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Kith incident y rays of energy 662 keV the energy spectrum of the photons inelastically scattered by the
It-shell electrons of lead has been studied, employing Naf (Tl) scintillation spectrometers and coincidence
techniques. The energy spectrum of the y rays scattered at 124 to the incident direction is observed to be a
continuum from zero energy to about 570 keV. At 60' also the spectrum shows the same trend. The observed photon energy spectrum is found to differ to a very great extent from that calculated on the basis
of the various nonrelativistic theories.
The cross section for the inelastic scattering of the 662-keV y rays by a E'-shell electron of lead, at 124',
for scattered photon energy greater than 160 keV is estimated to be (1.'IS+0.16) times that by a free electron.
energy. Brini et a/. ' have found the cross section for
the scattering of 662-kev p rays by the E-shell electrons
of lead to be an order of magnitude larger than that by
a free electron. Recent measurements of Motz and
Missoni' on scattering of 662-keV p rays by the K-shell
electrons of gold give the cross section for the process
as j. .4 times that for free electrons, when the angle of
scattering is 110'. The angular dependence of the cross
section for small angles is found to be similar to that
given by Grodstein's" calculations for an electron in
the hydrogen atom.
Since the present work was completed, Sujkowski
and Nagel" have reported the energy spectrum of the
662™keVp rays scattered by the E-shell electrons of
lead and the cross section for the process. These
authors, however, have not taken into consideration
the coincidences between the photons Compton-scattered by the electrons, other than those in the E shell,
and the x rays emitted when the Compton electrons
produce E-shell ionization in the scatterer. As discussed later in the text, this eBect could make an
appreciable contribution to the observed gamma-ray
spectrum.
In the measurements presented here, the spectrum
of the 662-keV p rays, inelastically scattered by the
E-shell electrons of lead, has been studied with the
and cohelp of NaI(T1) scintillation spectrometers
incidence techniques. The measurements
have been
made at the scattering angles of 124' and 60' to the
incident direction.
When a photon is scattered incoherently by an electron bound in the E shell of a lead atom, the electron
is knocked out of its orbit, leaving a vacancy in the
E shell. The vacancy is filled in a very short time
(=10 sec) by transitions from the outer shells and
emission of the characteristic E x rays of lead. The
experiment consists of studying the spectrum of the
scattered p rays, at a certain angle to the incident

INTRODUCTION

INCE the discovery of the Compton effect and its
explanation, a large amount of work has been done
to study the inelastic scattering of x rays. ' Theoretical
calculations about the energy of the scattered x rays
and the cross section for the process, at various angles
to the incident photon direction, have been verified. In
all the above studies, the electron responsible for the
scattering of the photon has been regarded to be free
and at rest. DuMond, ' 4 for the first time, demon-

strated the effect of the momentum of the electron in
the atomic shell, on the energy of the scattered x rays.
On scattering the E radiations of Mo from carbon,
helium, and hydrogen, it was observed that the Compton line was broadened. From the shape of this line,
and applying the laws of conservation of energy and
DuMond calculated the momenta dismomentum,
tributions of electrons in the shells of the scattering
atoms. It was also shown" that the wavelength of the
x rays scattered by bound electrons is smaller than that
expected if the electrons were free, the diGerence being
proportional to the square of the incident wavelength
A semiclassical treatment' gives the defect in the
Compton shift to be proportional to 8)', where 8 is
the binding energy of the electron in the atomic shell.
Bloch' has calculated by a nonrelativistic treatment
the shift and the shape of the Compton line for the
scattering of x rays by electrons loosely bound in atomic
shells. No study, theoretical or experimental, has so
far been made of the energy spectrum of the inelastically scattered y rays from tightly bound electrons in
an atom which would have large momenta and binding
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other counter coincident with the x rays, was recorded
on a twenty-channel kick-sorter of a modified Gatti"
type, built in this laboratory. As the block diagram of
Fig. 2 shows, the coincidence set up was of the standard
fast-slow type, with a fast resolving time 2~=0.2 psec.
The chance coincidence rate was about 2 to 3% of the
real coincidence rate. The phototube boxes containing
the voltage divider resistors, inverter, and cathode
follower circuits were found to get hot due to about
40 W power dissipated in each of them. Cooling these
boxes with fans stabilized the pulse height from the
two boxes to better than +2%. This amount of stabilization was adequate for the experiment, because the
width of the scattered gamma-ray peak, due to the large
angle of acceptance, was about 16/~.

