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The invariance properties of a one-electron Hamiltonian =TV with respect to the transformations
of a space group Gy are used to show how the eigenfunctions of /7 can be expanded in terms of equivalent
local orbitals. These orbitals are built from a suitable set of eigenfunctions and are shown to be orthogonal to
each other. They are associated with the points 3/ of a lattice £ which is invariant with respect to Gy and
can be obtained from each other by space transformations. Group theory is used to write explicitly the
unitary relations connecting the set of eigenfunctions of H and the corresponding orbitals. In crystals, it is
shown that the eigenfunctions belonging to an energy band can often be described by means of one set of
orbitals, provided that certain simple conditions are fulfilled. These conditions depend on the properties
of the levels which correspond to the points = of maximum symmetry in the reciprocal space. These require-
ments determine also the nature of the lattice £ and the chemical bonding in the band.

I. INTRODUCTION

HE aim of this paper is to show how the sym-
metry properties of a one-electron Hamiltonian
H=T+V imply the possibility of expanding its eigen-
functions in terms of local orbitals. The Hamiltonian H
is assumed to be invariant with respect to the trans-
formations of a space group Gy. Equivalent ortho-
normal orbitals are defined as linear combinations of
functions belonging to a suitable set of eigenfunctions
of H. Two orbitals are said to be equivalent if they can
be obtained from each other by some space transforma-
tion belonging to Gy. Conversely, it is shown that the
eigenfunctions of H can be expanded in terms of the
corresponding orbitals.

This problem is by no means a new one and it is
possible to quote very well-known examples of localized
orbitals such as the atomic orbitals used in the tight
binding approximation (LCAO method) and the
Wannier functions in a crystal. Hall,! among others,
has studied the case of atomic orbitals but his treat-
ment is incomplete. On the other hand, the properties
of one-dimensional Wannier functions have been
thoroughly investigated by Kohn,? for a one-dimen-
sional infinite crystal with a center of symmetry. In
particular, Kohn has proved that each band corre-
sponds to a well-defined set of Wannier functions de-
creasing at infinity as fast as an exponential. Unfor-
tunately, his method cannot be generalized because the
analytic properties of the Bloch functions depend on
the dimensionality of the space. In two and three
dimensions, special cases have been considered by
Blount®; however, a general treatment seems to be
lacking.

Therefore, it is of interest to examine the question
from a more general point of view. In this paper, we are
mainly concerned with the group theoretical aspects of
this problem, which can be investigated by using only
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elementary methods and a few basic theorems. The
localizability properties of the orbitals are not dis-
cussed because they depend essentially on the phases
of the eigenfunctions from which the orbitals are built.
Of course, it is very important, especially in the case of
crystals, to know how to determine suitable phase
factors for these eigenfunctions; however, to solve this
problem, it is necessary to examine carefully the ana-
Ivtic properties of the eigenfunctions of H and, in
general, the problem is very complex. Therefore, this
question is not studied here; we hope to carry out this
task in another publication.

In Sec. II, we study the case where Gy is a general
finite group, by applying the general methods of group
theory. We show how orbitals can be built from a
suitable set of eigenfunctions of # and conversely how
these eigenfunctions can be expanded in terms of the
orbitals. In Sec. III, we consider the special case of
crystals. In a crystal, the energy levels form bands.
Each band is usually made up of several branches
which are connected; conversely and by definition, if
two branches are connected, they belong to the same
band. Thus, we study the possibility of representing a
band by a set of orbitals which may be called generalized
Wannier functions. In particular, it is shown that the
nature of the orbitals which correspond to the bands of
a crystal determines the nature of the chemical bonds in
the crystal.

We hope that in spite of the apparent complexity of
the formalism, the reader will appreciate the real sim-
plicity of the theory. For the sake of clarity, all the
symbols used in this paper are listed in Appendix I.

II. GENERAL DEFINITION OF LOCALIZED ORBITALS
FOR A FINITE SPACE GROUP Gy

A. Definition of a General Lattice £ and of the
Subgroups G,; Related to the Points M of £

A general lattice &£ associated with a finite space
group Gy is the set of all the distinct points M which
can be obtained from a given point M, in space, by
transformations belonging to Gy. All the points M of a
lattice arc equivalent and can be used to generate the
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ORTHOGONAL ORBITALS
whole lattice. If Gy is a translation group in a cyclical
space (Gy must be finite), then £ is a Bravais lattice;
but in general (even if Gu contains a subgroup of trans-
lations) £ is not a Bravais lattice. For instance, the
corners of a square in ordinary space form a lattice
which is not a Bravais lattice.

The group Gy itself is the space group which leaves
the Hamiltonian H invariant. The orbitals to be de-
duced from eigenfunctions of H are attached to the
points M of a lattice £; the choice of M, being arbi-
trary, the lattice £ is chosen at our convenience.

In the following we associate with each point M :
(a) the subgroup G of G which contains all the trans-
formations leaving M invariant, and (b) an element
Sarar, of Gi which transforms M, into M. Any element
R which transforms M, into M can be written

R=Si3,R 0, 1)

where Ry, is an element of G,y Thus, .V being the
number of points M, we can generate (N —1) cosets of
Gar,- Therefore, g and g, being, respectively, the
numbers of elements of Gy and Gy, we have

N=g/gu, (2)

The groups G and Gy, are isomorphic and a corre-
spondence between the elements of Gy, and the ele-
ments of Gy can be established in the following way :

Ry=Su JIURMOS M Mo_l- 3)

Therefore, to any irreducible representation I'y™ of
the elements Ry, corresponds an identical representa-
tion I'y™ of the elements R,. The irreducible repre-
sentations of Gy and Gy, are connected by a relation
which is very useful for our purpose. Any irreducible
representation I';;! of Gy subduces* a usually reducible
representation [I';']y of Gy In the following, it is
assumed that all the representations [I';']y, are, in
fact, completely reduced with respect to the irreducible
representations I';r™ of Gy, :

[Tutdsrg=22m C(U|m)T . 4)

All these representations are also assumed to be unitary.

