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The matrix element for the interaction W+N — #+N is studied, where W is a virtual intermediate boson
for the weak interactions (or just the weak current). Weak pion production—production of a pion by high-
energy neutrino collisions with nucleons—is governed by this matrix element. The main case of interest is
in the energy region where the pion-nucleon 3-3 resonance is dominant. Formulas are derived for solving

the problem in this region.

I. INTRODUCTION

T is theoretically possible to study weak interactions
at high energies by means of reactions induced by a
neutrino beam obtained from the decay of pions and
kaons in flight. The practical possibilities of such
neutrino beams are now being investigated ; theoretical
work on neutrino interactions has already been done by
various authors! The most feasible experiment is
the charge-exchange scattering of neutrinos (or anti-
neutrinos) and nucleons.! As the neutrino energy under
consideration for experiment at present and in the near
future is in the high-energy region (<35 BeV, say), it is
of interest also to consider collisions in which a pion is
produced. Here such a process is called weak pion
production.

This process is very similar to the electroproduction
of pions off nucleons. This paper is written in the same
spirit as the electroproduction calculations given else-
where.? In particular, in the region of the pion-nucleon
final state in which the 3-3 isobar is expected to domi-
nate, formulas are obtained to solve the problem.

II. WEAK INTERACTION THEORY

The interaction Lagrangian for the simplest possible
weak interaction, muon decay, is

Linv= (G/V2)[7'va(1+rs)u]7va(1+vs)e]i+He. (1)

(v is written for the neutrino associated with that of the
electron; »' that associated with the muon.) If we con-
sider weak interactions in which strongly interacting
particles are involved, but only allow strangeness pre-
serving processes we can write, assuming a ‘“‘universal”’
weak interaction

Lint=(G/NV2)[VatP,]
X[#va(1+vs)e+7va(14+ys)u]i+He., (2)

* Work based on a thesis submitted in partial fulfillment of the
requirements for the degree of Doctor of Philosophy to California
Institute of Technology in May, 1961.
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where V, and P, are the vector and axial vector weak
currents of the strongly interacting particles. From
beta-decay experiments we expect that G(V,+P,) is
like its analog in the leptonic case. In the limit of zero
momentum transfer,

G<pl Va ‘ %> - GV‘I‘;p’YaT—HPm (38.)
G<PI Pa] %> - _GA‘ADP'Y&'YET-F‘I/W (Sb)

Gy and G4 are the usual Fermi and Gamow-Teller
coupling constants of nuclear theory.

Experimentally it turns out that Gy=G to within
about one percent. The theoretical reason for this lack of
renormalization® consists of assuming that V, is pro-
portional to the (4) component of the total isotopic spin
current §,. Then 9,V,=0 and remembering that the
(isovector) electric current is proportional to the (z)
component of . we can write

Gp| Valm)=GviyyaridaF1" (k?)
— 1V (Gv/2M) kel poaprsfnFa7 (B2, (4)

where F,", Fo¥ are the isovector form factors of the
nucleon discussed in Appendix I, and u¥=3.69.

(—G4)/Gr=1.25, so similar arguments cannot apply
in the axial vector case. A theory which is interesting
here is that discussed elsewhere.*:3 For low frequencies,
at least, we write

9aPo= (ia/VZ)r—, )

where ¢ is a real number. By taking the matrix element
of Eq. (5) between neutron and proton states at low
momentum transfer we obtain

a= —(ZM/gl)m'lr2(—GA/G)) (6)

where g; is the pion-nucleon coupling constant. With
this value of @ the decay rate of the charged pion can be
calculated, resulting in the formula first obtained by
Goldberger and Treiman® that agrees very well with
experiment.

New form factors can be introduced as in reference 5

8 R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 (1958).
4 M. Gell-Mann and M. Levy, Nuovo cimento 16, 705 (1960).
5J. Bernstein, S. Fubini, M. Gell-Mann, and W. Thirring,
Nuovo cimento 17, 757 (1960).
(1;51\&. L. Goldberger and S. B. Treiman, Phys. Rev. 110, 1178
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for the axial vector current

G(Pl P, ] ny= (_GA)J’p’Ya'YST+¢nO‘ (k2)_
ikl pysTi B, (7)

B(%?) is the induced pseudoscalar term? corresponding to
Fig. 1 (see Appendix I).

III. INTERMEDIATE BOSON HYPOTHESIS

It is possible that the weak interaction is mediated by
a charged spin-one boson W.% In such a case one would

write
Lint=gV2J o'+ H.c., (8)

where J, is the total weak interaction current, ¢, is the
field operator corresponding to W and g is a coupling
constant.

Then, comparing the expression for the amplitude for
neutron 8 decay obtained using Eq. (8) with that ob-
tained from Eq. (2), we obtain

2624 =G M w?/ 42, 9)

The effects of the existence of such a particle are ex-
haustively studied by Lee and Yang.® We will tacitly
assume that W exists; by using Eq. (9) and then letting
My — o the results in the current-current theory are

Pa L N

T - Fic. 1. Induced pseudoscalar
N

term B(k%).

obtained. W# transforms in isotopic spin space just
like 7.

IV. THE SCATTERING AMPLITUDE
We now consider the interaction
v+N — I+N-+,

where ! denotes either an electron or muon and we do
not distinguish between » and »'.
The scattering amplitude for this process is given by

T= [—igz\/f/ (k2+MW2)]<P2QI .7#] p1>(6uv+kukv/MW2)
Xﬂ(t2)77(1+75)u(t1)’ (10)

where p; and #; are the four-momenta of the initial
nucleon and neutrino; ps, f3, and ¢ those of the final
nucleon, lepton, and pion; j, is the total weak current,
and k=t2—1; is the four-momentum transferred to the
pion-nucleon system (or the momentum of the vir-
tual W).

