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It is shown that a differential characterization of Sampson-Seitz methods for calculating the static re-
sponses of a normal fermion system at zero temperature yields expressions for these quantities which are
identical with those deduced by Landau from a semiphenomenological basis and by the author, in several
instances, from spherical, time-independent, many-body perturbation theory. This connection is explicitly
demonstrated for the Galilean invariance, magnetic susceptibility, and compressibility of a normal fermion
system with translation-invariant interactions. The calculation of the magnetic susceptibility and com-
pressibility of a dense electron gas is examined from both points of view. In the case of the magnetic sus-
ceptibility, it is shown that the contribution to a. from graphs with two virtual excitations vanishes to
O(r,) in agreement with the Sampson-Seitz calculation of Brueckner and Sawada. Although this demon-
stration is trivial by Sampson-Seitz methods, it is only a consequence of detailed calculation in Landau’s
formulation. It is found that (1/K)(2/pR)=a,—0.0676 Inr,+0.255, where K is the compressibility, p is

the density, and R is the rydberg.

I. INTRODUCTION

UR primary objective in this paper is the reconcila-

tion of Sampson-Seitz! procedures for the calcula-

tion of the static responses of normal fermion systems?

at zero temperature with the canonical relations for

the same quantities due to Landau.’® An example of

the latter is the Landau expression® for the magnetic
susceptibility,*

wikp 1
==

7"2 M(exnct)*

kp —1
+ / ko' f(exact)ex(k,k/)] . (11)
2(27)% J ki

M (exacty®, the effective mass of a quasi-particle to all
orders of coupling, has also been related by Landau®
through the principle of Galilean invariance® to the
P-wave part of the “ordinary”® forward scattering
amplitude® of quasi-particles evaluated at the Fermi

1J. B. Sampson and F. Seitz, Phys. Rev. 58, 633 (1940),
hereafter referred to as SS. A detailed application of this method
may also be found in Sec. 9 of D. Pines, in Solid-State Physics,
edited by F. Seitz and D. Turnbull (Academic Press Inc., New
York, 1955), Vol. 1, p. 367.

2 The appellation “normal fermion system” denotes a fermion
system amenable to ordinary linked-cluster perturbation theory.

}L. D. Landau, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1058
1058 (1956) [translation: Soviet Phys.—JETP 3, 920 (1956)7;
L. D. Landau and E. M. Lifshitz, Statistical Physics (Addison-
Wesley Publishing Company, Inc., Reading, Massachusetts,
(1958), pp. 207-213; A. A. Abrikosov and I. M. Khalatnikov,
Reports on Progress in Plysics (The Physical Society, London,
1959), Vol. 22, p. 329.

4 We have taken #=1.

® For spin-independent potentials, the Hamiltonian # is
invariant under rotations about the axis of quantization; that is,
exp(—iS;a)Hexp(—iS.a) =H, where S;=$%/dry! (r)o.¢ (r). Hence
the forward scattering amplitude regarded as a matrix in
spin _space has a spin dependence no more complicated than
f=f(p,p) I+%a-c’f°‘(p,p}§.’

8 The forward scattering amplitude f is to be understood as the
limit ¢ — 0 of the forward scattering amplitude of pairs with
small net-momentum gq in the irreducible sense. (One omits
scattering graphs constructed of subgraphs connected by pairs
with small net-momentum q.) [See R. M. Rockmore, Phys. Rev.
124, 27 (1961).]
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Siexacy®™ denotes the forward (exchange) scattering
amplitude of quasi-particles® exact to all orders of
particle-particle coupling. We remark that expression
(1.1) has recently been rigorously derived from spherical,
time-independent, many-body perturbation theory’;
Eq. (1.2) was similarly derived® from perturbation theory
in a discussion of the static response known as the
cranking moment® in the case of a periodic system with
the additional weakly restrictive assumption of a
translation-invariant particle-particle interaction. Far
from being “phenomenological” statements, relations
(1.1) and (1.2), as well as the Landau expression for
the compressibility,?
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ought to be properly regarded as consequences of the
structure of many-body perturbation theory; the
“Landau decomposition” of the static responses of
normal fermion systems into two-legged effective-mass
graphs and four-legged scattering graphs® (with these
legs evaluated on the Fermi surface) follows directly
from the “opening” of internal lines in closed ground-
state energy graphs on the Fermi surface.

In view of the extraordinary simplicity of the zero-
temperature results of Fermi liquid theory,? it is of some
interest to find them again in the Sampson-Seitz!
procedures which take a seemingly different standpoint.

