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The scattering of holes in p-type germanium by acoustical and
optical phonons, and by ionized impurities has been studied over
a wide range of temperature from 7 to 300'K, and for impurity
concentrations from 10"to 10"cm '. The mobility was analyzed
on the basis of the following approximations: (1) The light- and
heavy-hole valence bands are parabolic with spherical constant-
energy surfaces and effective-mass ratios of 0.043 and 0.35;
(2) the relaxation time for lattice scattering is the same for the
heavy and light holes; and (3) the ionized impurity scattering is
describable by the Brooks-Herring formula with the scattering
limited to intraband transitions. The following results were ob-
tained: (1) The expectation was substantiated that the lattice

scattering at T&70'K can be attributed to acoustical phonon
interactions; the mobility y„=3.37)&10' T '" cm'/V-sec was
obtained by treating it as the sole adjustable parameter in the
range 10 to 70'K; (2) the stronger T "dependence of mobility
in the range 120 to 300'K can be attributed to the advent of
optical mode scattering if the ratio of optical to acoustical mode
coupling constants (g,p/g.„-e)' is chosen to be 3.8; (3) the Brooks-
Herring formula describes the ionized impurity scattering very
well from 30 to 300'K for impurity concentrations g I& 10'5 cm ',
but overestimates the mobility for higher $1 or lower T. The
eventual failure of the analysis may be attributed to the neglect
of carrier-carrier and interband ionized impurity scattering.

that a combination of optical and. acoustical. mode
scattering could account for the strong temperature
dependence. However, their calculations were sensitive
to the value chosen for the optical phonon energy
which was not known at that time. Once this value
was established by neutron scattering experiments, "
Conwell" was ab1.e to fit the empirical temperature
dependence, in a simplified treatment, with fxo adjust-
able parameters —the magnitudes of the coupling con-
stants for acoustical and optical mode scattering. The
description of the lattice scattering in this manner is
not unique, but several aspects of it are subject to
verification. In particular, the optical mode scattering
should become negligible below about 70'K.

One purpose of the present work was to investigate
the low temperature region to determine if the existence
of a T '" dependence of lattice mobility, characteristic
of acoustical mode scattering, could be established. At
low temperature, the lattice mobility is so high that
some inhuence of ionized impurity scattering even in
our purest samples had to be taken into account.
Although Brooks" has discussed how to treat impurity
scattering in p-type germanium, no comprehensive
analysis of experimental data and test of the theory
has been presented in the literature for this material.

In the present work, the magnitudes of the acoustical
and optical phonon scattering parameters were deter-
Inined, by making each the sole adjustab1e parameter
in appropriate temperature ranges. Kith the use of
these parameters, it was possible to determine the
range of temperature and impurity concentration over
which the Brooks-Herring treatment of ionized irn-
purity scattering gave reasonable agreement with
experiment. In the calculation of mobility, many
simplifying assumptions were made. These are specified
in the next section which briefly discusses the theory.

1. INTRODUCTION

HIS work is primarily concerned with the analysis
of the scattering mechanisms in p-type german-

ium from the temperature dependence of the Hall
mobility. The existing information on this subject is
surprisingly incomplete. Only two aspects of the hole
mobility can be said to have been investigated in any
detail. One, the strong dependence of the Hall mobility
and the magnetoresistance on magnetic field strength,
has been studied' intensively, primarily in terms of
the peculiarities of the valence-band structure of
germanium as determined by cyclotron resonance ex-
periments. However, these studies have not particularly
contributed to the elucidation of the scattering me-
chanisms. In fact, the complete analysis of the field
dependence of the Hall mobility awaits the clarification
of the strength and energy dependence on the various
scattering mechanisms for holes. The second aspect is
the temperature dependence of the mobility in the case
of pure lattice scattering, which has been shown by
several investigators' 7 to be given by the empirical
relationship p o. T "in the range l20 to 300'K. The
deviation from a T 'I' dependence indicated that a
simple acoustical mode scattering mechanism is in-
adequate to describe the mobility.

Ehrenreich and Overhauser, ' and Harrison, showed
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2. THEORY

2.1 General Band Structure Approximations

For the analysis of the transport properties, the
valence-band structure is treated in an approximate
fashion. The known warping of the bands, which is
especially pronounced for the heavy hole band, is
neglected and the approximation of spherical constant
energy surfaces and parabolic bands is made for both
carriers. The eBective mass ratios of the heavy and
light holes mI, and mg are taken as 0.35 and 0.043,
respectively. These values represent an approximate
average over the various directions within the bands
as determined by cyclotron resonance measurements. "
The ratio of heavy- to light-hole concentrations ps/p~
is then given by (ns&/ns&)s"= 23.2. These quantities were
assumed to be independent of temperature, in the
absence of any evidence to the contrary at the time
this work was done. '4

The total hole mobility is obtained by weighting the
mobilities of the heavy and light holes p& and p&

according to their relative populations:

~= 6«pi+~sps)/(pi+ ps)

y= (ui+23.21 s)/24. 2

The mobility for each band must be calculated separ-
ately in terms of the various scattering mechanisms
before the individual contributions are combined
according to Eq. (1).The assumptions made in treating
the various scattering mechanisms and the speci6c
details of the calculations are outlined in the following
sections.

