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The reaction sr++p —s Z++E+ has been studied at 1170 MeV/c in the 72-in. liquid hydrogen bubble
chamber. An analysis of 251 events gave a total cross section of 0.205&0.014 mb and values of cx0Py+=0.62
&0.19, n+I'&= —0.18&0.13. Based on the differential cross section and Z+ polarization, the s-, p-, and
d-wave amplitudes were determined:

ssls=—a=0.061&0.016 (mb/sr)'~s,

(pl/s+2ps/s)/sj/s=b exp(iXs)/a (2=.14&1.13) expL(34. 7 deg&29. 2 deg)ig,

(ps/s pl/s)/ss/s c exp(sX, )/a —=(1.46~1.78) expL(20. 5 deg&26. 1 deg)s7,

(3dsls+2dsis)/sos—=d exp(axe)/a —=(1 02+. 0 97) .expL( —7.4 deg&60. 2 deg)ig,

(dsn dsn)/sly=—eexp(iX, )—/a= —(0.72&0.63) exp((91.9 deg&25. 8 deg)sj.

An alternative set of solutions exists for the transformations Xq —& —Xf„x,—+ 180 deg —x„Xq~ —Xq,
X, —& 180 deg —X,.Based on extrapolation of s and p amplitudes obtained near threshold in a previous experi-
ment in which angular distribution, polarization, and energy dependence were used, an attempt has been
made to resolve the Minami ambiguity in the amplitudes of this experiment. Currently available data of
Z and Z production by (sr,p) interaction at 1220 MeV/c were used to test the charge-independence
hypothesis. Within the limits of statistical accuracy, no evidence of a violation of charge independence was
observed.

I. INTRODUCTION it is in threshold analysis, since the energy dependence
of the amplitudes has not been taken into account.

Using the same technique as described previously, '
the beam contamination was found to be 3.0&1.6%
for the combined positron and muon background, and
2.1&1.2% for the proton background. The kinematical
upper limits of the energy of the 6 ray as produced by
1170-MeV/c pions, muons, and positrons are 68, 113,
and 1170 MeV/c, respectively. The theoretical cross
sections for producing 8 rays of energy 68 through 113
MeV/c by 1170-MeV/c muons and positrons are 0.33
mb and 1.38 mb, respectively. ' The corresponding cross
section for 5 rays with energy greater than 113 MeV/c
produced by positrons is 1.53 mb. To determine the
proton contamination, the following total cross sections
have been used: 15.3&1.5 mb for the elastic (sr+,p)
scattering, ' and 25.2&0.8 mb for the elastic (p,p)
scattering. 4 In order to remove the forward-scattering
ambiguity, the two-prong events were accepted for a
c.m. angle of the proton greater than 36 deg. The
corresponding cross sections were evaluated, using the
above elastic cross sections and elastic differential
angular distributions available for neighboring incident
energies. ' 4

A S a continuation of a previous analysis of the
reaction sr++p —+ 2++If+ near threshold (1020

MeV/c)' the same reaction has been studied for an.

average incident laboratory-system momentum of 1170
MeV/c. From a scan of 35 000 pictures obtained with
the 72-in. liquid hydrogen bubble chamber, approxi-
mately 400 events have been identified. After removal
of events that would have led to experimental biases,
a sample of 251 events was used for a determination of
the s , p-, and d--wave production amplitudes based on
the observed angular distribution and sigma polar-
iza, tion. By comparing the s and p-wa-ve amplitudes
obtained near threshold with those at 1170 MeV/c, an
attempt has been made to remove the Minami am-
biguity in the identification. of these amplitudes. The
present data, along with those available for the pro-
duction of Z—and Z' at about the same incident pion
momentum, have been compared in order to test the
charge-independence hypothesis.

II. EXPERIMENTAL DETAILS

The conditions under which the pictures have been
obtained were very similar to those of the previous III. RESULTS
experiment. ' The bubble chamber was operated in a
magnetic 6eld of 18 kG. The incident momentum was For an average pion energy of 1170 MeV/c, the
such that by energy loss by ionization in the hydrogen laboratory-system momentum of the Z+ varies from

the events were produced in a momentum interval of about 550 MeV/c for those sigmas produced in the
1153 to 1183 MeV/c. The beam resolution (half-width sH I Ilhabha Proc Roy Soc (london) A164 257 (1938)
at half-maximum) was about 3 MeV/c. A precise II. Rossl, Qsgk BrIergy ParZcles (Prentice-Ha-ll, Inc. , Englewood
knowledge of the beam resolution was not required, as Cliffs, New Jersey, 1952).

