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Spin-Orbit Splittings in Nuclear Shell Model~
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(Received April 25, 1962)

All available data (mostly from "stripping reactions") on locations of nuclear shell-model states are
analyzed to determine energy splittings of spin-orbit doublets, and the systematics is studied. The expected
(2l+1) dependence of the splitting is roughly corroborated, but the splitting is considerably larger than
expected when the two levels are in different major shells. The mass dependence of the splitting is somewhat
stronger than the expected proportionality to A ~. Applications to "reduced mass" questions, and to the
location of unknown levels are discussed.

INTRODUCTION TABLE I. Spin-orbit splitting in various nuclei.
All energies are in MeV.

HE energy splitting of spin-orbit doublets —the
energy difference between two shell-model states

with the same principal and orbital angular momentum
quantum numbers but with total angular momentum

j=l+1/2 and f—l/2, respectively —is of central im-

portance in nuclear shell model. The magnitudes of
this splitting, in a few cases, have been known for
many years, and several attempts have been made to
explain them theoretically from the nucleon-nucleon
force. '

In recent months, a considerable amount of addi-
tional experimental data on spin-orbit splittings have
been obtained. ' ' It is the purpose of this paper to
summarize the experimental determinations and to
consider what information may be derived from the
empirical systematics.

METHOD AND RESULTS
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The low-lying energy levels of nuclei with closed

shell plus (or minus) one particle may be straight-
forwardly interpreted as the shell-model levels. Thus,
if both members of the spin-orbit doublet are in the
same major shell, the splitting may be determined
directly from the level spectra of these nuclei. The
results for cases of this type are listed in Table I; they
may be distinguished as entries in that table for which
there is no correction in column (3). (This method is
used for the f7/2 f5/2 splitting in Ca", even though
these levels are in different major shells, as both are
completely empty. )

For cases where the two substates of the spin-orbit
pair are in different major shells, the problem is more
complex. The cases in point are shown in Fig. 1. For
Pb"', the i~g2 hole state is well known. ' The position
of the i~l/2 particle state is known in Pb"', and by

(H ) I)r

(H') ge„ ( P')9, -'

t
— -- --ds,

c}l

I y
NE

R

fl,-,l K„
) —

P~Ia

p b
207

* Supported by the Office of Naval Research and the National
Science Foundation.

f On leave from Saha Institute of Nuclear Physics, Calcutta,
India.

' J. Sawicki and R. Folk, Nuclear Phys. 11, 368 (1959); B. P.
Nigam and M. K. Sundaresan, Phys. Rev. 111, 284 (1958); T.
Terasawa, Progr. Theoret. Phys. (Kyoto) 23, 87 {1960); A.
Arima and T. Terasawa, Progr. Thoret. Phys. (Kyoto) 23, 115
(1960).' P. Mukherjee and B.L. Cohen, Phys. Rev. 127, 1284 (1962).

'R. H. Fulmer, A. L. McCarthy, and B. L. Cohen (to be
published). N—82 region.

4 B.L. Cohen et al. (to be published). X—50 region.
5 B.L. Cohen, R. H. Fulmer, and A. L. McCarthy, Phys. Rev.

126, 698 (1962').
SK. Kashy, A. Sperduto, H. A. Enge, and W. W. Buechner,

Bull. Am, Phys. Soc. 7, 4 (1962).
~ K. Ramavataram, Bull. Am. Phys. Soc. 7, 4 (1962).

"-l~- P (heal„)

P (d3, )
----(H') h,, A)

--(H }fv~h,(t1
SI

Ep

l4(

h -'
ltg

E~

I57

FxG. 1. Level structure in nuclei where member of spin-orbit
doublet are in different major shells. See discussion in text.
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comparing the spectra from Pb"'(d, p) and Pb"'(d p)
the analog levels in Pb'"7 are clearly indicated. '
These levels have the configuration (H') iii/2, where
H' is the configuration from a pair of holes, essentially
the ground state con6guration in Pb"'. The i~~~~-i~&f~

splitting is then

AE= Egg+Ep+ e(H'),

where EII and E~ are the energies of the hole and par-
ticle states as shown in Fig. 1, and e(H ) is the pairing
energy of the configuration Il'. This pairing energy has
been calculated by True and Ford, ' and is listed in the
third column of Table I.

The mirror situation occurs in Zr". The location of

the g7f~ particle state in Z" has been estimated. from
measurements of the Zr90(d, p) reaction', it is at an
excitation energy of about 2.8 MeV. The location of
the (P') gg/~

' level in Zr" (where P' is the configura-
tion from a pair of particles, essentially the ground-
state configuration of Zr") may be determined from
the Zr92(p, d) reaction"; it is the analog of the ground
state transition in the Zr" (p, d) reaction. The gg/9 g7/g

splitting is then

AE =EIr+Ep+ e (P').

