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Theory of Magnetothermomechanics
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We show that in both ferromagnetic and antiferromagnetic systems with weak magnetostrictive coupling
the coefficient of thermal expansion gives a useful measure of the magnetic specific heat. We also analyze
the strong coupling situation by means of our simplified, but soluble model, and find it possible to introduce
an effective temperature T* and an effective magnetic susceptibility. The exact pressure dependence of the
thermodynamic functions can be found, and the pressure dependence of the Curie temperature is given
explicitly. In strong coupling, a novel first-order thermodynamic phase transformation can occur which is
manifested by a discontinuity in T* as a function of T. An equal area rule for determining the transition
is derived, which is reminiscent of the laws of condensation of nonideal gases. It is also shown that in its sim-
ple version the theory is not directly applicable to a one-dimensional chain, which is separately analyzed
in an Appendix.

N some ferromagnetic or antiferromagnetic sub-
- ' stances, the measured lattice expansivity (coef-
ficient of thermal expansion) displays anomalous be-
havior correlated to that of the magnetic specific heat.
In materials with strong magnetostrictive coupling it
has even been suggested that new thermodynamic
phase transformations can occur as a result of this
coupling. '

In the present work we give an exact, but rather
idealized interpretation of these phenomena, general-
izing the theories of Rice, ' Smart, ' Bean and Rodbell, '
and earlier work in the theory of magnetostrictive
coupling. Within the scope of our model it is even pos-
sible to introduce rigorously such concepts as "effective
spin temperature" and "effective magnetic suscepti-
bility, " which are conceptually very valuable in estab-
lishing a correspondence among systems differing princi-

pally in the strength of the magnetomechanical cou-

pling. The present method does not require being able to
solve, even approximately, the problems associated
with the interacting spins.

We discuss only so-called "volume magnetostric-
tion, "4 in single-domain perfect cubic crystals. That is,
we allow changes in the volume, but not in the shape. A
certain selection in the class of allowed magnetic inter-
actions is also made, as is fully explained in the following
section. These are the minimum requirements for a
soluble model. The results can, therefore, not be pre-
sumed to apply in substances for which the model
Hamiltonian of Eq. (1) is not a,ccurate, but nevertheless,
we hope they are suggestive and have some qualitative
merit in general.

We establish, as a Grst consequence of magneto-
striction, that when the interacting spin system is at
temperature T, it has the thermodynamic properties
of an otherwise identical spin system situated on an in-

compressible lattice at an effective temperature T~, and

' C. P. Bean and D. S. Rodbell, Phys. Rev. 126, 104, (1962).
' O. K. Rice, J. Chem. Phys. 22, 1535, (1954).
s J. S. Smart, Phys. Rev. 90, 55 (1953).' R. M. Bozorth, Ferremagnetssrn (D. Van Nostrand Company,

Inc., New York, 1951), p. 641.

it is seen that at zero pressure T*~&T. Although T* is
shown to be a monotonic function of T, we 6nd that it
is not always a continuous one.

In fact, when T~ is a discontinuous function of T, a
first-order "magnetothermomechanical" (MTM) transi-
tion occurs. This is a phase transition uniquely caused
by the magnetostrictive coupling and which can only
occur if this coupling exceeds a certain critical strength
rather larger than in the usual materials. It is not at all

necessary, however, that the same spin system on an
incompressible lattice have any kind of phase transition,
(such as a Curie, or Neel point), in order for the &T1Vl
transition to occur in the compressible system. The
onset of an MTM transition will be related to an infinite
expansivity, and the lattice constant changes discon-
tinuously in such a transition.

The effects of pressure and of perturbations to the
magnetic system are also considered. In this manner we
can obtain a rigorous derivation of the effects of pressure
on such critical temperatures as may exist in the mag-
netic substances under consideration, and a theory of
the effective magnetic susceptibility. The reader inter-
ested in prior knowledge about such effects will 6nd the
effects of pressure and strain on magnetic properties,
both experimental and theoretical, discussed in a recent
book by Belov. ' But there too, the theoretical results
were unnecessarily predicated on the validity of some
approximation, i.e., the Landau theory of second-order
phase transitions. In the spirit of the present analysis,
many results of Belov's, such as the pressure dependence
of magnetization, could be rederived almost by inspec-
tion, and their meaning further clarified. Other minor
topics in thermodynamics are discussed where relevant.
Finally, in the Appendix we discuss a one-dimensional

' K. P. Belov, Magnetic Transitions, translated by W. H. I'urry
(Consultant's Bureau, New York, 1961).Cf. sections on "EBects
of Stresses on Magnetisation, " "Magnetostriction, " "Displace-
ment of Curie Point Under the Inhuence of Elastic Stresses, "
"Non-Magnetic Phenomena in Neighborhood of Antiferromagnet
Transition Point, "etc.