3 J. K. Kopp, A. M. Shapiro, and A. R. Erwin, Phys. Rev.
123, 301 (1961).

*This work was done under the auspices of the U. S. Atomic 4N. P. Bogachev and I. K. Vzorov, Doklady Akad. Nauk
Energy Commission. S.S.S.R. 99, 931 (1954); N. G. Meshcheryakov, N. P. Bogachev,

t On leave from the Institut Interuniversitaire des Sciences and B.S. Neganov, Izvestia Akad. Nauk S.S.S.R. 19, 548 (1955);
Nucleaires, Belgium. L. W. Smith, A. W. McReynolds, and G. Snow, Phys. Rev. 97,' F. Grard and G. A. Smith, Phys. Rev. 127, 607 (1962). 1186 (1955).
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in good agreement with the current best value of
0.50+0.02.'
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Fxo. 4. Decay asymmetry with respect to n for Z+~ p+w'
based on 95 observed events. The solid curve represents the
prediction of the s, p, and d amplitudes of Table II, with g2=1.6
for 1 deg of freedom.

gives the decay asymmetry in Z+~ p+vr', measured
with respect to the normal to the production plane as
a function of the sigma c.m. production angle. The
production angular distribution has been fitted satis-
factorily within the statistical limits of the data by a
polynomial of order five in cose. No significant im-

provement in the fit couM be achieved with a poly-
nomial of higher order. The data of Figs. 2 and 3 have
been fitted to the function (1+a cosg), using the
maximum-likelihood method. Results obtained for the
polarization are n'I'=+0. 62&0.19, and cr+P= —0.18
&0.13. The total cross section for s++p ~ Z++E+ at
1170 MeV/c was measured to be 0.205&0.014 mb,

using the information contained in Table I. The
numbers of corrected events corresponding to the two

decay modes were determined separately. By adding
all events, each corrected by the weighting factor

+exp(/„;.Mz /3px+rz ),

(Z+ ~ p+s.e)

(g+ ~ p+.~o)+.(z+ ~ z+x+)
=0.49+0.05,

the number of events corrected for short Z tracks was

obtained. For the Z+ —+ p+vr' decay mode, the number

of events has been further corrected by assuming that
the forward-backward. angular distribution in the rest
frame of the Z+ is isotropic. No such correction was

required for the Z+-+ e+vr+ decay mode. Correction
for the events whose decay planes made too small an

angle with the optic axes was made by assuming a
continuous distribution of the events as a function of
that angle. Finally, the correction for scanning e%ci-

ency, determined separately for the two decay modes,
was made. The resultant final corrected numbers of
events correspond to a decay branching ratio of

TABLE I. Scanning information and total cross section for
~++P -+ Z++E+ at 1170 MeV/c.

1. Total number of pictures scanned
2. Total track length scanned, corrected

for contamination, window criteria,
and attenuation due to strong inter-
actions. The latter correction is based
on a total cross section of 29.7+0.44
mb, as given by Kopp et al. (reference
3), and made at the center of the
chamber

3. Scanning eKciency for events meet-
ing selection criteria on fiducial vol-
ume, decay plane orientation, win-
dow coordinates of beam track, and
proton decay angle of 5 deg

4. Number of observed events

5. Number of corrected events

34 738

(611.91+14.56) )& 10' m

P7f0 =94~3%
n~+=95a3
P77' =96
n~+= 155
P7r0 =217+22
n7t-+= 223+17

6. Total cross section, based on above
(2) and (5), and a target density of
0.0586 g/cm' 0.205~0.014 mb

s D. A. Glaser, ProceeCings of the ninth International Annual
Conference on High-Energy Physics, Eiev, 1959 (Acadamy of
Sciences, Moscow, 1959), p. 242.

6 C. Baltay, H. Courant, W. J. Fickinger, E. C. Fowler, H. L.
Kraybill, J. Sandweiss, J. R. Sanford, D. I. Stonehill, and H. D.
Taft, Revs. Modern Phys. 33, 374 (1961).

