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Pion-Nucleon Elastic Scattering at 310 MeV: Phase-Shift Analysis~

OLAV T. VIKt AND HUGO R. RUGGE|.

Laurence Radiator Laboratory, Unieersf'ty of California, Bekey, California
{Received 4 October 1962)

A phase-shift analysis of m+-p and x=p elastic scattering at 310 MeV has been performed. The data in-
clude differential and total cross section and recoil-proton polarization data for both m -p and ~ -P elastic
scattering, as well as differential cross-section data for charge-exchange scattering. Inclusion of d waves
was necessary to attain an adequate fit to the data; in the case of ~ -p differential cross section, the best
fit included f waves. A general phase-shift search using s, p, and d waves was carried out; a single solution
was obtained that adequately fit all the available data. The most notable characteristics of this solution
are isotopic-spin 3/2 phase shifts similar to those obtained in a previous analysis of the x -p data and a
relatively large Dj, & phd shift equal to approximately 15 deg. Errors on the isotopic-spin 1/2 phase shifts of
this solution range from 0.3 to 0.9 deg. The isotopic-spin 3/2 phase-shift errors are similar to those obtained
previously. Because the m -p differential cross section data indicated a possible need for f waves, and since
the only satisfactory spd solution displayed a large d-wave phase shift in the isotopic-spin 1/2 state, the
analysis was extended to include fwaves. The result of allowing fwaves was to increase the errors on each
of the phase shifts {up to about 2 deg), and also to introduce two new solutions, neither of which can be
ruled out statistically. These new solutions are similar to the d-wave solution in the isotopic-spin 3/2 phase
shifts, but vary rather widely in isotopic-spin 1/2 phase shifts. Inelastic scattering processes were neglected
throughout most of the analysis; however, a study of their sects on the final solutions was made and these
effects were seen to be unimportant.

I. INTRODUCTION

SERIES of experiments on s. -p elastic scattering
~ ~ ~

~ ~

at an incident-pion kinetic energy of 310 4IeV
have been completed. These measurements complement
the s.+-p elastic scattering data obtained by Rogers
et al. ' and Foote et ul. ' The relatively high accuracy of
all of these data makes it practical to perform an
accurate phase-shift analysis. The data used in this
analysis are the following: for s -p ~ s -p, the dif-
ferential cross section (DCS) measured at 28 angles, '
the total cross section, 4 and the recoil-proton polari-
zation measured at 4 angles', For m+-p-+m+-p, the
diRerential cross section measured at 23 angles, ' the
total cross section, ' and the recoil-proton polarization
measured at 4 angles. ' Also incorporated is a charge-
exchange differential cross-section measurement at 317
3IeV by Caris et cl.,' and an approximate inelastic
cross section determination by Barish et al. '

Analysis of scattering data can be carried out in
terms of partial-wave expansions and phase shifts.
These phase shifts have been the usual meeting place
of theory and experiment for elastic scattering.

*Work done under the auspices of the U. S. Atomic Energy
Commission.

t Present address: Lawrence Radiation Laboratory, University
of California, Livermore, California.

f Present address: Aerospace Corporation, Los AngeIes,
California.

'E. H. Rogers, O. Chamberlain, J. Foote, H. Steiner, C.
Wiegand, and T. Ypsilantis, Rev. Mod. Phys. 33, 356 (1961).' J. Foote, O. Chamberlain, E. Rogers, H. Steiner, C. Wiegand,
and T. Ypsilantis, Phys. Rev. 122, 948 (1961).'H. R. Rugge and O. T. Vik, preceding paper LPhys. Rev.
129, 2300 (1963}j.' H. R. Rugge, Ph. D. thesis, University of California, Lawrence
Radiation Laboratory Report UCRL-10252, 1962 {unpublished).' J. C. Caris, R. W. Kenney, V. Perez-Mendez, and %'. A.
Perkins, Phys. Rev. 121, 893 (1961).' B.C.Barish, R.Kurz, and J.Solomon (private communication).

Sufficiently accurate scattering data can lead to a
rather precise determination of the phase shifts, which
in turn can impose limitations on any proposed theory
of the pion-nucleon interaction.

Analysis of s- -p scattering provides information
about both the isotopic-spin 1/2 and isotopic-spin 3/2
states of the s-S system, whereas analysis of m+-p

scattering gives information only about the isotopic-spin
3/2 state. %bile the isotopic-spin 3/2 phase shifts are
fairly well known, most of the isotopic-spin 1/2 shifts
are uncertain in magnitude and even in sign. The un-

certainty in the energy region below 300 MeV is
mostly due to the fact that the I= —,

' shifts dominate
the interaction to such an extent that they electively
mask the contributions of the isotopic-spin 1/2 phase
shifts to the experimentally measurable quantities. An
accurate phase-shift analysis of the ~+-p data at 310
4IeV has already been completed by Foote et al. ,

' so
it is mainly the purpose of these data to provide
information about the isotopic-spin 1/2 phase shifts
at 310 MeV, as well as to yield a better determination
of the isotopic-spin 3/2 shifts.

An analysis of the s -p DCS data, as well as the
previous s+-p analysis, indicated that at least d (up
to and including l=2) waves must be employed to 6t
the experimental data well. Furthermore, the best 6t
to the 7r -p data was obtained by including f (up to
l=3) waves. For this reason an spd analysis and an
spdf analysis of the data has been made. Section II
presents the equations used in the analysis. In Sec.
III we describe the search program, and in Sec. IV the
phase-shift investigations and results of these investi-
gations. A discussion of results follows in Sec. V.

~ J. Foote, O. Chamberlain, E. Rogers, and H. Steiner, Phys
Rev. 122, 959 {1961).
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II. PHASE-SHIFT EQUATIONS

This section outlines the connection between the
observable quantities that can be measured and the
m-,V phase shifts. The application of the usual phase-
shift equations to systems of «+-p and pro-e is reviewed,
and 6nally the equations including nonrelativistic
Coulomb and 6rst-order relativistic Coulomb correc-
tions are presented.

A. Cross-Section and Polarization Expressions

The notation used in this section is essentially that
used in Bethe and Morrison. ' In terms of g(8) and
h(8), the non-spin-flip and spin-flip scattering ainpli-
tudes, the differential cross section (hereafter referred
to as DCS) is expressed by

The expression for polarization of a proton scattered
from a pion is

P(8) =2
Re[g"(8)h(8)]/(d~/dt's)(8).