B. Labeling and Transformation Properties
of the Eigenstates of H

The invariance properties of H are now used to
classify the eigenstates of H. It is possible to find a
complete set of orthonormal eigenstates forming bases
for the irreducible representations I'y! of Gy and for
the irreducible representations I'y,, of Gy, contained
in the reduced representation [T';*]y,. Such an eigen-
state is denoted by the symbol |lmu). The index p is
used to distinguish from each other the eigenstates
which form independent bases of the same representa-

* A definition of subduced and induced representations is given
in the following book: J. S. Lomont, 4 pplication of Finite Groups
(Academic Press Inc., New York, 1959), pp. 89 and 224.
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tion T'y’. In general, eigenstates corresponding to dif-
ferent values of p are nondegenerate, but all the eigen-
states labeled by the same index p are degenerate. In
the same way, the index ¢ is used to distinguish from
each other the different equivalent representations
I3, contained in [T '], and to label the correspond-
ing eigenstates of H. According to (4), ¢ may take
C(l|m) different values; for instance, ¢g=1, - - -, C(l|m).
The index p is used to label the basis vectors of a given
representation I'y,™ of dimensionality d™; it may be
used also to specify the rows or the columns of a matrix
of I'y,™. It takes the values u=1, - -+, dy™. The eigen-
function ¢(Imqu) corresponding to the state |lymqu)
can be defined by the identity

@ (Lpmau) = (r|lmqu). 3)

An element R of Gy transforms this eigenfunction in
the following way:

Ro(lgmep)=(r|R|lmp)= 2
U'p'm’ q'u’

XU pm gu| R Imau).  (6)

(ril'pm’ yu')

This expression can now be simplified by introducing
the elements (m’,u'|\R|mqu) of the unitary matrix 'R
which represents the operator R in I';;*

Re(mp)= 2 U’ o) o' [ 'R ma). (7)

m'q'u

C. Construction of the Set §(£,m) and
Definition of the Orbitals

Now we would like to investigate the possibility of
expressing a chosen set of eigenfunctions ¢(lymu) as
linear combinations of localized orbitals associated
with the sites M of some lattice £. However, this
problem is difficult to solve directly. Therefore, we use
a slightly different approach.

The nature of the orbitals is determined arbitrarily:
(a) by choosing a priori a point M, which defines a
lattice £ of points M, and (b) by assuming that the
orbitals M (m,u) which are associated with a site M
form a basis for an irreducible representation I',™ of
G isomorphic to a given representation I' 3™ of Gy,
Thus, in the following, the index 7 remains fixed, while
the index u takes all possible different values. Now
these orbitals have to be built by forming linear com-
binations of eigenfunctions ¢(/,m4u) which belong to a
suitable set (£,m). This set, as is proved later, can
be defined as follows.

A lattice £ and a representation I'y” being given,
a set §(£,m) contains, by definition, all the eigenfunc-
tions ¢(/,n4v) belonging to any representation I';;¢ and
labeled by an index p which, for each value of I, may
take C(!|m) different values. These requirements may
seem a little strange but they stem from the Frobenius
theorem (see Appendix I). In fact, the set of all the
orbitals M (m,u) form the basis of a representation of
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the whole group Gg (induced representation) which is
usually reducible. This means that it is, in general,
possible to build several linear combinations of orbitals
¢(lymqu) belonging to the same representation 'z’ of
Gpn. Now the Frobenius theorem states that the number
of these functions is really equal to the coefficient
C(l|m) of Eq. (4) and this fact explains the definition
of a set 8(L£m). The C(l|m) different values of p
which correspond to the eigenfunctions of §(£,m) are
chosen somewhat arbitrarily but in the following it is
assumed, for reasons of convenience, that p may take
one of the values p=1, - - -, C(!|m). Therefore, d' being
the dimensionality of Iy}, the number .V,, of functions
contained in §(£,m) is

Nu=31C(l|m)d". (8)

The orbitals associated with M, are defined in the
following way:

C(lm

)
Mo(m,u)=~\"m‘”2; Z=:1 (@) 2 o(lympn).  (9)

These functions are orthonormal and form a basis
fOI‘ FMO"‘.

Now the orbitals M (m,u) associated with a general
site M of £, can be defined as the transforms of the
orbitals Mo(m,u) by S,

M (m,u)=S arareM o (M)
C(lim)

=N,T2%0 Y Suvee(lompu).

l p=1

(10)

Since Gar, and Gy are isomorphic and connected by
(3), the orbitals M (m,u) corresponding to a site M,
form a basis for T'y™. Using (7), we can now write
explicitly

M(m:l‘) =N, 712 Z (dl)U?‘P(lpan)

lpngv

11

D. Expression Giving the Eigenfunctions ¢(I,n,v)
in Terms of the Orbitals M (m,u)

N, which is the number of eigenfunctions contained
in 8(£,m), is also the total number of orbitals M (m,u),
as can be shown easily by applying a classical theorem?
of group theory and by taking into account Eq. (2)

Np= Zl Cc(l | m)dl= (g/gm)dM”‘= Nd ™. (12)

This equality suggests that by inversion of (10) the
eigenfunctions ¢ (I #,7) might be expressed as a linear
combination of orbitals. In fact, we have

e(Upngp)= N, V2(d)2 3 M (mu)
Va
S X{(mpu| WS ararg ™ ngr).  (13)

° W. Burnside, Theory of Groups of Finite Order (Dover Publi-
cations, New York, 1955), Sec. 246, p. 330.

X(”q”] ISMMA’WL,,;,L).
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This formula is easily verified by replacing, in the second
member of (13), M (m,u) by its expansion (11) and by
taking into account the relation (12) and the following
closure relation which is proved in Appendix II.

2 (v [V S vy | M) (g | BS ™ ar a0 mgv)
Mu

=(g/gn) (da™/d")oud ppdnndggdns. (14)

E. Orthogonality of the Orbitals M (m,u)

The orthogonality of the orbitals which belong to the
same site M is obvious because they form a basis for an
irreducible unitary representation I'y™. To prove the
orthogonality of orbitals belonging to different sites,
we need another closure relation which can be found
in the following way. If, in formula (11) which defines
M (m,u), we replace ¢(lmqv) by its expansion (13),
we obtain

M(mpu)=Ny" 3

lpnavM'yu’

dt M’ (mu)

(15)

The orbitals M (m,u) are linearly independent because
an equal number N, of orthogonal functions ¢(I,n,v)
of §(£,m) can be built from them, according to (13).
Therefore, (14) must be satisfied identically and we get
the following relation

X {(mpp' I WS, ‘ ngy){nev|\Sara, l Mopht).

> Ao’ | 1S s ar, | gp ) gy | ES arar, | mpi)

lpnay

= :VmaMMr&m,/. (16)
On the other hand, an explicit expression for the scalar
product of two orbitals can be derived directly from
(11), because our representations are unitary.

