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The g shifts and the zero-held splittings oi the ground states of the transition metal ions Cr'+ (a d' solute)
and Ni'+ and Cu'+ (ds solutes) in corundum are studied within the expanded crystalline iield framework, in
which each d electron is considered to itinerate between the transition metal ion and ligands. It is shown that
two types of the distortion of the wave function by the trigonal field play very important roles in the produc-
tion of the observed g shifts and the zero-field splitting, if the transition metal ions are assumed not to move
abnormally. One type is the distortion of the covalent m bonds, and another is due to the configuration mixing
effect by the trigonal field. The former operates favorably to explain the experimental facts in both cases of
the d' and d' solutes, while the latter acts favorably in the case of the d' solutes and unfavorably in the case
of the d solutes.

These effects of distortions make the matrix element of the spin-orbit coupling between the excited T2
state and the ground state an anisotropic one. It is concluded that z bonding is very important in the case
of the d' solutes. The parameter v which measures the splitting of a single t2 electronic level by the trigonal
field is found to be 740 cm ' in Ni'+ and 760 cm ' in Cu'+ in good agreement with the values found for other
ions such as Cr'+, Co'+, V'+, and Ru'+.

1. INTRODUCTION Table I shows the value of the trigonal splitting of a
one-electron l2 level, v, obtained by applying the per-
turbation theory of Pryce to the experimental results
of electron spin resonance for transition metal impuri-
ties in corundum. One possible explanation of this
change of sign might be ascribed to a displacement of
equilibrium position of the impurity ion from that
previously occupied by the host lattice ions." It is,
however, not very easy to understand why only the
Ni'+ and Cu'+ ions should behave diGerently from
other impurities. Geschwind and Remeika have also
suggested configuration mixing as an explanation for
this reversal in sign. In this paper we will explore these
alternative explanations of the experimental observation
and propose a new explanation as well.

The Ni'+ and Cu'+ impurities which substitute for
the AP+ ions of A1~03, are situated on the threefold
axis of corundum and are coordinated to six oxygens,
which are located at the corners of a deformed octa-
hedron. The ground state for these impurities, which
reside in a nearl cubic cr stalline field, is A2, which

the g shift and
tate are caused
omentum from
d state by the
in a cubic field

~ 'HERE has been considerable experimental work
on magnetic and optical properties of 3d-group

transition metal ions in corundum, A1~03.' ' The inter-
pretation of the experimental facts has been done in
terms of crystal-field theory. It is, however, important
to investigate these experimental results from the
unified standpoint of different transition metal im-

purities in the same host crystal. Recently, Geschwind
and Remeika" have made such an attempt. In their
survey of experimental results, they have paid attention
to (1) the strength of the cubic crystal field, (2) the
magnitude and the sign of the trigonal crystal field,
and (3) the Jahn-Teller effect in the ground-state spin
resonance. As to the trigonal crystal field they have
found that the sign of the trigonal field obtained in
cases of Ni'+ and Cu'+ is opposite to the one obtained
in cases of V'+, Cr'+, Ru'+, and Co'+, if the perturbation
theory of Pryce" is applied.

TABLE I. Trigonal field splitting parameter v in A1203,
from electron spin resonance data.
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3
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"M H. L. Pryce, Proc. Phys. Soc. (London) A63, 25 (1950). 347 (1962).

I077



HIROSHI KA~I~ I MUI~A

'T2
2

10 Dq

3
A2

M, .
0

TRIGONAL SP IN —ORBI T
FIELD FIELD COUPL I N G

FIG. 1. The splitting of the free-ion sF level of the (3d) s sointes in
corundum by a cubic field, trigonal field, and spin-orbit coupling

. J. a lhausen, Ann. Phys. (New York) 6,"A. D. I.iehr and C. J. Hallh

w ose ground state is 332, group theoretical consider-
ations show that in 6rst approximation, only the
excited states, 'T~ and 'T2, determine the zero-field
splitting. Liehr and Ballhausen'4 have sho th t th

2 state yields only a small contribution to the zero-
field splitting, as it is energetically much further
removed from the ground state than is the 'T2 state.

o avoid unnecessary complexity, we shall ignore all
e ects due to the 'T2 electronic state perturbation.
Thus, we have only to consider the excited 'T2 state
in our discussion of the g shifts and the zero-field
splittings of impurity ions in corundum.

For the g shift and the zero-field separations D,
Geschwind and Remeika have used the spin Hamilton-
ian expression"

-'sDI 3&,s —g(5+1)]+g„35H, +g,P.(S,II +S„H„)
~ g ~

Thus,
within the framework of the naive cry t l-fi ld ths a- e eory.