B. Scattering Amylittj, des

1. .VoN Spin Fli-p and-Spin Fiip A-m piilldes

The derivation of the partial-wave expansions of the
scattering amplitudes is carried out in many references,
as for example, Ashkin. ' Neglecting Coulomb eGects,
the result for the non-spin-Aip amplitude is

rli+ exp(2ibi+) 1—
a(8) =& Z (1+1)

I~ 2j

Definitions of quantities appearing in Eqs. (3) and
(4) are:

1=orbital-angular-momentum quantum number.
brL =phase shifts for orbital-angular-momentum state
and total-angular-momentum quantum number

J=1+-', .
gg=inelastic parameters corresponding to each of

the phase shifts. These are ~&1, being equal to unity
in the absence of inelastic scattering. The use of
inelastic parameters allows the phase shift bt+ to be
completely real even in the presence of inelastic
scattering; in this report the term "phase shift" refers
to the real part 8~+.

A=wavelength of either particle in the c.m. system

(X= 1/k).
Pi(cos8) =Legendre polynomial.

Pii(cos8)=associated Legendre polynomial, defined

by

Pi'(cos8) = sin8 P~(cos8).
d(cos8)

8=c.m. scattering angle for either the pion or the
proton.

Z. IsotoPic SPzn

The m+-p system, which has a s component of iso-
topic spin I,=2, can exist only in the isotopic spin
state I=as. However, the 7r -p system, for which
I,= —-„ is a linear combination of isotopic-spin states
I =~~ and I= ~. As shown, for example, in Bethe and
de Hoffmann, " the scattering amplitudes for the three
elastic reactions for charged pions and protons are as
shown in Table I.

g,
—exp(2i8;) —1-

+l Pi(cos8), (3)

and the spin-Qip amplitude is

XP&'(cos8). (4)

i-.. -in+ exp(2i8i+) —ili- exp(2ibi
—)-

h(8)=lt g

C. Inclusion of Coulomb Corrections

The scattering amplitudes given by Eqs. (3) and (4)
have been extended to take into consideration the
nonrelativistic Coulomb efI'ects as well as the 6rst-order
relativistic Coulomb corrections. This extension was
carried out by Foote ef al.' and is based on the work of
Stapp et al."and Solmitz. "

In this section we use Foote's Eqs. (7) and (8) of
Sec. 8,' to write down Coulomb-corrected scattering

TABLE I. Scattering amplitudes for charged pions and protons.

Reaction

(a) ++P ++p
(b) ~ +p~~ +p
(c) m +P —+7r+g

Scattering amplitudes
Non-spIn-fhp

t(I=3/2)
Sf(I=3/2)+3g(I =1/2)

k~B(I=3/2) —Z(I= 1/2) j

Spin-Hip

h(I =3/2)
)h(I =3/2)+gh(I = 1/2)

-', V2I h(I =3/2) —h(I =1/2) j

H. A. Bethe and P. Morrison, Elementary Eudear Theory (John Wiley Bt Sons, Inc. , New York, 1956), 2nd ed. , pp. 133--42.' J. Ashkin, Suppl. Nuovo Cimento 14, 221 (1959).
' H. A. Bethe and F. de Hoffmann, Mesoes end Finds (Row, Peterson and Company, Evanston, Illinois, 1955), Vol. II."H. P. Stapp, T.IJ. Ypsilantis, and ¹ Metropolis, Phys. Rev. 105, 302 (1957).~ Frank T. Solmitz, Phys. Rev. 94, 1799 (1954).
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ampl. itudes for the reactions of Table I. It will now be
convenient to distinguish between phase shifts for
states of isotopic spin 1/2 and 3/2. In our Eqs. (12)
through (17) we use the notation:

b&+= phase shift for orbital-angular-momentum quan-
tum number /, total-angular-momentum state J= I+-'„
and isotopic-spin state I= ~;

ggg+= inelastic parameter (defined in Sec. II 8-1)
corresponding to the b~~ phase shift above;

n&+= phase shift for orbital-angular-momentum quan-
tum number l, total-angular-momentum state I=/+-,',
and isotopic-spin state I= ~;

p~+=inelastic parameter corresponding to the o, ~+

phase shift above,

The new quantities to be introduced in Eqs. (12)
through (17) s,re

e= e'//hv,

ThsLE II. Nonrelativistic Coulomb phase ~ts, first-order
relativistic corrections, and complete Coulomb phase shifts
(all in degrees) for incident pion kinetic energy T=310 MeV.

0.00
0.44
0.66
0.81

0.09
0.09
0.06
0.04

~ ~ ~

—0.17—0.09—0.06

0.09
0.53
0.72
0.95

~ ~ ~

0.27
0.5?
0,75

nuclear shifts by a small term C ~+, which is the complete
Coulomb phase shift of order /. This is explained below.

The total phase shifts are related to the nuclear
shifts by

ag+(+) =ag++4 g+, ag+(0) =arg- —4 rg-/2,

ag+( —)=arL —Cg+, 8g+(0)=brL —Cg+/2.

8g+(—) = 8g

where v is the laboratory-system velocity of the incident
pion) and

(.XW-)/2+(2p. -1)P.'/4
J3-

1+P Py CrL=Cg+aCrt,

The complete Coulomb phase shift of order /, 4~+,
consists of the nonrelativistic Coulomb phase shift
defined by Kq. (2.7), plus a first-order relativistic

(6) correction,

4g=g tan '(n/x), for l&~1. (7)

The additional parenthetical (+, —,or 0) that
appears on the phase shifts in Kqs. (12) through (17) is
necessitated because the phase shifts used in those
expressions are to/a/ phase shifts, differing from the

where p,„=magnetic moment of the proton in nuclear
magnetons, and P~, P =c.m. velocities of the proton
and pion divided by the velocity of light.

The 4~ is the nonrelativistic Coulomb phase shift of
order l. It is equal to 0 for 1=0, and is given by

where the 6rst-order relativistic Coulomb term is given

by
~@'o=n[2(PA-)+~4(2 p 1)PF'/(1—+P-14)] (9)

64'g+=nB/(l+1) for l &&1, (10)
and

ACg = nB/l, for —l~&1. (11)

The above Coulomb phase shifts for incident pion
kinetic energy T =310 AIeV are given in Table II.