2.2 Lattice Scattering

It is assumed that below 70'K, the lattice scattering
is by single phonons of the acoustical modes only, and
that the lattice mobility is proportional to T ~'. The
corresponding relaxation time 7-„ is assumed to be
isotropic and given by

(2)

where T is the lattice temperature, e is the carrier
energy, and A is a constant containing the deformation
potential S„and is to be empirically determined by
fitting the experimental mobility data for T&70'K.
It is the sole adjustable parameter in this range.

Actually, the theory of lattice scattering for holes is
quite complicated, involving warped bands and both

"G.Dresselhaus, A. F. Kip, and C. Kittel, Phys. Rev. 98, 382
(1955); B. Lax and J. G. Mavroides, ibid. 100, 1653 (1955);
R. Dexter, H. J. Zeiger, and B.Lax, ibid 104, 641 (1956.).

4 Very recent cyclotron resonance measurements by D. M. S.
Bagguley and R. A. Stradling, Proc. Phys. Soc. (London) 78,
1078 (1961), indicate that the light-hole mass increases by
approximately 16% between 10 and 100'K. However, such an
increase in mf can have only very slight inhuence on the total
mobility, in fact increasing it by about 2'Pa.

intra and interband scattering. "The magnitude and
angular dependence of the scattering matrix elements
are functions of both the band in which the scattered
carrier originates and of the band into which it is
scattered, and possibly also of the initial direction of
motion of the carrier. ' Nevertheless, the theoretical
studies' indicate that a T '~' dependence for the mobility
is still to be expected for scattering by acoustical modes. '"
It should be noted, however, that even for a simple
band structure, there is a low-temperature limit to the
validity of a T '" mobility dependence. This occurs
when the carriers interact with phonons whose energy
is not much less than kT, and for which, therefore,
equipartition of energy is no longer valid. Then the
mobility should increase faster than T @' as the temper-
ature decreases. This situation has been discuss=d by
Dorn" for a single band, and by Conwell and Brown"
for doubly degenerate bands, and may become applic-
able at T(20'K. This complication is neglected in the
present analysis, which is mainly concerned with
mobilities at T& 20'K.

Above 70'K, optical mode scattering is assumed to
become important. This is treated in a simplified
manner. Following Conwell, " the reciprocal relaxation
time for scattering by the optical modes, which includes
both phonon emission and absorption processes, can
be given by

where k8 is the optical phonon energy and n = (e"r—1) '.
In using Eq. (3), k8 is taken to be a constant equal to
0.037 eV, the value of the optical phonon energy at
zero wave number as determined from neutron scatter-
ing experiments. " The ratio (8/A) is equal to
—,'(8„'/S.„,'), where 8 v and S„are the deformation
potentials for optical and acoustical mode scattering,
respectively. In applying this expression at T&70'K,
it is assumed that 1/r, . can be extrapolated from its
value determined at lower temperatures. Then (8/A)
is empirically determined by 6tting the experimental
T "dependence of mobi1. ity in the temperature range
120'K&T(300'K. It is the sole adjustable parameter
in this range.

It remains to specify the relative contributions of the
light and heavy holes to the mobility. The commonly

"G. L. Sir and G. E. Pikus, Soviet Phys. —Solid State 2, 2039
(l96$)" Note added ie proof. This has been contradicted in a recent
study by G. E. Tauber, J. Phys. Chem. Solids 23, 7 (1962). Using
a variational principle, generalized to take into account interband
scattering and general energy surfaces, Tauber finds a T 2' tem-
perature dependence for mobility for acoustical scattering. How-
ever, this result is not consistent with our experimental results
at T(70'K.

'~ D. Dorn, Z. Naturforsch. 12a, 739 (1959},
F.. M. Conwell and A. L. Brown, J. Phys. Chem. Solids 15,

208 (i960)."E.Conweli, J. Phys. Chem. Solids 8, 236 (1959).
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made assumption is retained that both holes have the
same lattice scattering relaxation time. ' "This assump-
tion implies that both heavy and light holes are pre-
dominantly scattered into the heavy-hole band, where
the density of states is much greater. Thus, the lattice
relaxation time for the light holes is mainly determined
by interband transitions. The basis for the assumption
is essentially empirical. It is consistent with the
magnitude of the magnetoresistance effects in p-type
germanium, and with the fact that the cyclotron
resonance lines at low temperature are nearly the same
for heavy and light holes. "As already mentioned, the
theoretical calculations of Khrenreich and Overhauser'
show that the situation may actually be much more
complex. However, the assumption of equal relaxation
times has the advantage of simplicity and some empiri-
cal justification; within the framework of the present
method of analysis, there is no basis for making a better
choice."