(M (m") | M (myp)y= N 2 dXmpp | 'S seaag | 1)

pMnqv

Xy | Sarary|mon).  (17)

By using the closure relation (16), we get the orthogo-
nality condition

(M (mu") | M (myps) Y= 0831 218 pur. (18)

F. Reality of the Orbitals

The Hamiltonian H is assumed to be spin independent
and real. Therefore, it is often possible to build orbitals
which are real. In fact, as we shall see, if the corre-
sponding representations I'y™ are real, or at least
equivalent to their complex conjugate, and if we choose
a proper set §(£,m), then from this set we can get real
orbitals.

If a space-group representation I' is not real, the
functions ¢; forming a basis for this representation
cannot be real because a space symmetry always trans-
forms a real function into another real one. When I is
not real, the functions ¢;* form a basis for the complex
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conjugate representation I'*. We now prove that if T
and T* are equivalent, they are also equivalent to a
real representation. In fact, if I' and I'* are equivalent,
the matrices R and R* corresponding to any element of
the space group in the two representations, are related
by a unitary transformation

R*=URUT, (19)

and we have also

(20)

Therefore, the functions ¢;and ¢;* span the same space.
In this space, we can now choose an orthonormal basis
which is real, each basic vector being a real linear com-
bination of the following vectors (which are not all
independent):

vi= et e, (21)

The representation I' corresponding to this new
basis is equivalent to I' and T'* and is also real. Con-
versely, if I' and I'* are not equivalent, the functions
¢; are independent of the functions ¢;* and it is im-
possible to find for T' any real basis because a repre-
sentation of a space group of real transformations is
real if its basis is real.

Now we can assume, without loss of generality, that
any representation I'y™ which is equivalent to its
complex conjugate is also real. The same property may
be assumed to hold also for any representation I';* and
is compatible with the complete reducibility of [T '],
On the other hand, if T' ™ is real, a set §(£,m) contain-
ing a basis for a representation I'y; contains also a basis
for the complex conjugate representation I'z*.

Therefore, when I';™ is real, it is possible to build
sets 8(L,m) satisfying the following conditions: (a) If
a function of §(£,m) is real, it belongs to a real repre-
sentation. (b) If a function ¢ of §(£,m) is not real, it
belongs to a complex representation I'* and the function
¢* is contained in &(£,m) and belongs to a complex
conjugate representation I'V'.

In the second case, by labeling our states in a proper
way, we can write explicitly

ei*=Ueg;.

X;=i(gi— o).

e*(Ipngr)= o' jngv). (22)

Now the reality of all the orbitals M (m,u) results from
the definition (9) of M(m,u) and from the definition
(10) of the other orbitals.

G. Localizability of the Orbitals.
Choice of a Set §(£,m)

The orbitals which can be built from a given set
&(L,m) are not exactly well defined because the func-
tions ¢(Ipnev) can always be transformed by a set of
unitary matrices Uy, into equivalent functions y (I ,n,v)

V()= ¢ ‘P(lp"q"’qul Ulpn ‘ q)- (23)

This ambiguity in the definition of the functions
¢ (lgngv) can be removed by requiring that the orbitals
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F1G. 1. Linear crystal.

Mo(m,u) be as well localized as possible around M.
However, the concept of localizability is not well
defined; therefore, the result depends on our precise
requirements.

The choice of a set §(£,m) remains also really arbi-
trary, but we want to get orbitals as well localized as
possible. A set §(L£,m) is suitable for this purpose, if
the energies corresponding to the different eigenfunc-
tions which are contained in this set are close to each
other. Therefore, to achieve this result it may be
reasonable and useful to use the following process to
build a series of independent sets §(Lo,m0) - - - E(Lnymy)
-+, containing all the eigenfunctions of H. Let §y(E)
be the set of all the eigenfunctions of H corresponding
to eigenvalues smaller or equal to E. Let E, be the
upper bound of the values of E such that &,(E) does
not contain any set 8(£,m) as a subset. Thus, &y(E,)
contains at least one subset §(£,m) and usually only
one: This subset is the set §(Lo,m0). Now by excluding
from &,(E) all the eigenfunctions belonging to &(£o,m,)
we obtain a new set §:(E). By using the same method
as above, we can define a set 8;(E;) which contains at
least one subset &(Li,m;) and so on. In this way, we
can build a complete series of sets §(L,m) correspond-
ing, in general, to different lattices.

H. Example 1

Now, we apply the general formalism to the simple
case of a cyclical linear crystal (Born-von Karman con-
dition) with a center of symmetry. This crystal is
assumed to contain 2z cells of length unity (u is an
integer). When the number of cells is odd, the problem
is simpler and can be treated exactly in the same way.

The elements of the group Gg can be classified as
follows:

(a) The identity E forms a class by itself.

(b) The group Gy contains (2z— 1) translations. The
symbol T, represents a translation through r lattice
spacings. For each r=1---(n—1) the translations T,
and T_, together form a class. The element T, forms a
class by itself.

(c) The group Gy contains also two classes of re-
flections with respect to two sets of points M’ and M"’
which form two independent lattices £’ and £” (see
Fig. 1). A reflection with respect to a point of one sub-
lattice is the product of a reflection with respect to a
point of the other sublattice and of a translation through
an odd number of lattice spacings. The elements be-

longing to these classes are denoted by the symbols
SM; and SMH.
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The total number of classes of Gy is (n+3) and this
is also the number of the irreducible representations of
G . The Bloch waves ¢ of wave number % belonging to
a band ® form bases for these representations. We note
that a translation leaves k invariant but that a reflec-

TaeLE I. Representation of the group of the linear crystal.

I Sy Sy T,
'u% 1 B 1 )
Ty 1 -1 -1 1
| 75 1 — —1
'y~ 1 -1 1 -1
Tyt 2 0 2 coskr

tion transforms k into — k. Therefore, the value of ||
can be used to classify the representations of Gy, which
are listed with their characters in Table I. The values
of |k| corresponding to the representations I''*! are
given by the equality |k| =#n'/n with #'=1,--- (n—1).

For a given band ®, ¢, belongs either to I'y* or
I'y% and ¢, belongs either to I'y™ or I'y™ depending
on the symmetry properties of ¢y and ¢,. On the other
hand, if 250, = the functions ¢, and ¢_; form always
a basis for I'yl*l.

Now, we try to describe the eigenfunctions of one or
several bands by means of orbitals, but first we have to
choose a lattice £ and find the nature of the orbitals.

Assumption 1

We assume that M, coincides with M,'; thus £ and
£’ are identical and it is convenient to define the
elements Syrar, as the translations which transform M,
into M.

The group G, contains only two elements E and
Sary. The irreducible representations of this group are
I'yry® (unit representation) and T, The orbital associ-
ated with M, can be either symmetric or antisymmetric
with respect to M. The sets §(£,m) corresponding to
these two possibilities are denoted by the symbols
8(£',s) and 8(£’,a). For these sets N,,=2#» which is
the number of eigenfunctions which are contained in
a band.

