], which, in general,
are not symmetric, incorporate the Mg #' K MpNwK
of Sec. ITIC together with matrix elements of Ly, Ay,
introduced by projection relations such as (IIIC.24)
and (ITIC.25). We note that these coefficients have
been expressed in a form such that only the inhomo-

131, D. Landau and E. M. Lifschitz, Quantum Mechanics Non-

relativistic Theory (Addison-Wesley Publishing Company, Inc.,
Reading, Massachusetts), p. 373 ff.

(ITIC.28)

geneous matrix elements of JC in the intrinsic (K,e,A)
representation remain to be determined.

The coefficients [ A\u)K | L| (\'u')K'] are here defined
as the matrix elements of 3C. Since the representation
spanned by the Py ® g* is not orthogonal, the matrix
elements so defined are not, in general, equal to the
expression :

<PML(I>EK)‘”13€|PML<I>EIK')"“’>.
We can, nevertheless, write an eigenvector of 3C as
‘I/EL’M= Z AL()\,ﬂ',K,)PML@e’K’Xluly (IIIC.30)

Mu K’

where the Pul®.x** form a complete set. From
(ITIC.29) and (IIIC.30), the amplitude AZ(\u/,K’)
must satisfy the equation:
. ZK AN KLWVB)K' [ L] AW)K]
,M' ’

=EAL(\u,K). (IIIC.31)

Hence, the secular equation for the eigenvalues E
assumes the usual form

Det{ I:O\’I‘I)K, [ L] O‘I‘)K]*Eakk’aw’aKK’} =0.

IV. INHOMOGENEOUS MATRIX ELEMENTS
NEGLECTING SPIN

In this section, we express a generalized Hamil-
tonian for the sd oscillator level without spin as a sum
of ten scalar operators X, We then tabulate the matrix
elements of the X7 in the |l4,ls,L) representation as well
as the inhomogeneous matrix elements

(MueK | f+(Fp) X[ MueK)
for each of the eight operators f;, f; defined in Sec. III.
A. The Operators X°

Let |l1,l5,L), be the wave function of two particles
in the sd oscillator shell with angular momenta 7, and
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TaBLE VI. Matrix elements M, as defined in (IVA.1) of operators X®, as defined in (IVA.8).®
X’.’.(w)
k Xm X® X® X® X® xXm X® X® X a0 Xan
1 20 1 1
2 4 112
3 18 12 1 1 144/5 144 —168/5 25
4 24 6 6 1 1 36 36 112
5 2 20
6 14 6 12 1 1 36 288/35 144 96/5 —75/14
7 28 20 12 1 1 400 8/35 144 12/5 50/7
8 16 2 12 -1 1 4 —96/5 144 25/2
9 16 6 6 -1 1 36 36 —112
10 16 12 12 -1 1 144 —72/35 144 —12 —100/7

s Blank spaces denote vanishing matrix elements.

l5 coupled to a total angular momentum L. If J;=1,, the
wave function is symmetric under space exchange for
even values of L and antisymmetric for odd L. If I;51,,
both symmetric and antisymmetric combinations are
possible and these are distinguished by setting the sub-
script x equal to s or ¢. A two-body scalar symmetric
Hamiltonian in the space of the sd shell without spin
is then defined by its ten matrix elements M ,:

Mq=(s2,0|3¢]|s%,0), Me =(d?2|5¢|d%2),
M= (1/5"2)(s2,0|3¢|d%,0)s, M, =(d*4|3c|d*4),
M;=(d*0|3c|d%0), My =(d41]3¢|d%1),
M4E<Sd:2[5C’ISd:2>8> Me E(Sd,2l3€lsd,2>a,
Ms=[1/(14)"2(sd,2|3C|d2)s, M10=(d>3|3C|d23).
(IVA.l)

Alternatively, we may express an arbitrary two-body
Hamiltonian for the sd shell without spin in terms of ten
linearly independent scalar two-body operators X;;(?,
such that -

M,=208.X,, (IVA.2)

where the X, are matrix elements defined by sub-
stituting the operators X;;( for 3¢ in (IVA.1). The co-
efficients g, in (IVA.2) depend linearly on the M ,:

go=2.,5,"M,. (IVA.3)
Comparing (IVA.2) and (IVA.3), we see that
25 8,7 X ) =b0qr. (IVA.4)

It is convenient to construct the X;? from the
operators L, and Q,. For this purpose we need the
relations:

2 2 K
(0X0),B=% Q,.Q,L ] q], (IVA.5)

21 K
(OXL), ®=3 Q,.L,[ ] (IVA.6)
4 uov oq

¥ (= 1T, BA_BO=TE. A®  (IVA.T)

where the symbol in brackets is the vector coupling
coefficient and 7%, 4B are irreducible tensor opera-

tor of rank K. The ten scalar two-body operators X ;;(?

are defined as follows:

X ;) =9C;; nine times the Casimir operator of par-
ticles ¢ and j.

X ® =(L;ij)*= (l:+1;)?%; the square of the total angular
momentum of particles ¢ and j.

X:® =I124-12; the sum of the squares of the single-
particle angular momenta.

X;® =py®; the space exchange operator of particles
17 and 7.

X ;® =1; unity.

XD = (L;j)*; the square of X ;.

X;® =3[(0X0Q):®-(0XQ);*®]; oneninth of the
scalar product of the rank-4 tensors (QXQ)
for the sth and jth particles.

X;® = (12417)?; the square of X;®.

X00= (QXL):® (QXL) .

X002 (QX Q)i+ (QXQ);®.