The Coulomb-corrected scattering amplitudes for the
reactions of Table I are:

Reaction (a), gr++ p —+ gr++ p

Xs
g (8)= — —

exp f —in in[sin'(8/2)])
2 sin'(8/2)

g .* pg+ exp[2iag+(+)] exp[2i—4g] pg exp[2zag (+)] exp[2iC—g]
+X Q (l+1) +l Eg(cos8), (12)

lM 2j 2i

and

iknB sin8 g„,.* pg+ exp[2iag+(+)] pg exp[—2iag (+)] 2l+1
h(8)= +)t P —inB —Pg'(cos8- ).

2 sin'(8/2) 2 l(l+1)
(13)

Reaction (b), gr +p —+ gr
—+p

pg- exp[2iag (—)]+2igg- exp[2ibg
—

(—)] exp[ —2iC g]-
+l —(2l+1) — Pg (cos8), (14)

6i 2i

pg+ exp[2iag+( —)]+2ggg+ exp[2ibg+( )]-
g(8)= exp(in in[sin'(8/2)])+X P (l+1)

2 sin'(8/2) l~ 6i



and
pt+ exp[2ia&+( —)j+2g&+ exp[2i8t+( —)j —pt+ exp[2iat ( —)j

h(8) =iXeB sin8/2 sin'(8/2)+ P
l~l 6

2gq exp[2ib~ (8)j 2l+1
+inB PP (cos8). (1&)

6 t(t+1)
Reaction (c), w +P —+ x'+n

In this reaction, the incoming particles are charged and the outgoing particles are neutral. One may therefore,
to the accuracy desired in this analysis, consider the Coulomb perturbation to be half as great as in reaction (b).
Hence, when we use the proper isotopic-spin decomposition shown in Table I, the scattering amplitudes are given by.

2i

V2 t .* pg+ exp[2iat+(0)] q~+—exp[2ibt+(0)] pt exp[2iar (0)j gi —exp[2ia~ (0)]
g(8)=—1 Z (i+1) +l Et (cos8), (16)

3 l~ 2i

t ., -pg+ exp[2iag+(0)] —g&+ exp[2ib&+(0) j—
p& exp[2ia& (0)g p& exp[2i&i (0))

h(8)= —X P + —PP (cos8). (17)
l=l 2 2

D. Phase-Shift Notation

From this point on, "phase shift" will be understood
to mean the nuclear part of the total phase shifts used
in Eqs. (12) through (17). The notation developed by
Foote for the ~+-p system (I=~3 state)r is extended
to the I=+~ and I= ~ isotopic-spin states. The symbol
itself denotes the orbital angular momentum state
(s, p, d, etc.), the fust subscript denotes twice the
isotopic spin, and the second subscript denotes twice
the total angular momentum (i.e., lmr mz). The symbols
are summarized in Table III.

however, to calculate very rapidly the values of DCS
and polarization predicted by a given set of phase shifts.

The PIPANAI. program, developed for this purpose,
employs the grid-search method for fj.tting the phase-
shift equations to experimental points. " A tentative
set of phase shifts is fed into the program, and the
computer then varies all the phase shifts in turn in
order to minimize the quantity

calc exp
M=+

8xp

A. General Method

As may be judged from Sec. II, the phase-shift
expansions of the scattering amplitudes describing the
x-E system are very complicated functions, and so
there is no simple way of deriving values for the phase
shifts from the available experimental data. Modern
high-speed computer techniques maire it possible,

ALE III. Phase-shift symbols.

J
1/2
1/2
3/2
3/2
5/2
5/2
7/2

Phase-shift symbol
3 I 1

Sg, 1

&3, 1.

~3, g

Dg, g

D3, s
Fa, s
Fg, v

SI, I
+1,1

&1, a

D1, g

D1, f
F1, g

F1,7

III. SEARCH PROGRAM

Several IBM 7090 programs have been written to
perform the phase-shift analysis. This section deals
with the general methods employed by these programs,
and a description of the final program used.

where Q„~, refers to the value of DCS or polarization
calculated from a given set of phase shifts, Q, is the
corresponding experimentally determined value, and
EQ ~ is the experimental uncertainty in Q~. The
summation is over all the experimental quantities being
considered in a given case.

Each phase shift is varied in turn, and this procedure
is repeated until a complete cycle results in no reduction
in the value of M. The increment of change in phase
shift is then reduced, and the above process is repeated
until the increment reaches a certain predetermined
value.

3. PIPANAL 1CF4

PIPANAL 1CF4 is based on the IBM 704 program
developed by Foote' and has evolved through several
intermediate programs. It is the most complete program
developed, and the only one discussed in this report.
It is to be understood, however, that not all the
analysis discussed in the following sections was per-
formed by this program, but sometimes by less inclusive
and therefore less time-consuming programs of the
same type.

"E.Fermi, N. Metropolis, and E. F. Alei, Phys. Rev. 95, 1581
(1954}.
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1. Experimental QuaNtities Fitted

Experimental quantities 6tted by PIPANAI. 1CF4
are:

(a) DCS—The program accepts up to 30 DCS points
each for the three reactions given in Table I.

(b) Polarization —The program accepts up to 10
points each for the reactions in Table I.

(c) Total cross section —The program accepts a total
cross section for m+-p and ~ -p scattering. Since total
cross sections are usually determined experimentally
between two cutoff angles, the program fits them to
the numerically integrated value under the calculated
DCS curve between these cuto6 angles. A predeter-
mined fraction of the calculated inelastic cross section
was also added, and in the case of n -p scattering,
the integration was under the DCS curve for both
reactions (b) and (c) of Table I.

(d) Inelastic cross section —Only the ~ -p inelastic
cross section was fitted, since only the I=~ inelastic
parameters are allowed to vary (see Sec. 2 below).

(e) Legendre coefficients for charge-exchange scatter-
ing—The usual way of measuring the DCS for the
reactions w +p~vre+n is to measure the p-ray
distribution from the decaying m . When this is the
case, the y-ray distribution is fitted in a Legendre
expansion, and the coeKcients for a Legendre expansion
of the ~' distribution are related to those of the y
distribution. "For this reason, data on the n +p ~ m'

Q-e DCS are often quoted in terms of these Legendre
coefficients. Therefore, the program was equipped to
6t these coefficients with coeKcients calculated from
the phase shifts. Up to seven Legendre coefEcients can
be fitted (corresponding to an spdf wave fit to-the y
distribution) .

Z. Variation of Quarttities

Quantities varied in PIPANAL 1CF4 are as follows:

(a) Phase shifts —The program varies phase shifts
for I= 2 and I=

2 states It can p. erform sp, spd, or spd f
analysis for ~+-p systems of any energy.

(b) Inelastic parameters —In the case of ~+-p
scattering, the total inelastic cross section is quite
small compared with the total elastic cross section
(=0.5 mb as compared with 60 mb). For this reason,
the inelastic parameters pP (see Sec. II C) are not
varied in the search. It is possible, however, to insert
p~+ diRerent from 1 into the input data, and thus study

possible sects of inelastic parameters on the
phase shifts. The inelastic cross section for w

—-p
scattering is, however, about' 1 mb as compared with
=28 mb for the n -p elastic total cross section.
(In this context "elastic" refers to both sr +p-+ ~ +p
and m +p ~ ~'+u reactions. ) We accordingly allowed

'4H. L. Anderson, K. Fermi, R. Martin, and D. E. Nagle,
Phys. Rev. er, &5S (&953).

the quantities pit to be varied in the search, with the
constraint that they had to remain within the interval
0&rtr+&1. The assumption made here was that, since
the total inelastic cross section for m+-p (which is all
isotopic spin 3/2) is very small, the contribution to the
larger n. -p inelastic cross section must be from the
isotopic-spin 1/2 state.

(c) Normalization parameters —In the measurement
of DCS there is always an uncertainty of a few percent
in the normalization of the angular distributions. So
that the search program can move the angular distribu-
tion up or down an amount corresponding to this
uncertainty, quantities ~ ~ and e' were introduced
for each of the three differential cross sections mentioned
in Sec. III 3-2 above. Each of the experimental DCS
points was multiplied by the quantity (1+e) to adjust
the distribution, and the contribution of DCS to
Kq. (18) ws, s modified to become

3E(DCS)

DCS„),—DCS,„,(1+e) ' e )'
+ —i, (19)

a~)hDCS,„p

where he is the experimental uncertainty in nor-
malization.

E(G ')"]'"=(~&')„...
and

(G ')';=&;;(&5;), ,(hh, ), (for i'),
where C;; is the correlation coe%cient.

IV. PHASE-SHIFT INVESTIGATIONS

The general approach followed in searching for phase-
shift solutions to the experimental data is the random
starting point method. A large number of sets of
random phase shifts (over the range —180 deg «& h ««180
deg) are introduced as input data, and the program is

» A more detailed account of this work can be found in OlavT. Vik, Ph.D. thesis, University of California, Lawrence Radiation
Laboratory Report UCRL-10253, 1962 (unpublished).

3. Error RoNA'ne"

The usefulness of any phase-shift solution is limited
unless the error on each phase shift is known. Approxi-
mate values of the errors on the phase shifts were
determined. The method used was the standard error-
matrix approach. After the minimum value of M
LKq. (18)]has been found, the shape of the M hyper-
surface near the minimum is examined by computing
the second partial derivatives of M with respect to
each of the phase shifts used. These partial derivatives
form a matrix G defined by

Gs = ,'(it'3I/88aM-;) (20)

This matrix is then inverted, yielding the error matrix
G ' with the properties
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Tmxx IV. DiBerential and total cross section'
for~ +p-+~ +p at 310MeV.

TABLE VI. Recoil-proton polarization for ~++p ~ w++ p
at 310 MeV, measured by Foote. '

&e.m.
("eg)

d~(e)/da,
{mb/sr)

Rms
uncertainty

(mb/sr)

Rms
uncertainty

(mb/sr)

34.7
41.4
47.9
54.4
60.6
66.8
72.7
78.5
84.1
89.6
94.9

100.0
105.0
109.8
114.5
119.0
123.5
127.8
132.0
136.0
140.0
144.0
147.8
151.6
155.2
158.9
162.4
166.0

1.184
1.171
1.151
1.125
1.027
0.970
0.853
0.774
0.690
0.635
0.561
0.498
0.461
0.480
0.482
0.514
0.536
0.590
Q.663
0.715
0.764
0.822
0.817
0.889
0.941
0.991
0.932
0.944

0.043
O.ON
0.033
0.029
0.027
0.023
0.023
0.018
0.018
0.015
0.017
0.013
0.014
0.009
0,016
0.012
0.023
0.018
0.016
0.016
0.021
0.020
0.021
0.025
0.015
0.028
0.029
0.042

TAsx.E V. Difkrcntial and total cross section' for x++p ~ +++p
at 310 MeV, measured by Rogers. b

14.0
29.6
25.2
30.6
34.6
36.2
44.0
51.8
56.8
60.0
69.6
75.3
81.6
97.8

105.0
108.1
120.9
135.2
140.6
144.7
152.2
156.4
165.0

der(8)/dQ,
(mb/sr)

18.72
16.05
13.82
12.99
12.28
11.65
9.82
8.59
7.54
6.58
4.73
3.62
2.77
1.66
1.51
1.62
2.08
2.93
3.36
3.76
4.10
4.51
4.88

Rms
uncertainty

(mb/sr)

0.60
0.46
0.32
0.25
0.27
0.27
0.15
0.26
0.28
0.22
0'.10
0.09
0.08
0.07
0.06
O.Q7
0.08
0.14
0.12
0.15
0.21
0.17
0.12

a The total cross section used in the analysis was 28.8 &0.8 mb, evaluated
between c.m. cuto@ angles 8.4 and 167.4 deg. The normalimtion uncertainty
(see Sec. III 8) was taken to be he ~0.03.

114.2
124.5
233.8
145.2

0.044—0.164—0.155—0.162

0.062
0.070
0.044
0.037

a See reference 2.

TABLE VII. Recoil-proton polarization for x-+p ~ x-+p
at 310 MeV.

