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Trident Production Cross Section and Quantum Electrodynamics at Small Distances*
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The cross section has been calculated for the coincidence experiment of electron —positron pair production
from electron —proton collisions as a test of quantum electrodynamics at small distances. The electrons and
positrons are considered highly relativistic and the protons are considered as Coulomb Geld sources; other-
wise the calculations are exact to the fourth order of the matrix element. Distances probed are about 0.5 F.

INTRODUCTION

'HE validity of quantum electrodynamics (QED)
at small distances and related experiments have

been discussed in earlier papers. ' ' In reference 3 the
trident experiment, i.e., electron-positron pair produc-
tion from high-energy electron —proton collision, has
been proposed. To the fourth order of the matrix ele-
ment there are eight Feynman diagrams as shown in
Fig. 1. As discussed in reference 1, if the photon propa-
gator 1/q' is modified by (f+d'g') jq' at high q', where q
is the four-momentum carried by the photon line; then
d, being of dimension length, is a measure of the validity
of QED at small distances. This modification has no
a priori justification or fundamental significance. It is
used simply to provide a convenient way of character-
izing deviations from the present theory when interac-
tions with virtual photons are being studied. Therefore,
to test the upper limit of d, very virtual photons with
large q' are to be considered.

In the present experiment the electron and positron
are to be detected by coincidence. For simplicity they
are observed at equal energies, lying in the same plane
with the incident electron, and at the same scattering
angle and lying side by side with respect to the incident
beam. In Fig. 1 the electron with four-momentum pi
and positron with four-momentum p+ are to be observed,
while the electron with four-momentum ps is not
observed.

In Fig. 1(a) the square of four-momentum transfer

(p —pi)', p being the four-vector of the incident elec-
tron, of the photon line connecting the incident electron
line is constant and fixed by the experiment, i.e., by the
choice of the scattering angle 0 in the coincidence ex-
periment. The measured cross section is proportional
to the square of this photon propagator. This diagram
is a good diagram from the point of view of investigating
the photon propagator, because any modification of the
photon propagator at high momentum transfer is re-
Rected in the observed cross section. Diagrams (b),
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(g), and (h) in Fig. 1 all possess this property and
are all good diagrams. On the other hand, in diagram
(c) the momentum transfer (p —ps)' depends on the
momentum p2 of the unobserved electron which can be
of any magnitude and along any direction. When p&

is parallel to p, (p —ps)' becomes very small, and the
propagator and cross section become very large. The
main contribution to this diagram comes from the photon
which is nearly real. This diagram is bad because any
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FIG. 1. Fourth-order production diagrams.
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modification at high momentum transfer would have
little eGect on the cross section. The remaining three
diagrams (d), (e), and (f) all have this property and are
bad diagrams. Despite the large cross section of bad
diagrams, the good diagrams can still dominate if we
choose the scattering angle 8 around the forward direc-
tion. We must choose 9) m/Ein order to probe QED at
small distances but 8 ~1 radian to obtain a finite count-
ing rate. As shown in reference 3, the good diagrams are
important in this region, while the bad diagrams con-
tain only logarithmic terms to order E/m. Some of the
good diagrams in reference 3 become bad diagrams in
our case, and vice versa. This is because two Anal elec-
trons are observed in reference 3, while a positron and
an electron are observed in our case. Therefore, Figs.
1(c) and 1(d) are good ones in reference 3 but bad ones
in our case, if the electron we are not observing has
momentum ps. Though some good and bad diagrams are
interchanged, the theorems proved in Appendix I of
reference 3 can still apply, i,e., good diagrams are more
important than the bad diagrams.

The calculated cross section is then compared with
experiments allowing uncertainties. Disagreements be-
tween these results would indicate a breakdown of QED
of virtual photon amplitudes at high-momentum trans-
fer or at small distances, if there is no deviation origi-
nating from the electron lines. The electron propagator
can be tested by a separate experiment, the electron—
positron pair production from photon-proton collision. "
Alternately, we can observe the ratio of cross sections
between the two experiments. In this case, any high-
momentum transfer modification of electron line wouM
have little effect on the ratio, as has been discussed in
reference 3.

Some limiting cases of the trident cross section have
been discussed in reference 3. In the present treatment,
the cross section is calculated more exactly and the final
formulas are valid for a broad range of realistic experi-
mental parameters. All electrons and positrons are con-
sidered extremely relativistic; otherwise, their energies
and directions are arbitrary. The proton is treated as a
Coulomb field source. All square and interference terms
are included. In our symmetrical arrangement four
terms cancel one another, and the remaining 32 terms
can be integrated in terms of elementary functions.
However, the results are very complicated, and instead
we evaluate only several numerical values.