Let us write

(11)

Hu=<P2QIleP1> (12)

( 75M. L. Goldberger and S. B. Treiman, Phys. Rev. 111, 354
1958).
87T. D. Lee and C. N. Yang, Phys. Rev. 119, 1410 (1960).

Eu=1a(to)y,(1+vs)u(t)
and
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F16. 2. One-particle intermediate-state diagrams, vector part.

is the matrix element we want to evaluate. For con-
venience we will write

IM=H-e=My+My4, (13)

where ¢, is an arbitrary four-vector, and 9y, 9N, are
the parts of the matrix element coming from the vector
and axial vector currents.

In the case of the final lepton being an electron, and
neglecting the mass of the electron as an ‘“‘electrical
mass difference” between the mass of it and that of the
neutrino, similar to the mass difference between the
proton and neutron (which we also neglect), we have

k-8=0. (14)
Thus, in this case
T=—gV2H- 8/ (k*+Mw?) (15)
and
&o=k- &/k,, (16)

a relation which is useful in calculations. The amplitude
T is a function of the scalars

v=—P-k/M, vp=q-k/2M, N=P,
P=%(prtp2). (17)
The isotopic dependence of M is just like it is in pion-
nucleon scattering; that is, let 8 be the isotopic state of

the W and « that of the pion (e, 8=1, 2, 3).
Then

Ozaﬂ= 5,,,501;++%[TQ,T,3:|O{—. (18)
In terms of total isotopic spin
0:+=3(0,424-20,62),
5( ) (19)

07 =1(0,0m—0;6m),

where we have put
M= M.0;;

(o) (b)

F16. 3. One-particle intermediate-state diagrams, axial vector part.



WEAK PION PRODUCTION

M ; are expressions involving gamma-matrices and O;
are invariant scalar amplitudes.

We can first see what general results can be obtained
from the theories of the weak currents. First consider

My =(pog| Vil prieu=H"-e,
together with 4,V ,=0.

<P2q{ a#Vu|P1>=O= —ikn<P29| VI‘I p1)
or 20)
k-HV=0.

This is analogous to gauge invariance in electromag-
netism. Stated formally, gauge invariance asserts here
that whenever the vector e, is replaced by the mo-
mentum £, in the amplitude, the amplitude vanishes.
We have

My=H"-e, H k=0.
Also, even if k- 80, the vector part of T is given by
Ty=—gVIZH"- 8/ (4 Mn). (21)
Now consider
Ma=(p2q| Pul pr)es=H*-e, (22)
together with 9,P,.=~7a=. From Eq. (6),
a=(—2M/g)m:2(—G4/G).
So
(b29] 0uPu| pr)= —iki(pag| Pul p1)
=ia(paq|m| p)=alpeq| p1k)/ (B+m4?), (23)

or
k- HA=ia(psg| prik)/ (K+-m4"),

where (pag| pik) is the scattering amplitude for pion-
nucleon scattering; the incoming pion having mo-
mentum £ where £? is not necessarily (—m.?). This
relation connects the matrix element for weak pion
production with that for pion-nucleon scattering off the
mass shell (see Appendix I).

V. DISPERSION RELATIONS

Asin A and B we use one-dimensional dispersion rela-
tions to calculate the relevant amplitudes, leaving for
another time an examination of the problem from the
point of view of double dispersion relations. Information
about the form of the relations can be obtained from
diagrams with one-particle intermediate states (Figs. 2
and 3). Strong two-pion and three-pion interactions can
also be similarly considered (Figs. 4 and 5).

The expression for the Born approximation corre-
sponding to Fig. 2 (vector) is
gilvsiv ¢/ (2pa- g— 1) Jrarslyufr” (V)

— (u¥/2M)0 ks F2” (N) Jeu
FailvuF" (W) — W7/ 2M)a k. Fa¥ (V) ]
Xrpraeuty-qvs/ (2p1-q+1)

—gi[a,7alivsl «(N)(2g—k) - ¢/ (29— k) - k. (24)
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F16. 4. w exchange.

F.(\?) is the electromagnetic form factor of the pion
(Appendix I) and . is taken as unity. Equation (24) is
not gauge invariant as it stands. It would be very con-
venient if it could be made formally gauge invariant as
the following calculations essentially use the Born terms
as a first approximation; if gauge invariance is not
present initially, it would be difficult to impose it on the
complete amplitude.

In the case of an electron being produced, 2+ §=0 and
TV only involves HV- . So replacing ¢, by 8, in Eq.
(24) and adding
F,r()\z)—FlV()\'“’)k

gl[TwTﬁ]i'YB & (25)
>\2

to it, we have not changed the value of (24) but now it
is gauge invariant (cf. A).

If the lepton produced is a muon we cannot do this.
Henceforth for simplicity in considering the vector
amplitude, we will only treat the electron case.

The Born approximation for M 4 (Fig. 3) is

gilvsiv-q/ (2p2-q—1)]
X7arslvuys(—Ga/G)a(N)+ikuysB(N?) Je,
+81[vuys(—Ga/G)a(\) +ikuysB(\) ]
X7gratuty qvs/ (2p1-g+1).

Also we have two-pion (p) exchange (Fig. 5) and
three-pion (w) exchange (Fig. 4). We leave out terms
involving Vpmr, Pwr vertices by assuming the GP in-
variance of the weak current.

