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It is shown that a diBerential characterization of Sampson-Seitz methods for calculating the static re-

sponses of a normal fermion system at zero temperature yields expressions for these quantities which are
identical with those deduced by Landau from a semiphenomenological basis and by the author, in several
instances, from spherical, time-independent, many-body perturbation theory. This connection is explicitly
demonstrated for the Galilean invariance, magnetic susceptibility, and compressibility of a normal f'ermion

system with translation-invariant interactions. The calculation of the magnetic susceptibility and com-

pressibility of a dense electron gas is examined from both points of view. In the case of the magnetic sus-

ceptibility, it is shown that the contribution to e, from graphs with two virtual excitations vanishes to
0(r,) in agreement with the Sampson-Seitz calculation of Srueckner and Sawada. Although this demon-
stration is trivial by Sampson-Seitz methods, it is only a consequence of detailed calculation in Landau's
formulation. It is found that (1/E)(2/pR) =a,—0.0676lnr, +0.255, where E is the compressibility, p is
the density, and R is the rydberg.

+
2(2&r) o,&: =&;r&

dn, f&„..„& "(k,k') . (1.1)

M(««t)*, the effective mass of a quasi-particle to all
orders of coupling, has also been related by Landau'
through the principle of Galilean invariance' to the
I'-wave part of the "ordinary'" forward scattering
amplitude' of quasi-particles evaluated at the Fermi

' J. B. Sampson and F. Seitz, Phys. Rev. 58, 633 (1940),
hereafter referred to as SS. A detailed application of this method
may also be found in Sec. 9 of D. Pines, in Solid-State Physics,
edited by F. Seitz and D. Turnbull (Academic Press Inc. , New
York, 1955), Vol. 1, p. 367.

2 The appellation "normal fermion system" denotes a fermion
system amenable to ordinary linked-cluster perturbation theory.' L. D. Landau, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 1058
1058 (1956) I translation: Soviet Phys. —JETP 3, 920 (1956)j;L. D. Landau and E. M. Lifshitz, Statistica/ Physics (Addison-
Wesley Publishing Company, Inc, , Reading, Massachusetts,
(1958), pp. 207-213; A. A. Abrikosov and I. M. Khalatnikov,
Reports on Progress in Physics (The Physical Society, London,
1959), Vol. 22, p. 329.

4 We have taken 4=1.' For spin-independent potentials, the Hamil tonian H is
invariant under rotations about the axis of quantization; that is,
exp( —iS~)Hexp (—iS,n) =H, where S,=$J'de/ t(r)aQ(r). Hence
the forward scattering amplitude regarded as a matrix in
spin space has a spin dependence no more complicated than
f=y (p, p') I+-',o 0'j~(p, y'). 3

' The forward scattering amplitude f is to be understood as the
limit g-+0 of the forward scattering amplitude of pairs with
small net-momentum q in the irreducible sense. (One omits
scattering graphs constructed of subgraphs connected by pairs
with small net-momentum q.) LSee R. M. Rockmore, Phys. Rev.
124, 27 (1961).j

I. INTRODUCTION

1
&)

UR primary objective in this paper is the reconcila-
tion of Sampson-Seitz' procedures for the calcula-

tion of the static responses of normal fermion systems'
at zero temperature with the canonical relations for
the same quantities due to Landau. ' An example of
the latter is the Landau expression' for the magnetic
susceptibility, '

p, "1I&'p 1

-cV(exact)

surface, "

i 1 2k'
dna (h k')

~&exact& ~ (2s ) &k, k'=k&p&

Xf&.„.„&'(k,k'). (1.2)

f&,„„&&'" denotes 'the forward (exchange) scattering
amplitude of quasi-particles' exact to all orders of
particle-particle coupling. We remark that expression
(1.1) has recently been rigorously derived from spherical,
time-independent, many-body perturbation theory',
Eq. (1.2) was similarly derived' from perturbation theory
in a discussion of the static response known as the
cranking moment' in the case of a periodic system with
the additional weakly restrictive assumption of a
translation-invariant particle-particle interaction. Far
from being "phenomenological" statements, relations
(1.1) and (1.2), as well as the I.andau expression for
the compressibility, '