7 R. M. Rockmore, Phys. Rev. 125, 1778 (1962).
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STATIC RESPONSES OF NORMAL FERMION SYSTEMS

We will show in Sec. IT that the explicit demonstration
of the equivalence of these points of view requires a
differential characterization of the SS procedures.
For purposes of illustration, we consider, later in this
paper, the calculation of the magnetic susceptibility
and compressibility of a dense electron gas. The former
problem has previously been treated by Brueckner
and Sawada® according to the SS method. We will
find it instructive to review that calculation from both
Landau and Sampton-Seitz (in our present interpreta-
tion) points of view. These considerations also furnish
the basis for a calculation, by both methods, of the
compressibility of such a system to O(r,) in the remain-
der of the paper.

II. GENERATOR PROPERTIES OF GENERALIZED
SAMPSON-SEITZ PROCEDURES

To exhibit the proper connection between Sampson-
Seitz procedures and the Landau results for the various
static responses of a normal fermion system at zero
temperature, it will not be necessary to use a formalism
any more sophisticated than that employed by Landau
himself, namely, the method of functional variation.?
Since the SS procedure was originally! formulated to
deal with the calculation of the magnetic susceptibility,
we discuss that response first. According to SS, we are
instructed to calculate the change in the ground-state
energy of the system as its spins are polarized, i.e., as
the population of electrons of each spin varies, to
O[(8p)*], where §p is the polarization parameter,®
adding to this the interaction energy (spin-field energy),
O(8p), and then minimize the resulting fotal change in
energy with respect to 8p. 6p, so variationally deter-
mined, is then substituted in d¢onE, yielding the
susceptibility per unit volume x, through the familiar
relationship

drory E=3NxH. (2.1)

The change in the ground-state energy due to a
virtual change in the spin population of the system may
be obtained through the introduction of two fictive
“perturbed” Fermi surfaces,® one for spin up and one
for the spin down. Thus one introduces

kpo=[1+{ (0)5p ]k, (2.2)

where {(¢) is the sign function for spin,

(lo)==1, o=21. (2.3)
Rather than replace the unperturbed distribution

functions,!
6(kr—p)=n(p,o), (24)

8 K. A. Brueckner and K. Sawada, Phys. Rev. 112, 328 (1958).

9 See below and reference 8.

1 See also J. J. Quinn and R. A. Ferrell, J. Nuclear Energy 2,
18 (1961), for a more heuristic treatment.

1 (x) is unity for positive  and zero for negative x.
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by the corresponding perturbed ones,
n' (p>a) =0 (kFa_P);

wherever they occur in E, as is usually done in the
conventional interpretation of the Sampson-Seitz
procedure,® we shall instead expand the perturbed
distribution function, #'(p,s), directly in powers of the
virtual polarization, §p, so that

(2.5)

n'(p,0) — n(p,0)+on(po), (2.6)
where!?
Okpe
8n(p,a)=6p[a (51,)] 3(p—kr)
+1(a )2 ity k)
Thd “:3(5?)2]0 =t
TN iy LY >} 27)
[6(61))]0 dep LR
with
kr®
[a J=%r<a)kp, (2.8)
q 9(8p) do
an
2kFa
[6 :l =—(2/9)kp. (2.9)
3(8p)2do

After Landau,® we write the virtual change in the
ground-state energy density due to a virtual change in
n(po) as

8E=E[n(p,0)+0n(p,0) ]— E[n(p,c)]

OF
=§ /6n(p’0)6n(p,a)dr

i~
Yt ] ) on(po)on(e o)
Xon (p,a)ﬁn(p’,a’)drdr',

(2.10)
where?

dr=dp/(2r)5. (2.11)

We make, after Landau,? the usual identifications,

1 SE Y -
—I;M(w)—e(p,cr)—e(p)—f(a)u , (212)
and
1 2E
= f(p,o; p',0"). (2.13)

V on(p,0)on(p’,0")

On direct substitution of Egs. (2.7) and (2.11)-(2.13)

1t is not necessary to carry this expansion further than

OL(59)*].
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into expression (2.10), one finds

E—Z/

Vk I%
372 9 (27

7%
+7]
3(2r)?
The subsidiary relations,
N=Vks/3n?, (2.15)
(de/dp) pmip=ks/ M*, (2.16)
[ dany fesive)
(p.p'=kF) )
=41r/ dQ f,. (cosh), (2.17)
with?
Z:, f(")fw'f(",)= I (2.18)
produce the further simplification,
kg?
VuHép-}-l(bp)? N’+(6p)2/d9 f=. (2.19)

On minimizing Eq. (2.19) with respect to §p, one finds
SLV#H[: 1
kﬁ‘2 M*
2(21r)3
Thus the requirement that

SE[(5p) min]= 5N xH? (2.21)

yields for x, the magnetic susceptibility per unit volume,
the canonical result of Landau,?