From Table I, we deduce immediately the following
equations which give the values of the coefficients
C(l|m) [see Eq. (4)]:

[Ta*)ae=T1", [Tu™Jsry=Tr,",
[Ta)ae=Tn% [Tu"Jaroe=Tar,",
[Tu'®]a,= I3+ T gt

According to the general definition of a set §(L£,m),
we list for each representation of Gy the number of
corresponding bases which are contained in a set §(£’,s)
or a set 8(£’,a). (See Table II.) Therefore, if ¢, and

¢x are both either symmetric or antisymmetric with
respect to M,’, the eigenfunctions belonging to ®

(24)

DES CLOIZEAUNX

constitute a set §(£’,s) or a set &(L’,a), respectively.
If ¢o and ¢, have not the same symmetry character,
the band cannot be described by orbitals referred to the
lattice £’; but the inspection of Table I shows that it
can then be described by orbitals referred to the lattice
£”. We return to this question in Sec. III.

As an illustration of our method, let us treat com-
pletely the case of a band ® which can be described by
means of symmetric orbitals M (s). We can now intro-
duce functions ¢(Iymeu) which in our case can be
denoted more simply by the symbol o(I,m). It is
always possible to assume that

Sireer= ok, (25)

and therefore we may put
99(0575) = @y
e(ms,s)=¢r,
(| k],5)=(ex+ ¢—s)/V2,
o(|k],a)=—i(er—o_x)/V2.

The orbital M(s) is given by the general formula (9)
which in this case can be written

Mo(s) = (2m)y 2L o(05,5)+ ¢(rs,s>+~fz’:§11 o(2],9)]

=@2n)7" 3 ek

k=—n+1

(26)

The orbitals M (s) are obtained from M,(s) by the
translation Sarw, Note that the coefficient V2 in (26)
comes from the dimensionality of the representation
T'y'*l. In this case, our orbitals are Wannier functions,
and our definition coincides with the usual one.

Assumption 2

We may assume as well that we choose an arbitrary
point Py of the crystal as the origin M,. The group G
generates from P, a lattice £p which is not a Bravais
lattice and contains 4# points (twice as many as the
lattice £’). In this case, G, has only one element E
and one representation I'y' (unity). There is only one

TaBLE II. Nature of the sets &(£’,s), §(£’,a) and &(Lp).

Ty I'y% Iy Tur  Tyl#
6(Ls) 1 0 10 1
6(£a) 0 1 0 1 1
&(Lp) 1 1 1 1 2

kind of orbital §(£p). For such a set, N,,=4n which is
the number of eigenfunctions contained in two bands.
For any representation I'y! of Gy, we have

[Tutdar,=d'T . (27)
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This equation indicates for each representation I'y! the
number of bases which are contained in a set §(£p)
(see Table II).

Now it is clear that two bands ®; and ®; of Bloch
waves ¢t and @2 constitute together a set §(Lp) if
the following conditions are fulfilled: (a) ¢o' and @¢?
must not have the same symmetry character; (b) ¢
and ¢,? must not have the same symmetry character
either.

Thus, we see that the connection between bands and
orbitals is usually not a very simple one; this question
is investigated with more details in Sec. III.

I. Example 2

The lattice £ is a regular tetrahedron and Gy is the
full group of this tetrahedron (7). The point A4 is the
origin. G4 is isomorphic to the group of an equilateral
triangle (Cs,). The characters of the representations of

P1(€~—+1) E=Cyat=Csa~=1,

P2(€=—1) TAB=0AC=0AD=E¢,
—1/2
, Ciat=
V3/2
—-1/2
ocp= , oBD= a2
gAB=acD, cAC=0BD,
C 1 0 0 1 0
E=} 0 1 0 |, Ciat=1 0 —1/2
0 0 1 0 \3/2
1 0 0 1 0
Piloco=| © 1 0 |, osp=| 0 —1,2
0 0 -1 0 —V3/2
—-1/3 2v2/3 0 —-1/3 —V2/3
gap=2V2/3 1/3 0 |, ogac=| V2/3 5/6
0 0 1 (2/3)12 v3/6
s 1 0 0 1 0
E=| 0 1 0 |, Cu*t=| 0 —1/2
0 0 1 0 V3/2
-1 0 0 -1 0
Pslocp=| O 1 0 |, oep=| O —1/2
0 0 -1 0 —V3/2
13 0 2vi/3 12 =33
gap=| 0 -1 0 |, odac={—V2/3 —1/2
L 2V2/3 0 —1/3 —(2/3)12 v3/6

¢G. F. Koster, in Solid State Physics,
5, p. 174,
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Gx and G4 are listed® in Tables III and IV. Three
types of orbitals are possible and Table V indicates the
representations of the corresponding eigenfunctions
of H.

The elements of G4 are the identity E, two rotations
Cs4T and C34~ and three reflections o¢p, op, 05¢ With
respect to planes passing through A and orthogonal,
respectively, to CD, BD, and BC. In our case, the ele-
ments S, consist of E and of three reflections
04B,04c, 0ap With respect to planes passing through
the center of the tetrahedron and orthogonal, respec-
tively, to AB, AC, and AD. A representation of Gy is
completely determined by specifying only the matrices
representing the elements of G4 and the transformations
048, 0ac,04p [see Eq. (1)]. Real irreducible repre-
sentations of Gy characterized by the reducibility of
the matrices belonging to G4 will now be given (see
Sec. II B)

acn=asn=asc=5,]1\1(e= +1)

Ag(e=—1)
—v3/2 —1/2 V3/2
Cip~= y

-1/2 l-\a/z —-1/2
—V3/2 —1/2  \3/2

1/2 [ | v 12

OAD=OBC,

0 1 0 0 )
—\3/2 , Csa™=| O —1/2 v3/2 ,
—1,2 0 —V3/2 —1/2

ArtAs

0 1 0 0
—V3/2 , opc =| 0 —1/2 Vv3/2 ,

1/2 0 V3/2  1/2 J (28)

(2731 -1/3 —V2/3 —(2/3)\

V3/6 |, oap =|—V2/3 5/6 —V3/6 R

1/2 —(2/3)12 —\3/6 1/2

0 1 0 0 )
—V3/2 |, Csa—=| O —-1/2 v3/2 |,
—1/2 0 —-V3/2 —1/2

AstAs

0 -1 0 0
—V3/2 , ope=| 0 —1/2 Vv3/2 ,

1/2 0 V3/2 1/2
—(2/3)12 1/2 v2/3 —(2/3)12

V3/6 |, oap=| V2/3 —1/2  —V3/6
—-5/6 —(2/3v2 —v3/6 —5/6

edited by F. Seitz and D. Turnbull (Academic Press Inc., New York, 1956), Vol.
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F16.2. The points 4 B
C D form the lattice £
which is considered in
example 2.

n
v

These representations are now used to illustrate our
method in the special case where we want to build
orbitals belonging to a representation As. Then, two
orbitals M (1) and M (2) can be associated with each
site M of £. They are built from eigenfunctions be-
longing to representations Pj;, P, and Ps, namely,
e (3,p) with p=1,2, ¢(4,9) with ¢=1,2,3, and ¢(5,r)
with r=1,2, 3.