1 BV kp 1
E=———

~ ~& r P'~'-~(exact)

2k' ——l

dn&, f&„„.„&'(k,k'), (1.3)
(2&r) &x, &; =ar&

ought to be properly regarded as consequences of the
structure of many-body perturbation theory, ' the
"I.andau decomposition" of the sta, tic responses of
normal fermion systems into two-legged effective-mass
graphs and four-legged scattering graphs" (with these
legs evaluated on the Fermi surface) follows directly
from the "opening" of internal lines in closed ground-
state energy graphs on the Fermi surf&tee

In view of the extraordinary simplicity of the zero-
temperature results of Fermi liquid theory, it is of some
interest to 6nd them again in the Sampson-Seitz'
procedures which take a seemingly different standpoint.

7 R. M. Rockmore, Phys. Rev. 125, 1778 (1962).
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We will show in Sec. II that the explicit demonstration
of the equivalence of these points of view requires a
differential characterization of the SS procedures.
For purposes of illustration, we consider, later in this
paper, the calculatiorl of the magnetic susceptibility
and compressibility of a dense electron gas. The former
problem has previously been treated by Brueckner
and Sawada' according to the SS method. We will
find it instructive to review that calculation from both
Landau and Sampton-Seitz (in our present interpreta-
tion) points of view. These considerations also furnish
the basis for a calculation, by both methods, of the
compressibility of such a system to 0(r,) in the remain-
der of the paper.

8(„„)E=2EyIP. (2 1)

The change in the ground-state energy due to a
virtual change in the spin population of the system may
be obtained through the introduction of two fictive
"perturbed" Fermi surfaces, "one for spin up and one
for the spin down. Thus one introduces

kz." [1+i(a)——bp5'"kF

where j(o.) is the sign function for spin,

(2 2)

1 (o) = &1, o = &1. (2.»

II. GENERATOR PROPERTIES OF GENERALIZED
SAMPSON-SEITZ PROCEDURES

To exhibit the proper connection between Sampson-
Seitz procedures and the Landau results for the various
static responses of a normal fermion system at zero
temperature, it will not be necessary to use a formalism
any more sophisticated than that employed by Landau
himself, namely, the method of functional variation. '
Since the SS procedure was originally' formulated to
deal with the calculation of the magnetic susceptibility,
ee discuss that response first. According to SS, we are
instructed to calculate the change in the ground-state
energy of the system as its spins are polarized, i.e., as
the population of electrons of each spin varies, to
OL(bp)' ], where bp is the polarization parameter, z

adding to this the interaction energy (spin-field energy),
0(bp), and then minimize the resulting iatal change in
energy with respect to bp. bp, so variationally deter-
mined, is then substituted in b(&,t~E, yielding the
susceptibility per unit volume y, through the familiar
relationship

by the corresponding perturbed ones,

n'(p, o) =b(k,.—p), (2.5)

wherever they occur in E, as is usually done in the
conventional interpretation of the Sampson-Seitz
procedure, ' we shall instead expand the perturbed
distribution function, n'(p, a.), directly in powers of the
virtual polarization, bp, so that

where"
n'(p, o) ~ n(p, a)+bn(p, o), (2.6)

—Bkp'
bn(p, a) =bp b(p —kz )

-b(bp)-a

1 —8'kp
y—(bp)* b(p —k, )

2! 8(bp)' a

with

+ b (p —kz ), (2.7)
b(bp) a dkz

= -', l (o.)kz,
b(bp) a-- (2.8)

= —(2/9)kz.
&(bp)' o

(2.9)

bn(p, o)dr
bn(1z, a)

+zE

where'

bn(p, o)bn(p', o')

Xbn(p, o)bn(y', a')drdr', (2.10)

(2.11)dr =d p/(2zr)z

Ke make, after Landau, ' the usual identifications,

1 5E
(V,«)=o«(fz) f(o)u&,-

V bn(p, o)
(2.12)

After Landau, ' we write the virtual change in the
ground-state energy density due to a virtual change in
n(p, o.) as

bE= E[n(p, o)+bn(p, o)5 E(n(—p, o)5

8(kz —p) =n(p, o), (2.4)

Rather than replace the unperturbed distribution
functions, ~~

and
1 6'E

, , =f(fz,o u', o').
V bn(l, o)bn(p', o')

(2.13)

K. A. Brueckner and K. Sawada, Phys. Rev. 112, 328 (1958).9 See below and reference 8.' See also J. J. Quinn and R. A. Ferrell, J. Nuclear Energy 2,
j.8 (1961), for a more heuristic treatment.' 8(x) is unity for positive x and zero for negative x.

