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Small-Field Galvanomagnetic Tensor of Bismuth at 4.2'K*t

R. N. ZITTKRf.

(Received March 20, 1962)

Values of carrier concentrations and mobilities in large monocrystalline samples of bismuth at 4.2'K
have been derived from measurements of al] the galvanomagnetic tensor components through second order
in magnetic fie]d. Fields of the order of one gauss and less are required, and a superconducting chopper
ampliher detects the minute voltages involved. The electron concentration is found to be 2.5X10"cm ',
and the concentration of "light" holes is very nearly the same. When compared with cyclotron resonance
and de Haas-van Alphen experiments, the results are consistent with a three-ellipsoid model for electrons
and a single ellipsoid for "light" holes. There is no indication of the presence of "heavy" holes in a concen-
tration comparable to the other carriers. Electron and "light"-hole relaxation times are isotropic to within
a factor of 2; for electrons, 7 ='2)&10 "sec, and for holes, 7 ='5& 10 "sec. Some of the effects of temperature
and of larger magnetic fields are discussed.

I. INTRODUCTION

INVESTIGATIONS of the band structure of bismuth
& - show puzzling anomalies. Electron masses obtained
from a variety of techniques are in good agreement, but
the question of whether three or six ellipsoids represent
the conduction band apparently has experimental sup-
port on both sides. ' The multiplicity of hole ellipsoids
is also under debate, as well as the possible existence of
a third set of carriers (a heavy-hole band) which seems
necessary to explain specific heat data.

A complete measurement of the small-held galvano-
magnetic tensor components at low temperatures hope-
fully can help reduce this confusion. The experiment is
traditionally one of the most direct methods of obtain-
ing carrier concentrations and their mobilities; from
these, deductions can be made about ellipsoid multi-
plicities, relaxation times, and the existence of a third
set of carriers.

Previous galvanomagnetic studies on bismuth include
the measurements of Abeles and Meiboom' at 80 and
300'K and those of Okada' from 113 to 318'K. For
temperatures below 80'K, published small-field data are
fragmentary. Actually, these are the desirable tempera-
tures for study because the bands are highly degenerate;
then in the theory it is not necessary to consider the
dependence of relaxation time on energy but only the
value at the Fermi energy. As a result, there will be no
significant difference between drift, Hall, and magneto-
resistance mobilities, provided that ~ is not highly
anisotropic over each energy ellipsoid.
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I"ermi surface in bismuth.' B. Abeles and S. Meiboom, Phys. Rev. 101, 544 (1956).

3 T. Okada, J. Phys. Soc. Japan 12, 1327 (1957).

Helium temperature measurements are difficult due
to the combination of very large carrier mobilities and
long mean free paths. At 4.2'K, magnetic fields not ex-
ceeding the order of one gauss are required to satisfy
the small-6eld condition a&r =&H(c«1. Stray 6elds, in-
cluding terrestrial magnetism, must be canceled and
sample currents limited to avoid generating excessive
self-fields. At the same time, sample thicknesses of at
least 0.5 cm are required to avoid serious size effects. '
Under these restrictions, magnetoresistance and Hall
voltages are in the range 10 ' to 10 '" V. At these tem-
peratures, however, a superconducting chopper ampli-
6er may be used Lnoise = 10 "V/(cps)'"] in place of the
usual galvanometer, and direct-current measurements
can be made in the normal manner.

p, , (H) =p,;"+p,;,dIk+p, , &~Hei+ (2)

is assumed valid, and the only restrictions on (2) are
the requirements of crystal symmetry and the Onsager
(time-reversal symmetry) relations. This means that a
number of components in Eq. (2) may vanish, while
others will be functionally related. The necessary group
theoretic analysis has already been carried out for the
3m symmetry of bismuth by Okada' and by Juretschke"';

4 A. N. Friedman and S. H. Koenig, IBM J. Research Develop.
4, 158 (1960}.

~ T. Okada, J. Phys. Soc. Japan 11, 89 (1956).' H. J. Juretschke, Acta Cryst. 8, 716 (1955}.

II. THEORY

The theory may be divided into two parts: the first is
phenomenological, while in the second, details of the
transport process based on the Boltzmann equation and
the shape of the Fermi surface are introduced.

The phenomenological theory begins with a general-
ized Ohm's law for a crystalline solid:

K=K, p', (I)J,
relating components of the electric field and the current
density through a resistivity tensor whose components
are functions of the magnetic field. For sufficiently small
fields, the expansion
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it is found that the tensors pz'j and p j ] each have only
two Independent components while p,j A:~ has eight.

Therefore, there is a total of 12 independent resis-
tivity tensor components to second order in magnetic
field. It may be noted that due to the sign convention
of Eq. (2), the p;; 2 are the negatives of the usual Hall
coeKcients. The notation being used here is that of
Okada.

In analogy to (1) and (2), one can write

~'= Z 4 ~'j(H)», (3)

&ij(H) &ij oij, 2+2 &ijki+,2+4 ' ' '
y (4)

where the conductivity tensor o,, (H) is the mathemati-
cal inverse of p;, (H) and has all the same symmetry
properties. The relationships between the elements of
Eqs. (2) and (4) can be found in the papers of Okada
and Juretschke.

Experimentally, Eq. (1) is more convenient, than Eq.
(3) because current and magnetic field directions are
easily controlled, while this is not the case for electric
field. In the theory, however, conductivities are com-

puted first, so the best procedure is to convert these to
p's for comparison with the data. The reverse process
of calculating conductivities from the data only com-
pounds experimental errors.

