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In connection with the possible existence of a nuclear electric hexadecapole moment, and the resulting
large induced hexadecapole moment for medium and heavy ions due to antishielding effects, expressions
have been obtained for the additional induced hexadecapole moment, Hing?, due to the perturbation of the
ion by the field of the nuclear quadrupole moment Q taken in second order. H;nq? is proportional to Q%
Numerical results for some of the terms of Hinq? are presented for the Cu*, Ag*, and Hg™™ ions.

I. INTRODUCTION

HE antishielding of ions for a possible nuclear
electric hexadecapole moment H has been dis-
cussed in two previous papers.'> It has been shown
that the relevant antishielding factor 7, which gives
the HDM (hexadecapole moment) induced in the ion

*Work performed under the auspices of the U. S. Atomic
Energy Commission.

! R. M. Sternheimer, Phys. Rev. Letters 6, 190 (1961).

2 R. M. Sternheimer, Phys. Rev. 123, 870 (1961).

core Hina=—n,H, will be very large for medium and
heavy ions. Thus, it was found that for Cut, Ag*, and
Hgtt, 7, has the values 9,(Cut)=—1200, 7,(Agh)
=—28050, and 7., (Hgt+)=—63 000.

It has been recently pointed out by Foley® that the
interaction of the nuclear quadrupole moment Q taken
in second order will also contribute to hexadecapole
effects. For the present case of ions, we are interested

3H. M. Foley (private communication).
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Taste 1. Values of Iy;,(0™,
Quantity m=0 m=1 m=2 m=3 m=4
L O +2/5 —1/5
Iy @m +2/7 +1/7 —2/7
I5@m +4/15 +1/5 0 —1/3
I4®m +20/77 +17/71 +8/77 —1/11 —4/11
Ipp®m +2/7 —4/21 +1/21
I33m +2/11 +1/33 -7/33 +1/11
Iyy®m +162/1001 +81/1001 —9/91 —27/143 +18/143
Tpo®m +1/(5)*
Tog®m +1/3
I +3(21)4/35 +(6/35)(7/2)
I;0m +(4/63)(21)} —(2/21)(7/2)%
Ip@®m +6/7(5) +(2/7)(3/2) +(1/7)(3)
Iy ®m +20(5)4/231 +(10/231)(3/2)* —10(3)%/231

in the induced HDM, H;n,q?, which is due to the
second-order effect in Q.

In the present paper, we will obtain the expression
for H;ng® for any given type of second-order excitation
of the ion core. Numerical results for the Ag* ion will
also be presented. We note that second-order. quad-
rupole effects have been previously considered in con-
nection with the quadrupole hfs by Foley, Sternheimer,
and Tycko.t

II. CALCULATION OF Hing?

The equation for the first-order perturbation of the
wave function due to the nuclear Q is:

(Ho— Eo)uy= (— Hy+Ex)u, (1)

where Hy and E, are the unperturbed Hamiltonian and
energy eigenvalue, respectively; H; is the potential
due to the nuclear Q:

Hy=—(QP:/7") Ry, 2

where 7 is in units ¢x and Q is in units eg?. E, is the
first-order perturbation of the energy; uo is 7 times the
unperturbed wave function; and #; is 7 times the
first-order perturbation considered. The radial part of
uo will be denoted by #’. Thus, we have

©)

where @7 is the angular part of the wave function
(spherical harmonic) normalized to 1:

wo=1uy' O™,

/ | @2 sinfdf=1.
0

For simplicity, in order to derive the result for #;, we
will assume that £;=0 for the excitation considered.
(The final results for H;ng? will include the possibility
of E170.) Then the right-hand side of Eq. (1) becomes

— Huyo= (QP/r¥)us' Om. 4)

4H. M. Foley, R. M. Sternheimer, and D. Tycko, Phys. Rev.
93, 734 (1954).

We assume that we are considering the excitation of
nl to a particular / state, to be denoted by ;. (Thus,
li=1or ly=1%2.) The I; part of Eq. (4) is given by

(—H o)y, = (Qua' /7)1, ®™ O™, ©)

where, in general, the integral I;;, "™ is defined by

Il1l2(L)mE/ PL0®llm®lzm Sln0d0 (6)
0
Obviously, we have

Illlg(Lm:Ilgll(L)m; and Illlz(l‘)m:]lllg(l‘)' —m (7)

Values of I;,3,™™ are given in Table 1.
In view of Eq. (5), the (nl — Iy) part of %, is given by

wi(nl — L) = QI P™uy' (nl — 1) O™, (8)

where the radial function ' (nl — 1) is determined by
the equation

Mhul’(nl—» l1)=u0'(1/73'— <1/7'3>nlall1)5 (9)
M, being defined by
M= —a*/dr*+1:(li+1) /1?4 Vo— E,. (10)

In Eq. (9) the term « (1/7%),; corresponds to the term
Ewmoin Eq. (1).