On direct substitution of Eqs. (2.7) and (2.11)—(2.13)

"It is not necessary to carry this expansion further than
Ot (V)'j.
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into expression (2.10), one finds

kF d
e y —{ 0 p x ~ p — —' 'kp b(—p kp—)+ —b(P —kp)) Hj 'bP{ ( )k b(P —k )+-', (bP)'k — P — — —k

dy dy' V
b

"- — f(y, o", y', o 0 0'+kZ (P).

V(bP)' dy e(y) k,—b (p —k p)+2b (p —k ppHbp — — p
3n'- 9 (2s)' dp

kF
+V k(b p)'2

3(2~) u, n'-I' F)
dQ.dQ. {()f(y,', y',.'){( ') (2 14

The subsidiary relations,

.V= Vkp'/3~',

(d~/dP), =gp kp/M*—,—

dQQQ„ f(y, o , y', (r'")

S,S '-1F)

(2.15)

(2.16)

wl th

=4+ dQ f.. (cos8), (2.17

2 P(~)f- {(~') = f'",

produce the further simplification,

rse d the ground-state energy,One may, of course,rse consi er e
E, simply as a parum elric f»»etio» o p . e

E{kp(1+{'(&r,)bP)'") —E(kp)

——2 (bp)" 2(*) kp(, )
distinct closed loops

2 BE
X —— +9kF(,)

9 BkF(,) BkF„.)'

. a ears only in the distribu-where the parameter kp&,.
&

appears on y
tion functions,

»'"'(y) =8(kp„,—P),

dQ '" (2 19)bF= —VpHbP+ '(bP)' X-+(bP)' dQ f

one findsOn minimizing q.E (2.19) with respect to bP, one

3iVQP 1
(bp) min=

F
——1

use of theto the ith closed loop. Because
h bence of the sign-function, 0;, e

that the derivative
metric i eren ia io s

plosed loo s vanishes, so a
operation, —28 8 F„.)+k ~ +kp ) F( )

e closed loop ence e a
*

&&+., g,, {'(0;)g(~,), .then go over in o

oop-s
si ilit it will be sufhcientI th case of the compres

'
y,

' '
t

a ro riate SS procedure to t emerely to connect the appropr'
weareled to consi er.. dproper Landau expression. Thus we

+ dQ f'" (cos8) . (2.20)
2(2~)'

Thus the requirement that

bE f(bp) „„.]=xiVxH'

yields for x, the magnetic susceptibili y p'lit er unit volume,
the canonical result of Landau, '

——13.VP'- 1 kF
+

k ' M* 2(2w)'

2.24)»' y =8(kp(1+bp)'" —p) ~ »(y)+b»(y)
dQ f' (cos8) . (2.22)

whereF

828
k p (1+bP)"'k 1+b )"' b(P —kp)+ (bP) p—F

-0

is implied.

»(y) bP ( p
2! B(bp)B bp

b(p —k,) . (2.25)Xb(p —k.)+ k.(1+bP)"
B (bp) —0

al index j on the spin label inears. We must introduce an additsona ino term linear in bp appears. We mus
of which have the same value o g

. See also
h the sth closed loop, all segme t o

th internal lines; these are represent y
'4 By "elements" we mean the mterna

Sec. III A.
talion " the relation's 8'ith these "rides of interpretation,

~" -9a&, . +9"'~a~.„, =& ' 'distinct dodd looPs s
E(s)

"
(4

'
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2.11)—(2.13), into (2.10), one findsOn substituting (2.25), together with ( .

