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Doppler shift in the Mossbauer eGect is proportional to
the mean-square velocity of the emitting atom. Hence,
measurements of this shift provide, in principle, a means
of obtaining information about the forces acting on a

surface atom compared to those acting on an interior
atom. However, technical difIiculties associated with
preparing samples having the radioactive atoms
localized in the surface layers must be surmounted.
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Kubo's formula for thermal conductivity is evaluated for the case of an interacting electron gas and
random, fixed, impurities. As in previous work, the theorems proved are exact to all orders in the electron-
electron interactions and to lowest order in the concentration of impurities. The heat Qux is examined in
some detail and a Ward s identity is derived for the associated vertex function. Although the heat Qux con-
tains contributions from the interaction energy of pairs (or larger clusters) of correlated quasi-particles, it
is found that these contributions enter the thermal conductivity only to higher orders in the impurity
concentration. In a normal system where the many-body correlations are sufficiently weak, the Wiedemann-
Franz law remains valid.

I. INTRODUCTION

HE purpose of this paper is to demonstrate that
the quasi-particle picture of an interacting Fermi

Quid is rigorously applicable to thermal conductivity
problems. This picture, originally proposed by Landau, '
has turned out to be an exact consequence simply of the
general structure of many-body perturbation theory.
The detailed proof of this fact for various equilibrium
properties of the Fermi fluid may be found in a series of
papers by Luttinger"; and a discussion of dc electrical
conductivity is contained in previous papers by the
present author. 4 In this paper we shall apply the
perturbation-theoretic analysis to the calculation of the
heat Aux associated with a small temperature gradient.
In particular, we shall show that the Wiedemann-Franz
law remains valid in the presence of interactions be-
tween the electrons.

The model to be used here is precisely the same as in
the previous work. 4 That is, we consider a system of
interacting electrons in the presence of a small con-
centration of randomly scattered, fixed impurities. The
impurities provide the relaxation mechanism for the
system. Calculations are performed to all orders in the
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electron-electron and electron-impurity interactions,
and to lowest order in the concentration of impurities.

As a starting point for this calculation we shall use
Kubo's formulas for the transport coefficients. Although
several steps in the derivation of these formulas are
rather subtle and difficult to justify rigorously, we shall
proceed on the assumption that the formulas are exact.
We define the transport coefIicients as follows'.
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where j is the electrical current density and u is the
energy Aux. T is the temperature and p the chemical
potential. Then the transport coefficients, I;, are givev
by the Kubo formulas'
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'" I or a careful discussion of the definition of the transport
coefficients, see H. B. Callen, ThermodyrIamics (John Wiley 8z
Sons, Inc. , New York, 1960).

~A complete derivation of these formulas may be found in
Kubo's lectures at the Summer Institute for Theoretical Physics,
University of Colorado, Boulder, 1958. These notes appear in
Lectures ie Theoretica/ Physics (Interscience Publishers, Inc. , New
York, 1959), Vol. I. The original papers are R. Kubo, J. Phys.
Soc.Japan 12, 570 (1957);R. Kubo, M. Yokota, and S. Nakajima,i'. 12, 1203 (1957).Also see M. I. Klinger, Zhur. Tekh. Fiz. 27,
2780 ('1957).
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00

L2 ————
3~ p

d) Tr/t, U(0) U(t+a, )5 FIG. 1. Reduced dia-
grams of orders p = 1
a11d p=2.

p= )

Here, J and U are the Heisenberg operators for the total
electrical and energy currents, respectively. pp is the
equilibrium density matrix:

po ——(1/Z) expL —P (H —@~V)];

Z= Tr expt —P(II—pS)7,
(1.6)

L,p
——0-.

The heat Qux q is given by'

(1.7)

Definition of the thermal conductivity, ~, by

= —KQ T) 3 =0)
leads t,o

(1.9)

where B is the Hamiltonian for the system of electrons
and impurities and W is the number operator. P = 1/k~T,
k~ being Boltzmann's constant; and 0 is the volume of
the system.

In the absence of a temperature gradient, V p, = —eK,
where K is the external electric field. Thus, we may
identify the dc conductivity 0. with I.p.'

(4
p=2

The mathematical details of the evaluation of ~ are
presented here as follows. In Sec. II we review the
scheme developed in III for evaluation of the Kubo
formulas and indicate the minor modifications which
are required when the electric current operator J is
replaced by the energy flux U. The only formal problem
not actually solved in III is the proof that the energy
Qux associated with a single quasi-particle is given by
the quasi-particle energy multiplied by the group
velocity. This proof is contained in Sec. III of the
present paper. Finally, in Sec. IV we exhibit the result-
ing expression for ~ and discuss the Wiedemann-Franz
law.