The accuracy of the last assumption is completely
unimportant in the empirical analysis of pure lattice
scattering as long as the temperature dependence of 7-

is the same for both holes, and the ratio of the r's for
heavy and light holes is the same for optical as for
acoustical mode scattering. It does matter, however,
in combining lattice with impurity scattering (where
the r's are different for the two holes), and is critically
important for the analysis of the magnetic field depend-
ence of the magnetoresistance and Hall effect.

2.3 Imyurity Scattering

The Brooks-Herring" " formula was utilized to
calculate the relaxation time 7-& for ionized impurity
scattering. As is well known, this formula, based on a
Born approximation calculation of scattering by a
screened Coulomb potential, has a limited range of
validity. ""However, calculations based on the Born
approximation may give quite good results even when
the general criteria for its validity are violated. " It
has been shown by Blatt, '0 using partial wave analysis,
that the Brooks-Herring formula eventually over-

' D. M. S. Bagguley, R. A. Stradling, and J. S. Whiting, Proc.
Roy. Soc. (London) A262, 340 (1961).This paper, published after
the completion of our work, gives results of an extensive cyclotron
resonance investigation, including analytical expressions for the
reciprocal collision time for several p-type Ge samples. For the
purest sample, in the range 2 to 120'K, they give the following
results: light hole, (r) '= (0.24X10u+1.85X10sT'/ ) sec ' heavy
hole, (r) '=(0.15X10"+1.85X10'T'/')sec ' where the (r) ob-
tained from the shape of the resonance lines represent a different
average over the Boltzmann distribution than does the conduc-
tivity relaxation time. It is not clear to what extent (r) is iniluenced
by other factors than pure lattice scattering and, in particular, to
what extent the difference in the constant term between the two
types of holes represents impurity scattering effects. Therefore,
this new work furnishes no grounds for altering the simple
assumption with regard to the equality of the relaxation times.' F. J. Blatt, in So/id-5tate Physics, edited by F. Seitz and D,
Turnbull (Academic Press Inc. , New York, 1957), Vol. 4.

' N. Sclar, Phys. Rev. 104, 1548 (1956).
~' See, e.g. , D. Bohm, QNantum .Mechanics (Prentice-Hall, Inc. ,

Englewood Cliffs, New Jersey, 1951), Chap. 21.

estimates the impurity scattering and gives excessively
low values of mobility, when applied at too low temper-
atures and/or too high impurity concentrations. How-
ever, for impurity concentration /Vr=10' //cms, Blatt
found the Brooks-Herring formula to be in good agree-
ment with the partial wave analysis down to temper-
atures of about 50'K, at least for repulsive scattering
centers. While we cannot simply scale these results to
purer samples, it can be expected that for relatively
pure samples, the Brooks-Herring formula should be
useful to much lower temperatures.

The application of the Brooks-Herring formula to
light and heavy holes was restricted to the case of
ietrubaed scattering, as suggested by Brooks." Then,
the relaxation time rz is given by"

1
— 1n(b, +1)—

Its (2'/, )1/2es/s t/ +]

where the "i"identifies the particular type of hole, and

2Em, kTe p+.V
p'=p+(p+»'~) 1—

rr/rr'q'p'

.Vr =p+2.Vg).

'~The collision rates published by Brooks (reference 12) and
Blatt (reference 20) are a factor of 2 too small. However, their
expressions for p, I are correct. See also R. B. Dingle, Phil. Mag.
46, 837 (1955).

"See e.g. , Bohm, reference 22, Chap. 21, p. 537, Eq. 34(a).
25 This is also the condition b;)&1 in Eq. (4}.
"This is actually the condition for the Born approximation,

cross section to approach the classical Rutherford cross section.
Bohm (reference 22) discusses why this apparent contradiction
may lead to good results.

lV~ is equal to the total concentration of ionized centers;
lVD and cV~ are the concentrations of ionized donor and
acceptor centers; p is the total hole concentration, and
E is the dielectric constant.

It is worthwhile to discuss brieAy the restriction of
the analysis to intraband scattering. If the screening
radius ro used to describe the screened Coulomb
potential is large (i.e., for relatively small impurity
concentrations), the scattering probability'4 greatly
favors those events which involve small changes in
momentum. Then intraband scattering is much more
probable than interband scattering which requires
relatively large momentum changes. However, when
the impurity concentration becomes large and the
screening radius small, the scattering probability tends
to become relatively independent of the magnitude of
the momentum change and interband transitions may
become important. From the form of the scattering
probability, it can be seen that the condition required
to validate the intraband scattering model for ionized
impurity scattering is that (kr&)'))1," where k is the
carrier wave vector. However, this is also the condition
for which the Born approximation (and hence the
Brooks-Herring formula) happens to work fairly well. "
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Therefore, as long as we restrict the description of the
impurity scattering to the Brooks-Herring formula, it
is not worthwhile to consider interband scattering.
However, this restriction may limit the range of
applicability of the analysis.

To test empirically the range of utility of the Brooks-
Herring formula, it was applied down to 7'K for a
relatively pure sample (Sr~10"/cm'), to 20'K for
several less pure samples (1Vr(2)(10"/cm'), and at
77 and 300'K for samples with 1Vr(10'r/cms.

Neutral impurity scattering has not been included
in the analysis because for most of the samples in-
vestigated it should be quite small compared to lattice
and ionized impurity scattering. Also, carrier-carrier
scattering has been completely neglected in this work.
(See, however, the discussion in Sec. 6.2.)

e (z'r') e 4
pi=

m; (e') m, 3+a.

x-'"e—dx

where x= e/kT.
At temperatures below 77'K, where optical mode

scattering is unimportant, , Eq. (5) was not evaluated
directly; instead the mobilities for lattice and ionized
impurity scattering were separately calculated for each
band and then combined according to a prescription
of Conwell" which involves a small approximation in
the treatment of the log term in Eq. (4). In all other
cases, the integration of Eq. (5) was carried out
graphically with no approximations. Finally, the total
hole mobility for both bands was obtained using Eq. (1).

%hen the impurity scattering can be neglected, the
total hole mobility is given by

js 1+CP(1+0/Ts)'~s+es~r(1 —0/Tg)'~q
(6)

where C=(B/A)(0/T)/(e"r 1), and p, is th—e total
mobility for acoustical mode scattering. Since the
value of p,„ is obtained from the low-temperature

" Pote added in proof. It should be noted that the usual assump-
tion that collision frequencies for phonon and impurity scattering
processes are independent of each other and therefore additive has
been criticized recently by H. Reiss and A. I. Anderman LPhys.
Rev. 122, 1135 (1961)g, and H. L. Frisch and J. I. Lebowitz
(Phys. Rev. 123, 1542 (1961)g. They present a reformulation of
the problem for some special cases."E.Conwell, Proc. Inst. Radio Engrs. 40, 1322 (1952).

2.4 Calculation of Mobility

Because the 7y's for light and heavy holes are
different, the collision frequencies for lattice and ionized
impurity scattering have to be added for each band
separately, and averaged over the Maxwell-Boltzmann
distribution function in the usual manner. ""The general
expression for the mobility in a particular band is then
given by

analysis, the ratio (B/A) is the only adjustable
parameter.

3. EXPERIMENTAL TECHNIQUES

Hall and resistivity measurements were made with
standard dc potentiometric techniques and circuitry.
Etched samples, rectangular in shape, with ohmic
soldered end contacts were used, Typical finished di-
mensions of such samples were 1 mm&(3 mmx14 mm.
The resistivity and electrical uniformity of each
sample was determined at 77'K with the aid of a
movable point probe while the sample was immersed
in liquid nitrogen. This technique was employed to
accurately determine the electrical length between
small soldered probes, which were used for resistivity
measurements at other temperatures. Resistivities of
uniform material, measured by this procedure, were
found to be reproducible to within 1%.

All Hall coefficients were measured with pressure
contact Hall probes, consisting of sharply pointed
5-mil tungsten wires. The use of such small probes
eliminated the errors due to the shorting effect of larger
soldered probes on the sample current in the probe
region. "'" The reproducibility of Hall coefFicient
measurements was within 1% at different positions on
any sample of uniform resistivity.

Measurements of Hall coefficient and resistivity vs
temperature were made in conventional gas-exchange
cryostats. Liquid helium coolant was used for measure-
ments below 15'K, liquid hydrogen for the range 13
to 77'K, and liquid nitrogen for the range 77 to 300'K.

4. DETERMINATION OF LATTICE SCATTERING
PARAMETERS

To determine the temperature dependence of mobility
due to lattice scattering below 70'K, an extremely
pure sample is required to minimize the impurity
scattering contribution. The purest sample available
to us (Ge 112A) had a carrier concentration (X~—Xn)
=1.25&(10"/cms. This sample was thoroughly investi-
gated in the range 7 to 300'K. Above 100'K, impurity
scattering was negligible. Below 100'K, corrections for
ionized impurity scattering were necessary, but the
lattice scattering was dominant over most of the
measured temperature range.

4.1 Experimental Data

Figure 1 shows the experimental data for sample
Ge 112A. The resistivity was determined between 7
and 300'K, while the Hall coefFicient was mea, sured
only at T&77'K at a magnetic 6eld strength of 7000 G.
To determine the conductivity mobility and carrier
concentration from the data, it is necessary to know
the ratio of Hall to conductivity mobility, le/p. Since

'" W. C. Dunlap, An Introduction to Semiconductors (John
Wiley 8t Sons, Inc. , New York, 1957).

ss M. Glicksman, J. Phys. Chem. Solids 8, 511 (1959).
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TAal.K I. Summary of parameters.