hF =bp.Ve(kp)+2
kp d

-Ve(y)$(bp)'k. -h(p —k,)+ —b(p-k,
(2s)0

kp'
+2(hp)*

9
Vf0, 0 'b(p kp—)b(p' kp—)

(20.)0
kp-'»kp'

=bP»e(k. )+l(hP)' ~ + dfl fo(cose) . (2.26)

From the Landau relation, 3

Be(kp) 1

BV 16'.v
dQ f (cos8)+

""' ', (2.»)
16'-Vkp M*

and the identification

(2.28)8~V =Xsp
one finds

(2 29) wherehf."=e(kp)b»+-,'(bX)'he(kp), 'BX

understand the parametric operator,

—2B,f'Bkp+ kpB'/Bk p',

to act on all the elements of all distinct closed loops &n

w the SS procedure which yieldsKe consider now t e
E . 1.2). For aI. dau's Galilean invariance relation, q. . . o

iirtual displacement, hee, of the Fermi sp ei s here one has'

»'(y) =e(k, —
I y —h~I) n(y)+bn(y), (2.31

as expected. Further, consideration of E as a parametric
ltfunction of kp, leads to the resu

8[k p(1+hp) '&') —E(k,)
BE 2 BE 1 B'-E

—',bp kp +-, (bp) p'k —— +—k- . (2.30)
Bkp 9B p 9 F

However, in the case of the compressibility, we are to

n= y, 'p.

The substitution of (2.32) into (2.10) then yields

(2.33)

1
bg(y) = n hv. — [(bie)' —(n bee)') h(kp —P)

2k,

d
+-,'(n bx)' h(k, —p), (2.32)

dkp
with

[(b )-'—(n bie)') b(P —kp)+-,'(n bie)' h(P-kpe(y) n bx —
L 0(-—n 00

dkp(2w)' 2kp

+ dQ„cosy f0(cosy).
(b~)»k, (b )

2M* (20r)'

f,. (y, y')n h00h00 n'b(p —kp)h(p' —kF)
(20.)0

(2.34)

gy

Fo=2,. (y'(2hd')n(y). (2.35)

a,llis invariant under the simultaneous displacernent o a,

internal momenta, 19

(p-+ p—bx) (p~p —&~)E 0~0—g =biE —il i ke(0~0—eg))+b+0(P~P —es)

a,nd the Landau relation (1.2) follows on equating

i ustrative of theThe three cases treated above are illustrative o e
"generator" proper y ot f SS procedures. ~ It is clear that

way of illustration, one has in second-or e p- r er erturbation theory,
the denominator

+Z' —P—I'~ apq. &
—2' (p+q —1—I}

+2 (bx}'—2 (bx}'=b,

icatio n 6 d it "parado ic l"~ D. Pines (private communication n s

b
' f ti ll l t th

al a lication of Sampson-Seitz to c~ ~~
= n, e

ond-order contribution o an
'

(2.36)

of erturbation theory the set ofcry order o per
scattering graphs which contribute stothecompressi i i ycon
the set of scattering graphs appropriate to the magne ic su
tibihty. See so Sec. IV o

. Th t ued expansion in variationalsecond order in this case. T e contmue expan
derivatives ere wi, in ac,h 'll ' f t produce innumerable identities.

pe t b tion t eory
'

ce
by virtue of momentum and particle-number conserva ion.

I'or translation-invariant potentia s,1 '8 the interaction Thus,
ener, E—Eo, where
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F' 1(a). Note the par-p
'

all in I'ig.
iousametric ed endence of e~") on

disc

e p ge
' '

n of the SS method to thee roper egeneralization o e
rmal fermion

the p p ~e n o e

su oses the ]u ici

f field-theoretic t c-n
ni

r

2 Bet&'& 1 8'at"
—kp

9 Bkp 9 Bkp' &tr i&

(3.3)

16m' gg

Xe(k&' —
I p+qi+qa t

&
)e(l p+q2 I

—k~)

Xe(k,—p)e(l p+q, l
—k, ! „,.„,

» "&=Xi=&' I &t"&jt. (3.4)

where

ot suprise,d in the context o

rentiation wi k~

ues, to find the physica
echanica sys e

p
operates on the elemen s o

esponses.