(1.10)

The major diculty in the evaluation of the right-
hand side of Eq. (1.10) is that, in order to obta, in a non-
vanishing result, we are required to compute the I.'s to
order T'. Paper III in this series4 was devoted to a dis-
cussion of how such a calculation must be performed;
and we shall use the results of III extensively in the
present work. At first glance it would seem that, to order
T', we should have to include an explicit contribution to
the heat Qux due to the interaction energy carried by a
correlated pair of quasi-particles. In fact, we shall see
that such a term does occur; but. , as pointed out in III,
its contribution to the conductivity does not diverge as
the concentration of impurities goes to zero. Roughly
speaking, in a normal system the transport associated
with a cluster of quasi-particles is limited by the
correlation time of the cluster even in the absence
of relaxation due to impurity scattering. Thus, as long
as the cluster correlation times remain finite —a condi-
tion which must be equivalent to "normality" —the in-
dependent quasi-particle picture will yield an accurate
transport theory.

II. GRAPHICAL ANALYSIS

According to the discussion in III, any one of the
Kubo formulas (1.3—5) may be evaluated by means of
the same perturbation-theoretic techniques as those
devised by t.uttinger and Ward' for the calculation of
the Gibbs potential in equilibrium statistical mechanics.
In particular, a Kubo formula may be written in terms
of the imaginary part of a vacuum-polarization function.
A unitarity relation then expresses this imaginary part
as a sum over energy-conserving intermediate states.
A large section of Paper III was devoted to a demonstra-
tion that, for a normal metal, this sum over true
intermediate states may be rearranged and labeled
according to the number of quasi-particles and quasi-
holes which appear as intermediate states in what were
referred to as "reduced graphs. " The final form of the
answer might. be said to constitute a "quasi-unitarity"
sum. The reader is referred to III for the details of this
formulation.

We start now with the sum over reduced graphs as
given by Eq. (III 4.6). Some sample reduced diagrams
are drawn in Fig. i. For any one of the transport
coefficients, I, we have an expression of the form:
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where we have used (2.5) in writing the last hne. Direct differentiation of (2.6) verifies Eq. (2.2) with

e(x) = ~P ~P+- d'x' Pt(x)Pt(x')v(x —x')f(x')P(x).
2m 2

Finally, we transform into momentum space via

P(x)=Q—:Pk a,e'" *

where a& is the usual annihilation operator for an electron of momentum k. Then we use Eq. (2.3) to find

kk' 1 1
ada~+ — Q (k+k')e(tl)a&~, ta&. ,ta, ,a„.

ss 2w 0 j,~', q 2m

(2.8)

(2 9)

The first term on the right-hand side of (2.9) is the
usual expression for the energy Qux associated with non-
interacting electrons. The second term is a two-body
operator which expresses the contribution of the inter-
action energy to the total energy Qux. The two kinds of
elementary vertex diagrams which now must be associ-
ated with U are drawn in Fig. 2. Notice that, the two-

k-q

k k2

0l 2m

FIG. 2. The two elementary vertex diagrams associated
with the energy Aux operator U.

body vertex leads to diagrams in the evaluation of LI
and L2 of quite a diferent sort than the diagrams which
occur in Lo. For example, the graph shown in Fig. 3 has
a reduced graph only of order p=2; i.e., it makes a
contribution to L2 at most of order T'.

III. ENERGY FLUX OF A QUASI-PARTICLE

Having formulated the general rules for the perturba-
tion-theoretic evaluation of the transport coeKcients,
we turn our attention now to a detailed discussion of the
lowest order reduced graph. As pointed out in III, the
p= 1 term in Eq. (2.1) contains the independent quasi-
particle model of dc transport processes. The crucial
ingredient of this term is the vertex function, A. ('&,

which, apart from a normalization factor, is the current
associated with a single quasi-particle. For the case of
electric current (J) we found previously:

e 8
A.q&'& (k $) =——e—Z'(k, $),

ak

where diaz/dk (or its real part) may be identified as the
group velocity of the quasi-particle and

az'(k, ~)
iYi, ' 1+—— (3 4)

Ag&" (p=o, q-+0) = (e/N, )(dye/dk);
but

Az"'(q=o, v —+ 0)= (e/nz)k(1/Ng).