A part of the second-order quadrupole effect for
H 49 arises from the terms % in the electron density.
For a given m state, the sum of the corresponding
electron densities (times 72) p;™ for the two spin
directions is given by

pat" =20 L, (O (1)

According to the definition of the HDM as given in
Eq. (2) of reference 1, the induced HDM pertaining
to p1™ is given by

Hym=8 / / p1™P Lridr sinfde. (12)
0 0

Upon inserting Eq. (11) into (12), and summing
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over all possible magnetic quantum numbers , one
obtains for the total induced HDM due to p1,™

1
H11=16Q2K11 Z (Illl(z)m)2ll1l1(4)m;

m=—1

(13)

where K is the radial integral

0

KuE / M1'21'4d7', (14:)
0

The second-order perturbation of the wave function
us is determined by the equation

(Ho— Eo)us= (— Hy+Er)us+ Equ, (15)

where E; is the second-order perturbation of the energy,
and is given by

Ey= / / H yugudr sinfds.
0 0

For simplicity, in deriving the result for the induced
HDM due to #s, we will assume that Ei=E,=0 for
the excitation considered. (The final expression obtained
will include the possibility that E; or Es>%£0.) With the
present assumption, the right-hand side of Eq. (15)
becomes

(16)

—'Hﬂ/tl: Q2(P20/73)M1,Illl (2)m®llm. (17)

We now consider the part of #» with azimuthal quantum
number ly. (Thus, lo=Il; or lp=01+2.) The J; part of
Eq. (17) is given

(—Hyur)1,= Q*(us' /) [0, P L 1,0, POy, (18)
Thus the /; part of #s can be written as follows:
wus(nl — 1, — 1y)
=Q2I”1(2>mllllg(2)'”u2'(nl —> ll g l2)®12m, (19)

where the radial function uy'(nl— I3 —1s) is deter-
mined by the equation
Mzzuzl (%l ad l1 -—> lz)

=u1' (nl — 1) (1/7*— (1/7%) nib1y2,) — Niytto’d12,; (20)

Taste II. Values of the angular factor 4 for Egs. (13) and (25).

Term A
(s, s—>d—g) 64/35
(s —ay 32/35
(p,p—=p—1) 384/175
=1 128/525
(p — S 96/175
(d,d—s—a) 64/35
d,d—d—d) 256/343
(@—ay 128/343
(d,d—d— g) 640,/539
(d,d—g—d) 64/1715
d,d—g—g) 8320/41503
@—g)» 864/1715
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Ay, is proportional to E, and is given by

0

A= f w (s (nl— Lyr=dr. (21)
0

For Iy=1, the presence of the A;, term ensures that the
right-hand side of Eq. (20) is orthogonal to uo’. In
this case, #¢’ is a solution of the homogeneous equation,
and the normalization condition shows that one must
add a suitable multiple of #,’ to u’, such that the
resulting #,” shall satisfy the condition

f (s (= L) P20 (nl— Ly — D)dr =0 (22)

[cf. Egs. (70) and (71) of reference 4.

In this connection, it may be noted*® that for I;=1,
there is a similar requirement for Eq. (9), namely, that
the solution #;’ must be made orthogonal to u," by
adding a suitable multiple of '

The contribution of #, to the induced HDM arises
from the overlap of # with the unperturbed function
uo. For a given m state, the overlap density (times 7?)
for both spin directions is given by

o™= Yuous= 4%0’%2’@21111 (2)7"11112 (2)7”@1"”@12”"’. (23)

The resulting contribution to the induced HDM is
given by

H02m=8/ / pong401’4d1’ sin0d0. (24')
0 0

Upon inserting (23) into (24), and summing over
all m values, one obtains for the total induced HDM
for the excitation considered (nl — I, — ly):

!
Hopy=32Q°Koz 2. In,®™13,Om 15,0, (25)
m=—1
where Ko is the radial integral:
Kp= / wuo'us'rdr. (26)
0

In Table II, we have given the values of the factor
multiplying Q?Ky; in Eq. (13) and Q?K,s in Eq. (25)
for all of the excitations involving s, p, and d electrons
(except d — g—1). This factor is referred to as the
angular factor 4. The notation for the types of terms
is obvious: Thus, (s — d)? refers to the term of type
H;y; pertaining to [#,(ns — d) 1, whereas (s,s —d — g)
denotes the term H, pertaining to the overlap of #y (ns)
with o' (ns — d — g).