L. D. Landau and E.M. Lifshitz, Statistical Physics, translated
by E. and R. F. Peierls (Pergamon Press, New York, 1958),
Chap. XIV.
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model. We neglect the temperature dependence of the
compressibility and nonmagnetic contributions to the
lattice expansion in our calculations.

PVe have also found it convenient to modify the
notation normal in this Geld, so as to retain the even
more familiar definition of P—= (kT) '.j

GENERAL MODEL

First, consider all Hamiltonians of the form

II= (1/2E)os+ (1+i)8)IIsra,

where B»' is the magnetic Hamiltonian appropriate to
the spin-spin interaction in the unit volume eo, E is the
lattice compressibility, p is the Grst-order magnetostric-
tive coefficient, and 8= (e—ea)/tta is the fractional change
in volume. YVe postpone considerations of applied pres-
sure and of perturbations on the magnetic system. H»'
may be quite arbitrary and need in no way be restricted
to the usual Heisenberg or Ising models of magnetic
interactions.

An accurate realization of this model (1) is a homogeneous cubic
single crystal with nearest-neighbor spin interactions. Another
example is a cubic magnetic model with Ruderman-Kittel in-
direct exchange interactions. 7 In both cases a Taylor series ex-
pansion in the lattice constant gives a result which leads to
Eq. (1).The erst example is obvious, but let us examine the in-
direct exchange theory in somewhat more detail. The coupling
between spina at R; and g; depends on a function j(krr„), where
ky is the radius of the Fermi surface, which is assumed to be
spherical. The requirement that the number of electrons per atom
remain 6xed under homogeneous strain implies that kgb is a
constant, and consequently, kyar;; is also constant. This has pre-
viously been remarked by Liu. The eBect of homogeneous strain
can, therefore, only be to change the over-all coupling constant.
Unfortunately, this analysis cannot be rigorously extended to
materials of hexagonal structure, in which the simplest Fermi
surface is an ellipsoid, the eccentricity of which affords an extra
degree of freedom which can change value under strain. In that
case, and in general, our results can only be considered suggestive.

STATISTICAL MECHANICS

One must Grst establish the thermodynamics of the
ideal incompressible system described by H»'. Its
magnetic free energy Far(p) is defined by

F~(P)= —-»Tr(e '" '),

where P= (kT) '. The internal energy U~(P) is

Three general properties of U» are considered in the
following section. The magnetic specific heat Crr(P) at

r M. A. Ruderman and C. Kittel, Phys. Rev. 96, 99 (19&4).
For a theory of ferromagnetism and antiferromagnetism based
on this interaction, see also D. Mattis and W. Donath, ibid. 128,
1618 (1962).' S. H. Liu (unpublished).

constant applied Geld is, as usual,

Cpg= BUir/r)T&~ 0. (4)

Within the present work we attempt to explain how
experiments on a compressible system for which the
Hamiltonian is given by Eq. (1) will yield information
about the thermodynamic functions (2)—(4) of the ideal
magnetic system, which are the functions usually given
(or approximated) by theory.

Consider, therefore, the Gibbs free energy associated
with Eq. (1), defined by

G(P,P) =—lnZ= ——ln Tr(e ~&~+&"l).

Strictly speaking, the trace includes an integration over all values
of v=ao(1+6) and of the other variables characterizing the con-
Gguration and dynamics of the lattice. At present, we replace 5

by its most probable value over the ensemble and neglect the
other degrees of freedom. In a later section, we introduce a quan-
tum-mechanical phase-space analysis of small deformations, which
establishes the validity of the present approximation in two ro
three dimensions. The special case of one dimension is analyzed
in more detail in the section on magnetic susceptibility, and is
worked out in the Appendix.

Taking the trace over spin variables in (5) and treat-
ing 8 as a parameter, we Gnd

Z= exp{—pLP/2E+p(1+8)+ (1+r)5)Far(p*)7), (6)

where

T*—= T/(1+n8), P*= (1+r)8)P—8= (P* P)/Pn —(7)

We have taken ~o to be the unit volume. The most
probable value of 5 is that which maximizes Z, and by
straightforward differentiation we obtain

8 = E['P+r)Usr(P—a)j,
which is an implicit equation for 6.

Oi the two relations (7) and (8) involving 8, the erst should be
considered the de6nition, and fundamental. The e8ects of neg-
lected anharmonicities oi the lat tice must be absorbed into Eq. (8),
but not Eq. (7), by adding a term independent of the spina S&(T)
to the right-hand side, or by using an "effective pressure" to
accomplish the same purpose. Nevertheless, Eq. (7) de6ning p"
is correct without modi6cation in terms of the observed 8, and the
calculation of the pressure dependence of p~ (which is in effect
what we later do in Eq. (30)g, does not require s& to vanish or to
have any particular value. Equations (7) and (8) are most con-
veniently considered as two parametric equations for 8 in terms
of 8*.In cases when they have more than one simultaneous solu-
tion the one which leads to largest g, i.e., lowest Gibbs free energy,
must be chosen to describe thermodynamic equilibrium. Other
solutions, corresponding to higher free energies, are unstable or
metastable and can give rise to irreversible eGects such as hysteresis
and supercooliNg. Still further metastable configurations of the
magnetomechanical system are possible if F~ itself has metastable
solutions. Further investigation of this point is left to the reader.

If we assume that E and q are independent of the
temperature, then we can find the expansivity n and the
observed compressibility E,b, by differentiating Eq. (8):
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(—T*/T)~KC (P*)

1—"KL(T*)'/T]c (~*)

—qKC„(p*)
, (9a)

1 ~K(p+~LU (&*)+T*C (P*)3)

(a) The internal energy vanishes with increasing
disorder as T—+ ~; therefore,

gg(P*=O) =Epv).

(b) The internal energy is bounded at all tempera-
tures, increases monotonically with temperature, and is
piecewise continuous. Thus,

—ao &~c)&2(P*)/OP*&~0, for all P~. (17)

or 6nally,

(T/T*)K
(9b)

1—K(p+nl:U (P*)+T*C (P*)])

o = —(T*/T)tfK„b,C~(p*). (9c)

The expansivity has a sign opposite to tf Lcf. discus-
sion following Eq. (20)]:

qn (0, (10)

Thus, the expansivity becomes a direct measure of the
magnetic specific heat. Its value as a "thermometer" is
limited, however, to regions where (11) is not masked
by nonmagnetic contributions to the expansivity.

Under zero applied pressure, we use Eq. (8) and- the
fact that the internal energy U„&1 is negative to deduce

(12)

and therefore "the spins are cooler than the lattice, "
or more precisely,

which may help determine the sign of q experimentally.
Of course, we have neglected any nonmagnetic contribu-
tions to n which may, or may not, be substantial. YVe

return to the problem of isolating magnetic effects in
a later section.

In the weak-coupling limit, one retains only lowest
order terms in q and Eq. (9c) reduces to

lim (n/g) = K.b,c~~ (P).—

(c) Prom the third law of thermodynamics, the specific
heat vanishes at the absolute zero and, therefore,

lim (P*)'(cia /c)P*) =0 (18)

T*Kg'C~ (P*) —)~ 1 for some P*.
1 rlK[p+rIU—~ (P*)]

Evidently, the two-dimensional Ising model'

Cig(P, *)=~

(20)

will a&says have an /ATM transition, as erst remarked

by Rice.2

This criterion generalizes that given by Bean and
Rodbell' in a treatment based on the molecular held

approximation. (This approximation, although proba-
bly accurate, destroyed, nevertheless, the basic sym-
metries of the problem. ) Note that our criterion is

closely related to the expression for the expansivity given
in Eq. (9), and, in fact, is just the condition that n —+ ~.

LO

Two possible g2 curves are shown in the figures. In
order for multiple intersections to occur (the analogy
to "Qip-flop" circuitry is striking), the slope of qh is
required to drop below a value —1/P; we deduce that
there must exist at least one value of P for which

APE(c) U—~/BP*) =k(T*)'t)'Kc~(P*) &~ T, (19)

and fuially we eliminate T by the condition Qi=@&.
Thus, one can arrive at a condition both necessary and
sufhcient for an MTM transition to occur

T*&T at p=0. (13)

Let us now turn to a graphical technique for solving
Eqs. (7) and (8) at arbitrary coupling strength.

GRAPHICAL SOLUTION FOR ARBITRARY PRESSURE

Defining

and
(0 tf')/e, — — (14)

A= KLn p+n'U~(P*)], (15)

the graphical solution of Eqs. (7) and (8) is given by the
intersections of the linear "load line" pi with the "mag-
netic characteristic, "

Q2, to use the terminology of cir-
cuit theory. The effect of pressure is to shift the origin of
@2.The latter is also limited by the following properties
shared by all magnetic systems.

Fzo. 1.Graphical solu-
tion of Eqs. (7) and (8)
for the eGective tem-
perature T*={kP*) ' as
a function of 7' (kP) '.

K~ UM~& ~

P
~ G. F. Newell and E. W. Montroll, Revs. Modern Phys. 25,

353 (1953).
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Kg Ug{P")

Fro. 2. First-order
MTM transition oc-
curs at pMTM, and is
marked by a discon-
tinuous jump from
pI* to p2*. Equality
of shaded areas de-
6nes the transition,
as shown in the text.
Internal tempera-
tures between pI*
and P2* are, there-
fore, inaccessible in
equilibrium thermo-
dynamics.

&yEq (3),

p*& (p') p-.*~ (p.*)= dt U~(f), (22)

U1lf(pl ) U1lf(p2 )
(p *-p.*) Ck U~(t). (24)

EFFECTS OF PRESSURE

and by Eqs. (7) and (8),

+ l [U~(p& ) U~(p2 )j (p& p2 )/pMTM (23)

We use these relations to simplify Eq. (21), and thus
find the desired result

+ [pa*~~(pi*)—p2*J"~(p2*)j=o
pMTM

(21)

When expression (20) becomes an equality, we have a
critical point at the end of a two-phase boundary, in
analogy with the liquid-gas critical point. The singular
behavior of o. is then expected.

In Fig. 1, we show a system in which the MTM
transition is clearly impossible. This is the usual case.
In Fig. 2, the simplest MTM transition is illustrated, for
a system showing no magnetic transition at constant
volume. It occurs at the value of P for which the two
shaded areas are equal, as we prove below. We denote
this point by PM'rM. It marks a discontinuity in P
from pq* to p2*. The inaccessible region between p~*and
P2~ almost always will bra, cket the Curie (or Neel)
point p., when there is one, so that when there is an
MTM transition the magnetic system will never reach
its internal critical temperature by any reversible path.
Five or more intersections are also possible, and lead to
multiple MTM transitions, for curves more "wiggly"
than in Fig. 2.

The MTM transition is thus a new physical phe-
nomenon. Although its likelihood of existing is increased

by the existence of a transition in the magnetic system
at constant volume [near which the slope of

rj'SUM�(P*)

is likely to be large), this is in no way essential in

principle. The transition can very well be between two
states, neither of which shows any long-range magnetic
order.

PROOF OF EQUAL AREA RULE

We have stated that an MTM transition occurs
when the shaded areas in Fig. 2 are equal, and we now
provide a proof.

The equality of the Gibbs free energies at P&* and P2*

implies that

G(p.*)-G(p.*)

{&'[p+nU~(P~*)]' E'[p+~U~(P—2')]')
2E

+P( &~)[U~(P~*) U—~(P~*)3—

cI~c = —EgT,*=
~p

(26)
1 Epq Eq'U~ (P,*)—'—

One may further use Eq. (9b) to express this in terms of
the experimental compressibility, E,b, .

EXPERIMENTAL DETERMINATION

In the neighborhood of any magnetic or MTM transi-
tion, the contributions to specific heat, expansivity, etc. ,
from other effects in the solid (such as lattice anhar-
monicities) should vary smoothly, in contrast to the con-
tributions that are partly or wholly magnetic in origin.

The eGect of pressure is most easily seen in terms of
the graphical construction already given. The pressure
enters only in the function Q2, and there it enters linearly.
Depending on the sign of g, an increase in pressure wi11

either raise (if g is positive) or lower (if g is negative)
the curve representing pg without deforming it, and con-
versely for a lowering of the pressure. It thus becomes
apparent that under some circumstances, a sufhcient
change of pressure can produce (or remove) an MT1Vl
transition that is normally absent (or present).

The effect of pressure on various thermodynamic
quantities is readily calculated. As an example, in the
present work, we consider the important case of a mag-
netic system exhibiting either a Curie or a Neel point
at T,*when the system is at the volume vo, and showing
no MT1VI transition when instead the pressure is held
constant at p=0. We assume g)0. At zero pressure,
the system has a second-order transition at T,=1/kp, .
As the pressure is raised, P, increases and 2', decreases
(the opposite holds true if rl(0). It is easy to calculate
the dependence of T, on p because, the transition, so
long as it is still second order, occurs at P*=P,~, inde-
pendent of pressure. As the pressure is varied, the ob-
served critical temperature is obtained from the condi-
tion p~ ——Q2 which gives

r,= [1 Zp~ Z~'U~(—p,*)jT—.*, (25)

and the change of critical temperature with pressure is,
therefore.
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This background can therefore be subtracted from
measured values to give observed values for the mag-
netic contributions. One quantity that is observed is
the specific heat. This is not the specific heat of an in-

compressible magnetic lattice, but rather it is the
specific heat at constant pressure. By direct calculation,
we find that it is given by

where o. is the expansivity previously calculated in
Eq. (9).LRecalling that nzt (0 this implies, incidentally,
that C„,~(P) &C (P*).]

An experimental test of the theory can now proceed
along the following lines. The magnetostrictive coupling
parameter zt is measurable from (26), assuming it is
small so that the term in Uzz(p*) can be neglected.
Measurement of n(T) allows a determination of 6(T)
by integrating u—= (88/BT)„, with the boundary condi-
tion 8 (T= ~) ~ 0. From 6(T) we have P"'(P) according
to Eq. (7). Equation (9) is also a differential equation
for Uzz(P*), which can be integrated with the boundary
condition Uzz(T= ~) —+0. All the quantities on the
right side of Eq. (27) are then experimentally deter-
mined independently of a measurement of the specific
heat on the left side of this equation. The validity of
the idealizations we have made are therefore, experi-
mentally verifiable as a check on this single equation.

3I(P,h) = PG(P—,h)/Bhf, (28)

where h is the applied magnetic field. We must first add
to the Hamiltonian (1) a term independent of zt and
linear in h, hA. The calculation of thermodynamic
quantities, such as Ii~ proceeds with this new aug-
mented Hamiltonian, which includes the interaction of
the system with this applied field. We sha, ll express M
in terms of the ideal magnetization 3f*, which is by
definition

M*(P+,h*)—= —Lar (P*,h*)/ah"7.

We have introduced the obvious notation,

h*= h/(1+ztb).

(29)

(30)

After some straightforward manipulations, one Gnds

S= —Z(p+~t U~(P*,h*)yh*M*(P*,h*)j), (31)

MAGNETIC SUSCEPTIBILITY AND
MAGNETIZATION

Here we investigate perturbations on the magnetic
spin system. Our goal is first to find for the susceptibility
an analog of Eq. (27), where we related the measured
specific heat at the true temperature T, to the idealized
one at T*. In ferromagnetic systems the magnetization
M is of foremost interest, so we study it first. It is given
by

which gives the field and pressure dependence of the
magnetostriction, when used in conjunction with(7) .