Used
m) =0.043m,
my„=0, 35m,

p), //p) =23.2
g, =1.05X 10»y 3~2/'cm3

Derived
p~o=3 37X10'T ~' cm'/V-sec

(pA)ac=2 60X 10 T ~ cm' jv-sec
(yt)„,=2.12X 10sT +2 cm~/V-sec

rue =6 92 X 10 9T 'e '~' sec
y~o+op=t 02X10'T "cm'/V-sec

(s,p'/8„') =3.8

line labeled p,„and is expressed by

IJ„„=337 X,10'T. s~' cm'/V-sec. (8)

temperatures. As for the calculated mobility, any
error in determining ED is strongly rejected in the
magnitude of p when most of the free carriers are
frozen out at low temperature. Also, it is expected, as
mentioned before, that the Brooks-Herring formula
overestimates the impurity scattering at low temper-
ature, yielding too low values for the mobility. Finally,
it should be noted that as the temperature decreases
the lattice mobility can increase faster than T '" when
the equipartition assumption eventually fails at low
temperature. However, in view of the various simplify-
ing assumptions, and the neglect of many details of the
band structure, it might be more appropriate to wonder
why the discrepancies here are so small rather than to
try to account for them.

4.3 Optical Mode Lattice Scattering

to'

CP
Ol
~0
4

Cl

IO—

The corresponding heavy- and light-hole components
of this mobility, and the value of the relaxation time
are summarized in Table I.

The fit of the theory to the experimental data is

very good in the temperature range 20'K&T&70'K.
The only appreciable discrepancies appear at low tem-
peratures where the calculated mobility becomes about
20% too low at T(10'K. There is some uncertainty
in the experimental values below 10'K, as indicated by
the vertical lines through the data points. This is due
to the fact that the resistivity and Hall coefficient are
changing very rapidly with temperature in this range,
and the two were not determined at exactly the same

With the assumption that p.. as given by Eq. (8)
can be extrapolated to higher temperature, and that
the excess scattering above 70'K can be attributed to
optical mode interactions, the magnitude of the latter
can be obtained by fitting the combined optical and
acoustical mode scattering to the experimental T ''
behavior. Using Eq. (6), a best. fit to the experimental
data above 100'K, where ionized impurity scattering
is negligible, can be obtained if (h,n/h„) is taken
equal to 3.8 (i.e., 8/A = 1.9). The result of this calcula-
tion is shown in Fig. 3 by the solid line labeled p„,+„„,
which matches the data quite well. At 7&100'K, the
theoretical curve lies somewhat above the data points,
probably because the small contribution of ionized
impurity scattering has not been included in the
calculation. Also, a slightly decreasing slope for the
calculated curve may be noted above 250'K. This may
be attributed to the fact that the equipartition condition
for optical phonons is gradually approached with
increasing temperature. Eventually, at T)0, Eq. (3)
should again" give a mobility proportional to T '". We
have not looked for such a decrease in temperature
dependence of mobility, but the extension of mobility
measurements to high temperatures ()500'K) might
serve as an additional check of the optical phonon
scattering hypothesis.

100

TEMPERATURE ('K j

400

Fro. 3. Comparison of theory and experiment for sample Ge
112A, at T)100'K. Theoretical curve includes acoustical and
optical mode lattice scattering. Dashed line shows extrapolated
mobility for pure acoustical scattering.

5. DETERMINATION OF THE RANGE OF UTILITY
OF THE IMPURITY SCATTERING THEORY

This section will be mainly concerned with the
comparison of theoretical and experimental mobilities
in samples with various concentrations of impurities.

In analyzing the more impure samples, we are again
faced with the problem of determining the ratio pir/p.
The following approach was used: (1) For samples
with plr)20000 cm'/V-sec, plr/p was taken equal to
1 for H&3500 t . This is a reasonable approximation

3' See C. Herring, Bell System Tech. J. 34, 237 (1933), Fig. 4
for an analogous situation involving intervalley scattering in
n-type Ge.
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according to the theoretical analysis of Beer and
Killardson. ' From t,heir work, ttH/tt exceeds 1 by no
more than 5% at 77'K, for A i(10"/cm' and H&3000
G. It is further justified by the fact that the Hall co-
efficient changes very little between 3550 and 8000 G,
and by the temperature independence of the Hall
coefficient in that portion of the exhaustion range over
which ttlr)20000 cms/V-sec. (2) For more impure
samples, and still lower mobilities, appreciable conver-
sion factors are necessary. Estimates of tttr/tt a,t 77'K
were made using the relation

ttn'K=ttsoo'K(pooo'K/prr'I) (pooo'K/pvr'K) y

Fio. 4. Compari-
son of theory and
experiment for pro-
gressively more im-
pure samples. See
Table II for sample
data.

CQ
C)

IO' g

IO—5

l28A

THEORY

TABLE II. Summary of properties of samples at 77 and 300'K.