CALCULATION

The calculation is straightforward. The 5-matrix
element is written down by the Feynman rule. Following
the standard procedure, 4 with the approximation and
experimental situation stated above, we find the differ-
ential cross section da- of observing an electron within

' S. S. Schweber, H. A. Bethe, and F. de Hoffman, Mesons and
Fields (Row, Peterson and Company, Evanston, Illinois, 1955),
Vol. I.

the energy range dEj, the solid angle dO&, and simul-
taneously a positron within the energy range dE+, the
solid angle dQ+ ..

n4 E2EgE+

32~ E (2,j=a, b, c,d, e, f, g, h)
I,,dEidE+dQ&dQ+,
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These g;j have some exchange properties without refer-
ence to the symmetry of pi and p+. For instance, under
an exchange of parameters

p~ —pi, g~ E,, —

we find 3l„ is changed into 1V~~. Thus, we And that E;;
can be divided into five groups such that in each group
only the trace of one S;,needs to be evaluated explicitly,
the rest can be obtained by their exchange properties.
These five groups are (1) N;;, i =a, b, h, (2) N, r,
Ns„NsI, 1V.„N,s, 1Vgs, N. s, sVdg, (3) Ns. , N.„)Vga,
Ngg, N, g, Ns&„N, g, N, A (4) N.g, N, d, Ngs, N, s, (5) N...
1%i|ah, +hdtv +bgy +cfy +dep +egg EfI. The term Tee men
tioned above after the trace has been evaluated ex-

' %e use the metric A B=A pB p
—A S.

n, P, and y are constant (independent of Os, ps). ' The
functions f; depend on 0s only, g; depend on es and &ps.

The numerators X„are complicated trace functions due
to the interference between various diagrams. For in-
stance, S,b is due to the interference between diagrams
a and b, Ã„ is the square term of diagram a, etc. A
typical term which contributes most to the cross sec-
tion is
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dg ——dE&dE+dQidQ+
~sE4(1—X)s

15+21K+13M+3)s Es ' 3+2) 2Es
+— ln

4 (1+&)(1—X)' E 8 m

X=—costI.

The interference terms between good and bad diagrams
are small and neglected in the above approximate
expression.

CONCLUSION AND DISCUSSION

The numerical integration from the Burroughs 220
computer gives the following result for 8=22.5':

jV E2
(MeV) (MeV)

~1 do clT1

(=E+)
(MeV) dL&"idF+dQidQ+ MeV-sr

500
500
550
550

100
50

150
100

200
225
200
225

5.6X 10-»
6 X10»
3.6X10-»
3 X10»

The integrals I„,I,p, Iff have very strong peaks near
the positron direction and the computer results converge
very slowly. Their sum, I„+2I,f+Iff, is the difference

' For the other terms see M.-c. Chen, Ph. D. dissertation, Stan-
ford University, 1962 (unpublished).

plicitly is

&-=~f2E'L(ps pt)(ps p+)+»ps pi+~ps p+3
2E—E+ps pr(ps p++p'pi+&)
2EE—sv(ps pp+ps pr+v)
(p2 ' pl) (ps p) (p2 ' p+) 7(p2 ' p) (ps pl)
n'(ps ' pl) (ps ' p+)+P(ps ' pl) 'Y(2rr+p)ps' pl

V(~—+p)ps p++V. 'ps p}
Five E;;have been evaluated. '

The angular integrals I„and I,~ are found equal to
—I~, by rotating 180' about the s axis for our case of
symmetrical choice of pi and p~. Therefore they cancel
with each other. All integrals I;, can be integrated
explicitly in terms of elementary functions. This is done
by decomposing the integrand cV,,/D;D; into the sum
of partial fractions whose denominators are of the form
(f;)"or (g,)",e integer. Then it is easy to see that these
partial fractions can be integrated. However, the result
would be very complicated. Instead, the angular inte-
grals are carried out by the Burroughs 220 computer
for several numerical cases.

On the other hand, we obtain an approximate expres-
sion in the limiting case Es/E(1 —X)«1,

among large and nearly equal numbers. Therefore ap-
proximate analytical integrations are carried out for
this sum. It turns out that the highest order in E/m
appearing in the sum is ln(E/m), as has been proved
generally in the Appendix of reference 3.

If the photon propagator is modified by the factor
(1+d'(p —pi)'j, the cross sections of the good diagrams
will be modi6ed by the square of this factor, that of the
bad diagrams will not be changed, and the interference
terms between good and bad diagrams will be modified
by the factor alone. If do-' denotes the experimental
cross section and r the ratio of the cross sections of good
diagrams plus half the interference term between good
and bad diagrams to the total experimental cross sec-
tion, then d' is given by

E jv~

(MeV) (MeV)

500 100
500 50
550 150
550 100

0.8
0.72
0.83
0.79

d (10 "cm)
for (do- —dfT')/do. '= 10%, ——15'Fo

0.4
0.39
0.37
0.37

0.49
0.48
0.45
0.45

In our calculation of the cross section, several effects
have been neglected: finite proton mass, proton mag-
netic moment and form factor, and the higher order
radiative correction. Qualitatively, the first. three are
of the order 1%, —2%, and —4%, respectively. The
radiative correction, estimated on the basis of the
Schwinger correction —(4n/7r) ln(E/m) in(E/Es), is
about —9%. When compared with experimental result,
these effects should be taken into account.

Criegel' has measured the cross section for all positron
angles and all electron energy and angles for 30-MeV
incident electron. This energy is too small to give infor-
mation at small distances. However, it can be used to
check that experiments and calculations do agree in
the low-energy range, with proper radiative corrections.
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The ratio r as evaluated in numerical integration, and
the distance d probed correspond to two given experi-
mental discrepancies shown as follows:


