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Vector Charge and Magnetic Moment Form Factors of the Nucleon*
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The 271- contribution to the electromagnetic structure of the nucleon has been recalculated by use of a new
method for evaluating the left-hand cut of the Frazer-Fulco amplitudes. Excellent agreement with experi-
mental data has been obtained by using the experimental values for the position and the width of the p meson.

'
N this paper, we present the results of a theoretical

- ~ study of the vector part of the electromagnetic
structure of the nucleon which diGers in two important
respects from previous calculations on this subject. ' '
Firstly, we use a more reliable method for evaluating
the contributions of the left-hand cut of the Frazer-
Fulco amplitudes. This is achieved by representing the
distant part of the lef t-hand cut by means of two poles,
whose positions are determined a priori by the method
of Balazs, ' and whose residues are determined by follow-

ing the normalization procedure of Ball and Wong. '
Secondly, we have been able to get good agreement with
the experimental data on the vector electromagnetic
form factors, using currently acceptable experimental
values of the position and width of the p meson and with
no free parameters except for subtraction constants
representing contributions of high-mass intermediate
states. This is especially significant in view of an im-

pression which seems to be prevalent that the mass of
the p meson is too high, and its width is too small, to
account for the nucleon electromagnetic structure.

The vector electromagnetic form factors of the
nucleon are given by

1 "
g (t')dl'

G;v(t) =— (1)
4

satisfies the dispersion relation

D, (t') Iml';(t)
I',D, (t) =- dl'

7P

(5)

where a=4(1—(1/4ms)), In the interval 0&t&a, the
only contribution to Imr'; comes from the nucleon pole
in the crossed channel, and this can be calculated
exactly. For t - 0, there are contributions fromelastic
mE scattering and from inelastic processes. These, how-
ever, can be seen to be unimportant down to t= —10
from the fact that the 6rst important contribution is
from the 3-3 state of the xS channel; and if one makes
the very good approximation of replacing the 3-3 state
absorptive part by a 8 function, ' this contribution is
nonzero only for t~& —11.

We therefore rewrite Eq. (5) as

D (t') Iml';(t')dl', (5')
t' —t

and in the first integral we use the approximation

(6)ImI';(t) =
I Iml';(t)lsr,

where LIml';(t)jtv are the nucleon-pole contributions
given by Eqs. (2.6a) and (2.6b) of Frazer an& Fulco. '
We now make the change of variables t=4(v+1),
t'= (4+v1) in the first integral, and '=t(41 1/x) in-
the second integral, and rewrite (5') as

Here, the 2m contribution is

Di(0)
g " '(t) = —(eq'/M') I';(t), (2)

D,*(t)

I' t(t) = (tN/P —')I (~ /rlV2) f ' (t) f+'t i(])$, (&)

I' (l)= (1/2P-')I:f+" '(l) —( /v2)f —" '(t)j, (4)

LI I'(")1 D.(")
I";Di(v) =— dv'

1 "' Im I';(—x ')Di( —x—')+- dx . (7)
7l p x(1+vx)

where we are using the usual notation. ' D2 is the de-

nominator function of the J=1, T'=1 m.x amplitude. It
we now neglect the right-hand inelastic cut of F;D~, if We shall denote the 6rst integral here by fN;. In the

second integral, following Balazs, ' ' we approximate the
kernel 1/(1+ vx) by
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1 1 6.25 (x—0.02) 50(x—0.16))
(8)

1+vx 0.14 6.25+ v 50+v

). ' It happens that the range of x and of v over which we have to
o approximate the kernel is almost the same as that required by

L. Balizs in his discussion of the mm problem. Therefore we have
). chosen the same positions for the effective poles as he did. The

efFect of a variation in the position of the nearby effective pole is
discussed in the Appendix.

1820



VECTOR CHARGE AN 0 MAGNETI C MOMENT FORM FACTORS 1821

which is a good approximation in the region 0~&x&~ 3
and —1&v&10. We thus get for I';D~ the two-pole
expression

I';Di( )=f '+ I '/( +6 25)3+Df./( +50)j
for —1&v& 10. (9)

&i(—1) Pi'( —1) Pp( —1)

Set e —0.140 0.1544 0.0051.
Set b —0.141 0.1720 —0.0042

—0.0182—0.03488
+an uncertain D-wave

contribution.

TABLE I. Values of I'; and derivatives at v= —1.'

Here, we have a two-parameter expression for each of
the F;D's. We fix the values of these parameters by
using the normalization procedure of Ball and Wong,
which is based on the fact that at v= —1 each I';(v) and
its derivative can be calculated in terms of an integral
over physical xÃ scattering amplitudes. The values of
these quantities were calculated by Ball and Wong' and
are reproduced in Table I. Ball and Wong evaluated
these quantities by taking the fixed momentum-transfer
dispersion relations without subtractions (set a in
Table I), and also with one subtraction at 7rE threshold
(set b). One knows now from one's knowledge of the
asymptotic behavior of the amplitudes that no sub-
tractions are needed in these dispersion relations. '
Therefore, the difference between the values in set a
and set 5 represents the uncertainty in the evaluation
of the I' s and their derivatives at v= —1.We can now
solve Eq. (9) and the equation obtained by taking its
derivative at v =—1, and get for n; and P; the expressions

n;= —0.63 LI',Di(—1)—tv, (—1)j

+491 —(I''»).—i—f~'(—1)
I ~

Bv )

a Prime on i s denotes derivative with respect to v.

where E's are known functions, as defined by Chew and
Mandelstam. '

In writing (12), we have used a subtracted dispersion
relation for Xi, with vp (taken as —2) as the subtraction
point, and replaced the distant left-hand cut by two
poles in the same way as discussed above for F;D&. The
nearby part of the left-hand cut is known to be weak4
and has been neglected. The parameters uo, a~, and u2
are now determined by using

with

Ei(v) =0

Re Di(v) =0

Re Di(v) vip v—
X](v) yv

at v=0)

at v= vga

at v= v'

(15)

(16)

(17)

Ag=
vent

—v —iyI vs/(v+1) ji"

Here v& and p are defined by the shape of A& in the
resonance region, viz. ,

It now remains to evaluate Di(v) from one's knowl-

edge of the position and width of the p meson. For this
purpose, we write the T=1, J=1 xx amplitude A~ as

Ke take v+=6.5, corresponding to a resonance energy
of 767 Mev, s and y=0.2, which corresponds to a width
I'=120 MeV, the width F being defined as in Button
et at. p We actually use (17) at v'= 5.5. Thus, the values
of the a; that we get are

ao ——0.559, ui ———3.30, u2 ——12.40.

with

and

At(v) = (v+1/v) I e' ' sinai= Xi(v)/Di(v),

( gi Gs
Xi(v) =ap+ (v —vp) I +

(v+6.25 v+50&

(11) Having thus determined the prs amplitude, we evaluate
o.; and P;, using (10), and then I';Dr from (9).The form
factors G;v(t) are then obtained by using (2) and (1).

At this point, we make the approximation, also used
by previous workers in this field, of replacing 1/

I
Di(v) I

'
by a 5 function. "We thus write

(v —vp) ( v )rip 1Vi(v )

pr p 5v'+1i (v' —v) (v' —vp)

= 1—(v—vp) I apK (—v, —vp)

IDi(v) I'

wyI vn(vx+1)$'"
h(v —vier).

Nip(vg)
(18)

+aiE(—v, 6.25)+as%(—v, 50)j, (14)
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Substitution of (18) into (1) gives Using set a for values of Fr (—1) and Fs(—1) from Table
I, we then see that if we choose

where

G vts &(f)
1—(&/&a)

(19) Ft'( —1)=0.1484,

F,'(—1)= —0.02475,
(24)

' DgI';
)t,= —2eyat (0)

ta
(20)

),=1.37 (e/2),

X &
=2.61 (e/2m).