The pairing energy e(P') may be crudely estimated"
as the negative of the lowest eigenvalue of the
matrix

2ei—G(ji+1/2) Gp(ji+1/2)(jr+1/2)g'/ Gp(ji+1/2)(j3+1/2) j'/
GL(j2+1/2)(ji+1/2) j'/' 2c, G(—j2+1/2) GL(j~+ /2)(j3+1/2)3'"
GL()3+1/2) (ji+1/2)7m Gp(»+. 1/2) (j,y1/2)]i/2 2„G(j,+ 1/2) ~ ~ ~

7

(3)

where ~~, e2, e3, . . . are the energies of the single-
particle states available to the particle pair (ei is taken
as the zero of energy), ji, j&, j&, . . . are the total
angular momenta of these states, and G is the strength
of the pairing interaction which was taken from
Kisslinger and Sorenson. "For the particular case con-
sidered here, the ground-state configuration of 7r" is
known to be almost pure (dq/2),

' so that. mixing with
the other levels may be ignored and ~(P') =3G. Essen-
tially the same result is obtained by the lowest eigen-
value of (3).

The situation in Ba"' and Ce' ' is not as clear since
the hg2 state is not de6nitely known. The center of
gravity of this state has been tentatively estimated to
be at about' 1.9-MeV excitation in Ce'4i. The (P') d3/2

'
level in Ce'4' was identified from the Ce'@(d,t) reac-
tion'; it is the analog of the ground state transition
in Ce"'(d, t). The d3/2 —hii/2 energy difference in this
mass region has been widely studied, ' so that it can
be accurately estimated for Ce'" from the systematics.
The minimum spin-orbit splitting can thus be deter-
mined from Eq. (2) with c(P2) calculated from the
lowest eigenvalue of (3).

The minimum spin-orbit splitting in this case can
also be calculated from the Ba"' spectrum if we as-
sume that the f7/2 hg2 energy d—ifference is the same
as in Ce"'. Here, the energies of h»/2 ' and (H') f7/2
are known —the latter is found' from Ba"6(d,p). The
pairing correction is obtained from Eq. (1) by finding
the lowest eigenvalue of (3). The results indicate
complete agreement between these two methods of
determining the h~~f 2

—h9f ~ splitting.
All results are shown in column (4) of Table I. The

pairing corrections, listed in column (3), are small

' K. %. True and K. W. Ford. , Phys. Rev. 109, 1675 (1958).

enough so that their uncertainties are not important
sources of error.

DISCUSSION

It is well known" t.hat an l s force gives a spin-orbit.
splitting proportional to (2t+1); to test this, the em-
pirical splittings divided by (2l+1) are shown in
column (5) of Table I. The clearest discrepancy from
the (2l+1) dependence is that the splittings are much
larger than expected in cases where the two substates
are in different major shells. This pattern is consistent
for the i~3~2—i~yf~ in Pb, the ggf2

—g7f2 in Zr, and the
fi/2 f//2 in Ca—; the hii/2 —&9/2 result in Ba and Ce is
not inconsistent. A simple interpretation of this ob-
servation is that there is an interaction among the
levels of a single major shell which pulls them closer
together, and further from levels in other shells. This
interpretation would also help to explain the rather
small extent of the two major shells near Pb"' relative
to the energy gap between them. ' The extents of the
83—126 and 127—184 shell are 3.45 and 2.52 MeV,
respectively, as compared to a 3.6-MeV gap between
them. '4

In simple calculations, the spin-orbit splitting is
inversely proportional to the radius of the shell model
potential, " so that one expects an inverse proportion-
ality to 2'/'. To check this, column. (6) of Table I
shows the values of column (5) multiplied by 2'/'. One

"C. D. Goodman, J. B. Ball, and C. Fulmer, Phys. Rev.
127, 574 (i962l.

"This method was suggested to the authors by R. A. Sorenson.
'2 I.. S, Kisslinger and R. A. Sorenson, Kgl. Danske Videnskab.

Selskab, Mat. -fys. Medd. 32, No. 9 (1960).
'3ENcIear Spectroscopy, edited by F. Ajzenberg-Selove (Aca-

demic Press Inc. , New York, 1960), Part 8, p. 969.
'4This includes an 0.4-MeV correction for pairing energy as

discussed in connection with Eq. (1)."S. G. Nilsson, Kgl. Danske Videnskab, Selskab, Mat. -fys.
Medd. 29, No. 16 (1955).



