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A formalism intended to evaluate the expectation value of physical quantities directly has been applied
to the processes involving multiple production of photons in quantum electrodynamics. This has been
achieved by constructing the Green’s function which is done by expanding it in terms of hard and soft
photon parts of the electromagnetic field. A general treatment of infrared divergence is given. The cross
section for #n-photon production in Coulomb scattering and pair annihilation has been evaluated. The
limitation of the expansion of the Green’s function in terms of hard and soft photon parts is examined. A
plausible generalization regarding the cross section of any primary process in quantum electrodynamics
at high energies with #-photon emission in the final state is enunciated.

1. INTRODUCTION

HE production of photons during the interaction

of charged particles among themselves or with
external electromagnetic field has been a topic of
interest to the theoretician. It is a straightforward
application of quantum electrodynamics, but the
complexity of the equations prevents a completely
satisfactory solution of the problem. The techniques
developed during one and a half decades have not
made the task easier.!?

Recently a formalism, which follows Schwinger’s
extension® of his action principle,* has been developed
by Bakshi and the author.® In this paper the formalism
is applied to the problem of multiple production of
photons. The details of the formalism will be published
elsewhere. Only cursory details will be given here.

Schwinger has extended the action principle to
generate the expectation values of physical quantities
directly. This is carried out by constructing the trans-
formation function for the temporal development of
a physical system in a closed cycle in time (this being
a mathematical contrivance) in which the develop-
ment from the initial to the final time is governed
by a dynamics different from that of the other part
(the return path). The construction has been achieved
using the retarded and advanced Green’s functions.
In this formulation causality and completeness come
out as natural consequences of the fact that the field
operators have to satisfy certain physical boundary
conditions. Another virtue of this method is that,
because the expectation value is evaluated directly,
the effect of the presence of all the physically possible
complete set of states is automatically taken into
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account. Thus, the application of this formalism to
the quantum electrodynamical problems, as done in
subsequent sections, does not lead to any infrared
divergence, thus showing that the problem of infrared
divergence is due to the computational technique one
is using rather than the notion that quantum electro-
dynamics is formally not a well-defined theory because
of infrared divergence.

The required transformation function can also be
obtained by the transformation function which de-
scribes the development of the system from the initial
to the final time by time reflection and a phase trans-
formation.® Consider an interacting system of electron
and electromagnetic fields in the presence of external
sources and external electromagnetic field. The trans-
formation function (0cy|0c2) is given by’

<0(71 l 00’2> = det(l b 6’YAGO+)
Xexp(i7Gty) exp(34KDK), (1)

where 7, 5 are external sources of the electron field,
K is the external current distribution, D is the free
Green’s function for the electromagnetic field, and
G* is the Green’s function for the interacting electron
field. Here A stands for A°+(1/7)8/6K, where A° is
the external electromagnetic field, and yA4=vy,4*
Also i=c=1. By applying the transformation,®

x— —xe ™
on (1) we get®
(02| Oc2)*=C(4,) exp(i7Gn) exp(3iKDK), (2)
where

C(4y)=det(1—eyA,Got) det(1—evA_Gi)
Xdet(14+7,+S-T_=5+),

15 1
Ag=Aot——; S
i 0K, 1—Goteyd.,

) =),
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with “2” characterizing the external quantities in the
forward and the backward developments,

G= (GH G+—>7
G, G_
with
Gyr== (Gt — STIFTSE) (141 ASTIFT.5%) 1
X (1—evA:Ge*) 7,

Guz=+i(1—GiteyA) ST+ I+F S ST
X (1—eyA:Get) ™,

St(xa’) = ? Yap (x)‘;)\p («'),

(2a)

and!

5=(a3) = s (@),

the ¥),’s being the mode functions of the free electron;

<D++ D, ~)
D= ,
D_, D__

with
Dﬂ::l: = :|:D0:‘:,
D, _=—is(xx'),
D_,=—ist(xx'),
and*

N ('le) = Z Aplc(x)A pk(xl))
ok
st(aa)=S(xx) =3 A (%) A,4(x),

the A,¢’s being the mode functions of the electro-
magnetic radiation field.

