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The collective model with interparticle interactions included is used to examine the modifications of
the vibrational spectra as the strength of (a) the two-particle interaction and (b} the vibration-particle
interaction is varied. The E2, Mi mixing ratio 5 as well as ratios of y-ray transition probabilities are pre-
sented. These results are corrections and extensions of previous work reported.

I. INTRODUCTION

' 'X an earlier paper' the author examined the predic-
t ~ tions of the weak-coupling collective model when
interparticle interactions were included. Unfortunately,
a sign error was present in the matrix for the I= 2 states'
so that the locations of these levels were not correctly
computed. This paper presents the corrected results
along with a number of y-ray transition probability
predictions. (The formalism has been completely de-
veloped in I so that only the final formulas will be given
here. ) In addition, the entire spectrum of levels has been
computed including the levels with I= i, 3, 5, 7, and 8,
which were omitted in the previous work. The entire
calculation was done on computers to minimize error
and they have been spot checked against similar calcula-
tions performed independently by MacDonald' at
Aldermaston.

The previous calculations were limited in size to
20' 20 matrices so that some of the three-phonon states
could not be included. The present results include all
states of one, two, and three phonons.

II. BRIEF DESCRIPTION OF PRESENT
CALCULATIONS

The Hamiltonian used4 can be broken up into two
parts (a) a shell-model part, H and (b) a surface-
interaction part II,. The system treated is that of two
equivalent f&~2 particles coupled with phonons, quanta
of surface excitation. LThe results are equally applicable

TAai.E I. Energy of the first excited state (E2) in units of ~.

where (1) b„* and b„are the creation and destruction
operators for phonons of spin 5 (where 5=2), and
S,=p, (2) b (r;) is the radial function for the ith nucleon
that determines the strength of the coupling; (3) Aced is
the energy of a phonon; (4) C is the surface-deformation
parameter in the surface potential energy; (5) G;t is the
Hermitian conjugate of G, ; and (6) G;=—P„b„&»(8;,P,),
where F'»(8, ,@;) is the normalized spherical harmonic
of the angular coordinates of the ith particle. The

TAsr.z II. Computed values, for various values of x and D, of
the ratios of the reduced transition probabilities B(E2) for the
low-lying p-ray transitions and the value of E2/Mi mixing ratio
b. In the table, 8 is given in units of E~ZA'i" (Ace/2C)'~'(g —gg) '
X6.4X10 ', where E„is the p-ray energy in MeV, M is the one-
phonon energy, C is the potential energy parameter for surface
deformation, and (g;—gg) is given in Table III.
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to g-, /~ particles with a modi6ed II to give the same
values of &((s)')g IH ~

((2)')z).j
Harmonic oscillator radial wave functions were

used to evaluate II which was taken as B=H12
= —3Dhcu(3 —e& o2) exp( —r'/r02), with ro 2.7X10 "
cm. The surface interaction part of the Hamiltonian,
H„was taken as

H, /Au) = ,'+Q„b„—*b„(2hcoC—)-'I' P, P b (r;) (G;+G,'),
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~This work was supported in part by the National Science
Foundation.

'B. James Raz, Phys. Rev. 111, 1116 (1959); this will be
referred to as I.

2 I am indebted to Dr. X. MacDonald for pointing this error
out to me.' N. MacDonald (private communication).

'See reference 1 for a complete description of the formalism
the original investigation of this type was performed by G. ScharÃ-
Goldhaber and J. Weneser, Phys. Rev. 98, 212 (i955),
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variable x is dehned in the usual manner' as
*=f (5/iS ~V C)»2 where f =

(~ uf
~ ) .

The formulas for computing the y-ray matrix
elements are standard and are given explicitly in I.

TABLE III. The gyromagnetic ratio g; of a particle of j= ~~ with
1=3 and 4 for a proton and a neutron. The gyromagnetic ratio gz
associated with the vibrational motion of the core and the com-
bination of the two terms (g;—gg) that enter into the de6nition of
8 (see Table II).

IIT.. DISCUSSION OF THE THEORETICAL RESULTS

In order to facilitate comparison with experiments the
results of the energies are normalized to the energy of
the 6rst excited state so that the curves show the ratio
of the energy of a given state to that of the first excited
state. Table I gives the computed energies of the hrst
excited state in terms of Ace, the one-phonon energy.
Table II gives the y-ray transition probabilities for
some of the observed transitions. In addition it gives the
computed values of the E2/M'1 mixing ratio 5 for the

fvj2 neutron
f7~2 proton
g7~2 neutron
g7~~ proton
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The table lists 5 in units of E Z 4' '(Aa)/2C)' '
)((g,—gs) '&&6.4X10 ', where E„ is given in MeV,~ is the one phonon energy, C is the constant in the
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E'io. 1.The computed variation of the ratio of the energy of the
level of spin I(Ez) to the energy of the first excited state (E&).The
calculation is for D=0.20 and 0 ~& x & 1.0. I The shell-model states
are ((&)')0,~, 4, 6 with surface interaction included. g
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' A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab.
Selskab, Mat. -Fys. Medd. 27, No. 16 (1953).

Fia. 2. The same spectra as E ig. 1 with a different choice of D.
Here D=1.00 and 0~& x~&1.0.
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vibrational potential energy, gz is the gyromagnetic
ratio of the collective motion usually taken as Z/A, and

g; is the gyromagnetic ratio of the single particle de6ned
as g;= (g~&L1/(23+1) j(g,—g~)} for j=l+&2. For pro-
tons g~=1 and g, =5.585 while for neutrons g~=0 and
g, = —3.826. The single-particle magnetic moment p is
just equal to jg,p,o. These calculations are equally valid
for either (f7/2') J or (g7/2') J two-particle states since the
collective Hamiltonian has no l dependence. LThis, of
course, assumes that the two-particl. e unperturbed
energies are taken as the same for (fz/2') and (g7/2').
This equality depends on the particular choice of two-
particle Hamiltonian and, in general, the same two-
particle Hamiltonian will not give the same energies for
these two shell-model configurations. This could be
compensated for by redefining D.jThe value of the M1
transition rate, however, does depend on the value of 1.
This comes in through the values of g; which is diGerent
for fq/2 and g7/2. Table III gives the values of g; and of
(g, —ga) for the four possible cases of j=$. The value
of g~ is taken as 0.4 in this table.

Figures 1 through 4 show the energy spectrum for D
equal to 0.2, 1.0, 2.0, and 3.0 with x varying between 0

and 1.0. Figures 5 and 6 show the same levels displayed
in a diferent manner, with x set equal to 0.25 and 0.45
and D varying between 0 and 3.0. In all these curves
only the following 15 levels were plotted: 0, 0', 1,2, 2', 2",
2"', 3, 4, 4', 5, 6, 6', 7, 8. One or two of the omitted levels
occur at lower energies than the plotted results for
certain of the choices of D and X. A more complete
spectrum is available from the author. The curves
demonstrate rapidly varying picture of the spectrum as
the parameters are varied. This clearly is caused by the
interaction of the vibrational states and the shell-model
states. For D= 1.32 the ((s')')u level is degenerate with
the one-phonon I=2 level while for D=2.64 the
((-,')')2 level is degenerate with the two-phonon I=2
level. This degeneracy accounts for the rather pro-
nounced differences in the spectra computed at D= 1.0,
2.0, and 3.0. The spectra for D= 3.0 sufter from the fact
that the four-phonon states with spin 5, 6, and 8 were
not included in the spectrum (no four phonon states
were included for any spin). This distorts the spectrum
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FIG. 3. Here a=2.00 and 0~&x~&1.D, FIo. 4. Here P=3A@ g.nd 0~&x&&1.D.
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Dt'. CONCLUSIONS

One aim of this study was to match the spectra of
~OCa" and 22Ti"; to some extent this has been successful.
The known levels in these nuclei and the corresponding
predictions from this work are listed in Table IV.

Foie udded in proof. The low excited states of Ti"
have been experimentally observed by R. A. Ristinen,
A. A. Bartlett, and J. J. Kraushaar (to be published).
They find the levels with the following energy, spin, and
energy ratio (Er/E2): (a) 0 keV, 0+, 0; (b) 983.3 keV,
2+, 1; (c) 2295.0 keV, 4+, 2.33; (d) 2430 keV, (1,2+),
2.48; (e) 3223.9 keV, 4+, 3.28; (f) 3239.9 keV, (5+),
3.30; (g) 3340 keV, 6+, 3.40; (h) 3620, '?, 3.78. This can
be compared with the theoretical predictions for D= 1.0,
X=0.4 where the following spins and energy ratios
(Eq/E2) are computed: (a) 0+, 0; (b) 2+, 1; (c) 4+, 2.30;
(d) 2+, 2.48; (e) 0+, 3.00; (f) 2+, 3.05; (g) 6+, 3.40;
(h) 4+, 3.58; (i) 1+, 3.76. I wish to thank the authors
for permission to use their results before publication.

(It is also of interest that these results fit many of the
levels in Ca", Cr"-, and Fe". These are also listed in
Table IV.)

As can be seen, the second excited state of spin 0 in
Ca4' cannot be matched with any choice of the param-
eters. An obvious solution to this problem is suggested

by the work of Thankappan and Pandya' who have used

this same model with 1dg2 and 2sI~2 orbitals to 6t the
levels in Si'". Their resul, ts have two shell-model 0+

states (ds~j) 0 and (s&~2') 0. This gives a low-lying 0+ state
for a variety of parameters. Similar calculations are
now underway adding 2pg~ orbitals to the present calcu-
lation. Hopefully these results will give a much better
fit to all the levels and perhaps also account for the very
large Eo transition in' Ca" from the 1.84-MeV 0 level

to the ground state.
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Beta-Decay Matrix Elements in Sbt2't'*f
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An electronic computer has been used to investigate the six nuclear matrix elements which enter into the
2 to 2+ 1.40-MeV beta transition in the decay of Sb~. Data from beta-gamma angular correlation, beta-
circularly polarized gamma angular correlation, nuclear orientation, and nuclear resonance experiments
were used in this analysis. As a further aid, the Feenberg-Ahrens relations between certain of the nuclear
matrix elements were employed to catalog the solutions and to simplify the search problem. In order to
discover how the remaining ambiguity of these solutions could most easily be reduced, for each of the solu-
tions calculations were made of the predicted results of all possible experiments on this beta transition.
These calculations show how sufFicient experimental data can be obtained to determine unambiguously all
six nuclear matrix elements. In an appendix all the theoretical formulas which give the experimental observ-
ables for a 6rst forbidden 2 to 2+ beta transition in terms of the nuclear matrix elements are summarized.

INTRODUCTION

«HERE are, in general, six nuclear matrix elements
which can contribute to a 2 to 2+ erst forbidden

beta transition. The possibility of experimentally de-
termining so many overlap integrals for the same two

)This research was supported by a grant from the National
Science Foundation.

*This work was done in part at the Computation Center at the
Massachusetts Institute of Technology, Cambridge, Massa-
chusetts.

$ A preliminary account of part of this work has been given:
Bull. Am. Phys. Soc. 7, 34 (1962).

$ Alfred P. Sloan Research Fellow, 1961-63.
'For a recent comprehensive review of Grst forbidden beta

decay see H. A. %eidenmuller, Rev. Mod. Phys. M, 574 (1961).

nuclear configuration makes these transitions particu-
larly attractive for studying nuclear structure. Although
a large amount of both experimental and theoretical
work has been reported on transitions of this type, no
one has succeeded in 6nding a unique solution for the six
nuclear matrix elements. ' One of the principal reasons

' Some recent papers not in reference 1 in which attempts have
been made to 6nd the nuclear matrix elements for erst forbidden
transitions are: Sb~—P. Alexander and R. M. SteRen Phys. Rev.
124, 150 {1961);R. M. Steven, ibid. 124, 145 (1961).Eu'~—H.
Dulaney, C. H. Braden, and L. D. lyly, iIed. 125, 1620 (1961).
Eu'~—S.K. Bhattacherjee and S.K. Mitra, ibid. 126, 1154 (1962).
I'~', Rb~, Asv' —D. S. Harmer and M. I.. Perlman, ibid. 122, 218
(1961}.