Not surprisingly, we also find that the "internal"
magnetization is actually what is observed,

M (P,h) =M*(P*,h*) (32)

This seemingly trivial result actually follows from Eq.
(28), and the stationarity of G with respect to variations
in b. In systems without permanent magnetization, or
in the case of the perpendicular ferromagnetic suscepti-
bility, we use Eq. (32) to obtain further

THE ASSUMPTION OF UNIFORM EXPANSION

From the beginning we have made an assumption
which is standard in the literature, that the configura-
tion of the lattice could be satisfactorily characterized
by a single parameter 8, and that this parameter is to
be chosen to minimize the free energy (or maximize the
ensemble probability). Vi'hile such an assumption is
within the spirit of macroscopic thermodynamics, it
might well be objected that it is crucial in the existence
of MTM transitions, and that it should be further justi-
fied. On its face, it might even seem plausible that in a
nearest-neighbor spin interaction model, the spacing
between each-pair of spins adjusts to the instantaneous
relative orientation of the two spins of the pair. This
would tend to strenghten the effective interaction of
each pair of spins, and while changing the shape of the
lattice, it would not change the character of the transi-
tion from second to first order. And in fact, for a one-
dimensional Ising model, in which the coupling strength
depends linearly on the spacing between spins, the exact
solution (given in the Appendix) shows no MTM transi-
tion, whereas the theory as presented in previous sec-
tions allows for one in case of sufficiently strong mag-
netic or magnetostrictive coupling.

Our aim here is to explain on the basis of fluctuation
theory why the theory, as developed in the text, is not
valid in one dimesnion but is, nevertheless, valid in
three. In the first place, neglecting all lattice configura-
tions except the most probable one is really only a
valid procedure for systems in which the distribution is

t'Mq P M*q h*
x(P) —=»ml —

l

=—x*(P*)—= »m
l
—,(33)

z"~Eh j p* ~*~ h+ j
which relates the observed susceptibility x at p to the
ideal one x~ at P*, and is valid for both the parallel and
perpendicular suceptibilities.

Equations (32) and (33) suggest that deviations from
idealized temperature dependence (i.e., the Bloch T'"
law for the low-temperature decrease in magnetization
in a ferromagnet) should and must occur in the observed
values in strongly magnetomechanical coupled system,
because the well-known laws are obviously meant to
govern the starred variables and not the unstarred ones,
which are actually observed.
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cosh. R;1/2

Qv„
(1V j~ sink R;

and assuming inversion symmetry, we find

2
6;;~—P (Q~,')$1—cosk (R,—R)j—=d~'& —6&". (36)

Q ka

If R,.—R; is large, the second sum cannot be replaced
by an integral, because successive contributions from
cosk (R,—R;) will oscillate rapidly. Thus, the
cosk (R;—R;) will not cancel the first term, except at
k=0. Consider then, just the first term, which can be
approximated by the integral,

(37)

where e is the number of dimensions. Now in the quan-
tum-mechanical ground state (Qq,2) 1/co~ so, for long
wavelengths at T=O,

(Qg.')- 1/k. (38a)

At high temperatures (Q~,') 1/&oI„' so, for sufficiently
long wavelengths,

(Qg.') 1/k' if 5(og.((kT. (38b)

In either case, we see that 6(" is divergent in one dimen-
sion and convergent in three. Ihe two-dimensional case
is delicate (but of less interest). If we had retained the
summation in Eq. (36), we would have concluded
that h~'~=0(X) (or worse) in one dimension, whereas
6 "&= 0(1) in three dimensions. The physical reason for
the divergence is that long-wavelength Quctuations are
not "damped" in one dimension as they are in three by
the factor k" '. Closely related to this view of a free
lattice are the conclusions to. be drawn when one tries
to include the deviations from uniform strain by some

sharply peaked around the most probable. It is precisely
in one dimension that the length of a chain (even omit-
ting spin interactions) is not sharply defined, because a
one-dimensional chain behaves more like a Quid than
a solid. However, in three dimensions, long-wavelength
Quctuations are strongly suppressed, as it is well known,
because of a relative reduction in phase space. Let us
investigate this in somewhat more detail.