IV. PARTIAL-WAVE ANALYSIS

Baltay et a/. ' have studied s++p —+ Z++E+ at
neighboring incident momenta of 1110and 1220 MeV/c.
The angular distribution obtained at 1220 MeV/c by
these workers was fitted satisfactorily within the
accuracy of the statistics by Legendre polynomials Po,
Pj, P2, and Pa consistent with the presence of at least
d waves. We fitted the data of Baltay et al. at 1220
MeV/c to a third-order polynomial in cos8, with the
following results: do/dQre1+(1. 63+0.27)cos8 —(0.17
&0.22)cos'8 —(1.71+0.43)cos'8 with x'=2. 7 for 7 deg
of freedom. The data of Fig. 1 at 1170 MeV/c have
been fitted with polynomials of orders three, four, and
five with the following results: third order, da/d0~1
+ (1.58~ 0.25) cos8+ (0.21 &0.21)cos'8 —(1.50+040)
Xcos'0, with y'=14.1 for 7 deg of freedom; fourth
order, do/dQ ~ 1+(1.71&0.32) cos8+ (0.74& 0.72)cos'8
—(1.62 &0.43) cos'8 —(0.64 &0.81)cos48 with y'= 13.7
for 6 deg of freedom; fifth order, do/dQ~1+(2. 44
+ 0.41) cos8 + (0.23 + 0.65) cos'8 —(5.45 & 1.55) cos'8
—(0.14+0.76)cos'8+ (3.59+1.40)cos'8 with 7t' = 5.6 for
5 deg of freedom. No additional powers of cos0 were
required for a better fit. Considering the results of the
y' tests stated above on the data in Fig. 1, the presence
of at least f waves cannot be excluded conclusively.
Since only 95 events in the mode Z+ —&P+se were
observed, the polarization distribution vs cos8 of Fig. 4
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TABLE II. Maximum-likelihood solution to s-, p-, and d-wave
amplitudes as defined by Eq. (6) for n' =+1, a'=+0.8, a+=0,
l; (Z+~P+se)=0. 75 cm, and l; (Z+~n+s+)=0.35 cm,
with alternate solutions obtained by the transformations X& ~
—Xf„X,~ 180 deg —X„Xd~ —Xd and X, ~ 180 deg —X„and
including the complete error matrix (angles are expressed in
radians unless otherwise indicated).

Rip amplitudes take the form

g(8) =Si/s+ (2P3/s+Pt/s) cos8

+1/2 (3Db/s+2D3/s) (3 cos'8 —1), (2a)

h(8) = (Ps/Q Pi/s) sin8+3 (Db/s D3/s) sin8 cos8. (2b)

cP =+1.0
b/a =+2.14+1.13

Xq =+34.7+29.2 deg
c/a = —1.46& 1."/8

X.=+20.5&26.1 deg
d/a= —1.02+0.97

Xq= —7.4+60.2 deg
e/a = —0.72+0.63
X.=+91.9&25.8 deg

ln2= —59.58
a=0.061+0.016 (mb/sr)'/s

~o=+ 0.8

+2.06
+35 8 deg
—1.31

+26.9 deg
—1.11

—11.9 deg
—0.74

+98.9 deg
—59.81

The s, p, and d wave amplitudes were determined by
the maximum-likelihood method. Considering for each
event the c.m. production angle, 8, and the angle p
between the decay pion and the normal to the pro-
duction plane, 8, defined by

P.X Pz
n=

JP f fPz) sing z
(3)

the probability for the observation of an individual
event is

d/a 0.948 0.962
Xd 1.105
e/a
Xe

b/u

XQ

c/a
Xa

Error matrix

0.333 0.255 —0.165
0.389 0.288 —0.270
0.396 0.242 —0.530

0.203 —0.300
1.272

0.187
0.256
0.138
0.096

—0.282
0.264

—0.173
—0.002

0.746
0.398

—1.879
0.342
3.130

0.319
0.361
0.094
0.108
0.007
0.146

—0.157
0.206

and

where

d~/dII= Lg(8))s+ Lh(8))s

Pdr/dn= 2 Iinh*(8) g (8)

g(8) =Pi ((/+1)fi++Ifi )Pi(cos8),

dPi(cos8)
h(8) = sin8+i Lfi+—f,—)

d cos8

(1a)

(1b)

(1d)

Here fi+ are the partial-wave amplitudes for total
angular momentum J=l&1/2. In our analysis, the
contribution of angular momentum l larger than two
has been neglected; that is, the non-spin-Qip and spin-

' M, Nauenberg and A, Pais, Phys. Rev. 123, 1058 (1961),

does not permit any further comment on the possible
presence of f waves. Nevertheless, the following
analysis has been done under the assumption that
only s, p, and d waves are present in the production
mechanism. A determination of the s, p, and d partial-
wave production amplitudes was carried out, using the
production c.m. angular distribution and the distri-
bution of the decay pion with respect to the normal to
the production plane. The differential cross section
do/dQ and the sigma polarization P have been ex-
pressed in terms of the nonspin fhp amplitude, g(8),
and the spin-flip amplitude h(8)' as