(The number 4 is reserved for the one-body spin-orbit

operator discussed in Sec. V.)

By means of standard Racah techniques, all matrix
elements X, involving the operators L, and Q, can
be expressed in terms of the reduced single-particle
matrix elements (Z||Z]|?"), C||Q||¥'). For a harmonic os-
cillator, the reduced matrix elements are:

(@Qlld)= — (70)*%, (|| L]ld)= (30)+=,

@lQlls) = slQld)y=—2(10),  (s|IL]ls) =o.

(IVA.8)

(IVA.9)

With the aid of (IVA.9) and the standard Racah for-
mulas, we evaluate the matrix elements X ,() to obtain
the array given in Table VI. The S, are obtained by
inverting this and they are given in Table VIL.

As an example of the expansion of a Hamiltonian in
the operators X;;(, we consider the Yukawa potential
with a Serber exchange:

—7la

V=Voe—o~(1+P?). (IVA.10)

[
r/a
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TaBLE VII. S,° as defined in (IVA.3). The superscript labels the columns and the subscript labels the rows.

pS” St Sz 53 S8 Se S7 S8 S9 S0 Su
—1 1
! N 7
-5 —977 341 34 13 1 —157 1 1
% meo om0 ) e 1 0% 7
—34 149 1 1 —43 —1
3 25 210 0 %0 2600 120
47 69 1 —1 —1 —1 —-31 -1
* 0 20 2 B 168 ] 520 48
7 241 —317 —140 —19 95 —1
: 5 336 356 o s 1008 3
33 —178 -1 1 31 1
o 980 2010 392 56 210 2
—99 369 3 1 —51 3
! 125 2900 R . T
-3 234 3 —1 3
$ 7% 2100 810 0 700
—47 71 —1 1 1 —13 1
’ 0 20 7 168 2 0 pr
23 —589 -1 -1 83 -1
10 105 2100 105 160 20 8

Following Elliott and Flowers, we chose Vo=—45
MeV, ¢=1.37X10" c¢m, and the harmonic oscillator
length parameter 5=1.64X10"1 cm for the sd shell.
The matrix elements M, defined by (IVA.1) can then
be calculated and the coefficients g, determined with
the aid of the results in Table VII. We find the results
given in Table VIII. The coefficient g is sufficiently

TaBLE VIII. Matrix elements M ,, as defined in (IVA.1), g,, as
defined in (IVA.2) and X, as defined in (IVA.8) for the poten-
tial given by (IVA.9).

M, (MeV) g (MeV) X
M, =—424035 g =-0.21121 9C;;
M, =—0.74420 g, =0.17730 (t1)?
M; =—7.09785 g5 =0.18560 (2412
My =-359415 g5 =—1.05288 pif*
Ms =—040455 g5 =1.03674 1
Mg =-—3.18780 g =—0.0016949  (L;)*
M7 =—372330 g5 =—0.083167 (0XQ):t- (0XQ)i*/9
Ms = g =—0.0200182  (I2+12)?
My = £10=0.0071742 (OXL)3- (OX L)
M= £1:=0.000899 (0X Q)2+ (QX Q)4

large that eigenstates of the Casimir operator comprise
a good zero-order scheme. That this is true for various
potentials used in intermediate shell-model calculations
can easily be verified and will be demonstrated in a
subsequent paper reporting numerical results for the sd
shell. In general, the usefulness of the Elliott scheme for
the sd shell is a consequence of the fact that eigen-
states of JC are approximate eigenstates of C.

We must now analyze the structure of the operators

N

DIDIP. L

=1 i<j

for a system of IV particles in the sd shell. Considering
first X®, from the definition (IIB.9) of the Casimir
operator, we have

X,,0=9C,

=503¢+Ly+ Q05 (Q+0)]  (IVA11)
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N
=13 [31;- 1460 14301404 Q+20;- Q5405+ 05
1<J
(N—=1) ¥

%§ [60:-1420:- QJ]+——— Z Bl 1i+Q:- Q)
L (N—2) »
=% Z (30 1+ Qs Qa)-l-————gl (3l 1+Qi- Qo).
(IVA.12)
But nine times the Casimir operator of NV particles is
¥ L-L+0-Q
%Z Bl L+Qs Qa)—'—4—“—, (IVA.13)
where

L=Z b, Q’_‘Z Q..

Combining (IVA.12) and (IVA.13), we have

¥ (
2 XyP=9C+

i<j

)i (Bl 140 Q:).  (IVA.14)

The wave function of a single particle in the sd shell
belongs to the irreducible representation (A,u)= (2,0).
Hence, the single-particle Casimir operator,

1
CiE—(sli‘li+Qi'Qi),
36

can be equated to its eigenvalue of 10/9, in accordance
with Eq. (IIB.11). So

N
3 X:;®=9C+10N (N—2).