Now the generating function Q(A) of projection
operators for photon states is given by?®

QM) =expL(A—=1) 2 a,e; ¢, ], 3)

the a,,®’s being creation and annihilation operators
of a photon with momentum %k and polarization p.
When A=0, Q(0) is the projection operator for the
vacuum state; when A=1, Q(1)=1 representing com-
pleteness. The expectation value of Q(A) can be
readily generated using Eq. (2). It is given by®

(Q())=C(4,) exp(i7Gn) exp(3iKDK)
Xexpl\—=1)KSK_J|g,momx_.  (4)
As a specific example of physical phenomena, the

expectation value of Q(A) in Coulomb scattering is
given by

(Q O\) >cs = C[‘i’ﬂ»’)’ Gy 0¢+p’] [J’+p"¥ 0G++’YO‘//+17]
Xexp[(A—1)KSK_]
Xexp(3iKDK) | k,—o-x_, (5)

p and p’ being the initial and final momenta of the
electron. In the case of a pair annihilation,
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<Q ™) >pa = C[‘;HI'YOG —Y U‘P—p’][‘p—p"YoGJr»&fY Wi
Xexp[(A\—1)K,SK_] exp(3:KDK)
XKy=0=K_, (0)

# and p’ being the momenta of the electron and positron.

In the subsequent sections we shall deal with the
detailed evaluation of the right side of Egs. (5) and (6)
which requires explicit construction of G,y and G__,
which in turn can be done in certain approximations.
Sections 2, 3, and 4 are concerned with approximations
and explicit construction of the required Green’s
functions. Section 5 contains the treatment of infrared
divergence and Sec. 6 the energy loss in Coulomb
scattering due to infrared photons. In Secs. 7 and 8
the multiple bremsstrahlung is considered, and the
validity of the approximations in Secs. 3 and 4 is
discussed. Section 9 deals with radiative corrections
and comparison with earlier results in the literature.
In Sec. 10 the formalism is applied to multiple photon
production in pair annihilation. In Sec. 11 a plausible
generalization is stated and brief concluding remarks
are made.

2. HARD AND SOFT PHOTONS

In the foregoing section a complete formulation to
evaluate directly the expectation values has been given.
In this and subsequent sections, we shall consider the
application of the formalism to the problem of infrared
divergence (IRD) and the multiple photon processes
in quantum electrodynamics. The expressions given in
the last section are complete in their description of the
physical processes and contain all the virtual pheno-
mena that are involved. Instead of dealing with the
above-mentioned problems in all generality, which at
the moment does not look feasible, we will neglect the
vacuum polarization [which means putting C(4,) in
Eq. (4) equal to unity] and other virtual processes
and make simplifying assumptions which do not look
far away from physical reality. At the end of Secs. 8
and 9 we shall make comments on these assumptions
and try to estimate corrections due to the neglect of
some processes and the assumptions.

As is well known, the infrared divergence problem
which occurs in radiative corrections in quantum
electrodynamics is almost a real process. In other
words, the virtual photons which give rise to IRD are
almost real. Hence in order to deal with IRD problem
alone it is enough to deal with real photons. Our next
problem of multiple photon production in any process
in quantum electrodynamics involves real photons.
Now we shall develop an approximation technique to
deal with these real processes. Before going into
details it should be mentioned that our gigantic expres-
sions for G and G__ [Egs. (2a)], which are the ones
that are needed for the description of the processes we
shall deal with, become simplified because of energy-
momentum conservation. This fact becomes clear if
one remembers that ST and S~ functions are defined on
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the mass shell. Bearing this in mind and confining
ourselves to the emission processes, G;; and G__
become

1

Gir=Gurt=Gg—
B 1—eyA G+

(7a)

G-—=—Gy—=—Gi (7b)

1—eyA_Gi~
When an external field A€ is present, to the first order
in A¢ we can write G, and G__ as

Gir=GayteyA°Gay™, (8a)
G = —GaeyAGar. (8b)

At this point it should be mentioned that we will
treat Coulomb scattering and multiple bremsstrahlung
up to first order in the Coulomb field.