(3.6)

(3.7)

The direct analysis in Paper II indicates that we may
get correct results by ignoring the impurities and
choosing (3.6) for the vertex function. This choice may

is the normalization of the quasi-particle wave function.
Thus, the current is given by

J~=Ag ' (k, gg)Ng ——e(ding/dk), (3.5)

i.e., the charge times the group velocity. The purpose of
the present section is to derive an analogous expression
for the energy Qux.

The reader will recall that, although no impurity
effects appear explicitly, the impurities played an
important role in the derivation of the above formulas.
In particular, the presence of the impurities had the
mathematical effect of allowing differentiation of the
electron propagators with respect to the momentum k,
and thus allowed a simple graphical derivation of (3.1).
Unfortunately, the operator U is considerably more
complicated than J; and the trick of differentiation does
not seem to be applicable. We, therefore, must take a
slightly different approach to the evaluation of A.U"'.

In preparation for this calculation, let us return to
A.J(') and consider the case in which the external
interaction line carries a finite momentum and energy,
say q and J, but there are no impurities in the system.
This vertex function is discontinuous at q=o, J =0. In
particular, (see II, Appendix 3):

then
e/2m g„Z'(k—,g,) =—0,

A.J "&(k, $p) = (e/Nk) (d$]t/dk),

(3.2)

(3.3)

where Z' is the proper self-energy function. When
$= $~ such that FIG. 3.A diagram con-

tributing to the coeK-
cient L2.
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mp//k'( pr) (3.8)

which must be much less than unity under dc conditions.
We conclude that the limits q, p —+ 0 must be taken in
the order indicated in Eq. (3.6).

be further justified by the following intuitive argument.
Considered as a function of q, A.z") is essentially the
Fourier transform of the current density associated with
a quasi-particle wave packet. We know that this wave
packet must be localized within a length of the order of
the mean free path, X=(ke/m)r; thus we must consider
q's of the order X '—m/kyar. Now the dimensionless
ratio which is relevant to the choice between (3.6) and
(3.7) is

Our procedure now is to compute the energy-Bux
vertex A. U

("for p =0, q ~ 0 in the absence of impurities.
To do this we adopt a technique devised by Takahashi
for proving and generalizing the Ward identity in
quantum electrodynamics. ' This technique is based on
the observation that the Ward identity (both in
electrodynamics and as expressed in Eq. (3.1)] is a
direct result of gauge invariance, which, in turn, is
equivalent to charge conservation. Thus, Takahashi
was able to prove the identity by starting with the
charge-current continuity equation. In direct analogy,
we use Eq. (2.2) for the starting point of our derivation.

Let e(q) be the Fourier transform of the energy-
density operator given by Eq. (2.7). That is,

e (q) = q (x)e'q. *d'x

~(q')
(k+q)iik+qi&k+ 2 Z ok+q'+qtiik' —q'~ek'ek.

k, k', ti' Q
(3.9)

d~ e"'"(T((e(q») ~ik+qP)]~ik'(0)))
(3.10)&(q 7 ) =ex&&(q)e—Air ~

in which case we have

In the formalism of Luttinger and Ward' we must con- 5 (k+q, fi)q'~&"'5 (»P~)
sider, instead of the usual Heisenberg operator, the
quantity

(d/dX)e(q, X) = —ie"~e(q)e—""=q u(q, X). (3.11)

Equation (3.11) is the desired form of the energy-
conservation equation. Now multiply (3.11) by the
modified Heisenberg operators ak+q(X')akt(0) and take
the X-ordered satistical average. We find

—(&I:~k+q( ')e(q, ~)~"(o)])
dA. —(TLek+ (~')q u(q»)&k'(0)])

+ d& e'"(&(ek+q P)Lq(q, 0),~ik~(0)])). (3.15)

The left-hand side of (3.15) has been obtained by means
of the usual diagrammatic interpretation of the A.-de-
pendent expectation value which occurs in (3.12). In
this way we have passed from the energy-conservation
equation to a relation which contains the desired
vertex function A.p&').

It remains to find a diagrammatic interpretation of
the right-hand side of (3.15). The commutators which

appear there are

+9'f~k+qP ') I:a(q,0),~"(0)]))~(~) (3 12)

The angular brackets are defined, for any operator A, by

1
&e(q),ak+q]= — k (kyq)ak —A —8;

2m
(3.16)

(a)—=Tr/, a. (3.13)

The two terms on the right-hand side of (3.12) occur
because we have taken d/dX outside of the quantity
subject to the T operation.