(IVA.15)

i<j
Next,
> Xi®=3 (+L)=L-L+ - 2)21 (IVA.16)
i<j i<J
2 Xy®=% (2+1)={N-1) 2 12, (IVA.17)
i< 1<J

N(N—1)

> Xy =, (IVA.18)
i<j 2
2 Xy ®=2 (i) (IVA.19)
i<j i<j

The operator (IVA.19) can be manipulated into a fac-
tored form which is much more convenient for computa-
tion. Define /,* as the uth spherical component of the
orbital angular momentum operator for the ith par-
ticle. Then

(12 =3 1,71, 3,0_,5(=)*.  (IVA.20)
B,»
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The various tensor products (!X7) of rank K are given
by

o 11 K7
(zzxz%),af)sz[ ]z;z,i. (IVA.21)
awlp o g

It follows from (IVA.21) and the unitary property of
the vector coupling coefficients that

S

. . 1 1 k . 2
Lili=3 [ }(lfxu),,m. (IVA.22)
A

Substituting (IVA.22) into (IVA.20) and noting that

@XD=—rN3; (IXDL=—1,/V2, (IVA.23)
we obtain the factored form:
s S 1))
FLEXD - (X)) O T+6:48;. (IVA.24)

Returning to

(Gt =144 1444040 1)
+4(:- 1) (2+1H+2177,

we note that the operator /# is equivalent to 62 for
the sd shell since only s and d orbitals are present.
Similarly, the expression (J;-1;) (12-+17?) is equivalent to
12(%;-1;). So, in the sd shell,

(U1 =624 1)+ 4 1)
+48(1;- 1)+ 2122,

(i-l) =300 —12—12]).  (IVA.27)
Substituting (IVA.27) into (IVA.26) we obtain
(-H )= — 180+ + 24 (L)

i%5 (IVA.25)

(IVA.26)
Write

41,2042 (IVA.28)
For the sd shell, we have
> IA=0" 122 —62 12 (IVA.29)
i<i i @

Summing (IVA.28) over :<j and using (IVA.24),
(IVA.29), and (IVA.16), we obtain

N
> (1)
i<i

=3 X;;"=23L-L+(6N— 46)2”—!— (5/3)(}: 127

<7

+2 T [EXE)®- ((7XH)@].  (IVA.30)

We now have a factored form for 3_;<; X ;" consisting
of sums and products of symmetric one-body operators.
The new operator which appears is (¥ X1%),®.

The operators X®, X0 and X are already fac-
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tored. For X we note that

N N
S XyO=3 (21

1<j <7

N N
=2 12+6(N—2)> 12 (IVA.31)

K. BANERJEE AND C. A.

LEVINSON

The total Hamiltonian for NV particles in the sd shell,

N
=33 g.X:i?,

i<j @

can now be written as

3e=9g1C+ (ga+23gn)L- L+ [ (g2+6g0) (N —2)+gs (N — 1) ] 0 12+ g0 (X 13)*+g:[ X X4—23L-L]

<7

+g—98 T [@XQ):9- @X Q)T g1 T [@XL)®- (XL T+ gn T LX) @XQ),]

<7

B. Inhomogeneous Forms

In Sec. ITI, we expressed the matrix elements of JC
in terms of homogeneous matrix elements which could
be calculated immediately, and inhomogeneous matrix
elements which explicitly involve the Hamiltonian.
These inhomogeneous forms can now be dealt with by
means of the expansion (IVA.32). Consider first the
operator Y ;; /2 The matrix of /2 in the ¢y repre-
sentation is:

b0 b1 P11 P2 P P2
o[ 4 0 0 0 202 0
6| 0 6 0 0 0 0
1| O 0 6 O 0 0
10 0 0 6 o of QBD
o |2vZ 0 0 0 2 0
62l 0 0 0 0 0 6

Hence, in terms of the operators X, 1V X, we have

l;z: 2[2%0(")+3n1“)+3n_1(“+ng/ (i)+3n2“)+3n_2(i)
FVIX DX D 4VIX 1OX D], (IVB.2)

where 7,P=X1X,®, Referring to the diagram in
Fig. 3 of the ¢x states, we see that Xo1¥Xq (9 increases
e by six units whereas Xo 1¥X,® decreases e by six
units. By definition, the operators #.(® leave e un-
changed. The nonvanishing inhomogeneous matrix ele-
ments involving > ;/? for the case (\'u’)=(\u) are,
therefore,

20 (AueK | 219+ 3n1+3n_1+no

+3ns+3n_2|AueK)], (IVB.3)
2V2[(A\ueK | FsF1 Y Xor 1 OX 0@ | ApeK )],
WV2[(AueK |FuF1F1 Y Xo 1 OXo@ [ApeK)], (IVB.4)

2\/2[0\}46.[{ I F._4F5F5 Zi X(y T(i)Xo“) I}\MGK)]
Again, we have denoted the N-particle state
Q(U] ()\)M)K’Gmfix)

1<j

N(N—1)
+&s _Z_pﬁx+|:10g1N (N—Z)‘I‘ge———z——:ll. (IVA.32)

1<y

simply as |AueK), and we define the many-particle
operator #,=y ; 74",

We now restrict the analysis to states in which
@2, ¢_s, o, are not occupied; that is,

Xa® | AueK)=0; a==42, 0. (IVB.S)

Equation (IVB.5) holds for most of the bands of in-
terest in the first half of the sd shell. If other bands
must be considered, they are generated from the bands
with Q+2, Qor unoccupied by applying suitable creation
and annihilation operators. Then

N=Z na D =no+n1+n_y, (IVB.6)
Qo=2 Qu®=4ng+n1tn_s, (IVB.7)
L():Z Lo(i)=n1—n_1. (IVBS)

Equations (IVB.7) and (IVB.8) follow from (IIIA.4)
with ny=n,=n_,=0. Hence,

no=%(Qo— N), (IVB.9)
m1=%($N—3Qo+Lo), (IVB.10)
n_1=3(§N—35Q0— Lo). (IVB.11)

Since |AueK) is an eigenvector of Lo, Qo, and N, with
eigenvalues K, 2\+pu, and N, it is also an eigenvector
of the operators 7y, 71, #n_;. We shall designate the eigen-
values of the operators %, also as #,. The matrix ele-
ments (IVB.3) can then be evaluated immediately:

ZE(XMGK] Z;lf[kueK)]=4n0+6(n1+n_1). (IVBIZ)

The matrix elements (IVB.4) are evaluated with the
aid of (IITA.4) and the commutation rules (IITA.2).
For example,

WVZ(\ueK | FsFy1 > s Xor TOX0 @ | AueK )
= 2\/2_<)\M6K]F5[F1, Z,‘ Xo/T(i)Xo(i)] I )\MEK)
+2VZQ\ueK | Fs 3 Xo YDOXDF | AueK). (IVB.13)
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The second term on the right vanishes since Fy anni-
hilates |AueK). Substituting for F; the first of Eqgs.
(IIIA 4), we evaluate the commutator

[F1, 2o Xo 1OX@]

= =2 (= V2Xo 1Y DX 1OX, @), (IVB.14)

Since Fjs also annihilates |ApeK), we use the same
technique to obtain

Fy (32— V2X 10X, DX 1OX O | \peK )
= —V2(T: Xot DX —x_ 1@x_,®
=X FOX DX 1OX o D) | NueK )

= —\/f(no—%_1—n1)|)\péK>. (IVBIS)

Combining (IVB.15), (IVB.14), and (IVB.13), we have

\ueK | FsF1 > ; 12| ApeK)
= 12\/7)\,UEK|F5F1 Z,‘ XOIT("’)XQ(") ])\,u,eK)

=4(n0—n1—n_1). (IVB16)

As an example of the treatment of a two-body operator,
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consider

T (@X0-@XQ)
=1[T OXQMIE (OXQ)®]

—3 2 (@XQ):®-(@XQ):®. (IVB.17)

The one-body operator (QXQ);* can be expanded in
terms of the generators Q,:

2 2 4
(Q~><Q),.i“’=2[ ]Q,,iQ,i. (IVB.18)

o Lp O M
For u=0, we have
(OXQ) @i
- (18/35)1/2Q0iQoi+[6/ (70)1/2] (FiF_gi+F_4iF )
3 X81/2
@5y

[(Fi'—F_5) (F_y'—F5")

+ (F_yi—Fg) (Fii—F_s)], (IVB.19)

Tasre IX. Inhomogeneous forms involving the operators in (IVA.35) for the case (\'u') = (Ap).

21X Q):®- (X Q);®

2 (X0 (@XQ);®

2 (@XQ:- (@X Q)

24
—5—K2 —8(n1tn_1)

1
Z;(44n0+5m+5n_1) (447&0"" 5n1+5n_1 ad 44)

576 144
— (=) +—Lu(u+2)— K7
35 7

(H
! 1407 75 3456
———(m+n)+—{u(p+2)—K?] - (m+n_1)
28 28 35
32 72 3 1728 36
?EP-(#‘FZ)—‘K“]—'S—Kz —5—6(44no+5n1+5n-1+ 16¢) (44no+S5m+5Sn_1—44) “—3‘;-(22*'"0)—711 (u+2)
(FisH)
32 8 2139 645 1878 180 2232
+—(8—no) ——(m+n_y) - (m~+n_)+—up+2)+—K* +—K*+ (m+n_1)
S 5 28 56 56 7 35
(F_s55H) 4 3 288
—(¢+12K-38) ——(452n0+185n,+185%n_;— 12204 25K) ——(12¢4+-5K+-8)
(F_ss) S 14 35
(FanH) 4 3 288
—-(¢—12K-38) ——(452n9+185%,+185n_1— 1220—25K) ——(12§—5K+38)
(Fyg) S 14 35
576 936 576
(FussH ) —32(8—no+ulu+2]—-2K?) T(Ez—ﬂo)+72#(ﬂ+2)——7—K2 '3;[9 (&—no)+Tu(u+2)—12K*]
(FysinH) 432 1728
—96(¢+1—K) —(4£+3—3K) —(9¢+5—-5K)
(Fa_s) 7 35
(F_s1555H ) 432 1728
— —96(:+1+K) —(4£+34-3K) —(9¢+5+5K)
(F_sa) 7 35
(FasnH) 0 864 13824
(Faasa) 7 35
(F_s_sss5sH) 0 864 13,824
(F_s—44) 7 35
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TABLE IX (continued)

E'L,'i‘—ZSL -L
>7

212

i

(212

56n02+ 1487Lo (n1+n_1) bl 148n0+ 99 (m-}-n_;)z

) 4ng+6(m~+n-y) (6N —2n0)*+8n0o
—259 (m+n-1) +9[n(p+2) — K2]
233
807702—7(7}1""%._1)2‘!" 12no (n1+n_1) +169 (”1"‘”—1)
——2—;1 (u+2)+41K2—172n,
(F_sssH)
o 2[52n0+127 (n1+n_1) —9K —208] 8 8[810+12 (my+n_1)—2]
44
(FaunH)
o 2[52n0+127 (n1+n-1)+9K —208] 8 8[8no+12(m1+n_1)—2]
T4—4
(FussH) 192(8 —n0)+128u (u+2) —192K* 0 320282 2mo+p(u+2) — K*]
(Fys1unH)
192(3¢—K+1) 0 192¢
(Fas)
(F_s1s55H )
—_— 192(3¢+K+1) 0 192¢
(F_sa)
(FaanuH)
B — 768 0 384
(Faa-s-a)
(F_g_ss555H)
—— 768 0 384
(F_s—s1s)
N =no+m+n_1 E=mo—m—n_1

where the Q,’s are expressed in terms of the Fg accord-
ing to (IIB.1). A product of two one-body operators
which operate on the same particle can be reduced by
writing out the expression in terms of the x’s. For
example,
FyF_y | \ueK)
= (X T OX_y O V2 TOX_yDVIX, DX, ()
X (X_ HOX D 4V2X_y 1@ X
FV2Xo DX D) | AueK).  (IVB.20)