The theoretical computation of the conductivity ten-
sor components begins by considering the transport
properties of a single energy ellipsoid. Abeles and
Meiboom' pointed out that if a relaxation time exists,
the transport relation,

J=42" LE+(4Mc) 'JXHj,

follows from the Boltzmann equation when the relaxa-
tion time is isotropic (a function of energy only). Here
e is the carrier concentration of the ellipsoid, and the
zero-field conductivity tensor eo can be written

o"=sep=se rm"

where p is the mobility tensor, r is the relaxation time,
and m* ' is the reciprocal effective-mass tensor. The
other symbols have the meanings given earlier. The
above relation can be solved explicitly for J and the re-
sult has the form of Eq. (3); a power series expansion
in magnetic field, as in Eq. (4), gives the small-field

conductivity tensors for the ellipsoid.
The restriction of an isotropic relaxation time may be

relaxed somewhat if the formalism of Herring and Pogt'
is adopted. In this approach, the relaxation time is a
tensor:

@=ed m~ —',

and the components of ~ are each separate functions of
the energy, i.e., each component is dependent on energy
only. A scalar r dependent on energy only corresponds
to the special case of ~ having identical components.
Herring and Vogt also assumed that the principal axes

' C. Herring and E. Vogt, Phys. Rev. 101, 944 l1956).

of ~ and m~ ' are the same, but this is actually not
necessary for the results to follow.

The small-field conductivity tensors were obtained
by Herring and Pogt using classical statistics. The con-
version to the case of a strongly degenerate Fermi dis-
tribution is not difFicult, and when the results are ex-
pressed in terms of mobilities according to (5), one finds
them to be identical with the earlier results of Abeles
and Meiboom. This is not surprising, since essentially
the only change has been to replace rm* ' in the
Boltzmann equation by z m* ' and in each case the
product has been labeled by the same symbol p. (Dif-
ferent results are expected for nondegenerate statistics,
when averages over energy are involved. )

Herring and Pogt have shown also that for a, number
of calculable cases, their approach is a good approxima-
tion provided the "anisotropy" or difference between
the components of g is not too great; component ratios
of 2 certainly give good results. Accordingly, there are
some grounds for confidence if an analysis of data by
means of this model gives relaxation time components
which are not too different.

As a final step in the theoretical calculations, the
conductivities of a single ellipsoid must be summed over
all appropriate valleys. For bismuth, the Fermi sur-
face currently proposed' consists, briefly, of three sets
of ellipsoids for electrons in threefold rotational sym-
metry about the trigonal axis and tilted slightly out of
the trigonal plane, with centers on the binary axes;
holes are represented by a set of ellipsoids of revolution
along the trigonal axis. The calculation for electrons in-
volves rotations of an ellipsoid to various directions in
momentum space to determine the effect of the galvano-
magnetic components.

The total conductivity tensor is found to have the
following components (in mks units, to avoid powers of
the velocity of light):

~»"/e= 2&(pl+j 2)+P»,
o338/e= Nj43+PV3, .

o 28, 1/e sf' (I41j43+j42j43 i44 ) PV1V81

&»,8/e= xj 1p2 PV1, —

~11,»/e=-'sjVL(j 1
—j 2)'j 3+(~j i—p2)j 4'3,

&11,22/e 8+)(3j41 +3j42 +2jllj42)j43 (j41+3j42)j44 ]
+Pvl V31) (6)

&11,33/e 2fV j4lj42(pl+ j42)+PVl

o38,11/8 E)(j41+j42)j43 j48j44 j+PVlV3

il88, 38/e =+91i44,

&11,23/e +j41(j41 j42) j44

~23,»/e= P"I:(pl—j 2)p8j 4+j 4'j,

o28, 28/e 2 jVjllj42j48+ 2PV1 V8 ~

Here, E and P are the total carrier concentrations and

p; and J; are the components of the electron and hole
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mobility tensors in the crystal axes coordinate system:

P, y

p= 0
.0

0 0
p, ~ p4 )

p4 p3.

' S. J. Fjeedman and H. J. Juretschke, Phys. Rev. 124, 1379
(1961).

vg 0 0
v= 0 pg 0 (g).0 0 v3.

The electron mobility tensor, Eq. (7), is simply the re-
sult of rotating (5) through the ellipsoid tilt angle,
which can be expressed as

tan20= 2@8/(183—p2).

All mobility components are taken positive, with the
possible exception of p, 4, whose sign depends on the tilt
angle.

T and I' are integral multiples of the carrier concen-
trations per ellipsoid. Electrical neutrality is assumed
here, but lV and I' will differ if a significant contribution
comes from ionized impurities, or if there is a third set
of carriers so heavy that they do not otherwise contri-
bute to the conductivities in Eq. (6).

The equations (6) are essentially equivalent to those
reported by Freedman and Juretschke' in their work on
antimony, and several important features should be
noted.

First of all, (T»» is definitely negative. This is not
predicted by phenomenological theory, so it must come
from assumptions made about the shape of the Fermi
surface and the "geometry" of 7-, i.e., the dependence
of relaxation time on momentum. It happens that the
corresponding component p», » has no sign restriction
so an important test of the model is to compute o-»»
from the data and then inspect its sign.

Other tests of the model come from the fact that the
relations (6) are not all independent. At first glance, it
would seem simply that Eq. (6) is a set of 12 equations
in eight unknowns (four electron and two hole mobilities,
and iV and P) so there should be four relationships be-
tween the o-'s of Eq. (6). Two of these relations, how-
ever, are quite unique. They are

o 11,22+2&83, 83 3o 11,11+2( &23,28)y (10)

o 11,11+(4&28, 1/&12, 8)o 11,33+ (4o 11 /o 88 )&83,11

=3~11,22+t 2+(&~ll'/~88')(~28, 1/~12, 8)j(—~28, 28), (11)

and their remarkable property is that they have very
little to do with the number of unknowns. It can be
verified that they hold not only in the present case but
also when there are no holes, or two sets of holes, or
even if there were 10 sets of carriers, in which case there
would be more unknowns than equations.