For instance, the orbitals 4 (1) and 4 (2) forming a
basis for A; can be written explicitly in the following

JACQUES DES CLOIZEAUX

TasLE III. Representations of the group of the tetrahedron.

Ta E 8Cs 3C. 6o 65,
P, 1 1 1 1 1
P, 1 1 1 -1 -1
Py 2 -1 2 0 0
Py 3 0 -1 1 -1
Py 3 0 -1 -1 1

way [see Eq. (9)]:

6 6
4 (1)=%¢(3,1)+}/4—¢(4,2)+%<p(5,2),
V6 V6 )
A (2)=%¢(3,2)+T¢(4,3)+T¢(5,3)-

The other orbitals are obtained by transforming A4 (1)
and A4 (2) by the operations o458, d4¢, and o4p.
Conversely, by using the representations given above,
the eigenfunctions ¢(3,p), ¢(4,9), and ¢(5,7) can be
expanded in terms of the orbitals [Formula (13)]:

V3 V3
<p(3,1)=lA(1)+%B(1)+iC(1)—-;—C(Z)—%D(l)-l-;—D(?-)

V3 V3
¢(3,2)=34(2)—3B (2)—20(1)+ic (2)+ZD(1)+iD(2)

V3 V3 V3
<p(4,1)=;B(l)—‘gc(l)+%C(2)—€D(1)—%D(Z)

4/

V6 6 5v6 V2 5v/6 vz
¢(4,2)=—A()+—B1)+—C1)+—C(2)+——D(1)——D(2)
4 12 24 8 24 8

V6 /6

v - ¥ (30)

V2 6
¢(4,3)=—B(1)+—BQ)+—-C(1)+—C(2)——D(1)+—D(2)
4 4 8 8 8 8

V3 V3 V3
¢(5,1)=§B(2)—%C(l)—;C(Z)-!-%D(l)—ZD(Z)

V6 V6

\/6 vz \/6 vz
¢(5,2)=—A(1)——B(1)——C1)+—C(2)——D(1)——D(2)
4 4 8 8 8 8

5v/6

6 6 V2 54/6 V2
o639=24 0=+ e m- 2o -"Y o0
4 12 8 24 8 24

III. GENERALIZED WANNIER FUNCTIONS
IN CRYSTALS

A. Energy Bands and Representations
of a Crystal Group Gy

In the following sections, the general theory is applied
to crystals. To take full advantage of all the sym-

metries of the problem, we consider only cyclical crys-
tals (Born-von Karman conditions). By definition, a
crystal group is a group containing an invariant sub-
group of translations T. This case is very important in
practice and also very interesting from a mathematical
point of view. In fact, by repeating an initial crystal,
it is possible to build very big or even infinite crystals
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TasLE IV. Representations of the group of the
equilateral triangle.

Csv E 2Cs 30

A 1 1 1
Az 1 1 -1
As 2 -1 0

having the same kind of symmetries as the initial one
and it turns out that all the properties of a finite crystal
can be deduced from the properties of the equivalent
infinite crystal. For instance, Bloch waves in a finite
crystal are special Bloch waves of the infinite crystal,
corresponding to proper discrete values of the wave
number k. Therefore, in the following, very large or
infinite crystals are studied first and the results are
extended afterwards to finite crystals.

In an infinite crystal, the energy levels (and the
corresponding Bloch waves) form energy bands ®. In
each band the energy Ey is a multivalued continuous
function of the real wave vector k. Our definition of a
band is the following: A band consists usually of
several different branches; two connected branches
belong always to the same band; two bands are never
connected. In a given band, the number of levels corre-
sponding to any value k is a constant #. On the other
hand, the elements of Gy which leave invariant the
wave vector k of a Bloch function form a subgroup G
having irreducible representation I'\¥e. These repre-
sentations are used to generate all the irreducible
representations I'y*¥¢ of Gy which are characterized
by a star* of equivalent values of k in the reciprocal
space and by the index a of the generating representa-
tion I'y*e. To indicate that the representations I'p*ke
are induced according to Frobenius’ method, by a
representation I'y*® of the subgroup Gy, we write

I“H*ka= {Fkka}lb

31)

Now it happens very often that there exists some
latcice £ such that a complete band forms a set §(£,m)
and therefore can be described by a set of orbitals
associated with each point of this lattice. In the follow-
ing, it is shown that to determine, in fact, whether a
band forms a set §(£,m) or not, it is sufficient to know
the nature of the representations I'y**¢ corresponding
to the points of maximum symmetry in reciprocal
space. The orbitals corresponding to a band will be
called generalized Wannier functions. The nature of

TasBLE V. Correspondence between orbitals and
eigenfunctions of H.

Gy G N,.
Ay P, P, 4
A, P, Ps 4
A! P3P4P5 8
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these orbitals is well defined and therefore determines
mathematically the exact nature of the chemical
bonds in the crystal. Unfortunately, as it is seen later,
a band cannot always be described by only one set of
orbitals. The relations between Bloch waves and
Wannier functions will also be investigated.

B. Properties of a Band ® Forming
a Set §(£,m)

Let us give first the general conditions fulfilled by a
band ®, when its eigenfunctions form a set §(L£,m).
Let n(ka|®) be the number of distinct bases for repre-
sentations I'g¥%, which can be built from Bloch waves
ox belonging to ®. According to (31), n(ke|®) is also
the number of corresponding representations I'y*%¢ in
the band ®. Each irreducible representation I'j*ke
associated to a star of k, subduces a reducible repre-
sentation of Ga, the group of the origin M, of £ and
Eq. (4) can be written

[I‘H*ka]Mﬂ:Zm C(*ka|m)T pem. (32)

From the definition of a set &§(£,m) (see Sec. I-C),
we deduce the following criterion insuring that the
eigenfunctions belonging to ® form a set §(£,m)

n(ka|®)=C(*ka|m) (33)
for any k.