With the aid of (IVB.5), the right side of (IVB.20)
reduces to

(X TOX_ DX 1O, O VDX HOX_ DXy 1D XD

HV2X DX DX 1OX, D) | ApeK). (IVB.21)
01 —1 2 o =2 01 —1 2
0 0
1 1 1
—1 X—1 1
2 V2 2
o’ ) o V2
-2 . -2

where the last equality again follows from (IVB.S5).

Now, XX |AueK)=0 because particle 4 cannot be
in two states at the same time. Commuting the second
operator in each term of (IVB.21) to the right, we then
obtain:

F4iF_4i I )\/.téK)
= X TO[X_ D X _ 1O @
HV2Xg T [X_o@ X _y 160 Ty )
FV2X P D[ X D Xy 1O DY [NueK )

=X TOX, D | ApeK) =1, | AueK). (IVB.22)

Equivalently, one could simply multiply the matrices
for Fytand F_;¢:

-~

o -2 (0 1 —1 2 o =2)

1 1

= (n1+2n2+2n0/) =1,
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The techniques illustrated above can be used to
evaluate all inhomogeneous forms involving the opera-
tors in (IVA.35) for the case (\,u)=(Apu), #2=n_,
=ny=0. These forms are given in Table IX. Terms
with (\'w")5% (\w) or with €% emax must be handled by
means of special techniques which are developed in a
later paper as various cases arise.

V. SPIN

In the preceding section, we have been dealing with
states with given space symmetry [f]. There exist in
general several such states, corresponding to the dif-
ferent members of the irreducible representation labeled
by [f]. If we take certain linear combinations of these
functions multiplied by appropriate spin functions, we
can form totally antisymmetric wave functions. The
new wave functions are characterized by the above
quantum numbers and in addition by S, the spin quan-
tum number, and by ¢, the z component of S. We now
consider the totally antisymmetric functions:

(Lf Jm)KeA: So),

and the new representation
\I’MJ’L'SE PMJQ([f] (}‘#)Kemax . SJ):

where Py’ now projects out the part of & with total
angular momentum J and changes the eigenvalue of
J.to M.

A. The (JLS,M) Representation

In analogy with the notation of Secs. III and IV, we
designate the state ®([f](A\u)K emax:So) as |\ueKo).
We first show that a complete set can be formed if one
takes all states Py’ |AueKo) with K+¢>0.

Consider a product of an orbital function ¥ x%* with
fixed L and K, and spin function X,S with fixed .S and o.
We wish to evaluate

PIYrIx,5. (VA1)
Clearly, we can construct eigenstates of J:
L S J
wor=y| Jprros vz
kLK o pu
Then
L S J
YrIXS=3 [ ]\If,.”s. (VA.3)
w,J K g M

Applying the projection operators P/ and Py’ to
(VA.3) yields

S
PJlPKLXaS"—— I:L I :I\I’K-l—vJLsy
K ¢ K+
s 7 (VA.4)

. L
PMJ¢KLX¢;S= I:
K o

]\[,MJLS’
K+o
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or, equivalently,
L S 7J L S J
O S [
K ¢ K4olg'wlK' o M

XPgEPoSYrEXeS,  (VA.S)

where we have substituted (VA.2) into (VA.4). In
fact, if a sum is carried out over L,.S as well as over
K’, o', we have an operator which projects J out of
any linear combination

%:S arLsyriX.S. (VA.6)

But any arbitrary function of space and spin with
K, o, good quantum numbers can be written in the
form (VA.6). Hence, we conclude that

L S J
Pu? | Nue, — K, —o)= > l: :'
wmpmsl — K —o —K—o

L S J:|
M, Ms M
X | Aue, =K, —a). (VA7)

XPMLLPM,SS[

Considering the right side of (VA.7), we note that
PMSSD\“Q —K, —'a):PM.SSl)‘/‘e) —K, 0'>, (VAS}

since S is a good quantum number for the state
|Aue, —K, —g). With the aid of Elliott’s relation
(TITIIC.26), we then have

PMLLPMSS])‘#6> '—Ky _‘7>

= (—1)EuPy LP oy S| \ueKo).  (VA.9)
Now
L S J J
L
=(—)‘L—S+’[ ] (VA.10)
K ¢ K+o

Substuting (VA.9) and (VA.10) on the right side of
(VA.7), we see that

PMJl)\”e) —-K, —0->

L S J
= (—1)/—8trs I: }
tMmMslL K ¢ K-+o

L J7
XPMLLPMSSI: M] [AueKo)

M; Mg
= (—1)7-8t P T \ueKo). (VA.11)

It is, thus, clear that no new states are formed by chang-
ing the sign of K+4o¢. From (VA.11), we have the
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TasLE X. Allowed values of K and J for given S=1, (Au) = (8,4).