Ag„—8X,/6( „Ag, —8X./6„(1a)
D=-', X(g„—g,). (1b)

Here, X, is the effective spin-orbit coupling in the
crystal and AI I

—6& is the splitting of the 'T2 excited
state by the trigonal field, as shown in Fig. 1. This is
related to the trigonal splitting of a one-electron
t2 energy, v, by the formulas following Pryce and
Runciman

—6 =—'v

In the present case the s axis is taken along the trigonal
axis.

In order to explain the experimental results for Ni'+
and Cu'+ shown in Table II with (1a) and (1b), n

should be ks ou e taken as having a negative value. This

TABLE II. Experimental results for Ni'+ and Cu'+.

Cu'+'

2.0788w0, 0005
2.0772&0.0005—0.1884 cm '

Ni2+b

2.196
2.187—1.312 cm '

& See reference 1.
b See reference 2,

"S Su ano and Y TanS. Sugano and Y. Tanabe, J. Phys. Soc. Japan 13.880 (1958).

choice is opposite to that taken for the analogous V3+
Cr'+ o'+ 3+

ogous

also have found that in the case of ruby the sign of the
zero-field separation of the ground state is inconsistent
with the correct sign of v which has been obtained from
t e splittings of the band spectra if the above-mentioned
formulas are used, and then they have suggested that
if the anisotropy of the spin-orbit coupling constant is

s, e inconsistencyta en into account in these formulas th
is removed. The same suggestion is also applicable to

in or er o exp ainthe present cases of Ni'+ and Cu'+ in ord t
t e experimental observation, and further to et the
sign of v to be consistent with that obtained for other

anisotropic spin-orbit coupling in the cases of the d'
and d' solutes in the trigonal field, and further to show
w ether the amount of anisotropy of the spin-orbit
coupling constant needed to arrive t 't've a a positive v can
be deduced from the theory.

It ls siiown in the present paper that two types of
distortions of wave functions by the trigonal field play
very important roles in making the spin-orbit coupling
an anisotropic one.

One type is the distortion of the covalent m- bond.
In order to take account of the effect of this distortion,
we shall adopt the molecular orbital model to describe

field
t e wave function of a single d electr Th t
ie inAuences only the t2 molecular orbitals, where t2

re ers to the transformation properties of the functions
w ich are isomorphic with the )20 irreducible representa-

xls, p 2xp is l erentplane perpendicular to the c axis
rom the other two fs molecular orbitals, ioItsx+) and

p tsx ). Therefore, we will distinguish yItsxs) from
p tsx+) and pI tax ) throughout this paper. With a

CAO (linear combination of atomic orbitals) method,
we can write three t~ antibonding m l lmo ecu ar or ltas in
the following form:

pjtsxs)= (1/jlV )yd, Ixs) —pp IXQ)], (2a)

~ I&sx+)=(1/v'-~')8' Ix+)—»~-Ix+)] (2b)

where the ~~ 's r ~efer to the de wave functions of the
transition metal ions; the p 's are l's are inear corn inations

basis of the t2 representation; and Ep and E are normal-
ization factors.
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Another type of distortion is due to the configuration
mixing effect by the trigonal field of higher energy
terms other than the 'A2 and 'T2 states on these two
states. Assuming that the trigonal field has the sym-
metry T2, the 'Ti states with the l&'e' and t2V con-
figurations are mixed into the 'A2 and "T2 states.

These situations are shown pictorially in Fig. 2. The
assumption of the trigonal field with symmetry T2
seems reasonable to us because the trigonal fields with
the other symmetries A2 and T& arise from the sixth-
and fourth-order terms in the expansion of the electron
coordinates. These fourth- and sixth-order terms are
considered weak.

The above-mentioned effects of the distortions of the
wave functions make the matrix element of the spin-
orbit coupling between 'T2 and 'A2 states an anisotropic
one, in the calculation for the g shifts and the zero-field
separations.

As shown in later sections, the distortion by the
trigonal field of the covalent x bond is very important
to an understanding of the experimental results for the
d' solutes in corundum.

The theory is also applicable to the case of ruby,
because the ground orbital level is nondegenerate and
the excited state to be mixed into the ground state by
the spin-orbit coupling is mainly T~. It will be shown
that both distortion effects, of wave functions due to
the configuration mixing and of the covalent ~ bonds,
play important roles.