This criterion is now simplified. First, a precise
definition of what we call points of maximum symmetry
in reciprocal space must be given. A set of points of
maximum symmetry is a minimal set of points = such
that any point P in the Brillouin zone can be connected
to at least one point 2 by a path having the following
property: If P(k) is any point of wave number k lying
between 2 and P in the path and if P(k’) is any point
of wave number k' lying between P(k) and P in the
path, then Gy is either identical to G or is a subgroup
of Gk. The points 2 are isolated and in the cases of
interest, the definition of the points of maximum sym-
metry is unique. The wave vectors associated with
these points are denoted by k(Z). The center of the
Brillouin zone is a point 2, the other points £ being in
general corners of the polyhedron limiting the Brillouin
zone. Now using this definition of the points 2, we can
reformulate criterion (33) in a simpler way by means of
the following theorem:

Theorem. If the eigenfunctions belonging to a band
form a set §(L£,m), the relation

n(ka|®)=C(*ka|m) (34)

is true for any vector wave k. Conversely, if for a given
band for some lattice £ and some representation I's™
this relation is true for any vector k(Z), then it is true
for any vector k and the eigenfunctions belonging to ®
form a set 8§(L,m).

Lemma. Let T's and T's® be two irreducible repre-
sentations of two subgroups A and B of a group G.
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Fic. 3. Energy
bands for a dia-
mond-type crystal.

Tight binding.
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IFrom these representations, by using Frobenius’
method, it is possible to induce* representations {I's%}
and {I's®}¢ of the group G. In turn, these representa-
tions subduce representations usually reducible of B
and A, respectively:

[{Ta%}o]s=2_s C(Aa|BH)Ts’,

(35)
[{Ts’}c]a=2. C(Bb]Aa)T 4",
where
C(Aa|Bb)=C(Bb|Aa). (36)
Using this lemma which is proved in Appendix III, it
is now possible to prove our theorem.

Proof of the Theorem. As was shown before, if a band
® forms a set §(L,m), then for each point £ we must
have

wWk(Z)a|®)=C(*k(Z)alm). (37)
Let us now prove that the converse is also true by
showing that when the conditions (37) hold, the general
condition (33) is valid for any vector k of the reciprocal
space. We note that any point in the Brillouin zone can
by attained by starting from some point = and by
passing through points of decreasing symmetry. There-
fore, to establish the theorem, it is sufficient to prove
that if the relation (33) holds for a vector k, it holds
also for any vector k' in the neighborhood of k, pro-
vided that Gy is a subgroup of Gy. This last result can
be derived as follows.

If Gw is a subgroup of Gy, any irreducible repre-
sentation I'** of G subduces a representation of Gy
which is usually reducible with respect to the irre-
ducible representations I'y ¢’

[Pk =34 C(ka|Ka )Tk, (38)

Thus, by passing from k to k', we remove usually
some degeneracies, and from (38) we deduce easily by
continuity the relations which connect the coefficients
n(ka|®) and n(Ka'|®)

n(kKa'|®)=3 C(ka|Ka')n(ke|®). (39)
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TasLE VI. Nature of the Wannier functions for a linear crystal.

o ©x
My My My My’ Orbitals
S S S A S on &
S S A S S on £”
A A A S Aon &
A A S A A on £”

The lemma given above can now be used to derive
very analogous relations connecting C(*ka|m) and
C(*K'd’|m).

According to (31) and (32) we may write

LTk} o= [T u**Jary=2m C(*ka|m)Ty™.  (40)
Application of the preceding lemma gives
T le=2a C(*ka|m)T k. (41)

But Gy is a subgroup of Gg; therefore, by taking (38)
into account, we can write

U™ i e = [T 0™ o i i
=3 C(*ka|m)C(ka|K'a)T¥*. (42)

We can also write more directly [see Eq. (41)]:
Uy =20 COKa [m)Tie ™.

By comparing Eqgs. (42) and (43), we obtain the fol-
lowing relations:

CO*K'd' |m)=3,C(ka!K'a')C(*ka|m).  (44)

Now Egs. (39) and (44) show that the validity of the
condition

(43)

n(ka|®)=C(*ka|m), (45)
implies also the equality
n(k'd | ®)=C(*K'a'|m). (46)

Therefore, if (45) is true for all the points Z, it is truc

y
L 0
2 Al a
Iy Fic. 4. Energy
bands for a dia-
%
A o
_A]\_

mond-type crystal.
Valence binding.

L3
L2

() (100)
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everywhere in the Brillouin zone, and as a consequence
the eigenfunctions of ® form a set §(L£,m).

Example. As a very simple application of the theorem
we consider the case of a linear crystal with a center of
symmetry which has been studied in Sec. II-H. For
such a crystal the points Z are the center of the
Brillouin zone (k=0) and the point at the boundary
(k=m). For a given band, the corresponding eigen-
functions are ¢o and ¢,. From the structure of the
representations of Gy (see Table I), it is easy to see
that ¢ is either completely symmetric or completely
antisymmetric with respect to any point of £ or £;
on the other hand, if ¢ is symmetric with respect to
the points of £, it is antisymmetric with respect to the
points of £” and conversely.

All the possible cases are listed in Table VI. The
type of the lattice £ and the nature of the orbitals
which are carried by points of this lattice are deduced
from the theorem given above, in full agreement with
the results of Kohn.?

C. Remarks on the Possibility of Representing
a Band by a Set of Orbitals

The theorem derived in Sec. II-C is useful because
it shows that, to know whether the eigenfunctions of a
band ® form a set §(£,m) or not, we have only to
examine a finite number of conditions related to the
points 2. Now, we may ask, what determines exactly
the nature of the orbitals associated with a given band
and whether a band can always be represented by a set
of orbitals.

Let us assume in the following that Gy is fixed and
that the Hamiltonian H depends on a few parameters.
When the values of the parameters change, levels be-
longing to different representations of Gy can easily
cross each other, whereas those belonging to the same
representations cannot. For instance, energy levels cor-
responding to points of high symmetry in the Brillouin
zone and belonging to different representations of Gy
may cross each other but general energy surfaces are

Fic. 5.
bands for a dia-
mond-type crystal.
Mixed bands.