L 0 2 4 6 8
K=0
J o1 1,2,3 3,45 567 7,809
L 2 3 4 5 6 7 8 9 10
K=2
J 1,2,3  2,3,4 3,45 456 567 67,8 7,8,9 8,9,10 9,10, 11
L 4 5 6 7 8 9 10 11 12
K=4
J 3,45 456 567 678 789 8910 910,11 10, 11, 12 11, 12, 13
relation: number of states. That these states are linearly inde-
endent can be shown using methods similar to those
Par? | \ue,0,0)= (— 1)7=5uP 19 | \ue0,0).  (VA.12) P sing s simi‘ar to tho

Hence, | Mue,0,0) contains only even or only odd angular
momenta, depending on whether (—1)™#=$ is even
or odd.

In our new representation, then, K+4o<7 is the
“band” quantum number corresponding to the pro-
jection of J on the body-fixed axis. The quantum
number, 7, assumes all values consistent with K+4¢>0
where

+K=min(\,u), min(\z)—2, ---, 0 or 1,
+0=S5,5—1,---,00r 1/2.

As an example of the (JLS,M) representation, consider
a triplet band with (A\u)=(8,4), S=1. The possible
values of J=L+S for each of the allowed K’s are
listed in Table X. From Table X, we see that there
are 67 states with J ranging from 1 to 13. The states
are grouped into bands characterized by the quantum
number 7, as shown in Table XI. The number of
states of given J is shown in the last line of Table X.
If we assume J=7,74+1, - -+, 7+ max(\,u), with the re-
striction that J must be odd or even if (—1)M»—8
equals — or 4 for K=0¢=0, we arrive at the correct

P12 \ueK o)

employed by Elliott to demonstrate the linear inde-
pendence of the states Py @ ([ f](A\w)K emax).

TasLe XI. States listed in Table X regrouped into
bands labeled by K, o, and 7.

K ¢ 7 J

0 001 3 5 7

0 1112 3 456789

2 -1 112 34561789

2 0 2 2 34567 89 10

2 13 34567 89 10 11

4 —1 3 345 67 89 10 11

4 0 4 4 56 7 8 9 10 11 12

4 15 5 67 8 9 10 11 12 13
Total 336 6 87877 5 4 2 1

The projection relations for the functions |Aue,K,o)
are constructed in the same manner as those for the
spin-independent case. We shall need the matrix ele-
ments of S, :
ek, o411, | \ueK, o)

=(\ueK, 0| S_|AueK, o+1)
=[(S+o+1)(S—a) ]

Then, for L2, we have

(VA.13)

=Pa? (32=23- S+ 82 | MueK 0)y=[J (J+1)+S(S+1)1Pu? | NueK,0)— 2P s [ ToSo T 1S/ 24 T_S, /2] | MueK o)

=[TU+1D)+S(S+1)—2(K+0)0 1Px” | MueK )

—L[(S+0) (S—o+1) (J—K—o+1) (J+E+0) 2P | AueK, o—1)

—[(S=0)(S+o+1)(J+EK+o4+1) (J— K—0) 2P s | \ueK, o41).

Similarly,

(VA.14)

Py Ly LiA_|MueK,0)= Py (J4—S1) (J1—S)A_| hueK o)

= (u+K) (u—K+2) 2 [(J—K—0+2)(JF+K+o—

1) (J—K—0+41) (J+EK+0) J/2P37 | e, K—2, 7

—2L(§=0)(S+o+1)(J—K—0+1)(J+K+0) J'2Ps” | Aue, K—2, o+1)

FL(S—0)(SH+o+1)(S—o—1)(S+a+2) 2Py | \ue, K—2, 0+2)},

(VA.15)

Pyl L L Ay |\ MueK ,o)=Py? (J_—S_)(J_—S_)A; | \ueK o)
=3[ (—K) (u+K+2) [+ K+0+42)(J—K—0—1) (J+K+0+1) (J— K—0) "2Ps* | Aue, K+2, o)
—2[(S+0)(S—o4+1)(JF+K+o+1)(J—K—0) 2Py | A\ue, K+2, 0—1)

+L(SH0) (S—o+1)(S+o—1) (S—a) V2P 7 | \ue, K42, a—2)}.

(VA.16)

The projection relations for the spin-dependent case are given in Table XII. Again the time-reversal symmetry
is apparent. We note that S — —Sand |Aue,Ko) — €| ue, — K—o) under time reversal, where 8 is a real phase

depending on S.
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TasLeE XII. Projection relations including spin.