In Sec. 2, the perturbed wave functions of the 'A~

and 'T2 states by the configuration mixing are derived.
In Sec. 3 the expressions for the g shift and zero-field
separation of the ground state of the d' solutes are
given and further the linear relation between the

TABLE III. The matrix elements of the cubic Geld, the trigonal
Geld, and the Coulomb interactions between the electrons for the
'A 2, 'Tb (tbbe'), and 'Tbb (t2'e') states

3TH up
'Ti' up

'A2
82

—12Dq—2E'

3T a (t beb)

Cp

—2E'
—2Dq+12B —IC—68—4E, "

3T b(t 4e4)

Cp

—6B—4X'
8Dq+3B

trigonal splitting and the anisotropy of the spin-orbit
coupling of the single d electron is derived by the
simple molecular orbital approach. The comparison
with the experimental data observed by Geschwind
and Remeika will be presented in Sec. 4. In Sec. 5 the
theory will be applied to ruby.

2. THE CONFIGURATION MIXING EFFECT BY
THE TRIGONAL FIELD

Now we shall consider the configuration mixing
effect of the trigonal field on the 'A2 and 'T2 states.
As we have assumed a trigonal field with symmetry
T2, the 'A2 ground state and the 'T2 excited state have
matrix elements of the trigonal field only with the 'Ti
states of the configurations t~'e' and )2e'. The non-
vanishing matrix elements are shown in Tables III and
IV, where Dq denotes the strength of the cubic field,
8 measures the Coulomb interactions between the
electrons, and K and E' are defined as

and

E= (t2x~~o(F2)
~
t2x+),

IC'= —(l/V2)(t2x~ e(P2)
~
eu+),

(3a)

in terms of the single electron operator of the trigonal
field 21(F2). (a+,ao,a ) and (x+,xo,x ) are the sets of the
trigonal basis of the T~ and T2 states, respectively. In
case the t~ and e orbitals are constructed purely from
3d orbitals, we have K=K'= —~v.

As a result of this configuration mixing we can write
the perturbed wave functions of the 'A~ and 'T2 states,
4'~2 and 4'22(p), in the following forms:

A a14 ( ~2)+a24' ( Tl(t2 e )ao)
+a,,4'('T, (t,'e')a, ), (4a)

and
TRIGONA L F IELD ~so

if
Il

il Ii

i I

ll
so

'T, '(t, ,' e')

'E(ta e&)

Ta(t,'e )

sAa(ta ea)

Fzo. 2. Energy diagram for Ni'+ in corundum.

'I 23(x~) = b14'"('T2(t2"e')x„)+b,4'("Ti(t2'e')a~)
+b34 o(3Ti (t24e4)a~), (4b)

4'c (*o)=4 "("T2(t2'e")xo) (4c)

where the 4 (1')'s are the unperturbed eigenfunction of
the 1 state; ai and b~ are nearly equal to 1, while a~,

a3, b~, and b3 are small.
As the energy difference between the 'A2 state and

the t24e4 'T~ state is much larger than the strength of
the trigonal field, we may neglect the coeKcient a3,
and further we can estimate the coeScient a2 by using
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TABLE IV. The matrix elements of the cubic 6eld, the trigonal in terms of the single-electron spin-orbit operator v„,.
6eld, and the Coulomb interactions between the electrons for
the 4T4, 4T4 (tppe4), and 'T44(t44p4) states. The two sets of anisotropic orbital angular momentum

reduction factors (k»,ki) and (k«', k, ') are defined as

'~2(4'e')
gk

4T4 x~ 2Dq—+ (K/2)
'Tp a+ &-,'iE
'1"&' u~ W2E'

4T4 (tppe4)

Cy

4T 4( t4p4)

Cy

%2iE %2E'
2Dq—+12B+(K/2) 6B+2—K'

—68+2E' 8Dg+38 —E
and

k„=—(t,x, It, It,*,),
k, = (tpx+Il+I tsxp),

kit —(1/v2) (tpx+ I
&.

I eM4-),

k, '= (1/K2) (t2xp It+ I e44 ),

(11a)

(11b)

the second-order perturbation in the following:

2E'

3. THE CALCULATION OF THE ANISOTROPIC SPIN-
ORBIT COUPLING OF THE SINGLE d ELEC-

TRON BY THE SIMPLE MOLECULAR
ORBITAL APPROACH

In this section, first of all we shall derive the expres-
sions for the g shift and the zero-6eld separation by
using the wave functions (4a), (4b) and (4c). A per-
turbing Hamiltonian for the ground state is given by

X'= V,.+trnH (T+2S). (6)

Here, V., denotes the spin-orbit coupling.
The off-diagonal matrix elements of V„between the