(2)

era ', '- (" A
-"onefinds two

IBILITY OF A
1S 6g

III. MAGNETIC SUSCEPT
DENSE ELECTRON GA

otthe a && function appears in
f && functions appear.

dk f&(kF —p, w e
tibihty of a en

men-

r
'

r or t e sake of example, the s
e correlation energy, " et"'

p

of . I i«ifi &I

expansion of the p y
system ~ r a

r calculatio

h nge correlation ene est

bt. t "&= —,
' (nt "')(v)-'

The exc an
given yb the expression,

3 dqi dq2 Zp

with

(3.6)

2 (XjV)&t'
with

~ 4.—P)+k(~n)'LP2(up) j'Bn(p) =By kyPI(p„)8(kp. —p

kgb(kp —p +

L' i — ( -1)~(1-
I p+«+qttl)

3.5a)

li p-
&& 1—

I p+q21)l p p( +q&+q2)-1], ( .
12K gy gg

XBL1—I p+qi

&&&t
" = — l&(p —1)l&(1—

I p+q&+qt

( +q+q) —11, (353.5b—1)&&(I p+qt I

—I)I:p

8 1—p+qtl)@(l p+q&+qual —1 1 p
t 2&f2

{2)1—

3.5) above, resul

3Ã

r in e x ected from t e pr'
relation,

pa e
litu&fe which a pear in

&&t = -,'n (l&p)',
n is the result of direc c

ate nature of cuto ca
y a~~ro~mat y

4 M
p

ct

—(k —~ 1—28g P2(cosg)

3P rc ~&exact&

e'(p) =8 ky-

x

is associated wIt

dQ f'(cosy) P~ {cosy)2M*2l+1 (2 )'
K. A. Brueckner, Phys. Rev.~ M. Gell-Mann and

{1957').

dQ F&,...t&-. (n n
&

-t&-' ' ' 37)+
(2&r)'

= (47re /kp )P&exact&f&exact& (3 g)

9 "' R is the rydberg.»Pis (4 9
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and
1/M = 2/P2r e'. (3.9)

f th exchange correlation p~ra hs, theFurther, or t e exc
relation"

(3.10)

holds; this implies

psych
' '

p

(b)

(n &22„—,)
te

da.LP& ...& (n n')

e& Pyy
JL P4$g

32r2Pre
dQ (n n' —1)

Xh &exeat& (n n J ~
ex.carr. t

4n' + ~(exact) + ' n cx.corr.

(3.11)

I

(&)(c)

ion energy in second order {a) anIon energy In and
)—{d)j (d)

vertex correction to scattering in t e s a ic
'

notes E s. (3.5) take. The scattering
with the terms o,~; j=

rrection to scattering g = inthe vertex corre
of their divergence instatic hmit). Because o t eir

uld be obliged to supply the appro-this hmit, one would be o lge o
"renormalization o~ inte ractlon an

ton, int e an

k the scale transformation,One simply ma es e

QI ~ QIkP)

q2 —+ q2k&,

P~ P&&7

and hence

B. Cancellation of Exchang e Correlation
Contribution to e,

In this subsection we explicit y
'

l obtain the result

(3.15)&e @X=01

he a ro riate calculation accordkng
th Fe. Thus, following e

rules for many-body perturbation t eory a
temperature, "one has

&2e)ex 2 (It hh Lll)+ 2 (+21 21
—L21), (3.16)

(3.12)

in (3.1). Then it follows that

2 "'(k )=kr'ct, "'(1), (3.13) with

2 2 2 — 314—282&,&2&/Bkr+kr822&, &2&/8 kr ——0.

is not a arent in the Landau formu-Since this relation is not appare
lation, we mayay conclude that that ormu a i

l.genera y use u all f l s a calculational too .