Sample

11.2A
198
214A
8A
128
21C
106C

P» I~ (Pe)» K

12.2 41 200
1.35 30 300'
1.05 34 000
0 79 29 900b
0.28 22 600
0.215 19 500»
0.161 18 300

P300 Ek

(Intrinsic)
20.2
16.6
12.7
3.2
2.32
1.55

@300 Ii

2050
1900
1940
1800
1980
1800
1800

{&~—&D)

1.25X10»
1.52 X10"
1.81X10
2.65X 10"
9.75X10"
1.51X10"
2,23X10»

where the resistivity ratio is measured, papp'K is assumed
to be correctly given by Prince s drift mobility measure-
ments' for holes, and psoo'K/prr'K is calculated from the
dissociation equation (neglecting compensation and
changes in impurity activation energy with concentra-
tion). Such estimates confirm that ttH/tt is nearly equal
to 1 for the purer samples; it is appreciably larger for
the more impure samples. For the latter samples, the
accuracy of the conversion factor is fortunately not
critical in the analysis of the experiment data, as we
shall see from the discussion of Fig. 6 in Sec. 5.2.

l06C

IO'
IO

I I I I l I I

IOO

TEMPERATURE (oK)

2 x10

In Fig. 4, the theory fits the data of sample 214A
very well down to 20'K, below which carrier freezeout
becomes appreciable and knowledge of the compensa-
tion becomes very important for the mobility calcula-
tions. From the more impure samples 128A and l06C
it can be seen that the fit to the experimental data
becomes progressively worse, especially below 30'K,
where the calculated mobilities rise rapidly above the

' Derived as described in text.
b At H =3550 G, the others at 8000 G.

5.1 Temyerature Dependence of Mobility Below
77'K for a Range of Impurity Concentrations

Comparison of - the theoretical and experimental
variation of mobility with temperature in the range
15 to 77'K for several samples (see Table II) with
1Vr &2&(10"/cm' is shown in Fig. 4. In addition, some
published but unanalyzed Hall mobility data by Tyler
ef a/. '4 were incorporated in this study. Mobility data
for some of their purer samples are compared. with
theoretical curves in Fig. 5. In both figures, the pure
lattice mobility, p„determined in Sec. 4.2, is shown
by the dashed line. In the calculation of mobility,
compensation was neglected. This is reasonable for
samples all intentionally doped with gallium, at least
at T&20'K where freezeout is not yet very strong.

"W. W. Tyler, H. Woodbury and T. J. Soltys, in review byR. Newman and W. W. Tyler, Solid State Physics, edited byF. Seitz and D. Turnbull (Academic Press Inc. , New York, 1959),
Pol. 8, p. 68.
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FIG. 5. Comparison of theory and experiment for one very pure
sample (E) and two more impure samples (J and E). Data are
those of Tyler et al (reference 34l. .
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measured mobilities. Whereas, small amounts of com-
pensating impurities could be expected to explain the
discrepancies at 15'K for sample 214A, the amount of
compensation required to fit the measured mobilities
for the more impure samples (128A and 106C) below
30'K seems unreasonably high, =10%. Actually, the
concentration of minority impurities in 106C as de-
duced from the low-temperature Hall data is less than
1% of the total gallium concentration.

In Fig. 5 the data of Tyler et al. extend down to
only 30'K as shown. Since these measurements were
made with H=6000 to 8000 6, p can be taken equal
to pIz, as before. For one very pure sample (E) repre-
sented by the highest data points in Fig. 5, freezeout
on a deep-lying energy level apparently occurred, but
the total impurity concentration was so small that it
contributed negligibly to the carrier scattering, a,nd the
experimental data lies parallel to and almost coincides
with the assumed pure lattice scattering curve. The
calculated mobility curves match the data extremely
well for the two purer samples, J and K; the mismatch
for sample I, is comparable to that for our sample
(128A) over the equivalent temperature range.

i
0IR iOII

I I I
J

I I Ili
IO' IO'

CP
ED

2
O

N
E io'

T= 77'K

THEORY
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FrG. 6. Dependence of mobility on ionized impurity concentra-
tion at T=77'K. Circles are for pig data at H=3550 G; triangles
represent converted Hall to conductivity mobility data (see text};
squares are p& data of Tyler et al. (reference 34} at H=6000—
8000 G.

5.2 Dependence of Impurity Scattering
on N& at 77'K

In order to define the limitations of the present
treatment of the ionized impurity scattering more
exactly, theory and experiments are compared over an
extended range of impurity concentrations at, 77'K
where the lattice scattering is predominately of a
simple kind (i.e. , acoustical mode scattering))optical
mode scattering).

The results are shown in Fig. 6, where the solid line
represents the calculated mobility plotted against Sz,
the total concentration of ionized impurities. The
circles represent our own Hall mobility data, obtained

a, t H = 3550 G, and selected to represent the highest
mobilities observed at these concentrations, thus,
eliminating compensated samples. The squares are for
data taken from Tyjer et al. '4 measured at H&6000 G.

The experimenta) data actually represent Hall
mobility vs 1/qRil, and cannot be directly compared
to the theoretical curve of conductivity mobility vs Ez
without further analysis. However, according to the
previous discussion of the relation between Hall and
conductivity mobility, we take pH/p=1 for the purer
samples, for which p~&20000 cm'/V-sec or 1/qRiI
(2)&10"/cc. Then for these samples, the experimental
data can be taken to very nearly represent conductivity
mobility vs the ionized impurity concentration, and,
therefore, can be directly compared with the theory.
For our more impure samples, pyq/p is estimated from
Eq. (9). Application of the conversion factor r= plr/p
in Fig. 6 translates the original Hall mobility data
(represented by the circles) to the corrected data
(represented by the triangles). An arrow marks the
translation, which always carries the date point to
lower mobility and higher iV». Fortunately, the correc-
tion does not appreciably alter the shape of the experi-
mental curve, since the corrected data lie approximately
a,long the same line a,s the original points.