, 4C

PROCEDURE

FIG. 1. Experimental

arrangement.

beam, in coincidence with the E x rays of lead, thereby
eliminating the process taking place in the other shells.
The spectrum thus obtained can be compared with
the noncoincident p ray from the Compton scattering
by electrons in the outer shells of the lead atoms.
INSTRUMENTATION

The beam of 662-keV p rays was obtained by collimating the radiations from a 40-mCi Cs"' source,
deposited in a cavity ~ in. diam&(~ in. deep made in
Perspex. The lead collimator, having a diameter of 4 in. ,
was 3 in. long. At the end of this collimator was kept
another lead piece 1 in. thick having a hole of ~ in.
diam. The front side of this lead piece and the sides of
the hole in it, were covered with —,', -in. thick Cd sheet
to absorb the lead x rays originating in the collimator.
Figure 1 shows the geometry of the experiment. The
' in. and 0.001,
scatterer was a lead foil of size 1)&1—,
0.002, or 0.003 in. thick mounted on a thin steel wire
frame. The frame size was such as not to intercept the
gamma-ray beam. On one side of the scatterer, at an
angle of 127' to the incident beam, was placed the
x-ray detector. On the other side, the gamma-ray detector was placed on an arm which could be rotated
round the axis passing through the center of the scatterer and the gamma-ray beam.
The gamma-ray detector, a 1.75-in. diam)& 2-in.
thick NaI(T1) crystal mounted on an RCA 6810-A
photomultiplier tube, subtended a half-angle of 11' at
the center of the scatterer. The x-ray detector was a
1.6-in. diamX0. 3-in. thick crystal of NaI(T1) mounted
directly on an RCA 6810-A tube. The casing of the
x-ray crystal was such as to absorb a minimum of the
x rays. The
x-ray peak in this detector was selected
in a 4V wide channel of a single-channel kick-sorter.
The channel accepted about half of the total x-ray
courtts in the peak. The gamma-ray spectrum in the

E

When the channel in the x-ray counter is selecting
the energy region of the lead E x-ray peak, and the
other detector is accepting the complete energy spectrum of p rays, the various ways in which coincidences
could arise are as follows:

E

shell gives
(a) Inelastic scattering of y rays in the
x rays and scattered p rays. The coincidence
rise to
rate due to this effect, which is under study here,
clearly varies linearly with the thickness t of the
scatterer in the path of the beam.
shell (thus
(b) A photoelectron produced in the
x ray) by the incident y rays, may
giving rise to a
ionize the E shell of a lead atom during the course of
slowing down. This would give rise to an x-ray peak
in the gamma-ray counter. For scatterer thickness
smaller than the range of the photoelectrons, this coincidence rate would vary as =t'.
(c) Compton electrons, ejected from outer shells,
x rays during slowing down as in (b),
producing
would give rise to a peak in the gamma-ray spectrum
similar in energy and shape to the singles spectrum.
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FIG. 2. Block diagram of the electronic apparatus.
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For small thickness of the scatterer this effect is also
proportional approximately to t'.
(d) Photoelectrons and Compton electrons produce
in the scatterer. When the low-energy
bremsstrahlung
bremsstrahlung
is detected in the x-ray channel, this
gives rise to an x-ray peak and a Compton gamma-ray
peak in the gamma-ray counter. For the x rays from
the photoelectric effect being detected in the x-ray
channel, this effect wouM contribute to a continuous
gamma-ray spectrum in the gamma-ray counter with
a shape like that of the bremsstrahlung spectrum. This
effect would also be proportional to t'.
(e) In spite of collimation there is a substantial
counting rate in the two detectors due to the p rays
scattered by air and those that pass through the lead
shields. These p rays could scatter from one crystal to
the other to give coincidences. This coincidence rate is
constant and independent of the scatterer material.
(f) p rays entering into one of the detectors after
scattering from the scatterer, may scatter again (in
single or multiple processes) into the other detector,
giving coincidences. This coincidence rate is dependent
upon the scatterer thickness but not upon its material.
(g) There is background due to cosmic rays and
other radioactive sources present in the laboratory.
The coincidence rate would be constant in time.
(h) Coincidences arise due to second-order effects a
combination of two or more of the above-mentioned
processes. This coincidence rate is expected to be negligible and would be dependent upon t', or higher
powers of t.