1 " dw n (n+qh)&&(~n+qhi —1)

'+(0./ ')Q..(q,0)
(3.17a)

1 "dz
E2I=—

2~' „2+i
dw dqt dq2 S(n+qh, 1+w, qh,1 w, P, ,qh, w)n (n+q, +q, )

X&&(~ n+qh q2-+ I

—1)b(w+w')5(n+q2, 1+w'P'„(q2, w

To O(r, ),

with

L11——IC1&Ln (n+qh) —+ 1j,
L» ——Z»Ln (n+q&Pq2) ~1j.

1

Ehh —L»=— dx E„(x),
2X —1

4pr,
I,, (x) =A (x) ln +B(x)+A(x),

1r

(3.17c)

(3.17d)

(3.18)

(3.19)

2

"""'""'"'"""'- Y-k) 7 174 (1959) 8 24 (f959) 0- -.'- f.H...&. ."D. F. DuBois, Ann. Phys. {New Yor
dosely.
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~, +L-;(1 *)j '
)

= L2(1—)l l"
1 L- (1 g)7"'g)(' -" &

) —1/'2
2

)
, 1+u'+2(1 —x)-

.4 (x) = —
2

d q 1

g (~u n y)(iu —n W-n g)(iu+2g)J 2

g(g) =lim

dx&(*)=4 '"

n—'(1 .)j—' ' ta*)= -L-

(&.20)

(3.21)

(3.23)

one obt»n

du l„g(u)(ta '( /"d~2l(..=2

g(g —~ llL8 l„2(1—1«2)+7r'/~ j~

0 g4( ) „,—{},369

(3.2S)

(3.26)
&'orth er,

Kzi —L -'&=
42x4

dq 1
dQ (n'n )

(;u «.g)(~'u —n 'V)q 2Q

+gZ(r, ), (3 2&)X—

( / )~( ) (n n')'+4P ./
ra, lwflere correct~o~ integ

1 u
d& (n. «' —1)lcm

dg 1

I
( Lq « ~ g) (2u+ 2gq) t'

(n —n' —q)'+4~r /

dq 1

.
) (n —n')'+4Pr /~-~3 (~u —n g)(~u —"~&e&

(S.29)0.~4& t~&+0 ~~8

p~ I"S~'&'

(b)

P+'tr l

(d)

'tation exchange scattering g(a) One-» t . '.
~ itati»s occurring ( ~ '

' IG.
with two virtua exci

hs b which-e h e scattering graphs y-excitation exc angeone of four two-e

ne ate Z(x) to

om ' toO(r, .

5 o . '
necessary to eva ua e ~

f' dMers from

)j ot correct. It is not
I o ot o t; i d d o

e e ces (( ) L( =q

the introduction o pen
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has been left to an appendix, Since to 0(r,),
1

(lc ei 'zl aL, —) /) I'—(r,)= —(E„—I„ d;r A(x) = —0.141 lnr, +0 29.0, (3.30)

we have, collcctin~« terms,
(n,.),.=0,

V,

-Virtual-Excitation CalculationC. n. asaOne- ir a- ' '
n

h in the case of thei of the two approac es in
r l t tion) contribution to a, . u,
c o p pose nere o

r one vlrtua excl a lo 0. . u,
t e nonex

'
n ener in the high-density limit,the nonexchangc correlation energy in e

13
e(kp)

~
nonex. eorr. = qq'dq

4- . '
O'

rf ~1 1+ Q, ( ; k ) Q, ( , ) (3.31))

re)

at the contribution to n, toat e co
' ' 0 r, from graphsdin 3.13)— . . r s

vtoaconsi era iono2(b)
ring [see Fig. 2(a)].from ra )hs with only one vir ua

~ ~
8f m the iaramctrization,which expression results from e l,

with

u; kp) = )fp B(~ y+q) kp)B(k— I

exp stuq-xp[ituq —
~

f
~

(-,'q' —
q p)]dk= kpg, p p(u/kp (3.32a.)