For Fig. 4 there is an amplitude

wawFwa(Az)
(q_k)2+mw2
+ (u5/2M)an(g— ENF2L (g—k)* ]} a8,

where fv,r and y,nn are the renormalized coupling
constants for the Vwr and w NN vertices, Fy,»(\?) is the
form factor for the Vwr vertex, and F;,* are the
“charge” and ‘““magnetic moment” form factors for the
oNN vertex. uS is just the scalar anomalous magnetic
moment of the nucleon (see, however, Appendix I).

(26)

éapuukaPeu7wNN{7vFlw[(q_ k)2]

27

F1G. 5. p exchange.
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The expression (27) can alternatively be written
war’YwNNFVwr()\Z)
(g—k)*+md}?

{275[{1’,7} M TF (=]

2Myp—N2
- (uS/ZM)i%[% (== rir)+—

VB

X(P)= /) k) JFLla= AP foun, 29
where
{a,b}=a-cb-k—a-kb-e.
Approvximately, we can put Fy,.(\?)=1. Also,

frar/8=2frur/e,

and f,,» can be determined from the rate of #° decay.’

In order to compute the matrix element for Fig. 5 we
need to know the amplitude (0| P,|0). This would be
a useful quantity if it were known, as it is connected to
the amplitude for m—p scattering, and also to the axial
vector form factors a(\?), B(A\?). All we know is its pion
pole term at present; this gives

—iak-e 'Y'lrprM'p[(q—' k)*]
N41 o (g—k)+m,?
+ ¥/ 2M)o i (q—ENF [ (g—E)* T} [7ar7s]-

All the quantities appearing in (29) are reasonably
well known® (Appendix I).

YoNN (Q‘i'k)u{'YMFlp[ (q_ k)2]

(29)

Vector Part
We can write
M= Z M 50 %

where M ; are relativistic invariant forms involving
gamma matrices and scalars formed from %, ¢, ¢, P; each
M ; is linear in e (as we take weak interaction only to
first order). There are eight independent M ; allowed,
allowing for the Dirac equation for the initial and final
nucleon spinors and energy-momentum conservation. O;
are functions of », v, A? only and are taken to obey
dispersion relations. In the case of 9y we have the
further requirement of gauge invariance which reduces
the number of M ; to six.
As in A take as fundamental forms for 9y

Ma=3vs{v,y}, (4)
MB=27:75{PyQ}; (+)
MU:'YE{'Y,Q}: (_)

Mo=2{{r, Py =iy}, () OO
ME:i’YE{kaq}y (_)

MF:'YB{ka'Y}> (_)

¢ M. Gell-Mann, California Institute of Technology Synchrotron
Report CTSL-20, 1961 (unpublished). See also: J. J. Sakurai, Ann.
Phys. (New York) 11, 1 (1960); M. Gell-Mann, Phys. Rev. 125,
1067 (1962). .
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where {a,b}=a-eb-k—a-kb-e¢ is automatically gauge
invariant and

My=AM 4+BM s+ -+FM p. (31)

The signs in parentheses in (30) refer to the crossing
symmetry of the invariants.

From the isotopic spin decomposition (19) we see
that (4) amplitudes are even and (—) are odd under
crossing.

The one-dimensional dispersion relations for the
energy variable », keeping the momentum transfer
variable vp constant, are

Aii(V,VB,)\2) 1 1
=C¢i(V,VB,>\2)+Rii()\2)< =+ )
vp—v v+

1 o 11
+- / dv' TmA ;* (V’,VB,)\Q)( =+ )’
o

T V—v v+

1
v=vptl+—ry, i=1,+-,6, (32)
2

and the & sign depends on the crossing symmetry. We

are guided to the values of C; and R; by the Born ap-

proximation (24) together with the additional term (25).
Then we have [compare Eq. (8) of A]

R[A%]=—fF,V (N),
R[B*]= fF\"(\)/2M v,

RIC+1= RIDE1=[ B oy Ty, )
RLE*]=R[F+]=0,
and
CA=CB=C0=CD=CF=O,
CE+ = 0,
(34)

g =

4Mf/—2F,,()\2)J_F1V()\2))
N \2qg k=N gk /

Ca*, Cpt, Cpt, and Cgt have contributions from the
three-pion intermediate state; these can be read off from
Eq. (28).

It has been shown recently that corrections to the
original work on the low-energy pion-nucleon problem
treated by one-dimensional dispersion relations consist
mainly of including pion-pion effects. These effects are
useful to an understanding of nonresonant phase shifts;
they are not important for the 3-3 resonance. The non-
resonant phase shifts were very difficult to observe in
pion-nucleon scattering—here we are dealing with a
process with a vastly smaller cross section—so it seems
reasonable to neglect these p- and w-exchange terms in
what follows.

We use the method of Blankenbecler and Gartenhaus!
to solve the dispersion relations where the 3-3 resonance

(11"5R). Blankenbecler and S. Gartenhaus, Phys. Rev. 116, 1297
959).
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is dominant. This is the approach used in B in the
treatment of pion electroproduction and it applies with
minor changes for the vector amplitude here. This
method treats crossing and recoil exactly, and does not
expand in either partial waves or in powers of 1/M. It
is worse to make expansions in 1/M in weak production
(and electroproduction) than in photoproduction be-
cause no longer are there only two terms of order 1/M
to consider, namely 1/M and w/M (w=W —M, W =total
c.m. energy) which are small. Terms like N\*/Mw also
appear in our case and for wide-angle scattering, which
is of importance for the measurement of form factors,
this term is not small. It is possible for A=1 BeV and
still produce a resonant pion-nucleon final state.

The method assumes the phases of the amplitudes in
the dispersion relation known. Then the dispersion
relations can be solved formally, and a first approxima-
tion which could be iterated if necessary to obtain a
better approximation is given by

A i(x,VB)\z)
=A iB.A‘(x,VB,)@)_{_

ei&aa(z) 0 .