'T~ state and the ground state, 'A2, together with those
of T are given in Tables V and VI, where, neglecting
the terms of not less than second power with respect
to the trigonal field, (P„,P,) and (y«,y,) are given by
the following equations:

P„=La i+ (as/2) (1 / f') —as],

P.= I:ai—(as/4) (fit')+sap)&r,

(7a)

(7b)

and

y„=
I at+ (ap/2) (k/k') —ap 1,

7,= Lai —(as/4) (k/k')+-,'asjbi,

i = (f'ii+i )/24,

i'= (fii'+i 4')/2,

k= (kii+k4)/2,

(Sa)

(Sb)

(9a)

(9b)

(9c)

k'= (ki('+k, ')/2. (9d)

h('Ts (ts pe') )—h ('A p)

To determine the coefficients b, (i=1,2,3), we must
solve the three-dimensional secular equation (refer to
Table IV) to obtain their values.

in terms of the single-electron orbital angular
momentum l.

According to the scheme given by Pryce, "we obtain
the following expressions for the g shifts and the
zero-field splitting D:

where

ag„= —Sp'P, y,Vk'/&„,

Ag, = —Spiyi'A'k'/64,

D= —4(~.) ')'(p'/~ —1/&.)

X' = —|'/2

(12a,)

(12b)

(13)

TAB?.z V. The off-diagonal matrix elements of V».
i'q„3q, ~V..~

q„&3t.').

and
p= (I~i/P. ) (bi'/i. ') = (v«/v. ) (k~i'/k. ').

It is seen in (12a), (12b), and (13) that the distortion
eGects of the wave functions by the trigonal field can
be expressed by one quantity p.

In applying the theory to experimental results, we
will use the approximation that i =l', k=k', and
E=E'. This approximation is not exactly valid, since
we have taken the molecular orbital approach for a
single-electron wave function. We can, however, expect
from the following discussion that this approximation
is not too bad. It has been pointed out that the 0. bonds
are stronger than the m bonds in the ionic complexes
because of larger overlap of e orbitals with the ligands. '"
In order to take account of this fact, Koide and Pryce'
have introduced the phenomenological parameter e in
the evaluation of the Coulomb and exchange integrals
so that the amplitude of each e orbital is diminished by
the factor (1—e)'" as compared to the amplitude of
each t2 orbital. Sugano and Peter have extended this
idea to the evaluation of 1, etc. , in the case of ruby,
putting i'= (1—e)'t'i and so on."By using the semi-

and

( „=—2 (tees I
tt40

I tpx~s),

i.,= —v2(t, x+-', In..I
t,x,—-', ),

(10a)

The two sets of anisotropic spin-orbit constants (1"„,1"&)

and (1„',f,') are defined as

'y

M,QM, ' —1 0

—1
0 ipse'

+1

ipse'

+1 —1 0 +1 —1 0 +1
—SPg' ZP 1 f/1 l'

—i pgf 0—iP 1 igf 1'

t ~~'= ~(t»+s I
n-

I ~~+s)

i,'= —(t,xp —-', In,.Ieu —',),
(10b)

44 J. Owen, Proc. Roy. Soc. (London) A227, 183 (1955).' S. Kiode and M. H. L. Pryce, Phil. Mag. 3, 607 (1958)."S, Sugano and M. Peter, Phys. Rev. 122, 381 (1961).
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—2ik'yI.

Sp

TABLE VI. The oR-diagonal matrix elements of T:
('+~,

I &, I'+»i).
orbital approach. In this approach the coeKcients q
and p in (2b) and (2a) are approximately expressed in
the following forms:

(17a)

Cp

—2ik'yI. (17b)

where q= i &~'/f'

In (14) we can see that p consists of two factos S
and q, where

1+', a2/ai -a3/ai—
(15)5=

bi(1 ~a2/a—,+ ', a3/ai)-

empirical value of e obtained by them, i' is roughly
equal to 0.9$. This result indicates that the approxi-
mation of 'A =X', k =k', and 1C=X'(= —4v) is a reason-
able one. By this approximation, we can obtain P„=p„
and P,=y, from (7a), (jb), (ga), and (gb).