Pu'14| K o)
={[JU+D+SE+1)—2(K+0)o P+2(K+0)o+2[J (J+1)— (K+0)]LS(S+1) —o? ]} Pu’ | K ,0)
V2L (K +a) (o~ D) +o (K-Fo—1) F1—T (T+1) ~S S+ IL(S+e) (S—o+1) (J+K-+0) (T— K—o-+1) 2Pt | K, o—1)
+2[(K+0) (e+1)+o(K+o+1)+1-T(T+1) =SS+ IL(S—0) (S+o+1) K —0) T+ K+o+1) 2Py’ | K, 0+1)
+[(J+K+o)J—K—c+1)(J+K+0—1)(J—K—0+2)(S+o—1)(S—0+42) (S+0) (S—o+1) 2Py’ | K, 0 —2)
+LU—EK—o)(J+K+0+1)(J—K—~0—1)(J+EK+0c+2) (S—o—1) (S+0o+2) (S—0) (S+o+1) J2Psy7 | K, 0+2)
PyII2L, LA |Ko)=3[(n+K) (u—K~+2) 2Py I2L, Ly | K—2, o)
Py'12L,L,|K—2,0)
=—[(S+)S—e+1)2AL(J+K+0) J—K—o+1)(J+K+o—1)(J—K—0+2)(J+EK+0c—2)(J—K—0+3) 2Py | K—2,—1)
—L(S+0+3)(S—0~2) (S+0+2) (S—0—1) (S+o+1) (S—0) U+K+0o+1) (J— K —0) 2Py’ | K—2, 0+3)
+[JT+1) 435S +1)—20(c+1)—20(K+0—2) LI +K+0) (J—K—o0+1) J+EK+o—1)(J—K—o+2) 2Py’ | K—2, o)
+L(S+o+1) (S—0) T+ EK+0) (=K —o+1) [ ~3T (J+1) =35 (S+1)+ (K +0) (So+K+1)+0(c—1) 1Py’ | K—2, o+1)
+L(S+o+2) (S—o—1)(S+o+1) (S—0) I[3T (J+1)+S(S+1)—2(K+0) 2o+EK+1) 1Py’ | K—2, 0+2)
Py 2L LA | Koy=3[(u—K) (u+K+2)]2Py I2L_L_|K+2, o)
P12l L_|K+2,0)
=—[(S—0)(S+o+1)(J—K—0)J+K+o+1)(J—K—0—1)J+K+c+2) J—K—0—2) (J+K+o+3]"2Py’ | K+2, c+1)
~L(S—0+3) (S+0—2)(S—0+2) (S+o—1)(S—0+1) (S+0) (J—K—0+1) (J+EK+0) J2Py? | K+2, 0 —3)
FLUITHD+3SS+1)~20(c—1)—20(K+0+2) LI —K—0) (J+K+o+1) (J—K—0+1) J+K+0+2) 2Py’ | K+2, o)
FLES=o+1)(S+0) (J—K—0) (J+EK+o+1) [ -3T (J+1)—-3S(S+1)+ (K +0) So+K—1)+0(c+1) 1Py? | K+2,0—1)
+L(S—0+2) (S+o—1) (S—o+1) (S+0) LT T+ 1) +S(J+1)—2(K+0) 20+ K —1) 1Py’ | K+2, 0—2)
PoI LA | K o) =3 (u+K~2) (um K-+ o+ K) (um K+ D T3P L | K4, 0)
Py'Lt|K—4,0)
=[(J+K+e)(J—K—o+1)(J+K+oc—1)J—K—0c+2) J+K+0—2) J—K—0+3)(J+K+0—3)(J—K—0o+4) 2Py’ |K—4,0)
—4[(S+o+1)(S—0) J+K+0) —K—0+1) J+K+0—1) (J—K—0+2) (J+K+0—2) (J—K—o+3) 2Py’ | K—4, o+1)
+6L(S+0+2)(S—o—1) (S+o+1)(S—0) J+E+0) (J—K—o+1) (J+K+o—1) (J—K—0+2) 2Py | K—4, 6+2)
—4L(S+0+3)(S—0—2)(S+0+2) (S—o—1) (S+0+1) (S—0) T +K+0¢) (J —K—o+1) 2Py ' | K—4, 6+3)
F+L(S+o+4) (S—0—3) (S+0+3) (S—0—2) (S+0+2) (S—o—1) (S+0o+1) (S—0) 2Py | K—4, o+4)
Pad L0 Ay | Kyo) =30 (um K—2) (ut- K+4) (u— ) (u+-K+2) J9Par L4 K+4, 0)
Py'L 4| K44, )
=[U—K~o)(J+K+o+1)(J—K—o—1)(J+K+0+2)(J—K—0—2)(J+EK+0c+3) (J—K—0—3) (J+K+o+4) 2Py’ | K+4,0)
—AL(S—o+1)(S+0) J—K—0) J+E+o+1)(J—K—o— 1) (J+K+0+2)(J—K—0—2) (J+K+0o+3) 2Py’ | K+4,0—1)
+6[(S—o+2) (S+o—1)(S—o+1)(S+0) J—K—0) J+K+o+1) J—K—c—1) (J+K+0+2) 2Py | K+4,0—2)
—4L(S—0+3)(S+0—2)(S—0+2) (S+o—1)(S—o+1) (S+0) J—K—0) J+K+0o+1)]2Py ' | K44, 0~3)
+L(S—~0+4) (S+0—3)(S—0+3) (S+0—2) (S—0+2) (S+o—1) (S—o+1) (S+0) 2Py | K44, s—4)

B. Matrix Elements of the Spin-Orbit Potential

The spin-orbit operator can be written as
1iS_¢

We proceed as in Sec. IIT and consider first

e 2 - S@(Lf (M) K emax : So)
+ZJS+Z =[a(K,0)+b(K,0)F_sS,+C(K,0)F_1S_

I-§'= T hSo? 1-d(K,0)F_sFsS_t-o(K,0)F_1F—4S, ]
1 ' X1 AWK emax: So)+x, (VB.2)
= —?[(F 1+ Fe)S_i4 (F_si+F1')S4'] where
2 +FlgSy. (VB.1) Fo=3.Fs, S=Y.S% (VB.3)
TasLe XIIT. Homogeneous matrix elements for treating the spin-orbit force.
F_sS, F_iS_ F_sF,S_ F_1F_S,
S F 3(K+e) 0 0 Hulw+2)—K(K—2)]
e XLS(S+1)—a(o+1)] XSS+ —o(e+1)]
S.F 0 3(—K+e) ‘ tle@+2)-K(K+2)] 0
i X[S(S+1)—c(e—1)] X[S(S+1)—e(e—1)]
(K+e+2)
o @w+2)-K(K+2)]
S4F_sFs 0 X3 p(u+2)—K(K+2)] 0
XISE+HD=ele=D1 XI55+ —ol—1]
1 ('—K+E+2)
s, At KD 0 0 XAt D~ K (K—2)]

XSS+ —o(o+1)]

X[S(S+1)—a(e+1)]
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The symbol x denotes a sum over states
B[S IV ) K emax: S'0),

with [f/J#£[f], W) (), or S’5£S. We note that
> i I:- St operating on ®([f](A\u)Kemax: Sc) changes e
by O or 3 units and leaves 7=K-+o unchanged. The
most general operator meeting these two conditions and
leaving [f7], (A\u), and S unchanged is the sum in
brackets on the right of (VB.2).