/ dy sindzs(y)
T 141/2M

1 1

+ >, (35)
y—x—1ie Yy+x+2vp
w=v—vp=(Wi—M?)/2M,

833(x) is the 3-3 phase shift,

Xai(y,vp et x,vl;)(

where

A(xlax;VB) =p(x,1/3) - p(x’ﬂ/B):

P
p(%,vp) =— / dy 833(y)
141/2M

™

(36)

1 1
RN
y—x& y+x+2vp
2:(%,v5,\?) is the 3-3 projection of 4 B2 (x,v5,\2),
and B.A. denotes Born approximation. We see that
eAW:27B) = gp(eB)—p(¥,7B)|
and for x in the resonance region, this function can be
expanded in the form
et=14a(y—x)+---,

where under the integral the second term in the ex-
pansion is small compared with the first, as the integral
is sharply peeked around y=x.,.

So now our enhancement term is approximately

¢1033(2)

1e933(2) g . (x) sindzz(x) +
T

® 1
XP/ dysind ‘(y)ai(y)(—-——:i:———). @37
1+1/2M 7 33_ y—x y+x+2vp
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Now the first term gives the right phase as demanded
by unitarity to the result; when put with the 3-3 part
of A.B-A- one gets

e q,(x) sindsz(x) cosdss(x)

which vanishes at resonance. Also the crossed term
under the integral is small in this region and so around
resonance we have

A i(x;VB)k2) =484 (x7VB7>\2)

+ dy —————, (38)

£1933(2) ® al-(y) sindss (y)
’J
14+1/2M y—x

T

The principal value integral evidently gives the en-
hancement to the 3-3 state, and in general will give the
enhancement for a resonance with width I, say. But we
know that a Breit-Wigner expression satisfies the dis-
persion equations in the resonance region approxi-
mately; hence we must expect that Eq. (38) simulates

di(x,VB,)\Q)
Ai(xwp ) =A4 B A (2,pp\) F——-—— (39)
1— (x/x,)—iT
or even in the resonance region
ay (x!VBy>\2)
A'L(x)VB)AZ) =—*—*——~’ (40)
1— (x/x,)—il

that is, just the Born approximation to go into the 3-3
state with an enhancement factor.

So all we have to do to use any of these expressions for
the complete amplitude is to calculate the functions
ai(x,vB,X").

We must project out the £ spin states of 4 £(x,v5,\2).
This is done in B. We write the matrix element 9y
= AM 4 in terms of two-component spinors

A My, = X*Fy X,

where
Fy= f:lsnzz (41)
and 2; are defined by B.
S=ic-a, Zy=0-qo- (kXa)/qk,
Z;=i0-kq-a/qk, S4=io-qq-a/¢, (42)

Is=1i0-kk-a/k2, Z;=ic-qk-a/qk,

where a is the gauge-invariant three-vector given by
a=e— (eo/ko)k (43)

and ¢=|q|, k= |k|, etc. The §;and 4, B, ---F are re-
lated by a set of six linear equations [Eq. (9) of B].
Now writing the isotopic £ part of 4B-4-(x,v5,)?) in
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N F16. 6. Main contribution to
axial vector amplitude from terms
x,/ linear in B(\2).

terms of Fi---Fg [convenient multiples of &y, - -
see B Eq. (9)].

2f 1
FBA=—""p,c(\?)
gk cosf+a

w (W+M) (EI—M))

X(M7 —M, 1? 17 o
2 2EAM)

‘EFG;

2f
FgB.A. =__F1V()\2)
qk cosf-+a

w WAM o W+M
X<07 0) ) » ))
W+M o 2 2

(44)

2
FBA. =_fp1r (O2)
qk cosf—b

><<0, 0

where we have split up the results into terms linear in

rr°(N), F1V(N%), Fr(N).

2M 2M
) > T ) _M; M)J
wW+M w

Further
q-k=gk cosb,
py () =pVFoV (N)+F17 (V),
a= 2keEytN0)/2gk, b= (2qoko-+-\2)/2gk,

where E,, E, are the initial and final nucleon energies,
go is the pion energy, and ko is the energy of the
virtual W.

Now the spin § states can be projected out of Eq.
(44), leading to expressions of F,% F i F,* (i=1---6).
These quantities are given by Egs. (12)-(15) of B pro-
vided that we replace uy, €, e in B by up*(\?)/M,
2FV(\?), 2F.(\?), respectively.

So the 3-3 projections a;(x,v5,\?) are found by taking
these equations, substituting them on the left-hand side
of B Eq. (9) and solving for 4, - -F. Finally at;=%a,,
ai~=—}a; in the expression (35).

(45)

The Axial Vector Part

We repeat the procedure for 974. We no longer have
gauge invariance, so this time there are eight invariant
amplitudes

— i Ma=AM 4+ - +HM g, (46)

NORMAN DOMBEY

where this-time

Ma=3(v-qv-e—v-ev-q), ()
Mp=2P-¢, (=)
Mc=q-e, (+)
Mp=iMv-e, (=) 7
Mg=1y-k2P-¢, (+)
Mp=iv-kq-e, (=)
MG=k-e, (+)
M}[=i’y'kk'6. (—)

From the Born approximation (26) we find the resi-
dues for the dispersion relations for the 4, ---H as
follows:

RA*]= f(=G4/G)a(N),
R[C*]= f(=Ga/G)a(N),
RLH*]=—B(N).

All other R’s are zero, and there are no subtraction
terms C;. If the two-pion intermediate state had been
included, we see from Eq. (29) that a subtraction in at
least /~ would have been necessary.