Thus, p is expressed by

(1+-,'a./ai —a3/ai)

bi(1——4a2/ai+-, 'a3/ai)

where 8&, and S„are energy levels of a single de

electron on the transition metal ion and of a single p7r

electron on the attached oxygen ion, respectively, and
tj and t& are the resonance integrals between the de
electron and the p~ electron in the plane including the
c axis and perpendicular to it, respectively. In deriving
(17a) and (17b), we have assumed the energy difference

bd, —8„ is larger than the intergrals ti and t2. Re-
membering that the energy difference of the single t2

electron between states corresponding to p(two) in

(2a) and p(t2x+) in (2b) is equal to n, e is given by

(18)

in terms of the resonance integrals t~ and t2. Thus, we

can obtain the following approximate relation between

q and v, starting from (16);

The factor 5 expresses the eRect of con6guration
mixing while q describes the eRect of the distortion of
the t2 molecular orbitals. If we put p and g in (2a) and

(2b) equal to each other, then q is equal to one. As
mentioned before, we shall neglect the coe%cient a~ in
the factor S. Then it is easily seen from (5) and (15)
that S is larger than one for negative e (positive E')
and smaller than one for positive v.

The variation of the g shifts and the zero-field split-
ting as a function of p indicates that when p becomes
slightly larger than one, hgi~ becomes larger than hg&

and D is negative even for positive v as well as for
negative v. Therefore we can conclude that p must be
taken to be larger than one in order to explain the
experimental result and moreover to obtain a consistent
positive sign for v.

As already mentioned, the factor due to the con-
figuration mixing, 5, is larger than one only for negative
v. This fact tells us that the configuration mixing eRect
operates unfavorably to obtain a consistent sign for v.

Thus, the problem must proceed to the stage of
taking account of the contribution due to the distortion
of the covalent x bonds. In first approximation, q is
written in the following form:

q
=2/1+ (Xo/lV)"', (16)

by using the wave functions (2a), (2b), and (10b). As
the difference between No and N is determined by v,

q should be determined self-consistently with v.

Although it is difFicult to do this quantitatively, we
can derive in 6rst approximation a linear relation
between q and v by means of a simple molecular

(19)

q
= 1+-',v/10Dq.

4. DISCUSSION AND COMPARISON
WITH EXPERIMENT

(20)

It is of interest to consider what further experiments

might be performed to check the theory. In this

section we shall treat q as a semiempirical parameter

As the t2 molecular orbitals in (2a) and (2b) have
been assumed to be antibonding, the difference Bg,—b„
is positive. It is, therefore, easily seen from (19) that

q must be larger than one for positive v, while smaller
than one for negative v. This can be explained intuitively
as follows. Since a positive v means an elongation of the
octahedron composed by six oxygens along the c axis,
the resonance integral t2 is larger than tj for positive v.

Therefore, the normalization factor Xo in (2a) is
smaller than 1V in (2b). Thus, we can find in (16) that

q is larger than one for positive v.

We see from the above-mentioned result how the
distortion of the covalent x bonds can explain the
experimental results for Cu'+ and Ni'+ in terms of a
positive v, consistent with the sign of v found for the
orbitally degenerate ground states. Further, as the
resonance integral t2 is larger for the transition metal

impurity which has the stronger covalency, we can
expect that the deviation of q from one becomes
smaller for such an impurity.

In order to get the order of magnitude of q, we may
estimate q by replacing (19) by the expression
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TABLE VII. The values of Dq, 8, and v in the cases of Ni'+ and
Cu'+, together with numerical values of the coefficients g; and
b; obtained for these values.

Dq (cm-1)
8 (cm-)
v (cm ')
81
82
83
~1
62

4

Cu'+

2100
1030
760

0.9999—0.0153
—0.0018

0.9982
0.0490
0.0341

Ni'+

1000
870
740

0.9997—0.0246—0.0047
0.9950
0.0723
0.0691

which is to be determined from the experimental facts
because it is diKcult to calculate the quantitative
value of q as seen in (16) and (19). We shall denote
the semiempirical q by q, . In the last section the semi-
empirical values of q will be compared with the
quantitative values estimated by (20).

From (12b), we find that d,g, is independent: of p.
Thus, we can determine a value of (Pi2k'X') from the
experimental value of g&, then we adjust q and v so as
to get good agreement with the experimental values of
Dg~& and D. Best agreement is obtained by taking
q, =1.03, X'= —215 cm ', and @=760 crn ' for Cu'+
and q, =1.07, X'= —235 cm ', and iI=740 cm ' for
Ni'+. Here, we have put approximately k'=1. In this
process it is also necessary to know the values of Dq
and B. For these we have used the values obtained
from the observed optical absorption spectrum for
Cu'+ in corundum. "On the other hand, for Ni'+, since
optical data for Ni'+ in A1203 have not been reported,
we have used for 8 the value of Ni'+ in MgO, '9 and for
Dq a slightly larger value than the one in MgO, taking
the smaller metal-oxygen distance in corundum into
account. These values are shown in Table VII, together
with those of the coeflicients a; and b, (i=1,2,3) in
(4a) and (4b) obtained for these values of Dq, 8, and n.