—

It would be noted that the coincidence rates due to
(e), (f), and (g), which could be termed geometrical
220 keV
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FIG. 3. Pulse-height spectrum due to p rays scattered at 124'
to the beam. Curve I was taken with 93.3-mg/cm'-thick lead
scatterer and Curve II with only the supporting frame in position.
Curve III is the difference of I and II plotted in the peak region
only. The crosses give the counts taken with an aluminum
scatterer of thickness 72.0 mg/cm' (background subtracted).

RAYS B Y BOUN 0 ELECTRONS

1199

IIO-

90Vl

IL'

0
+70+1

K
lit

UJ

O
K
sat
O
—50O

2
O

CJ

30.
tl

10-

ti

2

t

i

6

Ii

8
CHANNEL

10

12

14

16

18

NUhlBER

FIG. 4. Pulse-height specttum due to the p rays scattered at
124' to the beam in coincidence with X x rays of lead. The open
circles represent counts with a 28.6-mg/cm' thick lead scatterer
and the closed circles represent the background taken with a
21.3-mg/cm'-thick aluminum scatterer.

background, could be determined in a single experiment in which the coincidence spectrum is recorded by
replacing the lead scatterer by one of aluminum. The
Al scatterer should contain about the same number of
electrons as the lead scatterer. As the cross section"
for the E-shell ionization in heavy elements by a fast
electron is of the order of 10
cm'/atom, the effects
(b) and (c) contribute to the coincidence spectrum to
a considerable extent. However, the contribution to
the coincidence spectrum due to the effects (b), (c),
and also (d) and (h) could be accounted for if the
coincidence spectrum is recorded for various thicknesses of the scatterer. The scatterer thicknesses used
in this experiment were 28.6, 58.8, and 93.3 mg/cm'.
When the gamma-ray counter is 6xed at 124' to the
incident beam and the 93.3-mg/cm' lead foil used as
the scatterer, curve I of Fig. 3 is obtained as the pulseheight spectrum. Curve II is obtained when the lead
foil is replaced by the wire frame supporting it. Curve
III obtained by subtraction of II from I, is the energy
spectrum of the p rays due to the scatterer. The x-ray
peak due to the photoelectric effect in the lead scatterer and the Compton-scattered gamma-ray peak are
evident. The crosses on curve III represent the spectrum obtained with a 72-mg/cm' Al foil, and show that
this Al foil is suitable for obtaining the geometrical
background in this case. After the singles spectrum
was recorded, as in Fig. 3, the kick-sorter was switched
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spectrum

due

to y rays scattered at 124' to the beam
in singles and in coincidence with the
E x rays of lead. Figures (a), (b), (c)
represent the observations taken for
three different lead scatterers of thicknesses 28.6, 58.8, and 93.3 mg/cm', respectively. The dashed curves Lshown
as (A) are the singles spectra after
normalization for the same thickness
(see text). The solid curves (shown as
(B)] are the coincidence spectra, also
normalized to the same thickness as
in the case of singles. Background has
been subtracted for each spectrum.
The peaks at the x-ray energy and at
220 keV, varying in height approximately as the square of the thickness
of the scatterer, caused by the secondary effects, and superimposed on
a broad continuous spectrum linearly
dependent on the scatterer thickness,
can clearly be identified in the figure.
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to record the coincidence spectrum for a period of 12
to 16 h with the lead scatterer in position. The whole
procedure was repeated every day till enough coincidences were accumulated in each channel. The positions of the peaks in the x ray and the gamma-ray
counters were checked every day and corrected for any
slight variation. A similar experiment was performed
to determine the background by replacing the lead
scatterer with an equivalent aluminum scatterer. In
Fig. 4 are shown the coincidence spectra from 28.6scatterers
mg/cm' lead and 21.3-mg/cm' aluminum
recorded for 89 h each.
Similar experiments were repeated with the other
two lead scatterers. It was observed that at this angle
the background was almost independent of the thickness of the Al scatterer and was about the same as in Fig.
4. In Fig. 5 (a), (b), and (c) are shown the singles and coincidence spectra obtained for the three thicknesses
of the scatterer after subtracting the background, and
dividing the counting rate by the thickness of the respective scatterer (the thickness of the thinnest scatterer is taken as unity). By this procedure, the part of
the spectrum varying as t remains constant, while the
part varying at I' keeps increasing. The effects (a), (b),
and (c) described earlier show up clearly, in the three
figures of Fig. 5. A comparison with the singles spectrum shows that the coincidence spectrum is composed partly of x-ray and gamma-ray peaks, due to the
secondary effects (b) and (c) mentioned earlier, the
intensity of which vary as =t'. These peaks are superimposed over a continuous spectrum extending from
low energies, to energies higher than that of the normal
Compton-scattered p rays. The intensity of this continuum is constant in the three figures (a), (b), and
(c) showing it. to vary linearly with the scatterer thickness, The correctness pf the norynafization for the three