The theoretical calculation at 77'K can be greatly
simplified by a small approximation which introduces
negligible error. At 77'K, the experimental value for
the lattice mobility, as determined from the measure-
ments of the very pure samples, is 44000 cm'/V-sec.
Extrapolation of p, to this temperature gives a value
of 49 800 cm'/V-sec. Thus, the optical mode contribu-
tion to the lattice scattering is about 10%%uo at 77'K.
In the past, for example in the analyses of Hall and
magnetoresistance measurements at 77'K, ' 4 the as-
surnption has usually been made that all the lattice
scattering is by acoustical modes and that the lattice
relaxation time has a simple e 'i' dependence. This
scheme can be used to calculate mobility vs impurity
concentration, with the approximation that the acousti-
cal mode lattice mobility be taken as 44 000 cm'/V-sec.
It gives results which are identical to that for a,n exact
calculation using Eq. (5) and including optical mode
scattering.

In the calculation of the impurity scattering term,
TVD was taken equal to zero; for Ez(10" cm ' the
ratio p/cVg=1. 00 and for i') 10" cm ', p/cV@ was
estimated from the dissociation equation.

The theoretical curve (solid line) matches the experi-
mental data extremely well for X»(10" cm '. How-

ever, the theory overesti mates the mobility progressively
more and more, with further increase in cV». At Ez ——4
&&10"/cm', the theoretically calculated mobility is
Ioo high by over 50%. This pattern of the discrepancy
between theory and experiment conforms to that
already observed in Sec. 5.1 at lower temperatures.
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5.3 Dependence of Impurity Scattering
on N at 300'K

In order to test the impurity scattering formulation
at a temperature where the energy dependence of the
lattice scattering relaxation time differs from a simple
e ' ' relation, calculations of mobility vs impurity con-
centration were also carried out at 300'K, where the
predominant lattice scattering is by the optical modes.
The mobility calculated according to Eq. (5) is shown

by the solid line in Fig. 7.
Satisfactory comparison of the theory with experi-

mental Hall data at 300'K is complicated by the fact
that the conversion factors for Hall to conductivity
mobility are not known at this temperature, nor is it
known how large the magnetic field strength should be
to attain the strong-field approximation. Consequently,
the mobility data has been culled from several sources,
and it is apparent that the scatter in the data is ap-
preciable. The solid points represent our own data,
obtained indirectly from measurements of the strong-
field mobility at 77'K, and from the resistivities at
77 and 300'K,"using Eq. (9) in reverse. This relation-
ship can only be safely applied for those samples for
which tttr(77'K) is sufficiently large ()20000 cm'/V-
sec) so that tttr/tt= 1 at 77'K. The solid squares repre-
sent Prince s drift mobility data' for holes in e-type
Ge at 300'K. These data show a good deal of scatter;
also ambipolar effects apparently already reduce the
mobility at Nr&2&&10t4/cm'. The solid triangles re-
present recent Hall mobility data of Vinogradova et
al.38 obtained at H=17 000 G. The fact that their data
lie well above all the other data would indicate that
their magnetic field strength is not yet sufficiently high
to achieve the strong-field approximation. Our own
data agree fairly well with the highest of the drift
mobility values of Prince.

Comparison between theory and experiment is not
too well defined here because of the scatter and un-

5 For p3pp K&15 Q-cm, additional corrections were made for
intrinsic contribution in the resistivity which served to slightly
decrease IM3pp'K,

' see, e.g., R. Bray, Phys. Rev. 100, 1047 (1955).
M. N. Vinogradova, Q. A. Golikova, B. P. Mitronin, and

L. S. Stil'bans, Proceeds'ngs of the International Coeference on
Semiconductor Physics, Prague, 1960 (Czechoslovakian Academy
of Sciences, Prague, 1961), p. 85. Vinogradova et al. attempted
an extremely simplified analysis of their mobility data in the
range 100 to 450 K. They assumed p&/IM=1 at B=17000G
even for the most impure samples. The separation of the mobility
contributions for the two types of holes was not made. Lattice
and impurity scattering were combined by simple addition of
reciprocal mobilities. The very simple empirical result was
obtained that the mobility due to ionized impurity scattering is
independent of temperature in the range 100 to 450'K, and that
over the whole range the lattice mobility is proportional to T 2.3.
In view of the oversimplification of the analysis, it is difficult to
ascribe any significance to this result.