In the case of k- & being zero, amplitudes G and H do
not contribute. We will project out the 3-3 states as
before.

In terms of two-component spinors,

(48)

M ar;= ix f*ﬂ:AXi,

where
8
Fa= > FZ; (49)
i=1
and
Zi=0-qo-€/q, Zy=k-eo-qo-k/qk?,
Ziy=q-eo-qo-k/¢®k, Zi=(o-qo-k/qk)eo, (50)
25=0'60‘k/k, 26=q~e/q,
27=k-e/k, Es=eo.
Then the relations for the §’s in terms of 4, - --H are

Fi= (2M/q05)F1= (W+M)A—MD,
Fa= (2MO0:/qk)Fy= B-+ (W+M) E—G— (W-M)H,
F3=(2MO./¢?k)Fs=A+B—C
+W+M)E— (W+M)F,
Fa= (2MO01/gk)Fo= (Ey M)A+ (Ert-E)B
+9ilC—MD+kG+(WHM)
X[ (Er+Esz) E+qoF+koH |,
Fs= (2MOy/B)Fs= —wd—MD,
Fe=(2M/90:)F¢=—A—B+C+w(E—F),
Fa= (2M /E0)F1= — B4+-wE+G—wl,
Fs= (2M/01)Fs= — (Ey— M)A — (Ex-+E)B
— g C—MD—kG
+wl (Eit Ez) E+qoF+koH ],
Or\=[(EA+M)(Ex+M) P, Ox=[(E:+M)/(EtM)]

QY
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When k- 8§=0, Fs becomes incorporated in F7 and F4 in
F,. We will project out the 3-3 part of only the terms
linear in a(A?); if k- §=0, these are the only terms of
interest, and if not, there is a simple way to relate the
B terms to pion-nucleon scattering which will be shown
later.

So the isotopic £ part of the amplitudes are given by

—2M fa(\2) (—G4/G)

FBA = [(W+M,0,2, Eo4+M—q,
gk (a+cosb)
~w, —2,0, — (E;—qo—M)]. (52)

Doing the spin § projections, we obtain
Fg! k(Es+M)

w——a(a
Aq q(E+M)
- wW+M
+ (E2+M)B(a)+f7*7(d),

A, gk
F3=0,

F2 2w(Eyt-M) ¢ EotM
- ——a(a—(—a )m),

11—

F o/ A g=[(Es+M) (Est+-M)/qk](Es— qo— M) &(a)
+3(Eat-M —go)7(a),

Fo3/Aq cosf=—3wa(a)+2(E;—M)[1—2aB(a)] (53)
3g E+M
=== (W+M)7(a),
2k Ext+M
Fob/ A =—3B(a)+[2qk/ (E:+M)(Es+M)]
X[1—3aB(a)],
Fo"/ Ao cosf=[—3qq0/k(Es+M)17(a)
+O[ (E— M)/ (Ei+M)]f(a),
Fo3/ Ay cost=—3(E:— M —qo)a(a)
—3[qk/ (Ex+M)(Ex+M)17(a),
Aoa=— (2M f/qk) (—G4/G)a(N).
Here
a(e)=1—3aIn[(a+1)/(a—1)],
B(a)=a—}(a®>—1) In[(a+1)/(a—1)], (54)

¥(a)=3a—3(3a*>—1) In[(a+1)/(a—1)],
f(@)=%+a*a(a)—[1—3aB(a)].
As before, Egs. (51) must now be solved for 4, B, ---H

in terms of F,l, ---F,% We now have to compute the
terms linear in B(A\?). These are not present in a situation
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where k- §=0, as in weak pion production with electron.
But if a muon is produced they are, and could be ap-
preciable for high momentum transfer. We could com-
pute them by the same methods that have been used up
to now, but there is a simple way to relate any term
involving B(\?) to a similar term involving a pion which
can be used more generally than the other methods (the
dominance of a resonance is not required).

In our case, consider the diagram Fig. 6. For it, we
have

(gp2| Pul pr)s={gpa|m | pr)mi| P,]0).

(gpe| | pr)y=[—1/ (N+4ms2) Kap2| kpr),

where, as in Eq. (23), (gp2| kp1) describes pion-nucleon
scattering with the initial pion off the mass shell.

Also, from the theory of the axial vector current, for
A2 not too large,

But

<7rklPulO>= (—'ikﬂ/mw2)<7"| auPnl()}
=a(ky/ms*)(r |7 (x)]0).

The last matrix element is just a phase factor which we
can take to equal to one. So

Hg={(qp2| Pu| p1)ses

But = — (ia/mDk-e(gpz| kpr)/ (N+m4?).  (55)
u
S B = (agi/m+")/ (N+m2) =+ -
0
Hg=—[iB(\)/g1 k- e{gpz| kp1). (56)
Now
(gp2| kpr)=1;(—A+iv-kB)u,,
where

A=A(v,wp\), B=B(»v5\?).

For \2= —m,?, we know that there are no one-nucleon
poles in 4 and that the residue for these poles in B is
g12/2M. So we expect no poles here for our amplitude G,
and a pole of residue

—[iB(\2)/gig2/2M = —iB(\2)f for H

[Eq. (48)], thus showing our choice of phase factor is
correct. Let us put

i{pag|mel pry =1 (— Aotiy-kBo)u;
@s(—A+iv-kB)u;
O Ntme

(57)

We expect Ao, Bo to be analytic in v, v5, and A\2. Write
new variables,

s=—(prtk)?, 1=—(pr—p2)

instead of », vp. Then for s<(M-+1)?, £<9; Ao(s,t,\?)
and By(s,/,\?) are real for (—\?) <9 and we expect the
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following dispersion equations to hold:

A (S, t; —mﬂ’Z)
Ao(si\)=—ar T
P
1 ImAo(s, [\ 2)dN?
T /; N2N2
(58)
B(Sy t, '—mrg)
Bo(sg\)=————
A2 2

™

1 2 ImBo(s,t,N2)dN?
- /; 22 ’

In the same way that we discuss the functions B(A2),
K(2?) (Appendix I) we expect for reasonably small A2 to
be able to neglect the integrals in these equations in
comparison with the pion pole terms.