3T ke
Bt Lot 2(20)

(ap)min= -

/dQ f“(cosﬁ):l . (2.20)

/dﬂ f‘*"(cos())]ﬂ. (2.22)

P)kp(l-l—ap)‘”:' (p-—-kp)—{—gl—!(ap)?{[

o

o) =54] - .
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kr d
[e(p) r(o)uﬂjiléﬁr(a)kpa(p k)3 (61:)%{ a(p—kp>+——ﬂs(p—kp>]]

+ T 6| / e

Hé L b V(ep)?r|d k dB k 26 k
wHip————V(op) / pe<p>[ 0=k H 2~ a]

]

'o”— )¢ (o’ kr —kr
(Wf(p, 3 00 )t R (p= ko — )

40,40y

$(@)f(po; 9,08 (0). (2.14)

99" J (p,p’=kF)

One may, of course, consider the ground-state energy,
E, simply as a paramelric function of kp®. Then®

E{kr[1+¢(0:)0p] ) — E(kr)
~}(8p)* PO

k F)
distinct closed loops

< 2 9E ’E

+3kr,,
9 akF(t) ’ ¢ )akFu)

2.23
—) @)
where the parameter kr, appears only in the distribu-
tion functions,

n® (p)='9(kf'(.')—?))

which refer to the ith closed loop. Because of the
presence of the sign-function, ¢(s;), the contribution
from the parametric differentiation of two “elements’!*
in distinct closed loops vanishes, so that the derivative
operation, —20/8kp,+kr,0%/0kr? acts only on
“elements’’ of the same closed loop [hence the additional
label (7) on the parameter kr on the right-hand side of
(2.23)].%* The independent sums over spin, Y ) 2 ()
X2oi 2a; $(0)§ (o), then go over into a sum over the
“loop-spins” of distinct loops, 2 ) 2o,

In the case of the compressibility, it will be sufficient
merely to connect the appropriate SS procedure to the
proper Landau expression.? Thus we are led to consider'

' (p)=0(kr(1+46,)"°—p) — n(p)+on(p), (2.24)

where

0

2 4
kr 13 —kp)t. (2.25
ka(1437) ] o0 )] 2.25)

0

'3 The spin-field term is omitted; thus no term linear in p appears. We must introduce an additional index i on the spin label in
order to dlstmgmsh the sth closed loop, all segments of which have the same value of {(ay).
14 By “elements” we mean the internal lines; these are represented by the step functions, #(p) (holes), 1—n(p) (particles). See also

Sec. IIT A.
18 With these ‘“‘rules of interpretation,” the relation

Z (%)
distinct closed loops L)

2 8E

is implied.

~5 3kr g, +35t SV ap et

S ) Welks)+ f 40 f~(cost)
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On substituting (2.25), together with (2.11)-(2.13), into (2.10), one finds

dp
SE=5p ‘Ve(kp)'i—Z/ a

)

kr®  Nkg
+ /dﬂ f°(cos(9):|.

=06p Ne(k 1(5p)?| N-
p Ne(kr)+5( P)[ s ey

From the Landau relation,?

de(kr) 1 2(2m)?
_— f 49 f(cost)+ — @)
N  16xV 167 Vkr M*
and the identification
SN =XNsp (2.28)
one finds
0L=e(kp)SN +3 (6.V)2de(ky), 9N (2.29)

as expected. Further, consideration of E as a parametric
function of kp, leads to the result,

ELkr(14-6p) ] — E(kr)

oE 20E 1 9E
~35p k +%(5P)2kp<-—— -——-+—kr—‘). (2.30)
okp 90kr 9 Okp?

However, in the case of the compressibility, we are to

kr d
Ve(p)s (5P)2kr|: —é (?—kp)+—2‘ ;};“5 (p— kF)}

kp? dpdp’
2 — ——V [0 (p—kr)d(p'—kr
ROl ) e T RS

(2.26)

understand the parametric operator,
— 2(9/6kp+ kp62,/lakp2,

to act on all the elements of all distinct closed loops in
a given graph.!®

We consider now the SS procedure which yields
Landau’s Galilean invariance relation, Eq. (1.2). For a
virtyal displacement, éx, of the Fermi sphere, one has!

n' (p)=0(kp— | p—ox|) — n(p)+dn(p), (2.31)
where

1
sn(p)= n-ax—z—{[(&c)?— (n-6x)2] 18 (kr—p)

F

d
+%(n-5'<)2;;;5(kr—?), (2.32)

with
n=yp/p. (2.33)