As=a'+d'/4 ad cos—Xa+c'

Ai ——2ab cosXb bd c—os(Xa—Xb)+6ce cos(X,—X,),
A s

——b' —c'+9e' —3d'/2+3ad cosXa,

As=3bd cos(Xa—Xb) —6ce cos(X,—X,),
A 4= 9d'/4 —9e',

As ———2ac sinX, +cd sin(X, —Xe),

As= —2cb sin(X, —Xb)—6ea sinX, +3ed sin(X, —Xa),

Ar —— 3cd sin(—X,—Xd) —6eb sin(X, —Xb),

As ———9ed sin(X, —Xa),

where
S]/2= Cp

2Ps/s+ Pt//9= b exP (iXb),

P3/s Pt/s= c exp (iX,),
3Db/s+ 2Ds/s =d exP (iXa),

Db~/s Ds~/s= eexP (ix,)——

Using the probability function f given in Eq. (4), the
production amplitudes have been determined by maxi-
mizing the likelihood function,

251

i=1 +1

l InX~Z'
f&'& exp

3pz+() 7 z+

+' ~ . X3fz'
f exp — -- d cos8d cos$

—3pz+X rz+-

The decay asymmetry parameters 0,' and a+ have been
taken equal to +1 and zero, respectively. Table II

f=As+Ai cos8+As cos'8+As cos'8+A4 cos'8

+cr cosp sin8 (As+A s cos8+A r cos 8+As cos 8), (4)

where 0. is the decay asymmetry parameter of the Z+
(n' for p7r' and cr+ for ts7r+). The coefficients A„are
related to the partial-wave amplitudes by the expres-
sions:
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TABLE III. The coefficients of Eq. (4) computed from Eq. (5)
and the s, P, and d amplitudes of Table II: (all values in units
of mb/sr).

A o = 0.0164+0.0086
A 1= 0.0266&0.0151
A2= 0.0094&0.0064
A 3= —0.0256+0.0156
A 4 = —0.0087&0.0155

A g =—0.0064+0.0055
A 6 = —0.0157~0.0167
A 7 = —0.0211+0.0191
A 8

—— 0.0243&0.0312

3 S. Minami, Progr. Theoret. Phys. (Kyoto) 11, 213 (1954);
S. Hayakawa, M. Kawaguchi, and S. Minami, ibid. 11, 332
{1954);ibid. 12, 355 (1954).

gives the set of amplitudes that Q.ts our data. These
results do not change appreciably if o.' is assumed to
have a value somewhat different from +1.00. For
comparison, Table II includes also the results obtained
for n'=+0.8. The differences from the previous results
are small compared with the errors. It is interesting to
mention that the value of 42'=+1.0 fits the experi-
mental data better than rrs ——+0.8, as also was the case
in the previous experiment. In Table III are found the
A, as computed from Eq. (5). An alternative solution
exists also for X& replaced by —X&, X, replaced by
180 deg —X„Xz by —Xd, and X, by 180 deg —X.. The
absence of an a priori energy-dependent representation
of the amplitudes outside the threshold region has led
to a determination of values of the amplitudes averaged
over the energy interval investigated. The angular
distribution based on the amplitudes is in complete
agreement with the solid curve of Fig. 1, obtained by
an independent maximum-likelihood 6t. In the same
manner, the average polarization, 0.'P, has been com-

puted from the amplitudes of Table II. The following
value, n'P=0. 55, has been obtained, also in agreement
with the average polarization, n'P=0. 62&0.19, deter-
mined from the separate maximum-likelihood fit to the
form (1+43cosp), with the data of Fig. 2. The solid
curve of Fig. 4 represents the s, p, and d amplitude
prediction for P(8), in agreement with the data. The
form of the curve is given by the following ratio.