Energy

(m) (100)

F16. 6. The lattice £
is made of two Bravais
sublattices: sublattice
Lo=black circles; sub-
lattice £, =white circles.

never allowed to cross. Therefore, if for a point = there
is a crossing of levels belonging to two different bands,
there must be a complete rearrangement of both bands.
Under this rearrangement an energy level corresponding
to a given representation can be transferred from one
band to the other. Thus, the structure of the bands
depends very much on the values of the parameters of
H. A fictitious example will now be given for a diamond-
type crystal.” In Fig. 3, we plotted S and P bands in
the tight binding limit; as the reader may verify, in
this case £ is the lattice of the carbon atoms and the
Wannier functions associated with each band are
atomic orbitals of S and P type, respectively. Now, let
us assume that for some change of the parameters in H,
the levels T'ss’ and Ty at the center of the Brillouin
zone, happen to cross each other; in this case, we may
obtain the band structure indicated in Fig. 4 which
corresponds to covalent binding; the lattice £ which
corresponds to this new band structure consists of the
midpoints of the lines joining nearest neighbor carbon
atoms; the Wannier functions associated with each
band are now bond orbitals which are symmetrical (a)
or antisymmetrical (a).

On the other hand, when the parameters change in H,
the same kind of process may lead to a complex band
as a result of the overlapping of two simple bands. An
example of such overlapping is given in Fig. 5. It is
obvious that, in general, complex bands cannot be
described by means of a single set of Wannier functions.
However, let us remark that this overlapping of bands
can never occur in one dimension. So, in this case, each
band can always be described by means of Wannier
functions. In summary, we can say that, in simple
cases, the bands of a crystal can be described by means
of a single set of Wannier functions, the nature of which
is determined by the ordering of the energy levels at the
points of highest symmetry Z. On the other hand, if in
a crystal the valence band and the conduction band
can be represented by Wannier functions, these func-
tions define the chemical nature of the crystal.

D. Expansion of the Bloch Waves in Terms of
Orbitals. Definition of the Quasi-Bloch
Waves ¢ (k,m,u)

When in a crystal, a band can be represented by a
set of Wannier functions, any Bloch wave belonging to
7]J. Callaway, in Solid State Physics, edited by F. Seitz and

D.gg‘umbull (Academic Press Inc., New York, 1958), Vol. 7,
p. 99.
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the band can be expressed as a linear combination of
these orbitals. Unfortunately, the coefficients of this
expansion are usually rather complicated: In fact, the
general formulas given in Sec. II cannot be applied
directly. Therefore, in this section, we write the ex-
pansion somewhat schematically : In a band, the Bloch
waves of wave vector k forming a basis for an irre-
ducible representation I'¢** of Gk can be denoted by
the symbol ¢(kaye). The index p is used to distinguish
different bases belonging to the same representation.
The index a is used to label the row of different vectors
belonging to a given basis. Thus, we may have a=1,
- -+, d¥* where d*® is the dimensionality of the repre-
sentation. On the other hand, in a crystal, each lattice
£ can be split into a certain number of sublattices
which are Bravais lattices and which can be found in
the following way. Let T be the subgroup of the transla-
tions contained in Gg. By applying the transformations
T to the point M,, we generate a Bravais lattice £o.
Now if £ is not identical to £, it is possible to find in
the vicinity of M, a point M, of £ which does not
belong to £q. Then by applying the translations T to
the point M, we generate another Bravais lattice £,
and so on (see Fig. 6). In this way, we can split the
lattice &£ into J different Bravais sublattices £,
<--£y_1 generated from points My, ---M ;. Each
sublattice, of course, contains the same number of
points Nt=N/J. Now, we can associate with each sub-
lattice £, a quasi-Bloch wave ¢;(k,m,u). Calling t the
displacement corresponding to an operation T of T,
we put

@i(kmu) = (N1)72 3 exp[ik(MoM;+t) ]
X Ar; (m,p). (A7)

It is clear that the Bloch waves ¢(kaye) of given k
are related to the functions ¢;(k,m,u) having the same
wave vector, by a unitary transformation which can
be written in the following way

o (kag)= %} i (kmu) (| Usem| aet). (48)

We note that the coefficients of this expansion do not
depend really on the exact value of k but merely on
the nature of the star of k. Therefore, for a crystal of
a given type, in order to write explicitly the expansion
(47) in any case, it is sufficient to calculate only a finite
number of coefficients. Unfortunately, these coefficients
cannot be completely determined by group theoretical
arguments: They depend also on the analytic structure
of the band. Anyway, the functions ¢,(k,m,u) are very
useful in practical cases and, in fact, can be found
directly® without calculating in detail the Bloch waves.

IV. SUMMARY

The results of this study can now be reviewed briefly.
Taking advantage of the invariance properties of a

8 This point will be discussed in a subsequent paper.
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one-electron Hamiltonian with respect to the elements
of a space group Gx we have shown in Sec. II that the
eigenfunctions of H can be expanded in terms of equiva-
lent local orbitals. These orbitals are attached to the
points M of a lattice £, which is generated by applying
the operations of Gy to an arbitrary given point M.
To each point M there corresponds a subgroup Gy
consisting of those transformations of Gy which leave
M invariant. According to our assumptions (Sec. IT A)
the orbitals M (m,u) associated with a point M must
form a basis for a given irreducible representation I'y™
of Gy. In Sec. II B, we classify the eigenfunctions of
H according to their symmetry properties and in Sec.
II C the orbitals are obtained by a unitary transforma-
tion from a suitable set §(£,m) of eigenfunctions of H.
The properties of this set are determined by the initial
choice of the lattice £ and of the representation I'y,™.
Conversely, in Sec. II D, the eigenfunctions belonging
to 8(£,m) have been expanded in terms of the orbitals.
These orbitals are orthonormal (Sec. IT E) and can be
deduced from each other by symmetry transformations.
Moreover, we have shown in Sec. II F that if H and
I, are real the corresponding orbitals are real pro-
vided that the set 8(L£,m) is defined in a reasonable
way. Section II G is devoted to a few remarks concern-
ing the localizability properties of the orbitals and the
possibility of choosing suitable sets &(£,m). As an
illustration of our formalism, the case of a linear chain
is treated in Sec. IIH and another example (tetra-
hedron) is given in Sec. IT 1.

Section II is devoted to a special study of the case
of crystals. We try to investigate whether it is possible
or not to describe a band by means of one set of orbi-
tals. Notations and definitions are introduced in Sec.
II A and in Sec. IT B, we prove that if a finite number
of simple conditions are fulfilled, then the eigenfunc-
tions belonging to a band form a set 8(£,m). These
conditions are related to the points of maximum sym-
metry in reciprocal space. In Sec. IT C, it is shown that
if a band can be described by one set of orbitals only,
the nature of the band determines the nature of the
lattice £ and of the orbitals; therefore it determines
also the nature of the chemical bonds. The orbitals
which correspond to a band can be called generalized
Wannier functions. Unfortunately, a band cannot al-
ways be described by only one set of Wannier functions
because in crystals different bands may overlap. The
application of the formalism to the special case of
crystals is discussed in Sec. IIT D.