The substitution of (2.32) into (2.10) then yields

5E=;/dp Vae(D)[ln'5'<—2;7[(5k)"’—(n~5x)2]]5(P—kr)+%(n‘5k)2(}l—:;5(?—kr)]

2r

dpdp’' V
HE [ [T fe o s p— k)¢ =k

(0x)?  Nkp(dx)?
=N _— /d&l., cosy f°(cosy).
IM* T (2x)

For translation-invariant potentials,®® the interaction
energy, E— E,, where

Ey=5 . (8/2M)n(p), (2.35)

is invariant under the simultaneous displacement of all
internal momenta,®

p— p—ox. (2.36)

18 It follows that in every order of perturbation theory the set of
scattering graphs which contributes to the compressibility contains
the set of scattering graphs appropriate to the magnetic suscep-
tibility. See also Sec. IV of this paper.

17 There is no compelling reason other than that of simplicity
for terminating the expansion of 5 in variational derivatives at
second order in this case. The continued expansion in variational
derivatives here will, in fact, produce innumerable identities.

18 The relation Vi =V (k’'—k) is meant.

1 This follows from footnote 18 and the invariance of the
denominators in perturbation theory under such a displacement
by virtue of momentum and particle-number conservation. By

(2m)°
(2.34)
Thus,
6E(p—»p—6x) = 6 (E( p—=p—idx) T EO(p—» p——dx))+6E0(p—>p—6x)
=N (6w)2/2M, (2.37)

and the Landau relation (1.2) follows on equating
(2.37) and (2.34).

The three cases treated above are illustrative of the
“generator” property of SS procedures.? It is clear that

way of illustration, one has in second-order perturbation theory,
the denominator

Apg; Im=p*+@*— P—m? — qu;lm“zak‘ (p+q—1—m)
+2(6%)*—2(ox)*= Apg; 1m
under p — p—dx, etc.

?D. Pines (private communication) finds it “paradoxical”
that the usual application of Sampson-Seitz to e,_;|® =4 Ing, the
cutoff, second-order contribution of antiparallel spins to the
correlation energy (8 is the minimum momentum transfer con-
sidered) does not yield the corresponding term O[(5p)?] in the
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the proper generalization of the SS method to the
calculation of any static response of a normal fermion
system presupposes the judicious choice of a fictive or
“trial” Fermi surface.2r We hasten to remark that one is
not suprised, in the context of field-theoretic tech-
niques, to find the physical ground state of a quantum
mechanical system to be the generator of its static
responses.

III. MAGNETIC SUSCEPTIBILITY OF A
DENSE ELECTRON GAS

A. Perturbation Theory

Preliminary to our review of the calculation of the
magnetic susceptibility of a dense electron gas to
O(r,), we consider for the sake of example, the second-
order Coulomb exchange correlation energy,”? e,
[which we take to be a typical term in the ordinary
(linked) Rayleigh-Schrédinger perturbation-theoretic
expansion of the physical ground-state energy of this
system?] from both SS and Landau points of view. It
will rapidly become clear that the Landau expression is
generally far less useful as a basis for calculation than
that expression to which the SS procedure leads.

The exchange correlation energy in lowest order is
given by the expression,

RONALD M.

ROCKMORE

and is shown graphically in Fig. 1(a). Note the par-
ametric dependence of €,® on kp. By our previous
discussion,

206 1 9%6™
s =yapr| — bk | 62)
9 dkr 9 Okr? )l p=y

since the parametric differentiation with respect to &
operates on the elements of a single closed loop which
is eb@).

As a result of the operation, 9%¢,® /dk?, one finds two
types of terms: those where a parametric derivative of
a 8 function appears in the integrand and those where a
pair of & functions appear. [In the former case, the
derivative, say (d/dkr)d(kr—p), when rewritten as
— (d/dp)s(kr—p), will yield a term (by partial integra-
tion), which, through the differentiation of the momen-
tum weight $?, just cancels the operation — (2/kr)
X3e;®/0kp.| The double §-function terms may be
identified with contributions to /dQ /*(cosf), the &'
terms with effective mass contributions o« 1/M*, so
that parametric differentiation may be equated to the
opening up of internal lines on the Fermi surface.
Explicitly,