Since phenomenological theory allows 12 independent
tensor components by crystal and time reversal sym-
metry, Eqs. (10) and (11) must come from the model.

The additional symmetry implied by the relations is
puzzling, because the model of the conduction band
(three sets of tilted ellipsoids) apparently has just the
crystal symmetry and no more. The author is not aware
of any theoretical study of this point. From an experi-
mental point of view, one would like to know if Eqs.
(10) and (11) are all the relations there are, or if there
are more. A relation of similar character for a cubic crys-
tal has been investigated experimentally in germanium. '

The two remaining relations appropriate to Eq. (6)
have been found, but they are quite complicated and
essentially worthless for experimental application. In
fact, a complete algebraic solution of (6) was discovered
and then discarded, because it involved differences of
quantities of the same order of magnitude.

The procedure, then, is to choose a set of values for
the unknowns giving a best fit to the data. For this
purpose, expressions for the resistiv'ity tensor compon-
ents have been calculated from (6) and, due to their
length, are given in the Appendix.

So far, the theory has ignored the eftects due to the
finite size of samples. A size effect which has received
attention in the past is the surface scattering of charge
carriers; in particular, the measurements of Friedman
and Koenig4 show that surface scattering in bismuth is
specular rather than diffuse. However, there is another
size effect to consider when both electrons and holes are
present. As experience with semiconductors has shown,
the Lorentz force of the applied magnetic field tends to
bring about a "pileup" of charge carriers at some sur-
face, with the result that within a diffusion length of
the surface, carrier concentrations may deviate from
their bulk values, the amount depending strongly on
the surface recombination velocity. If the diffusion
length is comparable to sample thickness and surface
recombination is small, galvanomagnetic measurements
will not reflect bulk properties.

In semimetals, recombination takes place with zero
energy loss, representing the intervalley scattering be-
tween electron and hole ellipsoids. Instead of the "dif-
fusion length" of semiconductors, it is more proper to
speak of a "recombination scattering length, " i.e., the
mean free path for recombination. The fact that specu-
lar reQection is predominant at bismuth surfaces implies,
a low rate of surface recombination, and so it is impor-
tant in the present measurements to have samples with.
thicknesses that are large compared to the recombina-
tion length, which in turn may be larger than the mean
free path. As described in a later section, it was verified
that the thickness used was much larger than either of
these leng t.hs.

III. EXPERIMENTAL DETAILS

Suyerconducting Chopper Ampli6er

This device basically is the same as any dc amplifier
which "chops" the input and then amplifies only the

2 C. Goldberg arid W. Howard, Pily„;, Rey, l, 1P, tP35 (1958).
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alternating component, but instead of interrupting the
input current by moving contacts, the transition from
superconducting t,o normally conducting states in a,

niagnetic field is used. The normal resistance of a- fine

Helium

Level

I

Sample

~Leod Shields

44cps To
Amplifier

22 cps

I

="=:"=:"=:"=:-- I

Chopper

jl IG. 1. The primary
measuring circuit. The
amplifier is used as a
null detector and senses
an unbalance between
the voltage to be meas-
ured and that generated
across a calibrated re-
sistance E. I''or mag-
netoresistance experi-
ments, the milliammeter
is shunted to read only
increments above a
given value,

' I. M. Templeton, J. Sci. Instr. 32, 314 (1955)."A. R. de Vroomen and C. van Baarle, Physica 23, 785 (1957}.
"Obtained from the I'ansteel Metallurgical Corporation, Norih

Chicago, Hlinois.

wire can be made very large compared to the resistance
of the rest of the circuit and corresponds to an open
circuit condition.

Compared to a. noise level of about. 10—' V for the
best mechanical chopper, the superconducting chopper
has a noise of 10 "V/(cps)' associated with the transi-
tion between states. Another advantage is that, with a
small transformer in the helium bath, the signal leaving
the cryostat is alternating and spurious thermoelectric
sources in the leads (often as large as 10 ' V) are of no
importance.

The first such amplifier was built by Templeton'"; an
improved version is due to de Vroomen a,nd van Saarle"
and served as a, model for the present work, except that
some changes were made to ease the load of required
electronic hardware.

Figures 1 and 2 show the main features of the ampli-
fier, used here as a null detector. Voltage in a sample of
bismuth is bucked by passing a known current through
a calibrated resistance, and the unbalance current is
chopped and passes through the transformer primary
wlildlng.

The bucking resistor is simply a 1-ine length of Xo. 24
annealed copper wire. Repeated calibrations at regular
intervals by a standard potentiometric technique
showed little change in the resistance of 10 ' 0 at 4.2'K.

The chopping element is a "noninductive" loop of
2-mil tantalum wire" inside a solenoid, and sinusoidal
current through the solenoid causes transitions to the

normally conducting state at both positive and negative
peaks, so chopping occurs at twice the driving frequency.
The critical magnetic field for tantalum is only about
50 C~ at 4.2 K but rises very rapidly with decreasing
temperature. For this reason, indium (in the form of a
thick film applied by soldering gun to a copper-
beryllium wire) was substituted for measurements be-
low 3.5'K. The lower critical field required meant re-

duced power consumption by the chopper solenoid and
so reduced helium evaporation. Both chopper and trans-
former (a small toroid) are encased in separate super-
conducting shields, located far from the sample to avoid
distorting the magnetic fields of the experiment. .