(deg)

114.2
124.5
133.8
145.2

I'(e)

0.784
0.648
0.589
0.304

Rms
uncertainty

(mb/sr)

0.132
0.076
0.072
0.055

the random searching. Only the DCS data of the
preceding paper' (our Table IV) were fitted in this
manner, and for each I=3~ set, there were in general
several I= —,

' sets that satisfactorily fitted the DCS
data. These "good" solutions were then inserted into
PIPANAI 1CF4, the s+-p data shown in Tables V
and VI were included, and all phase shifts were allowed
to vary simultaneously. Polarization data were then
introduced (Table VII) and finally charge-exchange
DCS (Table VIII) in order to rule out some of the

TAsLE VIII. CocKcients for Legendre polynomial 6t to
m +p ~ x +e DSC, measured by Caris at 317 MeV. '

AI
As
Ag
A4
As

d (e) = Z AgP)(cong)
dQ c.m.

Coeaicient
(mb/sr)

2.39
2.87
1.50
0.01—0.35

Rms
uncertainty&

(mb/sr)

0.06
0.11
0.17
0.15
0.42

requested to hand the local minimal value for M. If a
sufn. cient number of randomly located starting points
is used, the probability of having missed a "good"
solution is small.

%hen all phase shifts are allowed to vary simul-
taneously (as in PIPANAI. 1CF4) the process of
random searching is extremely time consuming. For
this reason, the following method was used: The three
(one spd and two spdi) I=-', solutions of Foote' were
taken as starting points and were held 6xed in all of

~ The total cross section used in the analysis was $6.4 +1.4 mb. evaluated
between c.m. cuto8 ss~lks 14.7 and 158.0 deg. The normalimtion un-
certainty {seeSec. III 8$ was taken to be he ~0.06.

b See reference 1.

' See reference 5.
& The normalization uncertainty (see Sec. III 8) was taken to behg ~O.IO.
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TwIII.K Ix. spd solutions to m -p DCS and total cross section data (also x -p DCS, polarization, and total cross-section data).

~expeoeea =47'

(1) 52.4
(2) 61.3
(3) 57.8
(4) 52.1

S3, 1

—18,8
—18.2
—18.5—18.9

—5.0—4.5
—4.7
—5.0

E3, 3

134.9
135.1
134.7
134.3

1.7
1.9
1.9
1.8

D3, 8

—3.7—4.0—4.0—3.9

SI, I

—5.8—7.2
24.2—4.0

—4.0
25.8
10.5—0.6

7.3
—2.0

5.3

D1, 8

—5.3
3.0
3.6

17.3

Di, s

15.1—0.5—0.0
1.0

a M„~,ted means the number of degrees of freedom, i.e., (number of exPerimental Points fitted) minus (number of Phase shifts varied).

I=~ phase-shift sets. This procedure is discussed in

detail in the following two subsections.

A. spd Analysis

A least-squares fit of the DCS data of the previous
paper' indicated the need for at least d waves to obtain
a satisfactory fit. This subsection explores the details
of the spd analysis.

1. Fermi ~ Staring I'oink

In the analysis by Foote (see his Table IV),' only
the solution of the Fermi type is totally acceptable.
The i4Iinami solution is theoretically unsatisfactory
because of the very large D3, 3 shift, and the Yang solu-

tion is highly improbable because of the large M value.
V'e therefore concentrated our e6orts on the Fermi
solution (the Yang type is mentioned briefly below).

Using Foote's Fermi solution (Sg, i= —18.5; Pg, i
4 7; Pq, q—=1.34.8; D~,~=1.9; D~,&= —4.0) as the

fixed I=-,' phase shifts, a total of 114 random sets was

introduced. Four distinct solutions were found to be
acceptable 6ts to the s —p DCS data. These four
solutions, after having been fitted with PIPANAL
1CF4, were as shown in Table IX. The s -p recoil-
proton polarization predicted by these four solutions is

shown in Fig. 1. It is obvious from the figure that
solutions (1) and (2) are in agreement with the data,
while (3) and (4) are not. Inclusion of polarization
data in the program causes solution (3) to degenerate
into solution (1), while the M value of solution (4)
increases to a very unacceptable 450 (where 48 is
expected).

As is also clear from Fig. 1, polarization data in the
region we have explored are quite incapable of resolving
solutions (1) and (2). One method of resolving this
ambiguity would be to obtain s. -p polarization data
at smaller angles. Such data do not exist at present,
but an attempt has been made to resolve the two
solutions by the inclusion of s +p —+ s'+n DCS data. '
This procedure was suggested by the large variation
in the backward direction of the predicted charge-
exchange DCS curves shown in Fig. 2.

Inclusion of the coefBcients of Table VIII, together
with the polarization data of Table VII, in the search
program, yielded the results shown in Table X.
Evidently, only solution (1) of Table X now has a
reasonable M value, and is therefore considered the
only satisfactory spd solution to all the aforementioned
data.

~ I ~ t ~ a ~ i ~ ~ ~ ~ ~ g a r y

0.6

-G2

-0,4

-0.8

0 50 60 90 IRO 50 l80

ac.m~«&&

I ro. 1. Recoil-proton polarization in ~ -p elastic scattering
at 310 MeV. Cases plotted are those d-wave solutions given in
Table IX.

6O 9O i' l~O lSO

eC m (deg)

FIG. 2. Comparison between predicted and measured charge-
exchange DCS. Error Gag shows approximate uncertainty in
experimental measurement at backward angles.
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TAsLE X. spd solutions to ~ -p DCS, polarization, total cross section, and charge-exchange coe%cients
(also ~+-p DCS, polarization, and total cross-section data).

~expected =56

71.2
123.4

SS, I

—18.8—18.3

+s, 1

—4.9—4.4
135.5
135.7

Ds, s

1.7
1.8

—3.6—3.9

Si, I

—6.2—2.6
—4.0
28.7

3.9
6.7

DI, S

—5.5
2.8

DI, s

15.2—0.3

a Me, ~eat, d means the number of degrees of freedom, i.e., (number of experimental points fitted) minus (number of phase shifts varied).

Z. Yang -' Starting Point

%hile the most intensive work has been centered
around the Fermi solution, the Yang spd solution of
Foote' is perhaps reasonable enough to merit some
consideration. %'e therefore did a considerably smaller
amount of random searching in this area also, using
as fixed input 3/2 shifts: Si,i= —23.2; P&,i=126.2;
P3,3=159.0; D3,3=7.5; and D3, f,= —4.6. In 40 random
sets only one solution of 3f&50 (M=23 is expected)
appeared; but this solution can be ruled out by s -p
polarization data.