The values of v obtained for Ni'+ and Cu'+ are
nearly the same as those obtained for the cases of Ru'+,
Co'+, V'+ and Cr'+ in corundum. The near constancy
of v for these ions indicates that they all enter into
essentially the same positon as the AP+ ions. The
values of the average spin-orbit coupling constant X'

deduced for Cu'+ and Ni'+ are depressed by as much
as 50% and 30%, respectively, from the free-ion values.
The free-ion va, lue for Ni'+ is —322 cm ' and for Cu'+
it is —415 cm '. Such a big reduction is considered to
be due to the so-called covalency effect, to which the e
molecular orbitals give a greater contribution than the
t2 molecular orbitals. It should be born in mind that
the previously mentioned distortion effect of the t~

molecular orbitals is essentially dift'erent from the
mechanism which cause the reduction of the average
spin-orbit coupling constant in crystals.

Finally, in order to obtain more accurate semi-

"W. Low, Phys, Rev. 109, 247 (1958).

empirical values of q, we shall take all crystal held
levels which arise from the d' configuration into
account and solve the complete 45X45 secular equation
which involves the trigonal field and the spin-orbit
coupling as well as the cubic field and the Coulomb
interaction. In constructing the secular determinant,
Tanabe and Kamimura's table" was used. Double-
barred matrices of the trigonal field and the angular
momentum operator are listed in Appendixes I and II,
while Tanabe" has recently calcula, ted the double-
barred matrices of the spin-orbit coupling.

The qualitative features mentioned in the present
paper a,re not changed by this complete calculation.
This fact means that the effects of the states neglected
in the present work are very smal1. The values of q,,
determined so as to give the observed zero-held splitting
are 1.10 for Ni'+ and 1.05 for Cu'+. They are a little
larger than those obtained by the simple cakulation.
The values of the parameters used in the calculation
are listed in Table VIII.

TABLE VIII. The values of the parameters used
in the calculation.

Dq
8
C (=4h)
lC
E' (=Id)

r' (=|.)
u' (=s)

Cu'+

2100 cm '
1030 cm '
4120 cm '

570 cm '
570 cm '
430 cm '-

430 cm '
1.0
1.0

Ni'+

1000 cm '
870 cm '

3480 cm '
555 cm '
555 cm '
470 cm '
470 cm '

1..0
1.0

"Y.Tanabe and H. Kamimura, J. Phys, Soc. Japan 13, 394
(1958).

1 Y. Tanabe, Suppl. Progr. Theoret. Phys. (Kyoto) 14, 17
(1960).

S. THE APPLICATION OF THE THEORY TO
THE CASE OF RUBY

Detailed calculations for the zero-held splitting of
ruby have been developed. by Sugano and Tanabe"
and by Sugano and Peter. " Therefore, we will not
pursue this problem in detail. It is the purpose of this
section to point out that both of the previously rnen-

tioned types of distortion of the wave functions play
very important roles in the ground state of ruby.

The ground state of ruby is 42~. The excited states
which can be mixed in by the spin-orbit coupling are
4T2 and. 2T~. If we assume that the main perturbation
of the ground state originates in the interaction with
the 4T& state, the calculation is very similar to the one
for nickel. The same expressions (12a), (12b), and (13)
for the g shift and the zero-field separation are also used
in the case of ruby, except that 2D is equal to the
separation of the two Kramers doublets M, = &—,

' and
M, = &-', of the ground quartet, W(+-', )—W(+-,'), and
that X'=f'/3 The total a. nisotropy of the spin-orbit
coupling, p, is also expressed by (14) in this case. The
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coefficient a2, however, no longer has the same form as
the one given in (5). Instead of expression (5) for the
d' solutes, a& is given by the following expression:

lL2 ——E'/L 8('T (t2'e) )—8 ('A 2)j (21)= —,'~/fh('Tl(t2 e))—h('A 2)j.
Besides the denominator, the only difference between

(5) and (21) lies in the sign. This difference arises from
the relation between particles and holes. It should be
noted that we must take the minus sign for the d'

solutes instead of the plus sign which was taken for
the d' solutes.

In order to explain the experimental fact of negative
D for ruby, it is also shown that p must be larger than
one for positive v. Neglecting again the coeKcient a3 in
this case, it is easily seen in (15) that the factor 5,
caused by the configuration mixing effect, is larger
than one for positive v while smaller than one for
negative v. Thus, in the case of the d' solutes, the
configuration mixing effect as well as the effect due to
the distortion of the covalent m bonds operate favorably
to explain the experimental facts. This is the reason
why Sugano and Peter" have succeeeded in explaining
the correct sign of the zero-field splitting of the ground
state for ruby by the configuration interaction effect.
However, their result was not satisfactory to get good
quantitative agreement with the experimental result.
Tile difference in magnitude between their result and
the experimental one, however, may be explained by
the distortion effect of the covalent x bonds.