Now let us continue analytically in s to the resonance
region; s=~ (M-+2)%. The functions 4, B immediately
become complex as s becomes greater than (M4 1) and
presumably so do the continuations of ImA4,, ImB,. We
know that 4 and B contain a large imaginary part in the
resonance region, but there is no reason to expect either
the real or imaginary parts of Imd4,, ImB, to become
appreciably larger for these values of s than they were
before. We have not continued very far. So the obvious
approximation is to write

Ao=A4 (S, t —m,ﬁ)/(?@‘l-mwz),

(59)
By=B(s, t, —m.2)/ (N2+m,2).
So
Hﬁ: —[lﬂ(kz)/gl:lkeﬁf[_A (VJ VB, _mﬂ”2)
+iv-kB(v, vg, —m.2)]. (60)

Now from the study of the pion-nucleon problem by
CGLN," we have

wW+M
AB= (3 cosf+
EA-M

w \41rei“33 sindss
Ez— M} q

)

(61)

1 \41rei533 sindss

E~M/) g

3
B¥#= < cosf—
E+-M

VI. STATIC LIMIT

The simplest way to see what Eq. (9) of B and Eq.
(53) are about is to go to the static limit, expand in
w/M, and keep A\? small.

We have three sets of terms F,, §,, F for the vector
amplitude. The charge terms &, are well known to be
essentially recoil terms and can be neglected in the
static limit. For the terms F,, ,'=0, §,% and &, are
small if A2 is small. So we are left with !, 5,2, and &%

1 G, F. Chew, M. L. Goldberger, F. E. Low, and Y. Nambu,
Phys. Rev. 106, 1337 and 1345 (1957).
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Explicitly the leading terms in powers of w/M (and
1/M) are given by

Tt/ A, cosf=3Mwa(a),
52/ Au= —%qu(d)-}—Mw&(a),
5./ A u=49kB(a).
To first order,

(62)

a(a)=—4B(a) I~
So to zeroth order,
Fu'/ A, cosh= —%qu (@),

5.2/ A= —qkB(a).
So

538/ A,=[—3%ic-aq-k—e-qo- (kX a)+3io-kq-a]B(a).

If we talk about a weak pion production with electrons,
then
a=§&— (k- &/kP)k,

SO

§.5/Ay=—[2(aXk)- &
+io-8q-k—io-kq- &]8(a)/2. (63)

Notice that the longitudinal terms have dropped out.
It is clear that this term is the magnetic dipole term.
Indeed B(a) is a multiple of the function termed F
by CGLN.

Finally, then,

5. ="[ fuv°(\)/qk1B(a)
X[2(qXk)- &+io- 8q-k—io-kq- &]
=[2fur*(\?)/3M ]
X[2(qXk)- &+io- 8q-k—io-kq-&]. (64)

Next there is .. These terms are difficult to deal with
convincingly. The treatment of photoproduction is
fairly satisfactory in its agreement with experiment
without including the pionic current terms at resonance.
Yet the I, at first glance appear as big as F,. Indeed
F.A for example, is of order 1/M, whereas F,! is of order
one. However 1—32b4(b) is fairly small although it does
not involve M, and it turns out that F,! is greater than
F.! by about a factor of § for the region we are inter-
ested in. Also, because of the factor 1—358(b), FF,! and
even more so F,' is a decreasing function of w, whereas
&, is roughly constant in w. The same considerations
apply to 2 and 3% In view of this the enhancement
integral,

® ai(y) sindss(y)
P / — iy,
1+1/2M y—x

should contribute rather less to the pionic terms than to
the magnetic terms. Finally, and most important,

Ap=—2f/qk)uv°(N), Bx=(2f/qk)F~(\)

and so 4, is about 4.7 times as large as B,. In view of all
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this, it should be no worse to neglect the pionic terms
than to neglect terms of order 1/M.

So the simplest approximation to Fy® is just the
magnetic dipole term.

2 fuye(\?)
3Mw
X[2(gXk)- &+ic- 8q-k—io-kq-&]. (65)

38— 33—
FyP =g, B=

Next is $4. We are considering the case where k- §=0
so the terms in B(A\?) vanish. By inspection of Eq. (51)
and (53) we see that the largest terms are

o'/ Aa=qB(a)

and ;
eyozs/AOz:' “‘395 (a)y (66)
to zeroth order in 1/M. So
FoB/Ao=—(3q- 8—0-qo- 8)B(a) (67)
e (—Ga/Galr?)
41(—Ga/G)a(r?
3A33=gass=_f__f_a_(3q.3_0.(1(,.8). (68)

[0

4% looks appreciably larger than Fy®. This is not
surprising, as the direct vector weak interaction, the
charge term, does not contribute in the static limit to a
spin # parity (+) state of the final system; it is the
weak magnetism which contributes. On the other hand,
the axial vector term can go directly in the static limit.

The next task is to find the actual amplitudes to be
used in a calculation. If we are interested only in the
resonance region we can drop both the Born terms and
the crossed term in the complete expressions for the
amplitudes, and we can write the resonant term in the
form

ai(x,p5\?)