(23)

"R. Hofstadter, in Proceedings of the Aix-en-Provence Inter-
national Conference on Elementary Particles, 1961 (Centre d'Etudes
Nucleaires de Saclay, Seine et Oise, 1961), R. R. Wilson, ibid.
Vol. 2, p. 21 (1961).

"The coefficients in Eq. (22) have been adjusted so that F';v
@nd F;z' hp, pe the same va&ps at t=O, as given by (21).

If we now use the set a for values of I', (—1) and I', '(—1)
from Table I, we get from Eq. (20)

Xt= 1.07 (e/2); Xs——0.88 (e/2m).

From (19), these are the values of the 2s- contribution
to the vector charge and magnetic moment, respectively,
to be compared with the total experimental values (e/2)
and 1.85(e/2m), respectively. We notice, however, that
substantial cancellations between the pole terms of
Eq. (9) make the values of ), rather sensitive to the
values assumed for I';(—1), and more particularly of
F,'(—1); e.g. , an increase of Fs'(—1) by 10%, keeping
F,(—1) unaltered, increases Xs to 1.36(e/2m), or more
than 50%. As discussed earlier, the values of I';(—1)
and I' (—1) are certainly not determined with a very
great accuracy from the available experimental informa-
tion in the vrX channel. We have, therefore, thought it
more appropriate to turn the problem around and to
ask if the experimental values of P; are, or are not, con-

sistent with the values of F; and I' at v= —1, within
their present uncertainty. For this purpose, we take
the expressions

~„=—0.28y1.28/LI —(f/28) j,
(21)

Psy = —0,32+1.32/L1 —(//28) j,
with LP;v(t) =G; (f)/G, v(0)$ as given by Hofstadter"
in an attempt to fit the Stanford data with tg ——28. With
our choice of van=6. 5, i.e., t~=30, these have to be
changed slightly into"

Ftv = —0.37+1.37/L1 —(f/30) 7,
(22)

J sv = —0 41+141/Li —(f/30) j.
We thus must have

) t ——1.37G,v (0),
Xs= 1.41Gsv (0).

With Gtv(0) = e/2 and Gsv(0)=1.85(e/2m), one gets

we can reproduce the experimental values (23) of X;
corresponding to a pole at fr=30.ts These values (24)
for F (—1) lie very close to set a in Table I. We, there-
fore, conclude that the 2x contribution to the vector
form factors can be explained in terms of a single vector
meson with the current values of the mass and width
of the p meson. '4
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APPENDIX

In the above discussion we 6xed the positions of the
effective poles on the left-hand cut a priori at v= —6.25
and —50, respectively, so as to make a good approxima-
tion to the kernel in the region of interest. Once the
positions of the poles are considered from this point of
view, there is some, but not much, latitude allowed in
the choice of these positions, and the results are not
expected to depend much upon this choice, as already
emphasized by Balazs. 4 We have veri6ed that this is
indeed the case. For this purpose we changed the posi-
tion of the nearby pole only, since one expects the results
to be more sensitive to the position of a nearby pole.
It was found that a change in this position by as much
as 100% does not change the values of F (—1) required
to get the correct experimental values (23) of X; by more
than 10%, which is certainly within the range of un-
certainty of these values in Table I. For example, a
choice of v= —4 for the position of the nearby pole in
the case of the xw amplitude leads to a value Ft'( —1)
=0.152, to be compared to the value 0.1484 quoted in
the text. Similarly a choice of v= —4 or v= —10 for the
nearby pole of the Frazer-Fulco amplitudes leads to
I','(—1)= 0.165 and 0.139, respectively.

The reader may convince himself that v= —4 and
—10 are rather extreme values from the point of view
of approximating the kernel 1/(1+~@) in the region of
interest.

u We have kept I', (—1) fixed in view of the fact that X, are only
weakly dependent on I';(—1). Further, as seen from Table I,
Pz( —1) is much better known than I'z'( —1), and F2(—1) is very
small.

'4 It is gratifying to note that the ~+7F mass difference also re-
quires a T=1, J=1 meson of mass approximately 750 MeV. See
S, K, Bose and R, E, Marshak, Nuovo cimento 25, 529 (1962).