If second harmonic distortion in the solenoid driving
signal exceeds 0.1%, the pickup induced in t.he chopper
element becomes large compared to the true signal.
proper balancing of a push-pull driver stage meets the
distortion requirement.

Another diAiculty is the fact that superconducting
circuits still have inductance which can represent a
rather large impedance on the scale dealt with here. For
example, the twisted pair of 2-rnil niobium wire used to
span the 15-in. distance between sample and chopper
circuit had an inductive impedance of the order of
10 4 0 at the operating frequency of 44 cps. Inductances
of this size lengthen the time constant of the measuring
circuit, which can be decreased only by extra resistance
and consequent loss of power. Extreme care, therefore,
was taken to minimize all inductances and to avoid
large area loops.

44 cps Input

Input Transformer

22 cps
Oscilla tor

Low Noise Tuned Amp

Preamp I cps Sandwith

Phase

Shifter '

Frequency

Doubler

Phase
Sensing
Detector

I

44 cps Rejection
'

Power 22 cps

, Filter, Amplifier To Chopper

l'xG. 2. Block diagram of the ampli6er electronics
outside of the helium bath.

Bismuth cleaves easily in a plane perpendicular to the
trigonal axis. With this plane as reference, the crystal
mas mounted on a gonimeter and rotated to deterniin&
the binary a,xis by x-ray reAectio71.

Sample Preyaration

Large single crystals of conical shape were grown in a
Pyrex funnel whose tip had been sealed. High-purity
silicone oil protected the bismuth against oxidation and
also prevented the melt from sticking to the walls; pre-
sumably this latter property is helpful also in minimiz-
ing the formation of crystal defects during growth.

The melt cooled slowly in a temperature gradient,
crystallizing first at the tip. Complete solidification took
about eight hours. The crystal slipped easily from the
funnel when it was inverted, and after removal of the
silicone oil with acetone, a strong nitric acid etch was
used.

Single crystals were obtained only after the entire
process was repeated four or five times. Apparently the
bismuth initially contains included oxides which gra, du-
ally are eliminated through successive crystallizations
and etchings.
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I'igure 3 shows the crystal and the samples derived
from it; they were obtained directly in the shape shown

by using a square copper tube mounted on an Isomet"
spark cutting machine. This device cuts by spark ero-
sion, and fairly sharp x-ray patterns can be obtained
from a freshly cut surface without etching, indicating
that damage extends into the sample to a depth of only
some tenths of a micron. An acid string saw might be as
gentle to a substance as fragile as bismuth but does not
lend itself to the cutting of Aat and parallel surfaces as
required in the present experiment.

The samples measured 0.8)&0.8 cm' in cross section
and lengths ranged from 5 to 7 cm. Orientation with
respect to crystal axes was within one degree in all
cases.

Two crystals were grown, one from Cerro de Pasco
bismuth of spectroscopic grade and one from commer-
cially available zone refined ingots ("Tadanac" brand).
Surprisingly, experimental results were almost identical
for the two cases, and resistivities at 4.2'K were fairly
low. In the spectroscopic grade, at least, it appears that
impurities were removed during the repeated recrystal-
lizations, by segregation during freezing, and then by
oxidation and etching. At the same time, impurities
may have been added to the zone-refined material (from
the silicone oil, for example) so that both crystals ended

up at a purity limit characteristic of the process. Al-

ternatively, the limiting factor might be dislocations,
introduced in crystal growth or sample cutting.

trigonol ( Z) axis

FIG. 3. Grown single crys-
tal and the samples derived
from it. The binary axis
shown is 13' from the axis
of the cone.

cleavage
plane ~

3 diam

dure was successful in keeping the effects of probe
misalignment to a small fraction of the quantities being
mea, sured.

Sample Holder and Magnetic Fields

Samples were mounted on a Bakelite slab supported
by thin-walled Monel tubes, as shown in Fig. 4. Align-
ment rings at the ends of the slab are a close fit to the
inside of the Dewar, while the sample itself rests in a
close-fitting groove machined in the slab. Other grooves
accurately positioned the potential probes along the
sample in the four-terminal arrangement commonly
used in Hall and resistivity measurements. This proce-

Resistivity probes were spaced 2 cm apart, roughly
one third the length of the sample, to avoid end effects.
Current connections were made through copper squares
soldered to the ends of the sample, and only one end

To Preamp

Chopper Somple Current,

Drive Bucking Current

I c

Fra 4. Holder for the
sample and parts of the
superconducting chop-
per amplifier.

Thin Wa

Monel T

Chopper

ucking Resistor

ran sformer

Sample

Bakelite~~
Backing

Alignment

Discs

was fastened to the slab to prevent strain due to dif-
ferences in thermal expansion. All soldering to or near
the sample was done with bismuth-cadmium eutectic,
a nonsuperconducting solder melting at 145'C. Care
was taken never to overheat the solder because of the
extreme toxicity of cadmium vapor.

The chopper and first input transformer, encased in
superconducting lead shields, were placed at a minimum
distance of 12 in. from the sample to avoid distorting
applied magnetic fields. The amount of distortion can
be estimated by considering the effect of a superconduct-
ing sphere (perfectly diamagnetic) of roughly the same
dimensions as the chopper and transformer, in a homo-
geneous magnetic field. From a distance, the sphere
looks like an induced dipole, and at 12 in. from a 3-in.
sphere the distortion is about. 0.1+& of the field at: the
sphere.