3. spdf Analysis

The same general procedure was followed for the
spdf analysis as for the spd analysis. In this case, the
Fermi I and Fermi II spdf solutions of Foote' were
regarded as the most important, and the remaining
solutions were treated somewhat more sketchily.
"Random" sets were random only in s-, p-, and d-wave

phase shifts, with the f waves assumed small and
started at zero deg in all cases. However, the final
solutions often yielded f wave phase s-hifts as large as
10 deg, leading us to believe that no great bias was
introduced by starting the f-wave phase shifts at zero.

1. Fermi I and II
Fitting the s. -p DCS data with I=-, phase shifts

fixed yielded, as one might expect, a considerable
number of satisfactory solutions. A total of 450 random
sets was run, with a total of 23 good solutions emerging.
Of these, 14 were of the Fermi-I type and 9 were of
the Fermi-II type. These sets all gave good fits to the
DCS data (see Fig. 3).

Addition of ~ -p polarization reduced this number
of solutions to 5; these are presented in Table XI. Use
of the five charge-exchange DCS coeScients of Caris'
eliminated solutions (4) and (5). The remaining three
are shown in Table XII, and these three solutions
are sufBciently diferent to warrant short individual
discussions:

Solgtioe (1) This is the spdf counterpart of the only
good spd solution given in Table X. The I=-', phase
shifts of the final solution agree very well with Foote's
Fermi I solution. ' Each type of data is individually
fitted well. The M value is very close to the expected
value; it is the most frequently occurring solution,
having appeared 37 times during the random search.

SohgtMn (Z) Although the search yielding this solu-
tion began with the I=-,' phase shifts being fixed at
the Fermi I values, the final solution demonstrates a
defmite Fermi II behavior (i.e., Di, 3

—Dq, q(0). The
I=+~ phase shifts are very diferent from the Fermi II
solution of Foote, but the fit to the n.+-p data is

1.2—
I ' ' i ' ' i ~ ~ g ~ s i ~ I

LO-

[.0
JQ

E

E o.s—
CB

3
"o

b oe-
U

"Q5

0.3
0 60 90 120

e.m ~«~)

I

I 50 180

-l.O ~ I I I I I g ~0 30 60 90 l20 l50 80
e~~(deg)

FIG. 4. Recoil-proton polarization in ~=p elastic scatteringI'rG. 3. The spdf solution (I) fit to x -p DCS data. The other at 310 MeV. Cases plotted are those f-wave solutions given in
two spdf solutions give comparable fits to the data. Table XI.
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TAmE XI. spdf solutions to 7r+-p and 7r -p DCS, polarization, and total cross section.

2319

M, p„t~=47' Started
M from Sa, i &a, I Da, a Da, s &'a, 6 Si, 1 Dl, a Di, S &'I

~ 7

I 37.9
II 48.3
III 41.3
IV 49.1

46.6

Fermi I
Fermi I
Fermi I
Fermi I
Fermi II

—15.3—20.7—15.1—17.4—35.5

0.0—10.1
0.1
2.8—16.0

134.8 4.8 —6.4
136.1 —2.0 —0.3
135.0 4.9 —6.4
134.2 3.2 —5,1
151.3 —11,4 13.0

0.8—1.1
0.8
0.6—1.1

—1.6
2.3—1.7—0.8—1.9

5.4
11.7—0.2
10.3—13.0

—5.3
23.4
27.2
20.2
3.7

2.0
—2.0

7.3—1.2
19.7

—5.5
6.7—0.3
5.3—0.6

15.9
2.5—1.6
5.7—2.0

—0.2
2.2—2.5
1.8
2.5

2.4
—0.4—0.2

0.8
1.0

a Mexpeeted means the number of degrees of freedom, i.e., (number of experimental points fitted) minus (number of phase shifts varied) .

nevertheless quite good. The x -p polarization data
are fitted rather badly, as seen from Fig. 4; however,
the fit to the remaining data is suQiciently good that
the large contribution to M of the m -p polarization
data (=10) is insuf6cient to rule out the solution.

Solulion(3) ,This is a somewhat poorer fit to the
data, but still does not possess a su%ciently high M
value to be completely ruled out. The I= -', phase shifts
are of the Fermi-I type, but are not nearly as consistent
with the Foote solution as are those of solution (1).
Each phase shift does, however, lie within the quoted
uncertainty of the Foote solution. '

It shouM. be noted that, although the Fermi-I I
solution of Foote was used as a starting point for 200
random sets, it was not possible to find any solution
that adequately fitted aH the m-p data. Thus it can
be concluded that Foote's Fermi-I I solution cannot
be used to fit ~ -p and m+-p data simultaneously.

Z. Other I= ~3 Starting Points

As in the case of the spd analyses, a limited amount
of searching was done in which the less-likely I= -,'
solutions (see Foote's Table VI)' were used as starting
points. The two solutions treated were the Yang II
set and solution No. 6, which is unnamed in the above
reference (Foote) and so is here referred to as Fermi Ia.
About 100 random cases were examined, with no
satisfactory solutions to w+-p and w -p (DCS and polari-
zation) appearing.

C. Error Analysis

'1 he matrix-inversion error routine described in Sec.
III 8 was applied to the spd solution as well as the
three spdf solutions.

I. Error Matrices

The error matrices for the four solutions discussed
above are tabulated in Appendix A. It is seen that in
the spd solution, all rms errors are from 0.3 to 0.9 deg.
The correlation coeScients are all relatively small. For
the spdf solutions, the errors are considerably larger
and the correlation coefficients have also increased in
size. The quoted errors on the I= -,' phase shift are seen
to be similar to those quoted by Foote, ' indicating
that the inclusion of ~ -p data has a negligible effect
on the I=

~ phase-shift error.

D. Inelastic Parameters

To determine the effect of inelastic parameters on
the phase shifts, an inelastic I= ~~ total cross section
of 0 I=0.9+0.2 mb ' was included in the search program,
and the inelastic parameters allowed to vary. Only the
four final solutions were examined the results being
given in Table XIII.In all cases, the inelastic parameters
were started at 1.0, although starting them at 0.95 and
0.90 yielded essentially the same results.