3 e e = H (@) 5p)? (33)
’ 167r5/ / / @ Qe with
X0 (ke — | D+Q1+Q2| )6(| p-+ae| — k) =3t [, (3:4)
X6(kr—p)0(|p+a1| —kr)| G-y, (3.1) where
[ap®]i=— 12#5/dmquq/qiqu(p—l)&(l—|p+q1+qzl)
i e [ dp X0[1—=|p+a])0(1—|p+a:)[p (pta1t+ag:)—1], (3.52)
[ab(z)]ﬁ‘mws/ m(p 1)5(1— | p4-ai+a:|)
X0(| p+a:| —=1)6(| p+q:| —[p- (p+ai+a2)—1], (3.5b)

dq; dq.
[an® o= — / 1 / ki / 5(p—1)5(1— | p+ @) )6(1— | p+ 42 6| p+ar-tael —Dp- (p+ad—17, (3.50)
3d q:1°q2

after some rearrangement. The P-wave parts of the
forward ordinary scattering amplitude which appear in

polarized ground-state energy, e, (6p) = A4’ Ing(5p)?, where the
latter expression is the result of direct calculation. This is most
likely due to the approximate nature of cutoff calculations; that is,
the momentum cutoff, 8, only approximately simulates the effects
of screening. (See the Appendix of this paper for an example.)

% For example, the fictive Fermi surface,

n'(p) =6(kr— p[1—26n Pi(cos) ]1?), (I1>0)

with
o1 (p)=06n krPi(up)d (kr— p)+3(n)2[Pi(up) I

X[kp&(kﬁ —P+het a(/w p)]
is associated with

SN 1 2k
SE=3}kp?(5n)Y Ve 21_{_1—}—(2:)3 /dﬂ, f"(cosv)P;(cos-y)].

2 M. Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 369
(1957).

(3.5) above, result from the partial integration of the
8’ terms as expected from the principle of Galilean
invariance (1.2). We have used the customary relation,

de=3a(8p) (3.6)
with?
2(N/ V)u 4 r M
a=
XR ﬁo 2I—]M-(exnct.)
2 [0 F @), 61)
Q F (exacty™ (01 3.7
(2m)? / (oxeen” )
f(exact,)ex= (47r62/kF2)F(exnct)ex, (3'8)

2 8 is (4/97)1/3; R is the rydberg.



STATIC RESPONSES OF NORMAL

and

1/M=2/8. (3.9)

Further, for the exchange correlation graphs, the

relation

frpmy=f"—1f*=0 (3.10)
holds; this implies
(a—afree)umorr. /dQ'L[F(exacf-) (ll n)

Wzﬁrc

—4n- an(exact.)o (ll' n’)]cx‘corr.

/ dQn(n-n’'—1)
31r 67’3
XF (exacty? (1) | ex.corr.,,  (3.11)

which form, one notes Eqgs. (3.5) take. The scattering
graphs associated with the terms [a;®7]; (=1, 2, 3)
are represented graphically in Figs. 1(b)-1(d); they
are the “exchange-ladder” corrections (j=1, 2) and
the vertex correction to scattering (j=3) in lowest
order (static limit). Because of their divergence in
this limit, one would be obliged to supply the appro-
priate “renormalization of interaction” and calculate
their contribution to . in the Landau theory. However,
we can show quite easily that a;® vanishes identically
[and hence, (@)ex. corr.=0 to O(r,)] by the SS method?:
One simply makes the scale transformation,

FERMION SYSTEMS 931
S
et
P+
P ,
’ _ ‘— _ J Prdity
Nn“l, 1/
P P e
L < - F
*p il _ilpr%.*%: l !

(©) (V)
Fic. 1. Exchange correlation energy in second order (a) and

derived contributions to f(pe; p'e’) [(b) (d)]. (d) represents a
vertex correction to scattering in the static limit.

and hence
—20€,® /dkp+kpoe,® /% pt= (3.14)

Since this relation is not apparent in the Landau formu-
lation, we may conclude that that formulation is not
generally useful as a calculational tool.

B. Cancellation of Exchange Correlation
Contribution to e,

In this subsection we explicitly obtain the result

(ae)ex=0, (3.15)
@ — ik, to O(r,), by doing the appropriate calculation according
42— qokr, (3.12) to the Landau scheme. Thus, following the Feynman
ok rules for many-body perturbation theory at zero
p Prr, t 25
emperature,?® one has
in (3.1). Then it foll
in (3.1) en it follows that (@)ex=4(Kri— L1)+2(Ka— Lay), (3.16)
e® (kp)=krde,® (1), (3.13) with
K= / [ O g an TP @S an 1), (7
1= q1 q2 n+qi+qo, W)L 7, (Q2,w n-rqo, w), 1/a
—o 2mi q:*+ (Bro/7)Q:,(41,0)
1
[(21—_—2——4 ; / dw' /dqlquz S(n+qu, 14+w) P, (quw)n- (n+qi+4.)
s —0 7!'1 —
; X6(|n+qi+qz| —1)8(w+w')S (n+qo, 14+2') P, (q20"), (3.17b)
an
L11=K11[n' (n+q1) g 1], (3.17(:)
Lyy=Ku[n- (n+q:+q2) — 1] (3.17d)
To O(r,),
1 1
K“"‘Lu="'— dx I,,(x), (3.18)
. 27!'3 -1
with
47,
I.,(x)=A(x) In—+B(x)+A(x), (3.19)
r