Superconducting wire leading from the chopper cir-
cuit to the sample was very thin (2-mil enameled
niobium), again for reasons of field distortion.

Two sets of Helmholtz coils supplied fields perpendic-
ular to each other in a horizontal plane; a third, vert. i-

cal field was produced by an end-corrected solenoid"
located in the nitrogen space between inner and outer
Dewars. The three fields could give a resultant in any
direction which was homogeneous to 0.1% over the
volume of the sample; in addition, terrestrial magne-
tism and other stray fields were canceled by the coils
so that not more than 10 -' G remained.

The alignment of the coils was adjusted until they
were mutually perpendicular to within a small fraction
of a degree, as determined by the minima of induced
signals when alternating currents are sent through one
of the coils. With Rat pickup coils mounted on the
Bakelite slab, the same technique could be used to fix
the orientation of the samples with respect to the mag-
netic field.

"Purchased from Metals Research, Ltd. , Cambridge, England. "M. W. Garrett, J. Appl. Phys. 22, 1091 (1951).
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FiG. 5. Experimental plot for the Hall coefficient p23, 1, showing
magnetic 6elds used and the voltages measured.

axis with sides parallel to the other crystal axes are

P83 P33 +p33,11(H1 +H2 )+P83,33H3 ) (12)

pi3 — P23, 1H2+2P28, 11HiH2+2P23, 23HIH3) (13)

P23 p23, 1H1+p23, 11(Hi H2 )+2P23, 23H2H8 (14)

These represent one magnetoresistance and two Hall ex-
periments (for the two pairs of sides), measuring all
three components of electric field. When the sample is
along a binary axis, the quantities are

pli pll +pil, llHI +p11,22H2

+pii 33H3 +2pii g3HgH8, (15)

p21 p12, 3H3+ (pll, ll pli, 22)HiH2+2pll, i3H1H3q (1~i)

P31 P23, 1H2+2P23, 11H1H2+2P23, 23H1H3. (17)

IV. TENSOR COMPONENT MEASUREMENTS

Only two properly oriented samples are necessary to
get all of the resistivity components. The quantities
measured on a sample whose length is along the trigonal

followed by another with the field reversed, and the ap-
propriate average was formed. In the case of "mixed"
second-order terms (P23, 9&H2H3 for example), the average
involved four sign combinations of the field components.

Sample current was set at 10 mA, corresponding to a
maximum self-field of 0.0025 G, about 1% of the small-
est external fields used, arid it was verified that resis-
tance is ohmic for this current and that current reversal
produced no new information in all cases.

Experimental plots obtained for a Hall coefficient, and
for one of the large magnetoresistance terms are shown
in Figs. 5 and 6. The size of the applied magnetic fields
and the voltages measured may be noted, as well as
the small amount of scatter and the deviations from
linearity at "high" fields. In contrast, the plots for mixed
terms such as p23, 2382H3 usually showed a lot of scatter
because of their small size and especially because they
are seen only against a background of strong terms.

The deviations from linearity at "high" fi.elds mean
that the condition pH/c((1 is no longer satisfied. For a
rough estimate of mobility, one may set pH/c 1/2 at
2 6, which gives p 2.5)&10 ' cm'/V-sec, in agreement
with Eq. (19) of the following section.

V. RESULTS

Measured values of the galvanomagnetic tensor com-
ponents at 4.2'K are listed in Table I, together with
the results of Abeles and Meiboom' at 80' and of Okada'
at 113'K.The latter have been multiplied by arbitrary
factors for comparison with the present data.

Relative sizes of the components p;; ~~ at 4.2'K are
almost identical with those at 80'K and are in fairly
good agreement with the 113'K data. According to the

The second sample could also be taken along a bisec-
trix, but size effects are extreme in this direction.

All 12 tensor components are seen here, some of them
more than once. The redundancy is a valuable feature.
Three of the components are measured in both samples,
and this will show whether the two separate samples
are in fact representative of the same bulk material.
On the other hand, where a tensor component is deter-
mined by different experiments on the same sample,
consistency means among other things that potential
probes, sample geometry, and magnetic field are ac-
curately aligned with the crystal axes.

In the present work, redundant values agreed within
the relative experimental error, which ranged from 5%
for p23 i to 15% for P93 93. It was found that all of the
alignment precautions mentioned in the previous sec-
tion were necessary to achieve these results.

In all experiments, a number of magnetic field values
were used in each tensor component determination,
both for accuracy and to ensure that small field condi-
tions applied, i.e., linearity with H for Hall terms and
with H' for second-order terms. Each measurement was
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FIG. 6. Experimental plot for the longitudinal magnetoresist-
ance term p»». The sample resistance increases by 30% in a
field of only 3 G.

relations (A1) in the Appendix, this is a strong indica-
tion that mobilities and carrier concentrations maintain
nearly constant proportions over the temperature
range.
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p~~, i=~P,

P12, 3 4*y'(PIP2 cP1 )/Pl

P 11,11
=' gy p3/2,

p, 1 22 ——' p, l, i+fairly small terms,

P11,33 4+y cPlr (Pl/Pl) +4P2P1/Pl

+p2/pl+p2/2cpl],
p88, 11 X$CP1)

P33,33='*Pl(P4/P3)',

pig 23=X/ p4)

p23 ll ——Xyp4/2,

P2', 23= &y c» /Pl.

(18)

These approximations work very well. In the final
analysis, of course, the full expressions (Al) must be
used, but they alter only by a few percent the results
obtained with Eq. (18).