thicknesses is evident from the identical singles spectra
in the three cases.
To study the higher energy part of the continuous
spectrum, the gain of the gamma-ray counter was reduced and the coincidence spectrum recorded for the
93.3-mg/cm' lead scatterer. In Fig. 6 are shown the
singles and coincidence spectra after subtracting the
respective backgrounds. To separate the continuous
spectrum due to the primary effect (a) from that due
to (c), mentioned earlier, a spectrum similar to that
for singles, with an appropriate height, was subtracted
from the coincidence spectrum. The resultant dashed
curve shows that the spectrum of the p rays inelastically scattered by the E-shell electrons of lead extends
up to about 600 keV. In Fig. 7 are shown similar observations, obtained with the 58.8-mg/cm' lead scatterer at a scattering angle of 60' to the incident beam.
As the Compton electron energy at this angle is only
about 260 keV, an experiment similar to that described
in Fig. 5 could not be done with the available lead
foils. It is to be observed that at this angle also the
inelastically scattered gamma-ray spectrum extends up
to about 600 keV. An effort was made to study the
low-energy part of the spectrum of the p ray scattered
at 124', but due to poor statistics no better information
than that from Fig. 5 (a) could be obtained.
From the spectrum of the p rays scattered by the
E-shell electrons, the cross section for the process can
be estima, ted in terms of the free-electron cross section,
knowing the absolute detection efficiency of the x-ray
counter for the lead x rays. The spectrum of p rays
scattered from the Al scatterer can be regarded as that
from free electrons. The detection efficiency of the
x-ray detector was determined by a P-x coincidence
experiment using a Au'"" source. This source emits P
(98.6%) by 412-keP
particles, followed predominantly
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clear from Eq. (1) that momenta as high as 1 (P = 0.707)
are involved to a fair extent in the process.
Bloch' has calculated the energy spectrum of the
y rays (energy hvt) from the E-shell electron of an atom
(binding energy 8) for a case where (a) hvt«mpc',
(b) B«W„ the energy transferred to the electron in
the process; and (c) P'«1. Evidently, none of the assumptions of the Bloch's theory hold in the present
case. Also Bloch's theory gives the cross section to be
the same as for a free electron, whereas the observed
cross section is about double that. From this, it is clear
that one cannot expect Bloch's theory to give the
correct shape of the spectrum. Curve C of Fig. 8 is the
scattered photon spectrum given by this theory and,
as expected, does not fit the observed spectrum. Curve
D in the figure is the spectrum given by the calculations of Schnaidt, based on similar assumptions.
The energy spectrum of the scattered p rays can
be calculated by applying the conservation of energy
and momentum relations as was done by DuMond' in
the case of x rays. In these calculations the electrons
are assumed to be free but having a momentum distribution as given by Eq. (1). It is further assumed
that the spectrum is cut off when the energy transferred
to the electron becomes less than its binding energy in
the atom. The conservation relations in this case are
put as:
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FIG. 8. Theoretically calculated and experimentally observed
energy spectrum of the y rays scattered at 124' to the beam by
the E-shell electrons of lead. Curve A (
experimentally observed pulse-height spectrum. Curve B (
energy
spectrum of the p rays obtained from ex erimentally observed
pulse-height spectrum A. Curve C (
spectrum calculated
from Bloch's theory. Curve D (
Schnaidt's theory.
Curve E (—————— a classical treatment taking the ps term
into account but neglecting the binding energy of the electron.
Curve F (. . . . . . . . . . . . Classical treatment taking the binding
energy of the electron into account. The energy of the y rays
scattered by a free electron at this angle is 220 keV.
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In Fig. 8 curve A represents the pulse-height spectrum, due to the scattered gamma rays, in the NaI(T1)
spectrum
as obtained from Fig. 6. Curve B was reconstructed, as mentioned earlier, from curve A to give