(3.33'l»

Q (Q kp)=k»go(n/kp)=4irk»R()» kp)~0 'W) p' ZF 0

considerr revious discussion, we are o c

(3.34)B =l(BP)'

, (Q; kp)(( 2B Bk—, +kpB '/Bkp'-)Q'-, (u;kp)).
1+ (Pr./'rr 'q-")Q, (u; kp)-

(3.35)
6m'6m 0 q

m the iarametrization of (3.32b), since the relation,k r and Sawada. then follows from the parametrization of . , sThe SS result of Brueckner an 'awa

l (kg 1)

%(.(ording to ou p

2 Be 1

ts suchives are to e a s Ino ) the factor, kpg, »p(Q, , 'kp, , re resen .)))r ere e
' '" ives are tobe taken on the same closed nop [ ie, ,

'k-where the parametric derivatives are to e a .
l op~. Thus, one hasa oop~. )

oo

enables us to write

where

+kp Qo(u; kp)
Bkp 8k@

—2 +kp [kpge(u/kp)]
Bkp Bkp2 (kp ))(ky 1)

= u'-go" (u)+2uge'(u) —2ge(u) = —87r/(1+u' '-',

Qp(u)g(u)

q'-+ (Br,/)r') Q (Q)o

(3.36)

(3.37)

(3.38)

~ Q()C -2 + g, ( k,.)~Bk Bk '

82
"(& (") (

—) + Q. (" ) )(.-&

2
= ——lim

4 p~

dp
q +9' (p+p ) &ep-»u+et &&S,n&kx

(3.40)
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On the other hand, the choice of the parametrization of (3.32a) will yield the terms appropriate to the Landau
scheme. In particular, one has

8 ttIl—2 + Q, (u; k&) = — dQ, ij(~ n+q) —1)D—n (n+q) j2srb(uq)
8kp Bkp' (I,„g)

u'q' —(-,'q'+ q «)'
+2 dQ qn (3.41)

h(t qs+ q. n) s+usqs js
with

37K 0

/de
3Ã

oo
Q, (0)

dq dQ„b(~ n+q
~

—1)L1—n (n+q)$
q'+ (Pr,/sr') Q, (0)

q nQs(u) [usqs —(sqs+q. «)']

q'+(Pr. /~')Q. (u) j (2q'+q «)'+usqs3'

The P-wave parts of these integrals may be identified (within a constant factor) as DuBois' calculation" of the
contribution to the eGective mass from one virtual excitation. Note the division into contributions from transitions
on and off the Fermi surface.

IV. COMPRESSIBILITY OF A DENSE ELECTRON GAS

As a result of our preceding analysis, one 6nds that the auxiliary expression,

1 2k'
+ dQ f'(case),

M* (2ir)'

which relates to the compressibility, difFers Lto O(r, )j from that appropriate to the susceptibility,

(4.1)

dQ f'*(c os)tj, (4.2)

by a contribution from the nonexchange correlation energy and, in particular, from elements in disjoint closed
loops. %e may write this additional contribution as

48 2 8'
lcd= —— +—kr ( t (nkr) jonenx. corr. }(disjoint loops)

9 Bkp 9 Bkp' (kg 1)

which to O(r, ) reduces to
6m'

1

ija= —— d(q')
0

a(u)
lSQ +8,

q'+ (4Pr, /sr)R (u)
(4.4)

du Q, (u; kr), (4.3)
L1+(Pr /rr q )Qs(u)i Bkr

lim
6~' ~

"dq 8 ' 'dq 8
Q, (u; kr) — —lim Q, (u; kr)

g Cjlkp J ~ g Bkg — (kg 1)
(4.5)

The integrals required to evaluate 6 have all been previously calculated by Brueckner and Sawada; in particular,
the identihcation

yields

4 8'
f(x,y)

9 Ox'

S= (4/3~') (1«2+~).

(4.6)

(4.7)
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Since to 0("')'

follows th at

12

-4pr,
(u) ln R(u)

-4p12 "
~ („)1„R(u)gu g(u) lnre+

4p2
i(p 199)— lnlnr. + 3

3~~ x3%2

1 2
0 0676 lnr, +0

pR

(4.8)

(4 9)

ntribution ~~heen dealt with a
oi two virtual ex .

d gerentiation of Qe(u'

'
n cou/d have ee

the exchange o
This calculation

d fo b hobtain it i I.
an ordlilaly a e

ules we may o a'

in Eq. (4.3). Thus, in that sc e

1 dec

dq g
— LQn

12m' 00 2Ã n q —ill—' '+n q+iuq 2q-2g

1

«./~')Q. (u)l'—' '+n' il —iuq Lq r,—' '+n' q+iuq —,q
n'.