Ratios and other combinations of the above relations
give directly many of the unknown quantities, and the
selection of a set of unknowns giving the best fit to the
data is not difficult. The final, adjusted values are

E=2.5X1017 cm—'

c=P/1V = 1.0

pl=4. 3X10' cm'/V sec

p2 ——0.06X 101 cm'/V sec

p3= 3.0X 10' cm'/V sec

p4=0.34X10' cm'/V sec

vl ——1.2X 10' cm'/V sec

ps=0. 1X10' cm'/V sec

alO%,
~1O%%uo

~ 10%,
a20%,
F10%,
&10%,
a 10%%u,',

%100%

(19)

The percentage uncertainties here are not statistically
independent. Any one of the quantities may vary within

In contrast, the ratio of the Hall terms p;; k at 4.2'K
is quite diferent than at the other temperatures. Later
on it will be clear that a small change in the ratios of
electron to hole mobilities has a drastic effect on the
value of p», & and only a negligible effect on p», &.

Calculations with the data show that 023 2~ is negative
and that Eqs. (10) and (11) are satisfied within the
experimental error, so the model outlined earlier may
be applied with some confidence.

Analysis of the data by the relations (Al) is a for-
midable job, and it is reasonable to try to simplify things
by assuming, tentatively, that relaxation times are
fairly isotropic and that they are not too different for
e1ectrons and holes, .From known values of eAective mass
parameters, it follows that pp, y4, v3 &(p», p, 3, in which
case the relations (Al) reduce to simple forms. Using
the abbreviations x= (elV) ' and y= pl/(pl+2cpl),
where c= I'/Jt/, one finds

Pll
'

»y/Pl,

P33 =&/Ps)

4.2'K
exp.

80'K
4.2'K Abeles and
calc. Meiboom

113'K
Okada

Pl 1

P33

P23, 1

P12, 3

Pll, ll
Pll, 22

Pll, 33

P33, 11

P33, 33

Pll, 23

P23, 11

P23, 23

74 ~5~to
8.0
1 53~5 lo
0 25~8Vo
1.5 F10%
2.0
0.45
1.9
0.16
0.29a15~/,
0.20—0.33&20'Pp

7.4
8.1
1.52—0.26
1.6
1.8
0.42
1,9
0.14
0.34
0.26—0.36

1.6
2.4
0 44
1.9
0.16

3'
0 044~10'Po
13 ~5/
1.8
0.61
2.3
0.33 +25o/o
0.40
0.19 &30%
0 15 ~40'Fo

the limits indicated, but usually this requires an adjust-
ment of the values of other quantities, within their
limits, in order to conform to the data.

Resistivity components calculated from Eq. (19) are
listed in Table I; agreement with the data is satisfactory.
The large uncertainties in the values of p2 and particu-
larly p& are unavoidable because they make relatively
small contributions to the observed components.

The electron ellipsoid tilt angle, given by Eq. (9),
is 6.5', which compares favorably with the value 5.8'
from Aubrey's cyclotron resonance work. "This agree-
ment supports the validity of the present theoretical
analysis, particularly the Herring-Vogt approximation
of isotropic relaxation time components.

Relaxation times are obtained from a comparison of
the diagonalized mobility and reciprocal effective mass
tensors. The mass parameters of Gait et al." and of
Aubrey give the following components (in the ellipsoid
axes frame) for electrons:

r 1= 2.2 (1.2) X 10—lo sec,

r2 ——1.9(1.2) Xlo "sec,

r 31.6(2.1)X 10 "sec.

(20)

The numbers in parentheses come from Aubrey's masses.
For holes, Gait's data give

vi=4.3&&l0 '0 sec,

X10 "sec. (21)

It can be concluded that electron and hole relaxation
times are isotropic to within a factor of 2 and that hole
relaxation times are larger than those for electrons by
a factor of 2 or 3. The values agree with Gait's estimates
from cyclotron resonance. In an unpublished work per-

"J. E. Aubrey, thesis, Cambridge University, 1958 (un-
published)."J.K. Gait, W. A. Yager, F. R. Merritt, B. B. Cetlin, and
A. D. Brailsford, Phys. Rev. 114, 1396 (1959).

TABLE I. Measured and calculated values of the small field
galvanomagnetic tensor components at 4.2'K, in mks units. The
p;;4 are in units of 10 ' Q-m, the p;; 4 in units of 10 3 f1-m/(Wb/m2)
and the p" 31 in units of 10 ' 0-m/(Wbr/m4). (1 Wb/m'=104 G.)
The data for 80 and 113'K are in arbitrary units for the purpose
of comparison; some components @&ere not measured at 80'K.
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formed at this laboratory, Mase obtained relaxation
times at 20.4'K from high-field galvanomagnetic meas-
urements which are in the same relative proportions as
t.hose of Eqs. (20) and (21) but; are smaller by a factor
of. 6.

The relatively small anisotropy in Eqs. (20) and (21)
is encouraging; as discussed in a previous section, the
validity of the Herring-Vogt model would be doubtful
if the anisotropy were larger.

Turning now to the carrier concentrations, one cal-
culates the electron concentration per ellipsoid as
0.91&(10"cm ' from Aubrey's masses and Shoenberg's
value of 0.0177 eV for the Fermi energy. Weiner" has
applied a correction for nonparabolic energy bands and
obtains 0.95&(10" cm ' for the concentration per el-
lipsoid. The total concentration found in the present
experiment is 2.5&&10"&10%,so the conduction band
must consist of three ellipsoids.