Now we shall proceed to get the semiernpirical value
of q in this case by the same procedure as in the previous
section. However, since the calculation is not complete
as will be shown in the following, the obtained semi-
empirical value of q is not so accurate as those for Ni'+
and Cu'+. In this case we adjust q and X' so as to get
good agreement with experimental values of hgl&, Dg„
and D,' because we use for Dq, 8, v, and k' the values
obtained by Sugano and Peter. " Further, the mixing
coe%cients of the 4T~ sta, te with the configurations f2'e

and t~e' into the 4T~ state are taken to be zero. The
best agreement between experiment and theory is
found for X'=63 cm ' and q=1.11 with Dq=1667
cm ) 8 700 cm ', m=1050 cm ' and k'=0.62.

6. CONCLUDING REMARKS

In the present paper we have pointed out two
mechanisms which are very important in understanding
the magnetic properties of the ground state of d' and
d' systems in the trigonal crystal field whose ground
states are orbitally nondegenerate. It has been shown
that, among these, the distortion effect of the covalent
m bonds always operates favorably to explain the experi-
mental facts. On the other hand, the configuration
mixing effect acts favorably in the case of the d' solutes
and unfavorably in the case of d' solutes. This indicates
that the experimental facts for Ni'+ and Cu'+ in AI203

TAaLK IX. The semiempirical values of p and q, and the
calculated values of S and q, together with Dq, v, and A,

' obtained
from the experimental results.

p
qg
S
q

Dq (cm ')
v (cm ')

(cm ')
& /4ree

Cr3+

1.14
1.11

~1.03
1.02
1667
1050

63
0.73

1.05
1.07(1.10)
0.98
1.02
1000(~)
740—235

0.73

Cu'+

1.02
1.03(1.05l
0.99
1.01
2100

760—215
0.52

Xf«e means the over-all spin-orbit coupling constant of the free ion.
The numerical values of q in parenthesis are more accurate ones obtained
by solving the 45 &(45 secular determinant.

cannot be explained by the naive crystal field theory
which is ba, sed on the ionic model, as long as we assume
tha, t the impurity ions do not move abnormally. Thus,
we can conclude that the itineracy of the t2 electrons
between the metal ion and ligands plays the important
role especially in the case of the d' solutes in corundum.
From this standpoint, we should like to remark that
Shulman and Sugano" have recently pointed. out the
important role of the x bonds in KNiF3.

In Table IX the semiempirical values of p and q, and
the calculated values of q and S are listed for Cr'+,
Ni'+, and Cu'+ together with the values of Dq, v, and
X' obtained from comparison of theory with experi-
ments. The value of S has been calculated by means of

(15), using the values of a, and b; tabulated in Table
VII. The quantitative value of q has been estimated by
the approximate expression (20).

Looking at Table IX, we find that the semiempirical
values of q are reasonable, though the agreement
between q, and q is not satisfactory. In the present
pa,per, we have not considered the effect of the intra-
atomic spin-spin interaction which gives an appreciable
contribution to the intervals of multiplets in the atomic
spectra of transition metal ions." In addition to the
fact that we must calculate q more precisely in order
to remove the discrepancy between the calculated and
semiempirical values of q, the effect of the intra-atomic
spin-spin interaction might contribute to remove this

discrepancy.
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APPENDIX I
Double-barred matrices of the trigonal field

(crSF~~ V(Ts)~~rr'Sl") Within the ts4e', ts'es, and tsses COn-

figurations. Unlisted matrices are zero. E' and E are
defined in Eqs. (3b) and (3a), respectively.