(u' —x') (u' —y') 1

')'b'+u')' Lq'+(4pr. /~r w)R(u)](x'+u' '
4

g8g (4.10)
3'r p

2 2x

ba in agr
'

h 4.9).ba in agreement wit ( .ulated correction, he, in agr

ulations.

APPEN
~ ~

our calcu

in III. W'e write it asinte ral of Sec. Iation o t e'u e a
'

f h correction in ge 'u here the evalua
'Ke consi er e

1dq

—-' —n ")(iu+-,'q n' y)—
Z(r.)= —, n

dq

(iu ng) (iu—n' g)—4P« /'i«2 e&q&i q $u —n(n' —n —q) +
he second integral

'
cation. Since t e secoh e. ( )o P

That integral becomes on pth fi t.ct a like divergence i') 1 2 inc we expect a ihas the value, ' - ct a i4/~2 n
r the vana e

(A2)

integration over

1
-' —n' k)1.(8(—'q —n k) —e(-,q

—'.
&, q

' ——)'+(4pr, /~) il (q+n —n&, q' (n' —n —q
dn (n n' —1)

ke the transformationWe now ma e

q+n —n =
I ti 1/E= Pp(ap, /aE}."We have used the relation

with the re resulting calc
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g36

tions fs lit the integral into con riof (A2) aud further sp i
' '

o con nin the g integrand o, s

2s.dx, dQ. (n n' —1)J=——
2Ã —1

+—dQ„(n n' —1)
2x4

Tl further rearrangn ement,

n' —nI'k (k+n —n')
I
k+n —n

dk
2k n') —e(k-' —2l n)].

n' —n ' k (k+n' —n)(2 k'+(4Pr, /x) Ik+n' —n '

with

J=
2m4

dQ, (n n' —1)
~ k'+ (4tlr, /s. ) 2(1—n n')(2,s(j n—n'j

[8(-k n')-e(-k n)]

k (n' —n)

1
Dj= dQ (n. n —1/

2x4

A

(l~+ -"I k' Ik+n' —nI'

[8(—k' — n'——k' —2k n') —e(k2 —2l n)]

k (k+n' —n)

dQ, (n n' —1)
k'2(1 —n n')(2&e(j n—n'

j

[e(—k n') —e(—k n)]

k (n' —n)

r so that one 6ndse out the term 0(lnr, ), so s

AJ.

erves tu separate ou

. = —2i ') 1n(Pr, /7r) lu2+

serv

/=-
in is n er the transformationin ~J is invariant under t e ran of the hrst integral in is n er t e rae that the k integran o eVVe now observe t a

kin —n' —+ k
~ ~ ~

(A6)

(A7)

g

[8 -k' — n' — '- n—k' —2k n') —8(k' —2k n)]dk

O' Ik+n —n'I'
1AJ=—dQ (n n —1

2m4 k. (k+n'+n)

dk [8(-k n')-8(- n)]
k' k (n' —n)(jc)k(2

+ — dQ. (n n' —1)
4m4

e o ma be split at 4=2 so tma es. The former integral may e svalue —(4/x') In2 ln(2/e . e o
'

ma e swhere the latter i g eintegral has t e

s —1 — [k'+2kxg —2kx,(1—x ')'i'(1 —x2')"' cos(p —1

—1—x ')'I'(1 —x22)'i' cosy+2 (1—xgx2 —1—xg

= —(4/n') ln2 ln (e/2).

nsformation. This imp ies that our'ch oes to tsjexcept for the factor 8 n-
b ubtractron mtegra

h 1o ih di
e i e af divergence in i

~ has its basis in e verd hd8(k—e) is missing. Indee t e
u o divergence arises from ro.other han no

It follows that
1n2)'= —0.141 lnr, +0.448.AE(r. ) = —2 m- ur. = —2/ "-) lu(ar. r/s) In2+ (4/gr') ( n (A10)