V. DISCUSSION OF RESULTS

The analysis of the 310-MeV scattering data in
terms of phase shifts has been successful at the d-wave
level, although 66 pieces of experimental data were
needed to eliminate all but one solution. The inclusion
of f waves, however, complicates .natters considerably.

Perhaps the most disturbing aspect of the spdf wave
analysis is the fact that, although the f waves are
small in all the satisfactory solutions, the presence of
even these very small f waves is seen to radically
change the magnitude, and in some cases also the sign,
of the phase shifts of the lower orbital-angular-

TABLE XII. spdf solutions to 7r+-p and 7r -p DCS, polarization, total cross section, and 7r -p ~ 7r n DCS.

M,„p„t d =52a
M

I 43 7
II 64.2
III 71.7

Sa, 1

—14.4—21.2—15.6

1.1
—12.1

0,7

~a, a Da, a Da, s Fa, s Fa, 7 Si, i

135.1 5.4 —6.9 0.8 —2.0 —6.0
137.2 —3.3 1.5 —1.8 3.3 10.9
1353 4.2 —6.0 0.7 —1.3 5.0

+l, a D1, a D1, 6

—5.8 1.5 —5.7 15.8
23.1 —3.5 6.5 0.6
27.9 9.2 —0.5 —0.7

—0.2
2.1—3.2

2.5—1.2—0.5

M p t d means the number of degrees of freedom, i.e„(number of experimental points fitted) minus (number of phase shifts varied) .
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Tsar.E XIII. spd and spd f solutions including the inelastic total cross section.

I=-,' phase shifts

I=g phase shifts
Corresponding inelastic parameters'

~3, 1

—18.9
SI, I

—6.0
0.98

P3, 1
—5.0
PI, I

—3.9
1.00

spd solution

P3, 3

135.5
PI, 3

4.0
1.00

D3, 3

1.6

—5.3
0.99

D3& 5

—3.4
Dl, s

14.9
1.00

I= ~3 phase shifts

I=$ phase shifts
Corresponding inelastic parameters

~3, 1

—14.9
Si, I

—5.9
1.00

P3, 1

0.4
PI, I

—5.5
1.00

P3, 3

135.1
P1, 3

1.7
0.99

spdf solution I
D3, 3

5.1
DI, 3

—5.5
0.99

Dg, s
—6.5
DI, 5

15.3
1.00

F3 5

0.8
Fl, s

—0.1
1.00

F3.7

—1.8
F1,7

2.3
1.00

I= $ phase shifts

I=) phase shifts
Corresponding ine1astic parameters

53, I
—21.1

~1,1

10.9
1.00

P3, 1

—11.8
Pl, I

23.0
0.94

P3, 3

137.0
PI

~ 3

—3.6
1.00

spd f solution II
D3, 3

—3.1
DI, 3

5.9
1.00

D3, 5

1.2
Dl, s

0.3
1.00

F3, 5

—1.7
FI, s

1.8
1.00

F3
3.1

F1,7

—0.7
1.00

I= -", phase shifts

I =) phase shifts
Corresponding inelastic parameters

S3, 1

—15.4
~l, I

3.7
1.00

P3, 1

—0.4
PI, I

26.4
1.00

P3, 3

135.6
P1, 3

8.6
0.98

sPdf solution III
D3, 3

4.4
D1, 3

—0.3
1.00

D3, 5

—6.2
D1, 6

3.1
1.00

F3, 5

0.7
FI, 5

—0.6
1.00

F3.7

—1.4
F1,7

—0.1
1.00

a See St C. IV D.

momentum states. This casts doubt on the very premise
on which phase-shift analysis is based, i.e., that one
can approximate the in6nite series that represents the
scattering amplitudes by the 6rst few terms. It seems
to indicate that the remaining terms in the expansion,
although minute in themselves, can nevertheless exert
a considerable inQuence on the larger terms.

A major limitation of the data that now exist at 310
AileV is the very limited angular region of the polariza-
tion data, both in ir+-p and ir -p. Especially in s -p,
it would be very instructive to push toward smaller
c.m. angles in an attempt to determine the value of
polarization at 8 near 90 deg. Some attempts have been
made to measure polarization of the recoil proton in
the region 8, =30 to 60 deg, but no data exist at
present. A recent preliminary experiment by Booth
et c/."indicates also the possibility of measuring recoil-
neutron polarization in the reaction ir +p-+ir +e;
this measurement, also in the 30- to 60-deg region,
would be useful as well in resolving ambiguities between
solutions. Developments in polarized targets may in
the future make it possible to measure additional quan-
tities corresponding to the triple-scattering parameters
in nucleon-nucleon scattering. '7 This would give
information on Im(g*h), and hence yieM another
independent experimental quantity.

I5 N. F. Booth, R. Hill, N. H. Lipman, H. R. Rugge, and O. T.
Vik, Physics Division Semiannual Report, May through October
1961, University of California, Lawrence Radiation Laboratory
Report UCRL-10113, 1962 (unpublished}, p. 47,

'7Tom J. Ypsilantis, Ph.D. thesis, University of California
Radiation Laboratory Report UCRL-3047, 1955 (unpublished).

There is theoretical as well as experimental help that
might be utilized. It is hoped that a theoretical approach
along the lines used in nucleon-nucleon scattering" will
be developed, and that accurate predictions of the
higher angular momentum phase shifts can be made.
Chew et a/. have used relativistic dispersion relations
to make predictions of the I=-,' and —,

' pion-nucleon
d-wave phase shifts up to about 300 MeV." These
calculations do not contain possible pion-pion inter-
action effects and so may not describe these phase
shifts accurately. Although some of the d-phase shifts
in our solutions do agree with these predictions in sign,
the agreement in magnitude is not good, and in fact,
some of our solutions do not even agree in sign. It is
felt that such disagreement should not be taken too
seriously until possible 7r-7r eGects can be included in
the calculation.

Theoretical predictions of the real part of the
forward scattering, ReLg(0deg)g, using dispersion re-
lations, have been made by Spearman for ir+-p and
7r

—-p scattering. '0 The values quoted here were for
the choice f'=0.08, where f' is the renormalized, un-
rationalized, pion-nucleon coupling constant.

For ir+-p, Spearman finds

Re[g(0 deg)]= —0.69,

Ig M. MacGregor, M. Moravcsik, and H. P. Noyes, Phys. Rev.
123, 1835 (1961).