C 0 II E N, M U K II E R J E E, F U I. M E R, A iiI D M c C A 14 T H Y

sees that the results decrease monotonically with in=

creasing A, so that if one assumes an A " dependence,
n must be greater than 1/3; the data of Table I indicate
that m=0.53&0.09. It is interesting to note here that
Nilsson's calculations assume that the numbers in
column (6) of Table I should all be 2.05; this is a
reasonable average, but it is certainly a gross over-
simplification of the actual situation.

There has been much interest lately in the variation
of "effective mass, " m*, of nucleons with binding
energy. " The variation of spin-orbit splittings (after
correction for l-dependence) may perhaps be considered
as such an effect. The fact that the splitting of the
d states is somewhat smaller than that. of the p and f
states in Pb"' would then indicate that m* for a neutron

'6 G. K. Brown (private communication).

is somewhat larger at 1.7-MeV binding energy (d-states)
than at 7.0-MeV (p-states) or 5.8-MeV (f-states)
binding energy in Pb."

An interesting application of Table I is to use the
systematics implied therein to predict locations of un-
known or doubtful levels. For example, in Ni" one
expects the d5~2-dg2 splitting to be about 3.0 MeU.
This is somewhat larger than assumed in reference 17,
but somewhat smaller than assumed in reference 5.
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R. E. CHRIEN, H. H. BQLOTIN)f AND H. PALKVSKY

Brookhaven Ãationa/ Laboratory, Upton, %em Vor1c

(Received March 28, 1962)

The high-energy gamma rays following neutron capture in a platinum target have been studied at the
Brookhaven-AECL fast chopper facility at Chalk River. The transitions to the 0+ ground state and the
first two excited 2+ states in Pt"' have been Ineasured for 15 resonances from 11.9 to 296 eV. Relative
transition probabilities for these cases have been determinecl and are compared to the chi-squared class of
probability distribution functions.

INTRODUCTION

OR the past several years considerable interest has
been growing in the measurement of y rays ac-

companying the de-excitation of the states formed by
the capture of slow and intermediate energy neutrons. '
The utilization of pulsed sources and time-of-flight
techniques permits a study of the radiation from indi-
vidual resonances and represents an advance over the
thermal capture y-ray work, where a mixture of capturing
states is usually involved. The resonance measurements
have been directed toward the determination of quan-
tum numbers of the capturing state'-' (principally the
angular momentum J), the isotopic identification of

*Work done under the auspices of the U. S. Atomic Energy
Commission.

f Present address: Michigan State University, East Lansing,
Michigan.' G. A. Bartholomew, Ann. Rev. Nuclear Sci. 11, 259 (1961).
This review gives a comprehensive picture of neutron capture
y-ray studies, both at thermal and in resonances.' J. D. Fox, R. L. Zimmerman, D. J. Hughes, H. Palevsky,
M. K. Brussel, and R. E. Chrien, Phys. Rev. 110, 1472 (1958).' C. Corge, V.-D. Huynh, J. Julien, S. Mirza, I'. Netter, ancl
J. Simic, Compt. rend. 249, 413 (1959).

4 C. Corge, V.-D. Huynh, J. Julien, J. Morgenstern, ancl
F. Netter, J. phys. radium 22, 724 (1961).' L. M. Bollinger and R. E, Cote, Bull. Am. Phys. Soc. 5, 294
(»61)-

resonances, ' ' ' ~ and the study of the size and distri-
bution in size of the widths for de-excitation to the
various final states in the product nucleus. ' "'-" The
present paper is concerned with the latter topic.

Early work in this field showed that capture y-ray
spectra from the various resonances of the same spin
state display marked differences. However, initial ex-
periments on the partial radiation widths to states near
the ground state indicated little variation from reso-
nance to resonance. In this early work it was not always
possible to separate adjacent p-ray lines. Theoretical
considerations indicate that transitions which feed

' J. R. Bird and J. R. Waters, Nuclear Phys. 14, 212 (1959).
VH. E. Jackson and L. M. Bollinger, Phys. Rev. 124, 1142

(1961).
D. J.Hughes, M, K. Brussel, J.D. Fox, and R.L. Zimmerman,

Phys. Rev. Letters 2, 505 (1959).
'T. J. Kennett, L. M. Bollinger, and R. T. Carpenter, Phys.

Rev. Letters 1, 76 (1958)."L.M. Bollinger, R. E. Cote, and T. J. Kennett, Phys. Rev.
Letters 3, 376 (1959)."L.M. Bollinger, R. E. Cote, and J.P. Marion, Bull. Am. Phys.
Soc. 6, 274 (1961)."D. J. Hughes, H. Palevsky, H. H. Bolotin, and R. E. Chrien,
Proceedings of the international Conference on nuclear Structure,
kingston (University of Toronto Press, Toronto, 1960), p. 772."C. Corge, V.-D. Huynh, J. Julien, J. Morgenstern, and
F. Netter, J. phys. raclium 22, 722 (1961).