It must be emphasized at this point that an interpre-
tation of the present data consistent with six ellipsoids,
i.e. , a total concentration of about 5&(10' crn ', is
strictly impossible. A direct proof of this contention
rests on the value of the Hall coefficient p23, I. Besides
being one of the most accurately determined components
(see Fig. 5), it is actually measured three ways on the
two different sa,mples, as indicated by Eqs. (13), (14),
and (17), and the results agree within 5%. Now, inspec-
tion of the exact expression for p23 ~ given in the Appen-
dix shows that the entire quantity to the right of the
term (1/eE) must. always be less than unity. It follows
that iV is bounded:

lV(1/(ep» &) =4.1)&10'r cm '. (22)

A necessary condition for Ã to approach its upper
bound is 2cv&((p&, but this is entirely incompatible with
the values of at least two other accurately determined
components, namely, the zero-field resistivity p» and
the transverse magnetoresistance coeKcient p~~ ~I. The
conditions 2cl ~(&pr and cV='1/epss I lead to a self-
contradiction: One gets the values III——'4&(10' cm'/V-sec
(from p~rs) and cpr=1.2X10 cm'/V-sec (from pss, lr).
To put it another way, the hole mobility term cs & is
known to be comparable with electron mobilities simply
because the magnetoresistance coefficient depending
almost entirely on this hole term is, in fact, one of the
largest of the p.;, I„~ components.

Accordingly, 'V must be somewhat less than the right
side of (22) and therefore much smaller than the value
of 5)&10"cm ' required for the six-ellipsoid model.

It may be argued that the sample happens to contain
just the concentration of acceptor impurities necessary
to lower, V to half the value for pure bismuth. This is
quite unl. ikely, because in such an event the lowered
Fermi level requires a value of c=I'/X which is cer-
tainly greater than 2 (even if a heavy-hole band exists).
In this case, a fit of the data is not possible unless one

"D.Weiner, Bull Am. Phys S. oc. 6, 439 .(1961).

or more of the tensor components has been incorrectly
measured by factors of 3 and more.

The value of c deduced in the present experiment
happens to be fairly precise because it has a strong

I I l I IIII I I I I I I III I I
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Pic. 7. Zero-field re-
sistivities, Hall coefII-
cients, and carrier con-
centration in various
units as a function
of temperature. The
sources of the data as-
sembled here are de-
scribed in the text.
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VI. TEMPERATURE EFFECTS

Data from a number of sources have been gathered
i» Fig. 7, showing the over-all temperature dependence
of zero-field resistivities and small-field Hall coefficients.
At 80'K and above, the information comes mainly from
Okada' and Abeles and Meiboom. ' White and Woods'"
measured "zero-field" resistivities of polycrystalline
samples over the entire temperature range and, by sub-
tracting residual resistivities, obtained the "ideal"
curve in the figure labeled "W-W."The points at 20'K
were obtained by Mase at this laboratory. Open circles
in the figure at 4.2 and 2.1'K are the result of the present
experiment; the dark circles at 4.2' are approximate

"iV. V. Brandt, Soviet Phys. —JETP 11, 975 (1960).
'" P. J. Price, IBM J. Research Develop. 4, 152 (1960)."G.K. White and S. B. Woods, Phil. Mag. 3, 341 (1958).

effect in the components p~2 3 and p~~ ~~, and in attempt-
ing to vary c, the product cv& must be kept nearly con-
stant, as required by the ratio p», »/p» & from Eq. (18).

The result c=1.0+0.1 leaves no room for a heavy-
hole band. Also, it seems that there is just one light-hole
ellipsoid; from the carrier concentration and Gait's
masses for holes, the Fermi energy is calculated as
9.5)&10 ' eV, which may be compared with the value
11.&10 ' eV obtained by combining Brand. t's" de Haas-
van Alphen measurements of Fermi momenta with
Gait's masses.

Size effects in the experiment are small. The longest
mean free path is 0.18 mm, compared to the sample
thickness of 8 mm. Calculations' "indicate that only a
3% correction should be added to 1V for the true bulk
value, and this is consistent with experimental results
obtained after thinning the sample slightly.
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FIG. 8. Mobility vs tem-
perature. This curve is de-
rived from values of the
carrier concentration and
the "ideal" resistivity curve
of White and Woods shown
in Fig. 7.
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bismuth need to be made to verify the White and Woods
result which, if true, poses an interesting theoretical
problem and may provide clues to the scattering process
at low temperatures.

and represent extrapolated bulk values deduced from
the size-effect data of Friedman and Koenig4 for one
of their samples. Its resistivity indicates a high degree
of purity and crystal perfection.

Figure 7 also includes a curve at low temperatures for
the carrier concentration 1V, assuming three ellipsoids,
a Fermi energy of 0.018 eV, and a mean density of states
mass m*=0.042mo from Aubrey's cyclotron resonance
data. (At temperatures of 100'K and above, X will
receive increasing contributions of thermally excited
carriers from other bands. ) Triangular points indicate
the values of X found by the present author at helium
temperature and by Abeles and Meiboom at 80'K.

The figure illustrates nicely some points discussed in
the previous section. From the correspondence of pzj, p)

data in Table I, it was concluded that all mobilities
change nearly the same way with temperature. There-
fore, according to Eq. (18), the Hall term p» I is pro-
portional to Ã ' and some factor which is insensitive
to temperature. However, p~~ 3 depends on the diRerence
of v&' and p&p&. These are nearly equal at 80'K and
above, so a slight change in the proportions of mobilities
at lower temperatures has a large effect. The figure, in
fact, illustrates what happens when mobility ratios
change by only 30/o from 80 to 4.2'K. The eRect may be
gradual over this temperature range, or it might occur
only when the scattering processes of the residual resis-
tance region are encountered. A measurement of p~~, 3

at intermediate temperatures or in various samples at
4.2'K would clarify this point.