I9 Q. I . Chew, M. Goldberger, F. Low, and Y. Nambu, Phys.
Rev. I.OS, 1337 (1957).

30 T. D. Spearman, Nuovo Cimento 15, 147 {1960).
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and for r—
-p,

Re[g(0 deg)]= —0.06,

in units of A/pc, where y denotes the pion rest mass.
The values of Re[g(0 deg)) for s+-P and s -P scat-

tering for the d-wave solution (see Table X) and
for the three f-wave solutions (see Table XII) are
given in Table XIV.

It appears that, at present, no theoretical or experi-
mental data exist that can resolve the ambiguities in
the spdf analysis. However, some progress has been
made in the knowledge of the phase shifts at 310 PleV.
Previously, there was no accurate information about
the I=~ phase shifts at this energy, but now a choice
of three individually accurate sets of phase shifts is
available. Also, one I=~3 solution found by Foote
(Fermi II in his notation)' was discarded as incapable
of 6tting all the data adequately. The basic difhculty
brought forth by the analysis is the need for very large
amounts of experimental data if accurate information
about the phase shifts is desired when d, f, and higher
partial waves become important. At 310 AIeV the
inelastic scattering did not add a serious complication.
However, because of the sharp increase in inelastic
cross section with energy near 300 MeV," phase-shift
analysis at slightly higher energies will become even

~' Walton A. Perkins III, Ph.D. University of California
Lawrence Radiation Laboratory Report UCRL-8778, 1959
(unpublished).

TAszE XIV. Repg(0 deg)) in units of A/~ for m+-p and w -p
scattering at 310 MeV for d-wave solution and 3 f-wave solutions
listed in the text.

Solution

d(1)
fI
f II
f III

Spearman prediction

~ -p Re@(Odeg) j
—0.08~0.02—0.04+0.03—0.01~0.02
—0.06~0.03—0.06

m.+-p Re@{0deg) g

—0.69&0.01—0.68~0.02—0.69~0.01—0.69~0.01—0.69

more complicated, since appreciable inelastic scattering
essentially doubles the number of parameters that
must be determined in the analysis. It appears that
because of these requirements for very large amounts
of data, the method of phase-shift analysis became less
useful at these energies than it had been at lower
energies. Eventually, more interest may center on the
experimental data themselves and less on the results of
the present method of analysis of those data.
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APPENDIX: ERROR MATRICES

MATRIx I. Error matrix for spd solution (expressed in deg').

S3, 1

P3, 1

P3, 3

D3. 3

D3, 5

Pl, 1

P1, 3

D1, 3

Dl ~ 5

0.4

P3, 1

0.2

P3, 3

0.2
0.1
0.4

D3, 3

0.1
0.1
0.0
0.1

—0.2—0.2
0.0—0.1
0.2

S1,1

—0.2—0.1
0.0—0.1
0.1

P1, 1

—0.2—0.2—0.1—0.0
0.1

0.0
0.2

P1, 3

—0.0—0.0
0.2—0.0
0.1

0.5—0.1
0.8

D1, 3

—Q.i—0.0—0.1—0.0
0.0

0.0
0.1—0.1
0.1

0.1
0.1
0.2
0,0—0.0

0.1—0.2
0,3—0.1
0.4

MATRIx II. Error matrix for spdf solution I (expressed in deg ).

S3, 1

P31
P3, 3

D3, 3

D3, 5

F3, 5

F3, 7

S1,1

&1,3

D1, 3

D1, 5

Fl, e

&'I, V

S31 P31 P33 D33 D35

3.2 3.3 0.5 1.5 —1.7
3.8 0.4 1.8 —1.9

0.4 0.1 —0.1
0.9 —0.9

1.0

—0.0—0.0
0.0
0.0
0.0
G.i

—0.9—1.1—0.1—0.5
0.5—0.0
0.3

S1,1

—1.5—1,7—0.2—0.8
0.9—0.0
0.5

2.2

P1, 1

—1.3—1.4
—03—0.6

0.7—0.0
0.4

0.6
0.7

P1, 3

—1.5—1.7—0.0—0.8
09—0.0
0.5

1.3
0.5
1.7

D1, 3

—0.2—0.2—0.1—0.1
0.1—0.0
O.i

0.3
0.2—0 0
0.1

Dl, e

—0.1—0.3
0.2—0.2
0.2—0.0
0.1

0.5—0.1
0.6—0.1
0.6

I'I, 5

0.0
0.1
0.0
0.0—0.0—0.0—0.0

—0.2
0.0—0.0—0.0—0.0
0.1

0.7
0.8
0.1
03—0.4—0.0—0.2

0.3—0.3—0.3
0.1
0.1—0.1
0,5
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MATRIx III. Error matrix for spdf solution II (expressed in deg ).

Sa, 1

pa, 1

pa, a

D», 6

F», 6

Fa, z

Pl, 1

P1, 8

Dl, a

D1, 6

Fl 6

Sa 1 Ps, l Ps, a Ds, s

0.2 0.1 0.1 0.1
0.7 —0.4 0.5

0.7 —03
0.4

D», 6

—0.1—0.6
Q.5—0.4
0.6

0.0
0.3—0.2
0.2—0.2
0.2

F», 7

—0.0—0.3
0.2—0.2
0.3—0.1
0.2

Sl, 1

0.2
0.2
0.2
0.1—0.1
0.1—0.1

1.8

0.1-0.2
0.4—0.1
0.1—0.1
Q.i

0.7
0.9

Pl, a

0.0
0.2—0.1
0.1—0.1
0.1—0.1

0.4
Q.i
0.5

Dl, s

0.0—0.2
0.2—0.2
0.2—0.1
O.i

0.1
03
0.0
0.2

0.0
0.3—0.2
0.2—0.3
0.1—0.1

0.1
0.1
0.2—0.0
0.3

—0.0—0.1
0.1—0.1
0.1—0.1
0.1

—0.1
O.i—0.0
0.1—0.2
0.1

&l, z

—0.0
0.1—0.1
O. i—0.1
0.1—0.1

0.1—0.0
0.1—0.0
0.1—0.1
0.1

MATRIx IU. Error matrix for spdf solution III (expressed in deg»).

Sa, 1

P8, 1

pa, a

Da, s
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0.2

—0.7
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