APPENDIX II

Double-barred matrices of the orbital angular
momentum (nSI'~~L ~cr'SI") within the ts4e', tsses and
t2'e' configurations. Unlisted matrices are zero. 4' and
k are defined in Eqs. (9d) and (9c), respectively.

nSF
t26e2 8A2
t 6e2 1+
t 6e2 lg
t26e2 1A 1
t2'e' 'T2
t se3 3T
t2'e' 'T2
t2'e' 'Tl
t2'e' 'Tl
t se8 1T
t2Se8 'T2
t2'e' 'T2
t2'e8 'T2
t2'e' 'T2
t2'e' 'Tl
t2se' 'Tl
t 4 4 8T
t 4e4 1T
t24e4 'T2
t 4e4 1T

n'SI"
t2'e' 'Tl
t2'e' 'Tl
t2'e' 'T2
t2'e' 'T2
t2'e' 'T2

t 4e4 8T
t2Se8 'Tl
t24e4 'Tl
t2'e' 'T2
t2'e' 'Tl
t24e4 'T2
t 4e4 1P'

t24e4 'A 1
t2Se' 'Tl
t 4e4'2
t 4e4 3T
t24e4 'T.
t 4e4 1P"

t,4e4 'A 1

The values
2v3L'
2v3E'

—2v3E'
2v3E'

——',&2E
$(+6)K—2 (Q6) IC'

——,'&2E
6v2E'

——,'v2E
$(+6)K—2 (Q6) IC'
8Ef'

—442E'
—-,"%2E
—6v2E'
—3&2E

3v2E
—2v3E

2 (/6)EC

nSI'
t2'e' 'A 2
t26e2 lee

t 6e2 lpga'

t'e' 'A
t, se3 3T
t se8 3T
t se3 3T

t2'e' 'Tl
t2se8 'T2
t2'e' 'T2
t2'e' 'T2
t, 'e' 'T2
t2'e' 'Tl
t se81T
t2'e' 'Tl
t2Se8 'Tl
t 4e4 3T
t,4e4 'T
t24e4 'T2

n'SF'
t2'e' 'T2
t2"e' 'Tl
t2'e' 'T2
t2se' 'Tl
t2'e' 'T2
t2'e8 'Tl
t 4e4 32
t2'e' 'Tl
t 4e4 3T
t2se' 'T2
t 4e4 1T
t2'e' 'Tl
t 4e4 1T
t2se' 'Tl
t 4e4 12

t 4e4 lri'

t,6e4 1A

t 4e4 8T
t 4e4 1T
t 4e4 lpga

The values
2v3ik'

—2v2ik'
2v2ik'
2v3ik'
,'(—+—6)ik
—,'v2ik

—6V2ik'
,'(+6—)ik
2 (+6)ik'
,' (+—6—)ik

—642ik'
—,'v2ik

—642ik'
k(v 6)ik
2 (+6)ik'—Sik'

—242ik'
—(/6)ik—(+6)ik

2v3ik
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Magnetothermal Oscillations. The Oscillatory Dependence of
Temperature on Magnetic Field
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(Received June 1, 1962)

Magnetothermal oscillations are a new low-temperature phenomenon. They result from quantum effects
and can be employed as a useful tool for exploring the electronic band structure of metals. Magnetothermal
oscillations show up experimentally as a reversible and cyclic variation of the temperature of a thermally
isolated single crystal, such as bismuth, as either the magnitude or the direction of an externally applied
magnetic field is changed in a uniform manner. The oscillatory temperature changes are periodic in 1/H,
and their variation with orientation is dependent on the detailed shape of the pertinent part of the Fermi
surface in much the same manner as magnetic susceptibility oscillations. Of the oscillatory effects used for
the study of Fermi surface shapes at moderate magnetic fields, magnetothermal oscillations have yielded
the best resolution in bismuth. The high resolution obtained in the magnetothermal experiments made it
possible to observe for the erst time 6ne structure in de Haas-van Alphen oscillations due to electron spin.
Data for bismuth, showing magnetothermal oscillations as a function of magnetic field strength or the Geld
direction, are presented and discussed.

I. INTRODUCTION

~'XPERIMENTALLY, magnetothermal oscillations
are reversible changes in temperature of a ther-

mally isolated single crystal, such as bismuth, as either
the magnitude or direction of an externally applied
magnetic field is slowly changed. The observed oscilla-

tory temperature changes are periodic in 1/H as the
magnitude of the magnetic field is varied while its orien-

~ Present address: Bellcom, Inc. , Washington, D. C.

tation is fixed. ' ' However, the relationship between
the oscillations observed on changing the magnetic-
field direction cannot be defined in such a simple man-
ner. These temperature changes take the form of cooling
peaks when the magnitude and orientation are in the

' J. K. Kunzler and W. S. Boyle, Bull. Am. Phys. Soc. 4, 168
(1959);J. E. Kunzler, ibid. 4, 319 (1959).

'W. S. Boyle, F. S. L. Hsu, and J. E. Kunzler, Phys. Rev,
Letters 4, 278 (1960).' J. E. Kunzler and F. S. L. Hsu, in The Fermi Surface, edited
by W. A. Harrison and M. B. Webb (John Wiley R Sons, New
York, 1960), p. 88.