The resistivity curves merit attention. If the "ideal"
curve of White and Woods is taken seriously, one ob-
tains the interesting result shown in Fig. 8, namely, a
mobility varying as reciprocal temperature squared. For
a simple metal, the usual Gruneisen —Bloch relation pre-
dicts a T ' dependence at low temperatures, as observed
in sodium and some other monovalent metals. Careful
measurements on large monocrystals of high-purity

VII. "LARGE" MAGNETIC FIELDS

In. some instances during the experiment, galvano-
magnetic effects were studied at fields larger than usual
and with a curious eRect, With increasing fields, the
magnetoresistance enters a region in which it varies
with field to the power 1.6. On a log-log graph, the plot
is "perfectly" straight. The range usually extended
from about 3 to 50 G, the latter being the largest avail-
able with the equipment. Essentially the same pheno-
menon in the kilogauss range is seen in the data of
Mase and Tanuma" at 4.2'K and also in the unpublished
work of Mase at 20.4'K performed at this laboratory.

No theoretical explanation seems to be available. The
effect conceivably might be geometric, i.e., the result of
an insufficient length-to-width ratio for the case of very
large Hall angles. Further investigation was not pos-
sible at the time of this writing.

VIII. CONCLUSIONS

From small-field galvanomagnetic measurements at
4.2'K, it is concluded that the electron concentration is
2.5&&10" cm ', and the concentration of "light" holes
is very nearly the same. When compared with cyclotron
resonance and de Haas-van Alphen experiments, the
results are consistent with a three-ellipsoid model for
electrons and a single ellipsoid for "light" holes. There
is no indication of the presence of "heavy" holes in a
concentration comparable to the other carriers.

The theory used to interpret the data certainly can
be criticized on the grounds that the transport process
is not analyzed exactly; instead, a number of simplifying
assumptions are made, e.g. , the existence of a relaxation
time tensor with isotropic components. Although this
procedure has worked fairly well in the past for other
solids, there is no guarantee that the method is valid
for bismuth. Nevertheless, the analysis does show a
number of internal consistencies, such as the agreement,
of the ellipsoid tilt angle value with cyclotron resonance
data, and the relatively small differences in the com-
ponents of ~.

The discrepancies between various experimental in-
vestigations of ellipsoid multiplicities and of heavy holes
are certainly unresolved; in fact, the oscillatory mag-
netoresistance measurements made by Lerner" of this
laboratory indicate the presence of a heavy carrier with
isotropic mass. It may be that a band model more com-
plicated than the ones usually proposed can explain the
variety of experimental results in bismuth.
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APPENDIX

p»"= (2/e-'') (pl+ p2+2c») —',

p3'"= (&/e'~) (p3+c») '

p241=,(1/e")[(pl+p2)p3 p4' 2cvlv3]

X(pl+p2+2cvl) (p3+cp3)

P12, 3 (4/ei')(plp2 c"1)(pl+p2+2c"1) ',

p». »= (&/2e&) L(pl —p2)'p3+(~pl —p2) p4'l

X (pl+ p2+2cvl)

P11,22 (~/2e")(pl+p2+2C») '{3pl'p3

+(2pl+3p2) (p2p3 p4')+—pl p4'+8cvl'V3

L(pl+ p2) p3 —p4 —2cplv3] (p3+cp3) }) (A1)

P11,33 (2/e»)(pl+p2+2c») "[-plp2(pl+p2)+2cvl'
4—(pl 2 c—vl')'(pl+ p2+2C») '],

P33, 11 (~/2e')(pl+ p2+2cvl) (p3+CV3)

X{2(pl+p2)(p3+CV3)'C»+p4'L(pl —p2) p3
—p4'+4C»(2 P—3 p3) ]i,

P„.3 33 ——(1/eN)P»4'(P3+Cvs)

pll 23 ——(1/elV) pl p4(pl p2) (—pl+ p2+2cvl) ',

p23. »= (&/2e&")L(pl p2) p—sp4+ p4'

X(pl+ p2+2c») '(p3+CP3) ')

p„„=—(1/ecV) (p, +p, +2cv, )
—'(p, +cv,)

—'

X{pl p2p4'+2pl p2C»(p3+CP3)

+CVP)(pl+p2)p3 p4 2C»V3]j.
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Shubnikov-de Haas Effect in Bismuth*t
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The oscillatory component of the transverse magnetoresistance of bismuth has been measured as a function
of magnetic field orientation at liquid helium temperatures. A derivative technique was employed. In
addition to sets of periods, observed in the'de Haas-van Alphen effect by Shoenberg and by Brandt and
attributed by them, respectively, to the electron and light-hole Fermi surfaces, we observe a new set of
isotropic short periods, P=0.72X10 ' G '. The squares of the electron Fermi momenta moKii mpK22',

moK88 mpK23 are, respectively, 0.189, 45.4, 0.918,and —4.54 mo milli-electrori volts (meV). For the light holes,
moK»' and moK332 are 1.51 and 21,0 mo meV. For the new heavy carriers, moK' ——3.18 mo meV. These data are
fitted to two possible three-carrier models of the Fermi surface, and to a four-carrier model. Significant
deviations of the oscillations from periodicity in H ' are observed for the electron part of the Fermi surface
for certain magnetic field orientations.

I. INTRODUCTION

'HE Fermi surface of the semimetal bismuth has
been extensively investigated by means of the

de Haas-van Alphen effect' ' and other measurements
based upon the same quantization condition, ' " by
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