The possibility of building really localized orbitals
depends on the analytic properties of the eigenfunctions
of H; an examination of this question will be carried
out in a later paper.
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APPENDIX I. LIST OF SYMBOLS

Gu general space group leaving the Hamiltonian
H invariant,

g number of elements of Gu,

R element of Gg,

INTS irreducible representation of Gy,

d dimensionality of I'g?,

‘R matrix representing R in T'4,

£ lattice invariant with respect to Gg,

M, origin of £,

M any point of £,

S, special element of Gy transforming M,
into M,

N number of points M in £,

Gy, subgroup of Gy containing the elements of
Gy which leave M invariant,

Ry, element of Gy,

L™ irreducible representation of G,

Gur subgroup of Gy containing the elements of
Gy, which leave M invariant, isomorphic
to Gy,

gn number of elements of G and of G,

Ry element of Gy,

T'y™ irreducible representation of Gu, corre-
sponding to I'z™,

du™ dimensionality of I'™,

[Ta'ls  representation of Gy subduced by an irre-
ducible representation I'y! of Gy,

{T'»™}n  representation of Gy induced by an irre-
ducible representation I'y™ of Gy,

C(l|m)  number of representations I'y™ contained
in [Fyl] M,

C(Aa|Bb) coefficient referring to the irreducible repre-
sentations I'a® and I'g? of two subgroups A
and B of a group G,

|lpmqu)  eigenstate of H belonging to a representation

I'y' and a representation T' ™,
@(lpmeu) wave function corresponding to |l mu),
(m’ pp’ | 'R|mu)matrix element of 'R,

M (m,u) orbital centered on M and belonging to a
representation I'y™,

® energy band of a crystal,

T subgroup of translations of Gy in a crystal,

Nt number of elements of T,

Gy in a crystal, subgroup of Gy the elements of
which leave invariant the wave vector k of
a Bloch wave,

Ty ke irreducible representation of Gy,

[y*ke in a crystal, irreducible representation of Gy,

induced by an irreducible representation
I‘kka’
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n(ke|®) number of bases of eigenfunctions belonging
to a representation I'g**® and contained in
a band,

z point of maximum symmetry in reciprocal
space,

¢(kaye) Bloch wave belonging to a band and a repre-

sentation I'gke,
£L; one of the Bravais sublattices of a crystal,
o;(kmp)  quasi Bloch wave.
APPENDIX II. A CLOSURE RELATION

The closure relation (13)
5 (0 o | Sl ) S | )
"
= (g/ga0) (ds™/@)8110 oS B gy

is a consequence of the orthogonality relations® satisfied
by the matrices ‘R forming an irreducible representation
I'¢! of the elements R of Gy.

SRV |VR|a Ya| 'R b)= (g/d)d1baarerr. (A2.2)
Using our previous notation, we may write as well
2R oV [VR|m i Ympu | 'R | mgv)

= (g/d")811:6mm O ppBuuBnnaqdyw. (A2.3) -

Now each operator R can be considered as a product
[see Eq. (1)]

(A2.1)

R=Sxm, R, (A2.4)

The matrices ™Ry, forming a representation I'z™
obey orthogonality relations analogous to (A2.2):

RZ (' |™ Rogo| 'YW | "Rarg 2| §)
= (g1/@s™)ommd by (A2.5)

On the other hand, relation (A2.4) can be used to
transform (A2.3):

2 e o |V Saay | )

MoRM,
XCE ™ Raesto| 1 Y| "Rogarg™ | )k | 'S sag,mqv)
= (g/dl)all'amm’app’a‘m’ann’&qq'ayy'. (A2.6)

Let us simplify the first member of this equation by
using (A2.5) to eliminate all the terms referring to
Ry, Now putting m=m’ and u=p’, we obtain (A2.1).

APPENDIX III. ON FROBENIUS’ THEOREM
AND A RELATED LEMMA

Frobenius’ Theorem

Let T's® be the irreducible representation of a sub-
group A of a group G and {T'a%}g the corresponding
induced representations of G. These representations

® A. Speiser, Die Theorie der Gruppen (Dover Publications,
New York, 1945), Satz 146, p. 164.
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are usually reducible with respect to the irreducible
representations I'c? of G

{Ta%}a=22,C(Aa|GgTc". (A3.1)

Conversely, any irreducible representation I'g¢ sub-
duces a representation [I'¢?]a which is usually reducible

[:FG”:IA:Za C(Gg|Ad)FAa. (A32)
According to the Frobenius theorem
C(Aa|Gg)=C(Gg|Aa). (A3.3)

By means of this theorem,' the following lemma,
which is used in Sec. III B, is derived.

Lemma

Let T'a® and I'g® be irreducible representations of the
two subgroups A and B of a group G. These repre-
sentations induce two representations {I's%}¢ and
{T's%}c of the full group. These new representations
subduce usually reducible representations of B and A,
respectively, namely, [{T'a%}c]s and [{I's’}c]a and
we have

[{Ta%}cls=2+ C(Aa| BO)I's’,

(A3.4)
[{T8%)c]a=2aC(Bb|Aa)Ts".
The lemma states that
C(Aa|Bb)=C(Bb|Aa). (A3.35)

10 A. Speiser, Die Theorie der Gruppen (Dover Publications,
New York, 1945), Satz 179, p. 200.
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(Let us remark, however, that these coefficients still
depend on G.)

Proof of the Lemma

The induced representations {I'a®}¢ and {I's®}¢ are
usually reducible with respect to the irreducible repre-
sentations I'¢? of G

{Ta%}e=2,C(Aa| Gl
{T's’}e=22, C(Bb[GgT'e’,

and we obtain also the following reduction for the
representations [I'g?]a and [T'g¢Js subduced by a
representation I'g?

[dIc*Ja=2_a C(Gg|Aa)T»°,
[FG”:‘B= Zb C(Ggl Bb)FBb.

By combining these two sets of equalities, we obtain
[{T1%}cle=2 C(Aa|Gg)[Te?]s
g
=2 C(Aa|Gg)C(Gg|By)Is?,
gb

(A3.6)

(A3.7)

(A3.8)
[{Ts’}c]a=2 C(Bb|Gg)[Ta?]a

=2 (CBb|Gg)C(Gg|Aa)T 5°.

The equality (A3.5) is an obvious consequence of the
Frobenius theorem [Eq. (A3.3)].