Concerning the values of the integrals I;;,9™, we
can make the following comments:

5 R. M. Sternheimer, Phys. Rev. 84, 244 (1951); 86, 316 (1952);
95, 736 (1954); and 105, 158 (1957).
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(1) For l;=I,, one has the relation

1
> Ipm=0 for Ls=0.

m=—1

@7)

(2) The angular factors Cy;,® for the quadrupole
antishielding factor®® v, (nl — l,) are given by

1
Cu,®=8 3 (I;,®m)

m=—1

(28)

(e.g., Cu®=48/25 for I=1, 16/7 for 1=2, 224/75
for 1=3).

(3) Similarly, the angular factors for the hexadecapole
antishielding factor 7., (nl — l;) are given by

14
C111(4) =8 Z (1111(4)m)2

m=—1

(29)

[cf. Eq. (8) of reference 1].

(4) The angular coefficients C for the second-order
quadrupole effect for the quadrupole hfs, as given in
Egs. (58) and (61) of reference 4, can be obtained from
the following expressions, which are similar to Egs. (13)
and (25):

l
For (nl—1)%: C=8 % (I, ™), >, (30)
m=—1

for (nl,nl— 1 —1s):

1
C=16 3 I;,®™;,®";,»m  (31)

m=—1

III. RESULTS

In connection with related calculations on the
second-order quadrupole effect for the nuclear hexa-
decapole coupling for atomic states, we have obtained
various perturbed wave functions for the outer (d)
electrons of the Cut, V++, Ag+ and Hg™ ions. These
wave functions describe the nd — d and nd — g per-
turbations of the outermost d electrons, as a result of
the potential due to the nuclear quadrupole moment Q.
Thus, #,'(nd — d) and u,'(nd — g) are the appropriate
solutions of Eq. (9) with I=I/1=2 for nd — d, and =2,
ly=4 for nd — g. The procedure of the calculation of

TaBLE III. Values of y«(2d — 1) and J(nd — I;) for the Cut,
V*+t, Ag*, and Hg** ions. (The values of (#73),q and (#5),q are
in units ex3 and ax~?, respectively.)

Perturbation (¥ 3)pa (i ve(md > L) J(nd — 1)
Cut 3d—d 753 219.0 — 8.29 24.10
Cut 3d—g 7.53 219.0 + 0.369 2.091
Vtt 3d—d 2.763 41.46 . 5.41
VvV 3d—g 2763 41.46 . 0.5565
Agt 4d—d 8.11 932.2 —13.14 39.48
Agt 4d—g 8.11 932.2 + 0.464 4.773
Hgtt Sd —»d 13.07 55774 —27.6 ~130
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TaBLE IV. Values of K1;(nd — d) and pioal (nd — d)?].

Perturbation Kii(nd — d) [0 | pion/ (Q*/ H)
Cut 3d—d 275.1 1200 0.0856
Agt 4d—d 480.7 8050 0.0223
Hgt 5d — d 1631 63000 0.00966

u," has been described previously.®-® For Cut, V**, and
Agt, the Hartree-Fock (3d or 4d) wave functions’-?
were used for the unperturbed functions #,’. For Hgtt,
only Hartree functions® were available, so that the
Hartree 5d function (without exchange) was used. In
Table IIT, we have given the results of these calcula-
tions. For each unperturbed wave function, the values
of (r=*)nqand {r=5),q are listed in the first two columns
of the table. In the next column, we have given the
quadrupole shielding or antishielding factor ., for all
perturbations, except for V+t, where v,(3d — 1) is
not given, since the 3d function for this ion® (with
configuration 3s23p%3d4s?) pertains to a single valence
electron, rather than a completed d shell, as in the
other cases. We have also given the values of the
integral J(nl—1;) for each perturbation, where
J(nl — 1)) is defined by

J(nl—»ll)E/ uy (nh)uy’ (nl — 1)r=3dr. (32)
0

The integrals J(rd — d) and J(nd — g) enter into the
calculation of the second-order quadrupole energy
(= (Q?) for atomic states.