A i(x;VB)‘Z) =
1— (x/x,)—iI’

(40)

where T refers to the width of the resonance. Now in the
static limit x~w, and we recall the Chew-Low formula
for the enhancement factor for the pion-nucleon system
in the static limit.!2

. $(f*/4m)¢/w
€933 gindz3 = - . (69)
1= (w/w) =5 (f*/4m)¢/w
So we can write
ai(w;VBy)\2)
A i(w,VB,)\Z) = €933 8indss, (70)

§(f%/4m)g/w

Now the 4 ; are linear in the F; and so our final expres-
sions will be

)1
Mo $(/4m))w

—io-kq- 8Je®ss sindgs.  (71)
2 G, F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956).

[2(qXk)- &+ic- &q-k
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This expression is given in A. Also,
4f(—G4/G)a(V?) 1

3 §(f/4m)¢
X (3q- 8—0-qo- 8&)ei?33 sindys.

A

(72)

Let us write
M =2muy°(N)/ M@, M_=4x(—Ga/G)a(N)/ fg. (73)
VII. CROSS SECTION CALCULATIONS
In general, for weak pion production with electron

Fr=%v & TFa=Fa &,

Fv=P+ioQ-+i(o-wiq+o-usk),
Fa=X+i(o-viq+o-vk)+o- Yo. (74)
We can find P, Q, etc. from the definitions of Fy and F 4
in Egs. (42) and (50).
We write (averaging over initial and summing over
final nucleon spin)

Taﬂ=% Sp[(gVa*—igAa*) (gVﬁ+igAu‘)]- (75)

It is now easy to find T'up by substituting in Eq. (75) the
expressions for Fy and F4 of Eq. (74).
T «s must be contracted with the leptonic contribution,

ap=Sp[trya(14+vs)tays(14vs)]
= 8[211at15— thxkﬂ— kat1ﬂ+%>\25aﬁ+ €app qkptl 11:]' (76)

t1 and £, are the four-momenta of the neutrino and elec-
tron, respectively, ty=+-t1, k=11—ls, €appq 1S the 4-index
completely antisymmetric permutation symbol. «,f
=1,2,3; p,q=1,2,3,4. Write

where

|9 | 2= T'ageas. (77)
Then
2g'M* ||

ov=

8E Esqotits W2HMw?)?

dspzdsqutg
X @2m)tt (patgatto—ti— pr)————— (78)
(27)*(2)* (2m)?

We will be concerned with an experiment in which the
initial nucleon is at rest; that is E;=M and v=1. How-
ever, |9|% must be evaluated in the center of mass
system of the final nucleon and pion. So let us use lower
case letters as before for c.m. quantities, and capital
letters for the quantities evaluated in the laboratory
frame; i.e., T1, T2, K, Ko, P2, Q, Qo(E2>=M and E,*?
never appear).

Then the differential cross section for production of a
pion in solid angle dQ, and electron in solid angle d, is

gM [or|2
1287500 s (N M)
0249 420, d0Q
X .
Tz(TH‘M— Qo) - Tz * (TI_Q)

(79)
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It is possible, following Dalitz and Yennie,”® to obtain
the cross section for inelastic lepton scattering in a
simple form. (Inelastic lepton scattering implies that
only the final lepton is observed.)

First notice that

|91 2(d2ps/ Es) (d°/ q0)8* (p2tq—k—p1)  (80)

is a Lorentz scalar and hence can be evaluated in any
frame; in particular in the center-of-mass frame of the
final pion and nucleon. So it is just

|91 |2(dPpa/ Es) (d%g/ 90)8 (D2t Q)8 (Eat-go—ko—Ei).  (81)
This can be integrated to
(g/ W) |9 *dQ,= (4mq/ W) [0 |*dQ,, (82)

where dQ, implies that we are going to average over the
directions of the final pion.

Wirite
dmrgq _
{m2y= / —| o] 2dQ,. (83)
w
Then p . T o)
25 ) N2
_& (84)

44T, 12875 Ty (N-+My?)*

If we are not interested in looking for intermediate
boson effects, we remember that

g=GMw’/2V2, &)

g2/ (N+-M w?)2=G¥/8. (85)

Now we have to find the form of (%) in the static limit.
Here

SO

P=2(qXk) M e sindss,
Q0=q-kM ¢ sinds;,
u,=—kM €% sinds;, uy,=0,
X =3qM _¢™% sindys,

Y= —qM_ei% sind;s,

V1=V2=0.

(86)

These are pure =4 amplitudes (i.e., they apply di-
rectly to v+p — e~ p+nt).
Averaging over angles, we have
(M) = (4rq/W)[16¢*2M 2 (242 sin?P—+\?)
+8¢2M _2(4t,2+ 3\2— 411k cosyp)
+ 642kt M M_(k— ko cosy) ] sin®ds3,

where ¢ is the angle between ¢ and k.

(87)

VIII. CONCLUSIONS

Using the methods of this paper the amplitude for
v+N — e+n+N can be calculated as accurately as
desired when the c.m. energy of the pion-nucleon state
is such that the 3-3 isobar dominates the situation,

1B R. H. Dalitz and D. R. Yennie, Phys. Rev. 105, 1598 (1957).
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provided that the relevant form factors are known. If
A% is also small, the static limit should be reasonable to
use and the resulting formulae are simple.

At higher incident neutrino energies the pion-ex-
change “peripheral” term [Fig. 2(c) and Eq. (34)]
should be included in the amplitude. It becomes more
important as the neutrino energy increases and the im-
portance of the 3-3 isobar decreases.