The next step is to compute the Fourier coeKcients
of Eq. (3.12) via the operation

~(q')
~k'+q'~~k'~k+q'

&

kl tel Q
(3.18)

~(q')
A =

g Q Gk +q yqtGk~Gk+q+q,
' (3.17)

0

P P

dX' dX e«~'e™"f—~) r ~ ~ ~

fe(q), akt]= k (k+q)ak+qt+C+D;
2m

(3.19)

fi /i+ (qri/P) (2l——+1); v = 2qrim/P. (3.14)
~(q')

ek+q't&k' q'+qtiik' l (320)—
0

In accord with the above discussion, we may im-
mediately set z =0. The resulting equation is

' Y. Takahaahi, Nnovo cimento 7, 3/1 (1957).

~(q')
D=a Z ~ik+q+q ~k-q &k'

kI q/ Q
(3.21)
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ma be inserted into (3.15) to give~~3.19~ i.e. , the kinetic energy terms, may be insThe first terms in (3.16) and ( . ), i.e. ,

P

k (k+q) dXe«"(T(a&(X)a&t(0)})=— k ( +q)S'
25$

(3.22)

(3.23)
2tJS 0

sul asuitabl relabeling the variables oe i
'

h D are sli htly more difficult, however. By sui a yThe interaction terms 3 throug are s ig
summation, we may rewrite q .(3.17) and (3.20):

1
A =8+ P Lv(q q) $(q )]aQ&+q~ aQ~aQ+q~

a' &'0

and

1 O'V

=8 Qq——ay+, tag ag~q,
2n ~,. aq'

C= D+—Z L~(q'+q) —~(q')]a~+q+qta'-q "a'
2Q &', a'

1 O'V

~ay Pq —ag~q~qag q ak.
2Q &', c' Bq'

(3.24)

(3.25)

and C—D, may be inter-ra hicall in Fig. 4. The correction terms, A — and —, yg v ye opera ors
h t to first order in q, we must replace aqua y qpreted similarly except t a, o

. 0

dXe«'(TL28 (X)apt (0)])= —Z'(k l i)S'(kpi); (3.26)

d~ "'"(Tl: .+.(l )»(0)])=S'(k+q, l )~'( +q, l ) (3.27)
0

at we must replace Z by, say, q II wheref r the correction terms except that w p
/ '. i, o, hp II is obtaine y repb

'
d b eplacing the first interaction n(q') in' byq Be q. o ic,

is different in Eqs. (3.24) and (3.25).
The resulting form of Eq. (3.15) is

Z' k q, ,)—Z'(k, |-,)S'(k,g,)—S'(k+q, l i)q A.Ui'&S'(k, l i) = qk (k+ )LS'(k+q, l'i) —S'(k, l i)]+S'(k+q,|i) (
2m

2S'(k+q, t &)q II(k+q, l i)+-,q II(k l &)S'(,l & .'k i. 3.28)

S'(k, l-,) =
)

k'/2m —
l (

—Z'(k, l i)

and keep only terms to first order in q. Then

(3.29)

This equation may be solved easi y qil for .A.U&". We use
the relation

k Ba,«i(k, e) =g ——Z'(k, &)
~

m Bk

~

—+II(k,k) —5—~'(k, 5) I. (3 3 )
k'

km 2m

k B

m Bk i
~ "&(k r)=i. q ——~'(k, l. ) ~

1 u2

q —+II(kÃi) —li —&'(k, ti) . (33 )
tS 281

Finally, let q go to zero and analytically continue & to
real $ as discussed in III. We have

This is the desired analog of Eq. (3.1).

FIG. 4. Diagrammatic
interpretation of the
operators B and D ap-
pearing in Eqs. (3.18l
and (3.2S).

v(q')
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Notice the following properties of Eq. (3.31). If the thermal conductivity i~ turns out to be
electron-electron interaction vanishes, then

ii =zr'kzz'To/3e'. (4 2)
A.~&"(k,a = (k/zrz) (k'/2zzz) (3.32)

which is the correct energy Aux for a free electron, i.e.,
the vertex drawn in Fig. 2(a). For a real quasi-particle,
on the other hand, $= $i, according to Eq. (3.2) and the
complica, ted second term in (3.31) vanishes. In this case,

Ui, ——&p&'& (k)ki, )1Vk——$i, (d$k/dk) ) (3.33)

i.e., the energy flux is equal to the energy (k times the
group velocity dpi, /dk.