In connection with the present work which is con-
cerned with the evaluation of the second-order induced
HDM for ions, H;na%, the above-mentioned calculations
of uy'(nd— d) are relevant, since they permit the
evaluation of the terms proportional to Kii(nd — d),
i.e., the terms which are due to the density
[u)(nd — d) . In view of Eq. (14), Ku(nd —d) is
given by

K11(nd — d) =/w[u1’ (nd — d) Jridr. (33)

As is seen from Table II, the angular factor associ-
ated with (nd — d)? is: 4=128/343=0.373, so that
the ratio pion[ (nd — d)?] of Hina® to Hina due to a
nuclear H is given by:

pionl (nd — @)2]=0.373K11(nd — d)Q%/ |1, H. (34)

Table IV lists the values of K1:(3d —d) for Cut,
K11(4d — d) for Agt, and K1:1(5d — d) for Hgt*; the

6 R. M. Sternheimer, Document No. 6044, ADI Auxiliary
Publications Project, Photoduplication Service, Library of
Congress, Washington, D. C.

”D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London)
A157, 490 (1936).

8 B. H. Worsley, Proc. Roy. Soc. (London) A247, 390 (1958).

?D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London)
A149, 210 (1935).
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corresponding values? of |7,| and the resulting ratios
pion (nd — d)*]/(Q%/H). 1t is seen that pion] (nd — d)*]
is in all cases less than 0.1(Q%*/ H) and decreases with
increasing Z (for the ions whose outermost shell is a
filled d shell).

In connection with the other perturbations [aside
from (und —d)?], we have obtained results for
(4d,4d — d — d) and (4d — g)? for Ag*. The equation
for the perturbation uy'(4d — d— d) was integrated
numerically : »

[—d*/dr+6/r*+Ve— Eq Juy’

=u'(4d — [1/P— (1/7*)aa]—Naud’ (4d), (35)
where (1/7%)a=8.11 au?, and
A= [ uo'uy'r~3dr = 39.48. (36)
0
We have
/ uy"2dr=9.746, (37)
0
so that, according to Eq. (22), we must have
[ ug'us'dr=—1(9.746) = —4.873. (38)
0

This is achieved by adding a suitable multiple of #o’ to
the function #," obtained by numerical integration.
The resulting value of K is

©

Koy= / ue' (dd)us (4d — d— d)r'dr=8.10, (39)
0

which is very small compared to K;;(4d — d)=480.7
(see Table IV). Thus the term in p;,, due to 4d —d — d
is given by
pion(dd — d — d)

= (256/343)K0s?/ | .| H=7.51X 10(Q*/ H), (40)

which is quite negligible compared to pion[ (4d — d)*]
[=0.0223(Q¥/H)].

We have also evaluated the (4d — g)? term for Agt.
The contribution of this term is completely negligible.

STERNHEIMER

Thus, Ki;(4d — g)=0.01820. The angular factor is:
A=864/1715=0.504 (see Table II). Hence the cor-
rection to pion 1S

pion (4d — )*]=1.14X10-5(Q*/ H). (41)

We have also obtained an estimate of the integral
K (4d — s — d) for Agt pertaining to the overlap of
u’' (4d) with the second-order perturbation

' (4d — s — d)

as calculated from Eq. (20). The resulting value of
pion(4d — s — d) is 40.026(Q*/H). Thus, for Ag*, the
total effect due to (4d—d)?, (4d,4d —>d—d), and
(4d, 4d — s — d) is given by

3 pion= (0.0224-0.001-0.026) (0*/H)
=0.049(Q¥/ H).

In the absence of calculations of the other types of
perturbations of the outermost (#=4) shell, as listed
in Table II, we cannot draw any definite conclusions
about the value of the complete pjo, for Ag*™. However,
there are reasons to believe that among the terms due
to the d electrons, those due to nd — g are considerably
smaller than those due to nd—d and nd —s. This
result is borne out by the smallness of pion[ (4d — g)?]
for Ag*, and also by the relative smallness of v,, (rd—g)
as compared to v, (nd — d), and of J(nd — g) in com-
parison with J(nd — d) for all of the cases considered
in Table ITI. If this assumption is correct, and if
excitations which involve d— g at any stage (e.g.,
4d — d — g) are unimportant, then the total ratio
pion due to the 4d electrons of Ag™ would be essentially
given by Eq. (42), i.e., of order 0.05(Q*/H). On the
basis of previous results for v, and 7, it is expected
that the inner shells (z=1,2,3) do not contribute ap-
preciably to Hi,a® However, it should be pointed out
that no calculations have been carried out for the
perturbations of the 4s and 4p electrons of the Agt ion.

(42)
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