A measurement of the energy spectrum of the final
electron at an appropriate fixed angle would show the
resonance peak due to the 3-3 isobar. The height of the
peak is determined by the form factors [mainly
by a(A\?)].

The matrix element 9N [Eq. (13)] describes also the
process 7+N — W-+N. Thus the cross section for this
reaction can be found using the preceding analysis
(Appendix II).
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APPENDIX I. THE FORM FACTORS

We expect all form factors to satisfy dispersion rela-
tions (possibly with subtractions). For example, the
nuclear electromagnetic form factors:

1 e g5(s")ds

re@=— [ o )
w™Jo §—S
1 p=g.V(s")ds

Fi(s)=- f Sl (A2)
m™J4 S—Ss

i=1 or 2, s=—X? and we have put m,=1. Also, the
electromagnetic form factor of the pion:

1 r~g.(s
F,,(s)=—/ il )ds'.

T s'—s

(A3)

Experimentally strong two-pion and three-pion inter-
actions are observed. We hope that these dominate the
dispersion integrals (A1, 2, 3).

Let us deal first with F.(s). Here the =1, /=1 pion-
pion resonance at 750 MeV with a width of'* about 100
MeV is expected to play the important role.

Using the language of vector meson theory,'® we call
this unstable particle p, with a decay rate into two pions

4 A, R. Erwin, R. March, W. D. Walker, and E. West, Phys.
Rev. Letters 6, 628 (1961); D. Stonehill, C. Baltay, H. Courant,
W. Fickinger, E. C. Fowler, H. Kraybill, J. Sandweiss, J. Sanford,
and H. Taft, ¢bid. 6, 624 (1961); E. Pickup, D. K. Robinson, and
E. O. Salant, ibid. 7, 192 (1961); Bologna, Orsay, and Saclay
groups, presented by G. Puppi, Report at the International Con-
ference on Elementary Particles, Aix-en-Provence, 1961 (un-
published).

(11956 lg Gell-Mann and F. Zachariasen, Phys. Rev. 124, 953
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given by i .
pzé 74,,: (m:n P24) . (A4)
Near s=m,?, the form factor of the prr vertex is
Fonn(s)=(s—m2)/(s—m2+im,T,). (AS)

In general,'s the electromagnetic form factors are related
to the p form factors by

—m,? F,,(S)

Felv(s)z . )
s—m,* F,(0)

(A6)

where F.;"(s) is any isotopic vector electromagnetic
form factor and F,(s) is the corresponding p form
factor. According to Sakurai® the p meson is coupled to a
conserved current (the isotopic spin current). So at zero
momentum transfer it should have a universal inter-
action with the isotopic spin current. This can be ex-
pressed by

'Yp='Yp7rerp7rvr(0)='YPNNF/:NN(0): Tt (A7)

Hence

Fo(s)=

—p 2
Yo My

(A8)

—————— (s near m,?).
Yoprr S— M i 41m,I,

For s <0, F.(s) is real and the small imaginary term in
the denominator of (A8) can be neglected. Then, re-
membering F,(0)=1, we have

Yo —m,’ Yo
-,
Yorr

Fa(s)= (A9)

Yorrw s_mpZ

where the constant (1—+,/7,-+) can be looked upon as
a contribution from higher mass states and hence is
slowly varying in s.
Similarly \
—m
Fi7(s)= Yo ) +1— Yo
YoNN S—M,?

(A10)

YoNN

Clearly the same sort of analysis can be applied to
F,5(s). Here, however, there may well be complications
as there are quite possibly two /=0, /=1 mesons to be
considered.'® Of course, if this turns out to be the case
the second meson has to be included in Fig. 4 and
Eq. (27).

16 J. J. Sakurai, Phys. Rev. Letters 7, 355 (1961).
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The axial vector form factors a(s), B(s) are discussed
in reference 5.

1 = g.(s")ds

a(s)=-/ g_(Ts_)_s_, (A11)
m™Jy §—S
— 1 o0 / d ’

Bls)=—— 21y f 8o()ds (A12)
s—1 wJy §—s

[If a(s) has a similar dependence on s as the other form
factors considered here one would require a strong low-
energy interaction of three pions in an I=1, J=1*
state.] As in that paper, define K(s) by

(PIN"[m)y=V2ysmi¥uK (s), (A13)
where
N =—(1V2/a)0.P,.
Then c
aK(s)=2M ( — EA>a (s)—sB(s). (A14)

To the extent that X~ approximates the pion field, K(s)
is the pionic form factor. This quantity has become
interesting recently in the study of peripheral nucleon-
nucleon collisions.!” From (A14) and (A12) one can see
that a knowledge of K(s) implies a knowledge of a(s)
and vice versa for small s. Related to this we have that

=7~ also allows a determination of scattering ampli-
tudes involving a pion off the mass shell provided that
the corresponding physical scattering amplitude in-
volving P, is known (cf. reference 18).

APPENDIX II

The reaction #+N — W+N is described by the
matrix element 9. The Born approximation to 91 can
be read off from Egs. (33), (34), and (48) and thus a
rough calculation for the process can be made. The
approach of this paper is different to that of reference 19
where the isotopic spin dependence was treated less
reliably. The result of reference 19 holds; namely that
if the W mass is close to that of the p the expected cross
section is enhanced appreciably. Numerical calculations
using recent experimental values for m, and T', have
been done by Bernstein and Feinberg.?

17 E. Ferrari and F. Selleri, Phys. Rev. Letters 7, 387 (1961).
18 E, Ferrari and F. Selleri, Nuovo cimento (to be published).
19 N. Dombey, Phys. Rev. Letters 6, 66 (1961).

2 J. Bernstein and G. Feinberg, Phys. Rev. 125, 1743 (1962).