Consider the dispersion in the probability distribution
of the distance between two particles, ideally at R; and
I;.Let the actual positions be

r;= R~+u; and r;= R~+u, ,

and calculate

~' = ((r' —r )')—(r' —r )'= ((u' —u )')—(u' —u )' (34)

Introducing normal modes,

kind of perturbation theory on the ground-state energy,
or on the density matrix. If the elementary excitations
of the lattice system are phonons with energies cvA,

for small k, and if the elementary excitations of the spin
system (in an ordered state) are some kind of spin
waves with energies e~ k' or k (corresponding to
ferromagnetic and antiferromagnetic ordering, respect-
ively), then we can consider perturbation corrections to
the ground-state energy. They are of the form

Z~ I I~~I'/(~~+")3. (3V)

dkk" '
k+0(k)

(«)

which also diverges in one dimension, because of the
long-wavelength Quctuations, but not in three. Similar
arguments hold justifying a perturbation theory of the
density matrix in the th~ee, but rot in owe dimension.

SUMMARY

We have considered a simple, but realistic, model for
the interaction of the magnetic and elastic degrees of
freedom in a magnetic solid, and have related the
thermodynamic variables at constant pressure (such as
T, C~, y, E,b„3I) to the ideal variables at constant
volume (T*, C~, x*, Z, 3I*). We have also found a
criterion for the existence of a magnetothermomechani-
cal (MTM) first-order transition which can occur as a
result of the strong magnetostrictive coupling, even in
hypothetical magnetic systems with no magnetic transi-
tion. We have, however, neglected all nonmagnetic
contributions to the lattice specific heat and the tem-
perature dependence of the lattice compressibility. Also

neglected were effects of interactions between phonons
and elementary excitations of the magnetic system,
except (see Appendix) in one dimension.

Our results can also be specifically applied by assum-

ing a model for Fir (e.g. , as is given by the internal field

approximation). One can then calculate effects of strain
on magnetization or on sublattice magnetization, and
many other effects'4 and compare the models with ex-

periment. We have not done this in the present analysis,
but we have suggested an "experimental determination"
of the theory which relies neither on any specific mag-
netic model, nor even on the validity of the Landau
theory of phase transitions. '
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For k —+ 0, Ml, ~ const, because for k=—0, we have as-.

sumed a finite magnetostrictive interaction between the
magnetic and elastic systems, and M& is necessarily
continuous. Converting to an integral in e dimensions,
this gives

const
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APPENDIX

Consider in detail the one-dimensional Ising model
with mobile spins, described by the Hamiltonian

entire chain is

This is to be compared with Eq. (S).

(A6)

P~ (x~,—x )'
H=P +

2m 2 (E/1V)

+[1+)1V(x~g—xg)]J;0,0;+g, (A1)

where p, is the momentum of the ith atom, x, is its
displacement from equilibrium, E has the same meaning
as in the text, and

0'i —~ ~
p

0'i —~ ~ (A2)

It is instructive erst to consider the problem in clas-
sical statistical mechanics, neglecting the lattice kinetic
energy. The partition function can be evaluated exactly
in a straightforward way, and is just

2~@»2

8=P; P;= gE—U~(P*), (A7)

where pi is the most probable value of p;. Although these
expressions do agree to lowest order in g, Eq. (A7), but
not Eq. (A6), can lead to an MTM transition. It is
clear that the average of a sum of independent random
variables is the sum of the averages, and the most
probable value of the sum is also the sum of the most
probable values. But when the distribution of the sum
is not sharply peaked, the average and most probable
value of the sum can differ in an important way, and it
is then the average which corresponds to reality. In
three dimensions the difference between the average
and the most probable may negligible, and the variables
are not independent.

It is interesting to note that the exact quantum
mechanical partition function can be found. For if we
make the canonical transformation

Xexp(-,'EE'J~)g(2 coshP J,) (A3.)
then

(AS)

The magnetic internal energy at equilibrium (x,=O) is

8
U~ ——1nZ~ —————Q J; tanhPJ;.

8
(A4)

The average deviation of the ith interparticle spacing
from equilibrium at temperature T is p, ,

p,=(x~g x,)=—qEJ; ta—nhPJ;, (AS)

so that the average fractional change in length of the

PP (x;+g—x;)'
H +g + — +Q J;0,0~~+const, (A9)

2m (2E/E)

where we have used Eq. (A2). The free energies of the
decoupled spin and elastic systems can be simply added,
and as is well known, neither has a phase transition in
one dimension nor therefore, does the sum. The relation
between expansivity and magnetic specific heat, (11)
holds for all q in this one-dimensional case, and not just
in weak coupling as in three dimensions.