IV. THE WIEDEMANN-FRANZ LAW

" df (a ,I. = —— ("'o.(ad&, i=0, 1, 2. (4.1)
e' „d$

Then the electrical conductivity is o=o(p,); and the

It is now a fairly simple matter to deduce the
Wiedemann-Franz law. In the standard treatment of
the transport coeKcients, the quantities I, may be
written in the form:

Equation (4.2) is obtained by expanding (4.1) to order
T' and using Eq. (1.10). It follows that, in order to
prove the Wiedemann-Franz law (4.2), we need only
show that, to order T', the I.; may be written in the
form (4.1).

Recall first some results of the analysis described in
Paper III. Near zero temperature, a reduced graph of
order p was found to behave like T'&z' '&. Thus, to order
T' we need consider reduced graphs of order p=1 and
p=2. For p=1 we have from (2.1):

Pzr
d~f (af-(a

30

&( Z R (~ "'& "'*)~(ao'(a)- (43)
mom. spins

Here, we have summed over all proper vertex functions
A. ; and the subscripts 1, 2 serve only to remind us that
we must insert A.g or A.~ depending upon which of the
I's we are calculating. Next, to lowest order in the
concentration of impurities, we may write

7rI (&)—

30

1 1 k'
«f'(~)f-(~) E. R (~""~""*)—

mom. spins 2& r. +r (k p)

—$—6'(k, a . (4.4)

6' and I', are the real and imaginary parts, respectively, of the electron self-energy function computed in the
absence of impurities. All of the impurity effects are contained in I'; „which may be written in the form

r'-, (k, ~=~.) =
zz, dpi,

o (k,8) (1—cos8) 2m. sin8d8= (4.5)

Here, o.(k, 8) is the differential cross section for scattering
of a single quasi-particle by an isolated impurity. ~k is
the associated relaxation time. The derivation of (4.5)
may be found in I, Sec. VIII, and II, Sec. III A.

F, is of order T'; thus, for our purposes we may
approximate

collision between two particles of the same energy. The
remaining terms of order p=2 were shown in III to be
negligibly small in the sense that they remain 6nite in
the limit of vanishing impurity concentration.

We now have

(4 6) L,= —— —Q Re(+z~'& A.z"'~)
30 „dP

It was shown in III that the second term on the right-
hand side of (4.6) cancels against a class of diagrams of
order p= 2. We know a priori that this cancellation must
occur because the presence of F, in the denominator in
(4.4) wouM imply a current relaxation via electron-
electron collisions. The desired cancellation follows
from the fact that electric current is conserved in such
collisions. LSee Eq. (5.19) in III.j The same argument
applies to the energy Qux despite the fact that energy
Aux is not generally conserved in collisions. To order
T' the scattering events are confined to the Fermi
surface, and energy Aux is conserved in an elastic

—
p
—A'(k, a . (4.7)r;,(ka 2m

The spin sum has been replaced by a factor 2. Referring
to the expression for the energy-flux vertex given in
Eq. (3.31), we see that we may write

~ (k,a= (p/e)~, (k, a, (4.g)

by virtue of the delta function which appears in (4.7).
Again we have made approximations to order T'; i.e.,
we have neglected the imaginary parts of Z' and II.
Notice that, in the case of I-~ taking the real part of the
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1
~(8)=—Zl~~(& k)l'

3Q j

x
r;„,(k, p) 2m

—8—~'(&,5) (4 9)

As mentioned above, the Wiedemann-Franz law follows
immediately.

It should be emphasized that the Wiedemann-Franz
law has been proved here only in the limit of zero
temperature and very small concentration of impurities.
The important criterion is that the relaxation time

combination of vertex functions is absolutely essential
at this point. We have now proven Eq. (4.1) by explicit
construction of the function o (g):

associated with impurity scattering be much longer than
the correlation time for any cluster of quasi-particles.
This consideration makes it seem unlikely that the law
is of any more general validity. ' For example, we have
seen that to the next higher order in the impurity con-
centration, i.e., the zeroth order, we must include in the
heat Aux the correlation energy carried by a pair of
interacting quasi-particles. No analogous term occurs
in the electrical conductivity; thus, it seems that the
Kiedemann-Franz law must fail when the impurities
become sufficiently dense or the many-body correlations
su%.ciently strong.

s G. V. Chester and A. Thellung [Proc. Phys. Soc. (London), 77,
1005 (1961)]have shown that, in the case of noninteracting elec-
trons, the %iedemann-Franz law is correct for all concentrations
of impurities. Apparently introduction of the electron-electron
interactions destroys this result.