E (8)= sin8L —(0.0064+0.0055)—(0.0157&0.0167) cos8
—(0.0211&0.0191) cos'8+ (0.0243+0.0312) cos'8,

divided by

(0.0164+0.0086)+ (0.0266&0.0151) cos8

+ (0.0094&0.0064) cos'8—(0.0256+0.0156) cos'8
—(0.0087+0.0155) cos48,

with 42'=+1.0.
It must be noted that the interpretation of the

amplitudes of Table II in terms of individual partial-
wave amplitudes is ambiguous. It is well known that
the set of amplitudes obtained by a Minami transfor-
mation followed by the complex conjugation operation
corresponds to the same angular distribution and
polarization (including the sign)r'; in this experiment

this means that the amplitudes sr/2 pl/2 p3/2 ds/2 ds/2,

as obtained by the angular distribution and polarization,
could equally represent amplitudes p&/2 $1/2 d3/2*,

ps/2~, and fs/2*, respectively. Only with additional
dynamical information can one attempt to 6nd the
correct set of solutions. That is, assuming that the
amplitudes are reasonably well behaved and continuous
functions of energy, one could eliminate one set of
solutions if that set were in considerable disagreement
with those extrapolated from a neighboring energy. In
an attempt to do this, the s- and p-wave amplitudes
determined near threshold in the previous experiment'
have been. extrapolated to 1170 MeV/c, using the
assumed energy-dependence of the amplitudes in that
analysis, including the factor p&z*/p»»*, where P*
represents the production c.m. momentum of the
colliding pion. Since energy dependence was taken into
account in the threshold experiment, no Minami
ambiguity exists in the amplitudes that have been
extrapolated to 1170 MeV/o. The results of this com-
parison are indicated in Table IV; here the extrapolated
s and p amplitudes, along with the regular and Minami
transform solutions at 1170 MeV/c, have been given.
In each of the three cases, two sets of solutions are
given corresponding to the transformations X~ ~ —Xb

and X,—+ 180 deg —X,. According to the previously
adopted convention, the S~~~ phases of the Minami
solutions have been set to zero; phases of the amplitudes
have been rotated so that the amplitudes are all
positive. Since the errors on the amplitudes and phases
are rather large, it is not possible to select that set of
amplitudes determined at 1170 MeV/c, either regular
or Minami transform, which unambiguously agrees
with the extrapolated amplitudes.

Figure 5 represents the final corrected production
differential cross section of this experiment (at 1170
MeV/c), along with the corresponding minimum values
as allowed by the charge-independence hypothesis' from

40—

& 20

0
-04 -0.2 0 0.2 04 0.6 0.8 I.O

Cos 8&

FIG. 5. The corrected absolute differential cross section of this
experiment. The cross-hatched areas represent minimum Z+E+
cross sections and their errors, as allowed by charge independence
and the data of Crawford et al. at 1220 MeV/c (reference 10).

J. J. Sakurai, Phys. Rev. 107, 908 (1957).
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TABLE IV. The s and p amplitudes of this experiment compared with those obtained by extrapolation from threshold. The regular
solutions plus the Minami-transform solutions of this experiment are given; solution Regular I corresponds to the amplitudes and
phases given in Table II, while Regllur II corresponds to these amplitudes with the transformations xq ~ —xt„x,~ 180 deg —x&

already made. The corresponding Minami-transform solutions are given as Jj/IAzumi I and Minami II, respectively. Solutions Regular A
and Regular B correspond to the solutions obtained at threshold and these with z& —+ —z& and x, —+ 180 deg —x„respectively, extra-
polated to 1170 MeV/c, using the assumed energy dependence of that experiment. The s~~s phases of the Minami soiutions have been
set to zero according to previously adopted convention. Amplitude phases have been rotated so that the amplitudes are all positive.
There exists no Minami ambiguity in the threshold extrapolation solutions. Errors shown on the Miami I solutions are typical of
errors on all Minami solutions.

Regular I
This experiment

Regular II Minami I Minami II
Extrapolation

Regular A Regular 8
a (mb/sr)'"
b/a,

Xb

c/a
x'

0.061~0.016
2.14 +1.13

34.7+29.2 325.3~29.2
1.46 ~1.78

200.5~26.1 339.5+26.1

0.102+ 0.094
0.65 ~ 0.65

328,8 ~40.0
0.77

227.5

0.020
3.12

139.3
3.83

30.4

0.083&0.014
1.88 ~0.65

52.1~ 8.0 307.9& 8.0
1.55 w0.58

260.8m 27.2 279,2&27.1

the data obtained for Z and Z' at 1220 MeV/c by
Crawford et al."Based on this comparison, there is no
evidence for a violation of the charge-independence
hypothesis. A similar conclusion has been arrived at
by Baltay ef al. at 1220 MeV/c. '

'0F. Crawford, R. Douglass, M. Good, G. KalbQeisch, M.
Stevenson, and H. Ticho, Phys. Rev. Letters 3, 394 (1959).
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