—

the energy spectrum of the scattered photons. No correction has been applied for the energy resolution of
the detector which only affects the high-energy end of
the spectrum. It is clear that the energy of the p rays
scattered from the E-shell electrons of lead at 124'
extends from zero energy to about the maximum
available energy of 570 keV. There are no theoretical
calculations at the relativistic energies involved here,
with which the observed results can be compared. The
binding energy of the E-shell electron in lead is 88 keV.
The momentum distribution for the electron as obtained from the relation of Podolsky and Pauling" for
a hydrogen-like atom is given by W(P)dP, where

P

js in units of mpc,
's

B. Podolsky

and

P=P/(1

—p;-)'"]at

=(
I

moP

Lmpptc/(1

(P'+0.358)

(3b)

—p, ')' ']c,

photon

—Pss)'"]cs,

(3c)

as:

Xs=X, +

L. Pauling, Phys. Rev. 34, 109 (1929).

= (hvs/c) q+ PmpPsc/(1 —Ps')'I']bs,

where ptc and psc are the velocities of the electron
before and after the scattering process; a~, b~, cj and a2,
taking
b2, c2 are their direction cosines, respectively,
the incident photon direction as the x axis; hvr (= bc/Xr)
and hvs (=hc/Xs) are the energies of the incident and
the scattered photon, and p, q, r are the direction
cosines of the scattered photon. A solution of the above
equation gives the wavelength A. 2 of the scattered

dP.
is
It—

(3a)

s/c)p+(mppsc/(1

(hvp/c)r+[mpPsc/(1

4

Ps)', and P=ti/c.

pss)'I'—
)as,

hv

P')"']b-

c/(1

p2

, ,rc(hPi)idP=const

' (2)
Ps')"—

and

(hvt/c)+ fmppgc/(1

DISCUSSION

W

= hvs+mpc'/(1
PP)"—

hvr+mpc'/(1

2Pt)te cosP

—(X,—Xt)[1—(1 —Pt')'~
1—
pr coset

In Eq. (4) the quantities )i*, )i.
's

F. Schnaidt,

..

iP,

]

(4)

and et are the same
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I

NELASTI

C

SCATTERI

NG

OF

as defined by DuMond':

RAYS BY BOUN

A

2X*= (X '+X

f

the direction of the incident photon and that of the
Compton recoil electron initially at rest. When the
angle of scattering 8=124' the angle &=13' and the
term cos8& in Eq. (4) can be replaced by cosP without
much error. Using the electron momentum distribution
as given by Eq. (1), a treatment similar to that of
DuMond2 gives on graphical computation the spectrum
of the scattered photons as given by curve E of Fig. 8.
The energy conservation relation of Eq. (2) is not
strictly correct in the sense that the potential energy
of the electron is not taken into consideration. As the
sum of the potential and the kinetic energy of the
electron in the orbit is constant and equal to its binding
energy (B=SS keV for a lead E electron), Eq. (2)
should be modified as follows:

whereas

the momentum

/gp2+

om/c(1

relations

The scattered photon wavelength

+

X2= X.

P2

)

(6)

remain unchanged.
is then given by:

2X*P cosP+P9. ,/2n+X. (1 —
A )—
kzB/moc'
A

—P cos8~ —P'/2a

= 1 —(B/moc ) —(B/2k

v&) (2

—B/moc')

and

(Sb)

f

B

1203

Q= h py/moc

' —2X,Xi cos8)"'

8 is the angle of scattering,
is the angle between the
initial electron momentum and the direction of momentum transfer in the case of normal Compton scattering,
and 8~ is the angle between the directions of initial
electron momentum and the incident photon. For a
particular value of P the angle 8~ can have values
ere p is the angle between
between.
and
g, wh—

hvl+m0c

ELECTRONS

where

(Sa)

f+P

D

text. The
scattered photon spectrum calculated from this relation
in a way similar to that from Eq. (4) is shown by
Curve F of Fig. 8. In computing the photon spectrum
from Eq. (7), as also from Eq. (4), the cross section of
the scattering process is presumed to be independent
of the initial electron momentum.
It should be mentioned that both the relations (4)
and (7) suffer from the defect that the possible momentum transfer to the atom, during the time the
electron is going out of its Coulomb field, is not taken
into consideration. This effect is expected to contribute
more to the higher energy region of the scattered
gamma-ray spectrum. It is evident from Fig. 8 that
the spectra calculated from the various theories di6er
to a very great extent from the observed gamma-ray
spectrum. It points to the necessity of a rigorous theoretical treatment of the process of incoherent gammaray scattering by tightly bound electrons at relativistic
All other symbols are as defined earlier in the

energies.
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