The coefficients a(K,0), b(K,0),- - -, e(K,0) are evalu-
ated in the same manner as the corresponding coeffi-

M. K. BANERJEE AND C. A.
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cients for the spin-independent case. For the homo-
geneous forms, the relations

S_S+= 82_502““50,

5.5 = S Sth-So, (VB.4)
eliminate the .S operator from the problem. The homo-
geneous matrix elements are given in Table XIII.

Finally, we arrive at two sets of simultaneous equa-
tions, one for #(K,s) and e(K,s), the other for ¢(K,o)
and d(K,o):

K+e

[mﬂr?)-f (K”z)]}[5(5+1)—a(a+1>],

()\ueKa}S_Fg;Z 'St AuKo)= b(K,a)( )-I—e(K,a)

(VB.5)
[S(S+1)—=a(e+1)];

(—K+e+2) ][#(M-FZ)—K(K*Z):I

(\ueKo|S_F4Fy Z I Si|\ueKo)= 3 b(K,0)+e(K,o)

—K+e

LS(SH1)—a(e—1)],
(VB.6)

]}[5(5+1)~a(0—1)].

[ﬂ(u+2)—4K(K+2)}]

(AueKa|S+Flz: IS¢ ApeKo)= C(K,a)( >+d(K,0)

C(K,a)—l-d(K,a)(K+Ze+2)[u(u+2)—;K(K-{-z)

(AueKa| S F_4F5 Y - St AueKo)=

In fact, only one set of equations must be solved since

a(Ko)=a(—K, —0); b(—K, —0)=c¢c(K,0); d(—K, —a)=e(K,0). (VB.7)

To see this, apply the time-reversal transformation to Eq. (VB.2) and note that the a(K,0), - - -, ¢(K,0) are real.
Relations (VB.7) are also evident from inspection of equations (VB.5) and (VB.6) when it is recognized that

(MueKo|S_Fs 3 i Si| ueKo)=(\pe, —K, —a | S1F1 3., I- Si|hue, — K, —0),
(VB.8)
MueKo|S_FyF1 3 - St \ueKo)= Ape, —K, —a | S F_iF5 3 ; 1:- St Aue, — K, —0).
That is, the matrix elements of the time-reversed operators in the time-reversed representation are equal to the

complex conjugates of the original matrix elements.
The equivalence relations for the operators in (VB.2) are quite simple:

1
F_5S+ ] )\MGKO‘>= —E(]_—S_)S_F]XIJ.GKU%
1
F~1S_|>\MGKO’>= "'ﬁ(.’.}.“S.})S_‘)\MGKG’),
(VB.9)

1i
F_sFyS_|\ueKo)= —‘E(]_—S_)SJLF [ \ueKo),

1
F_\F_4S; | ueKo)= —E(J+—S+)S+A_ [ AueKo).
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Py’ F_sS, | \ueKo)
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1
= ~—E{[(5+¢7+1) (S—0)(J+K+o+1)(J—K—0) 2Py’ | MueK, 0+1)— (S2—02—0) Py’ | AueK o)},

Pu?F_1S_|\ueKa)

1
= _\/_Z{E(S_a+ 1)(SH+o)(J—K—o+1)(J+EK+0) 2P | NueK, o0—1)— (82— 0>+0) Par? | \ueKo)},

1
Pu'F_sFyS_| MueKo)= —2—6[(“+K+2) (u—K) 2

X{LS+0o)(S—o+1)(J+K+o+1)(J—K—0)J2Py7 | Ae, K42, 0—1)
—[SHo—1)(S—0+2)(SH+0)(S—o+1) 2Py | Aue, K42, 0—2)},

1
Py’ F_1F_sSi | MpeKoy= ——[ (u—K+2) (u+K) ]
2V2

X{LS—0a)(S+o+1)J—K—o+1)(J+K+0) 2Py’ | \pe, K—2, 0+1)
—[(S—0—1)(S+0+2)(S—0)(S+o+1)]"2Py7 | \ue, K—2, 0+2)}.

Using the expression (VB.1) for > ;I:-S¢ the in-
homogeneous matrix elements on the left of (VB.S)
and (VB.6) are easily evaluated by the methods dis-
cussed in Sec. IV. Again, for matrix elements between
states of different (\u) symmetry, special operators
must be developed which generate excited configura-
tions from the ground state. Examples are given in the
next paper.

C. Spin-Dependent Two-Body Force

The remaining type of operator of interest has the
form (o1-02)V (r12), where V (r12) may contain a space-
exchange component. In order to handle such opera-
tors, we need to consider tensors which combine space
and spin; for example:

(S><Q)<Ig<), (SXL)(I:).

A total of 20 matrix elements is required to define the
spin-dependent two-body Hamiltonian for the sd shell.

We might think of these as comprising 10 singlet and
10 triplet terms. The detailed tables for the spin-
dependent matrix elements are given elsewhere.
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