Pote added in proof. See also M. N. Vinogradova et al. , Soviet
Phys. —Solid State 2, 1298 (1960). This work has been reinter-
preted and extended by Q. A. Golikova, B. Ya. Moizhes, and
L. S. Stil'bans, Soviet Phys. —Solid State 3, 2259 (1962). In the
latter work, the conclusions of Vinogradova et al. , are criticized
and the eBects of ionized impurity scattering are re-evaluated.
Additional data relevant to our Figs. 6 and 7 are presented.
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FIG. 7. Dependence of mobility on ionized impurity concentra-
tion at 300'K. Circles are for derived mobility data given in
Table II; squares are Prince's drift mobility data (reference 6);
triangles represent utr data of Vinogradova et at (referen. ce 36) at
II=17 000 G.

certainty in the experimental data. It does seem,
however, that the theory overestimates the mobility
(as it did at 77 and 20'K) at the higher concentrations,
but the discrepancies are not as large as at the lower
temperatures. This may be due merely to the fact that
the lattice mobility is already so small at 300'K that
the impurity scattering does not have much effect on
the total mobility.

6. DISCUSSION AND CONCLUSIONS

6.1 Lattice Scattering

The expectation has been substantiated that at
T& 70'K, the lattice mobility in p-type germanium can
be represented by a simple T "'dependence, characteris-
tic of acoustical mode scattering. The T "variation of
mobility at T)100'K can be attributed to the onset
of additional scattering by optical modes. The magni-
tudes of the acoustical and optical mode scattering
parameters were determined by treating them as
adjustable parameters in the different temperature
ranges on the basis of several simplifying assumptions.
The various parameters, used and deduced, are sum-
marized in Table I. %e shall now consider briefly to
what extent these parameters are consistent with some
few available results from independent experiments.
These pertain mainly to the acoustical mode scattering.

The results of hot-carrier measurements, "where the
dependence of the mobility on electric field strength is
determined, are in excellent accord with the parameters
for acoustical mode scattering, but apparently not with
those for optical mode scattering. However, the latter
result may be a reQection of inadequacies in the
hot-carrier theory.

The recent cyclotron resonance results of Hagguley
el aL. ,

" as mentioned before, show the existence of a,

"R.Bray and D. M. Brown, Proceedings of the International'
Conference on Semiconductor Physics, Prague ZWO (Czechoslovak-
ian Academy of Sciences, Prague, 1961), 'p. 82,
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T '~' dependence for the average cyclotron resonance
collision time 7, , in the acoustic mode scattering
range. The actual magnitude is in agreement with our
average conductivity relaxation time 7„thus

r, , = (r)=5.4X10 'T "' sec,

r = (rt r„)/(v )=5.2&(10 T t' sec.

However, according to Bagguley et a/. ,
" it is expected

that ~,= 3v-, , because of the different type of averaging
that is involved.

Finally, Mochan e] a/. 38 have deduced somewhat
indirectly from thermal-emf measurements that the
part of the scattering due to longitudinal acoustical
phonoris can be described by a relaxation time pro-
portional to T—'" in the range 50 to 200'K.

We are not aware of any independent experimental
evidence to confirm the strength of the optical mode
scattering.

6.2 Impurity Scattering

The range of applicability of the Brooks-Herring
formula, with the restriction to intraband scattering,
was empirically explored. The fit of the theory to the
experimental data was found to be quite good for
Eq&10'5 cm ' in the temperature range from 30 to
300'K. However, the results attested to the increasing
inadequacy of the impurity scattering treatment at
lower temperatures, and for higher impurity concen-
trations. Where the theory began to fail, it consistently
overestimated the mobility. It remains to consider the
sources of this discrepancy.

The inadequacy of the Brooks-Herring formula, as
demonstrated theoretically by Blatt," leads to over-
estimation of the strength of ionized impurity scattering
for the more impure samples, which is in the wrong

"I.V. Mochan, Yu. N. Obragtov, and T. V. Smirnova, Soviet
Phys. —Solid State 1, 1239 (1960).

direction to account for the present observations. It
would appear, therefore, that some of the sources of
scattering neglected in the present analysis, i.e. ,
carrier-carrier scattering, neutral impurity scattering,
and interband ionized impurity scattering, must. be
important for Xr)10"/cm'. The incorporation of
carrier-carrier scattering has been shown by Appel and
Bray," to make a marked improvement, extending the
range of agreement of the theory to Xr=10"/cm' at
least at 77'K. For still higher .Vq, it would appear
that interband ionized impurity scattering may be the
source of the additional scattering. ' However, as we
have already pointed out, theoretical treatment of
this type of scattering is only worthwhile within the
framework of a more general treatment of ionized
impurity scattering itself. Neutral impurity scattering
may also be important for the most impure samples,
for which some freezeout must occur at T&77'K.
However, it is not certain how to treat neutral impurity
scattering in terms of inter and intraband scattering.
Furthermore, it is difficult to estimate the number of
neutral centers because it is not known how the im-

purity ionization energy varies with It&, especia. ly for
Xr)10"/cm'.

In conclusion, it can be said that the relatively
simple analysis of mobility in p-type germanium is
quite successful, in fact, much more so than might have
been expected. Where it fails, it is fairly clear what
additional complexities are necessary in the theory.
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