24 All legs have the same sz component of spin.

2% D. F. DuBois, Ann. Phys. (New York) 7, 174 (1959); 8, 24 (1959). Our notation follows that of this and references 8 and 22

closely.
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where?6
* 1 1+ (1—2)]"
4 (x)=—%[ ﬁ /dﬂq =x[2(1—x)]12 lni———-l:—z——i!, (3.20)
—w2ri)  (iu—n-Q)(iu—n'-§) 1—[3(1—x)]"2|
; v [ RGO ()] [ ) ]W (3.21)
=2r[i(1—2)T — —il—x) 2 tanY| —m7 —— |, 3.
B@=2030-91" [ “R@ILwe-30-s e
* d dq 1 dq 1
A(x)=lim —u[/‘ — - —— —— — ; ‘]. (3.22)
0 J o 2nl)gss ¢ (u—3q—n-§)(Gut-3g—n"-§) Jicqcr ¢ (Gu—n-§)(iu—n’-q)
Since .
/ dx A(x)=4mrIn2, (3.23)
J =1
1 Fd
/ de(x)=2/ duInR (uw)[ tan—'(1/u) 2= —15.3, (3.24)
J 1 J —%
1
/ dx A(x)= —7[81n2(1—In2)+=2/3], (3.25)
Jo—1
one obtains
1\—11'—]‘11:().141 11’11’,'—0.369. (326)

Further,

1 “ du dq 1
Kgl_L;n:—“'/ —_ /dﬂn (n-n'—l) — o T
2t ) . 271 Je<r ¢ (Bu—n-§)(Gu—n’-§)

1 1
X
@>+4(Br,/m)R(u) (n—n')2+46r, /7

FAE(r), (3.27)

where the correction integral,

1 [*du . dq 1
AE(ra):——/ —/dQ,. (n-n’—1)lim [/ — T, o
2mt ) o 2w 0 Lgse ¢ (iu—39—n-§) (futig—n'-q)

1 dq 1 1
X —/ — :‘ (3.28)
(n—n'—q)+48r./7  Jise>e ¢ (fu—n-§)(iu—n'-§) (n—n’')2+48r,/T
=—0.141 Inr,+0.448, (3.29)

P Pt b

P41 Pt

(c)

I16. 2. (a) One-virtual-excitation exchange scattering graph;
(b), (c) are graphs with two virtual excitations occurring. (d) is
one of four two-excitation exchange scattering graphs by which
/¢ differs from fex to O(r,).

* Du Bois’ evaluation of 4 (x) [(Eq. (4.42) of the second of references (25)]is not correct. It is not necessary to evaluate A(x) to

do the integral in Eq. (3.25) (this paper). [Du Bois’ evaluation of A(x) is also not correct; indeed one may find a closed form for it via
the introduction of Spence functions. ]
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has been left to an appendix. Since to O(r,),
1

1

(Km‘— 421)_AE<7,,) = — (Ku* L11)+2— d’(' A(:&) =—0.141 lnrs—}—0.290, (330)
e -1

we have, collecting terms,

(“t‘)ex: 0,

the result so trivially obtained in (3.13)-(3.14). As we have shown that the contribution to a, to O(r,) from graphs
with two virtual excitations [see Figs. 2(b) and 2(c)] vanishes, we turn now to a consideration of the contribution
from graphs with only one virtual excitation occurring [see Fig. 2(a)].

C. a. as a One-Virtual-Excitation Calculation

It will be sufficient for our purposes merely to extablish the identity of the two approaches in the case of the
nonexchange (or one virtual excitation) contribution to a.. Thus, we apply Sampson-Seitz to the expression for
the nonexchange correlation energy in the high-density limit 82

3 r* * { Brs l 1
e(kF)lnonex. corr, = ——— /. qquf du ln[l"i'_"‘Qq(u; kF)-:l Q (u k}«) (%31)
4w J o Joa | w2q* w2g? JB 2,2

which expression results from the parametrization,3

Qq(u;kﬂ)=/.dpt9(lp+m "kf')a(kf'—ﬁ)[ explitug— |t (3¢*—q- p) Jdt=krQqir (1t/kr) (3.32a)

with
Qolats kp)=kpQo(1t/kp)=4wkrR (1t k). (3.33)

According to our previous discussion, we are to consider

2 Je 1 d2%e
de=3(5p)? pIS) <—— ——+—kr )"““)

[}
distinet closed loops 9 akp“-) 9 akp,i)l"

=1(6)’a, (3.34)

(kp=1)

where the parametric derivatives are to be taken on the same closed loop [the factor, krQ, ke (1t/kr), represents such
a loop]]. Thus, one has

a___.__

*dg / Qa(1; ki) {(—20,0kr+krd*/0kr®)Qq(u; kr)}
14 (Bra/mq")Qy (u; ki)

The SS result of Brueckner and Sawada then follows from the parametrization of (3.32b), since the relation,

(3.35)

(kF=1)

92 | 92
- 0 ,k 2"—— kr“——‘ k[q o kp 3.36
( 6kﬁ2>Q (w3 k) (kp=1) ( kp+ Okp? )E Qolu/kr)] (kp=1) (339
. =u’Qo" ()4 2uQy’ (u) — 2Q0 (1) = — 8x/ (1+u2)?, (3.37)
enables us to write8
. _ﬁ/ du/ Qo(u)g(u) 4 ha, (3.38)
e Jo q 24 (Bro/72)Q0 (1)

where

[ (e
f f 10| (=24 Youtus ke)an| |
8 okr Okp?
TR L
w820 g Ip+al>1,p7<1 Okr  Okr*) ) praisirn<te  g*4+q- (p+p)

tdg 1 FRPE 1
——/ — lim - dp’<—2~—-+ )/ dp—————~———}
8 ¢ g ) ptast<t Okr Okr*/ ) \prai>krp<ir  ¢°+q- (p+p")

(kp=1) (3-39)

(3.40)

(kp=1)
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On the other hand, the choice of the parametrization of (3.32a) will yield the terms appropriate to the Landau
scheme. In particular, one has

(—-Zi+ z )Qq(u; kr)

- f 494 5(|n+q] —1)[1—n- (n+q)J2b (ug)
Okr Okp? (kp=1)

uq— (%q2+q-n)2
+2 / 2 q- , (341)
' ! n[(%qf-i—q-n)2+u2<12]"’
with
! /wd /d&) 3(|n+q|—1)[1—n- (n+q) 0.0
a=— n —1)[1—n- ——
3, ! ¢+ Bra/2)0,(0)
1 “qdq /“‘ i q-nQ, (x) [uzqz—(§q2+q-n)]. (3.42)
3n% /o @ Br/7)Q,(w) [(3g*+q-n)2+ug?]?

The P-wave parts of these integrals may be identified (within a constant factor) as DuBois’ calculation? of the
contribution to the effective mass from one virtual excitation. Note the division into contributions from transitions
on and off the Fermi surface.

IV. COMPRESSIBILITY OF A DENSE ELECTRON GAS

As a result of our preceding analysis, one finds that the auxiliary expression,

1 2kp ,
%—i—@ /dﬂf (cosh), (4.1)
which relates to the compressibility, differs [to O(r,)] from that appropriate to the susceptibility,
1 kr
iy f 49 = (cosf), @.2)

by a contribution from the nonexchange correlation energy and, in particular, from elements in disjoint closed
loops. We may write this additional contribution as

sz~ 2 2 2 Cetin]
= —— —— T —Rp—— € nonex. corr. § (disjoint loops)
9dkr 9 Fakpz r e cors.} il kop (kp=1)
1 r*dg = r 9 2
=2 w [—ewtn]| . s
. 6m°Jo0 ¢ Jw  [1+(Bre/7¢*)Q(u) 2L Okr (kp=1)
which to O(r,) reduces to
12 1 ® g(u)
da=—— / d(g?) / du +-8, (4.4)
mJo —  ¢*+(4Br./7)R(u)
where
| [ S ] [ s 00on]
=—Iim —| —Qqy(u; — | —lim| —Q,(u;k ]] 4.5
6md 0 e q akaq o ‘/g q -0 akaq F) (kp=1) ( )

The integrals required to evaluate § have all been previously calculated by Brueckner and Sawada;? in particular,

the identification

4[ i )]

=—- 2,y 4.6
9L.dxdy *9)

Zmmymal

yields
6= (4/37%) (In2+-3). 4.7
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Since to O(r,),

6a-—8=% /: du g(u) ln[éﬂ;ﬁR(u):l

='1,,“i /; du g(u) lnr.—l-l—:s /: du g(u) ln|:4—fR(u):|

2 2 48
= —; lnr,+[% (0199) —3—; ln—:l, (48)
it follows that?? " T
172
7{(—1&) =a,—0.0676 In7,+0.255. (4.9)
p.

This calculation could have been dealt with as well in the Landau scheme. There the contribution éa arises as
an ordinary ladder correction resulting from the exchange of two virtual excitations [see Fig. 2(d)]. Without
recourse to the Feynman rules, we may obtain it in Landau form by the parametric differentiation of Q,(u; kr)
in Eq. (4.3). Thus, in that scheme, one finds

1 J ® du i 1 1
da= q/ qg— n[ ]
127 / —o 2m 1¢>+n-q+duqg 3¢2+n- q—iug

1 1
X / dQn’[ —+ 1
3¢*+n'-q+iug 3¢+n’- q—iuq-l[q2+ (Brs/7?)Qq () I?

1
4 i ° du (u?—x?) (w2 —y?) 1
=— qdq/ —f/dxdy +3, (4.10)
S L) (@42 (y*+u?)? [¢*+ (48rs/m)R (u) ]
with the resulting calculated correction, ée, in agreement with (4.9).
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APPENDIX

We consider here the evaluation of the correction integral of Sec. III. We write it as

1 r*du dq 1
AE(r8)=—/ ——/dﬂn: lim [(n-n’——l) —
27t ) o 27 0 e<¢ ¢ (u—3q9—n-§)(Gut3g—n'-g)
1 1 dq 1
x [ = . Ay
(0 —n— @) +48r./7 2) s @ Gu—n-g)Gu—n'-q)

where the limit 7, — 0 has been taken in the second integral of (3.28) for simplification. Since the second integral

has the value (4/7%) In2 Ine, we expect a like divergence in the first. That integral becomes, on performing the
integration over the variable #,

1 dq 1 1
J=——/d§ln(n'n’—1)/ —
2nt e<q ¢° (0'—n—q)*+(46r,/7) q- (@+n—n’)

[6(—3g—n-B—0Gg—n'-k)].  (A2)

We now make the transformation
q+n—n'=k
27 We have used the relation 1/K=Np(du/aN).
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in the q integrand of (A2) and further split the integral into contributions from £>2 and % <2,

1 ! 1
J=—— 21rdx1/dQ,.(n-n’——1)f dk
27t )y y>2 |k+n"—n|2k- (k+n—n’)
1 dk 1 6(|k+n"—n|—¢)
+— | dQa(n-n'—1) [6(—k2—2k-n')—68(k2—2k-n)]. (A3)
2t k<2 k24 (48rs/7) |k+n'—n|? k- (k+n'—n)

The further rearrangement,

1 dk 1 [6(—k-n")—6(—F-n)]
J=— /dﬂn(n-n’—l) +AJ, (A4)
2n k<ze<in—n| K2+ (4Br,/7) 2(1—n-n’) k- (n'—n)
with
1 dk 1 [6(—k2—2k-n")—6(k*—2k-n)]
AJ=—/dﬂn(n-n'—1) —
27t <ktn_n| k2 |k+n’'—n|?2 k- (k+n’—n)
1 dk 1 [6(—k-n")—06(—k-n)]
fd&)n(n-n’——l) — , (AS)
27 k<2ye<|n—n’| k? 2(1—]1'“,) k' (n'—n)
serves to separate out the term O(lnr,), so that one finds
J=—(2/7% In(Br,/7) In2+AJ. (A6)
We now observe that the k integrand of the first integral in AJ is invariant under the transformation
k4+n—n'—k (A7)

except for the factor 8(|k+n—n'| —e) which goes to 8(k—e) under that transformation. This implies that our
specification of divergence in this integral (and hence in the subtraction integral as well) is inadequate; a factor
0(k— €) is missing. Indeed the divergence « Ine has its basis in the logarithmic divergence of the % integral. On the
other hand no divergence arises from dropping the factor §(|k++n—n’| —¢). Thus,

1 dk 1 [6(—k2*—2k-n")—0(k*—2k-n)]
A]=~/d9n(n~n’—1)/ —
2t <k k? |k+n—n’'|? k- (k+n’+n)

dk [6(—%-n")—6(—Fk-n)]

e<hk<s k2 k- (n'—n)

1
+—/dﬂn(n-n’—1) , (A8)
47t

where the latter integral has the value — (4/7%) In2 In(2/¢). The former integral may be split at k=2 so that
2 x 1 1 2dk 1
AJ:—/ d(p/ dxlf dxs[ 2o+ (1= 22V (1 =202 V2 cosp—17] | — ————[ k24 2k, — 2kx»
™ J -1 -1 e k (k+x1—x2)
+2(1 = — (1—2:)Y2(1—2,2) 2 cos ) T [6(—k— 2x1) —0(k — 2x5) 1+ (4/x%) In2[3+1n(e/2) ]—1
=—(4/7?) In2 In(¢/2). (A9)

It follows that
AE(r.)=— (2/7* In(Br,/7) In2+ (4/7%) (In2)*= —0.141 lnr,+0.448. (A10)