Any theory which tries to explain the physical
phenomena must also take into account the fact that
they are observed and recorded by an apparatus which
has a limited accuracy. In view of this fact, whenever
there is emission of photons in a physical process, not
all the photons are detected but only those which are
above a certain energy which is the energy resolution
Aeo of the apparatus involved. We shall denote all the
photons below this energy Ae, as infrared or infra-
photons. We shall divide the photons above this energy
into two parts in comparison with the energy of the
particle involved—electron or positron here. The
photons which have energy comparable to that of the
particle are called kard photons; the photons which
have energy above Ae but not comparable to the
energy of the particle as soft photons. In what follows,
unless there is a confusion in terminology, we shall
mean by soft photons both soft and infra-photons.

3. APPROXIMATIONS

For the processes we are dealing with the derivation
of an explicit expression for G, and G__ has reduced
to the finding of G* and G~ because of the relations (7).
So, consider the differential equation for Green’s
function for an electron interacting with an electro-
magnetic field 4 :

(yp+m—eyA)G=1. 9)

The 4 in Eq. (9), on being replaced by == (1/7)8/6K,.
and made to act on appropriate quantities as in Eq. (4),
gives rise to a description of the emission of photons.
Because in the physical processes we are dealing with,
there are both hard and soft photons, we shall make
the distinction between the two kinds at the outset
and represent them in the differential equation as

[vp+m—ey(As+An)]G=1. (10)

This distinction gives us an opportunity to treat them
on different footings. We shall carry out high-energy
approximations on the soft-photon part and perturba-
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tion in the usual sense on the hard-photon part. To
this end we write

1

G:
vpt+m—ey(4dst+An)
=G35+G3%eyAuGS+GSeyAnGSeyAuGS+- -+, (11a)
where )
GS=r————, (11b)
vp+m—eyAds

Looking ahead with a view to how one calculates the
cross section making use of the formalism we have
developed, one infers that

,=0(0)+a(1)+...+0(n)+...’ (12)

where ¢ is the cross section of the process in question
with # hard photons. The possibility of existence of
¢™ in ¢ must be viewed from the standpoint of con-
servation laws of energy and momentum. For example,
Coulomb scattering can occur with no hard photons
and hence the series begins with ¢©. In the pair
annihilation two hard photons are necessary and, hence,
the series begins with ¢®.

We shall now examine the series (11a). We shall
confine our attention to the third and the fourth terms;
and a similar examination can be made for other
terms. It should be mentioned that what follows is not
a proof with all mathematical rigor; besides we deal
with a part of the expression ignoring the effect of the
other part on it. Later it will be shown that the con-
clusions reached here are true in specific physical
processes with only certain energy losses. Consider
that part of the expression which gives rise to three
photons in a pair annihilation. The terms are

Gy A sG%y A aGley A uG®+ GOy A uGley A sGey A GO
+GO%yAuGley AGley A sG°
+Go%yAaGley AuGoeyAnG°. (13)

The object is to show that the main contribution to
three-photon production in pair annihilation comes
from the first and the third terms. Consider the first
and second terms:

G*(eyA sGleyAu+eyAnGoeyA 5)GleyAuGS. (14)

Making use of Fourier representation, we write (14) as

ip (z—y) — — — bk,
/e (m vp)(m O .

ety wit-(p= ko)
m—y(p— k)
X k ik}w_i_ k ikhy ka iksy)
eya(kn)e eya(kn)e m2+(P_kh)2eya( )e
= (p=ks= k) ' 0= (m—p)

X & k tk3y.
Wt (p— o F)? va(ks)e it g

Xdpdp'dkidk.dksdy. (15)
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We are interested only in the order of magnitude of
the quantities. Making use of the fact that m?4$?=0
=m?+p"? because we are dealing with free particles
at the ends, we have for

eV m—p) (palk) pallr)
o / (* eval)+—— 6va(ks)>
wp O\ phy ok
X e“’%+kh+ks>um_ v (p—ka—Fkn)
m2 (p—ko— k)2
e’ (y—z’) (m_ ‘YP)
Xeya(ks) Ak dbidksdpdp’dy. (16)

m2+P2
The operation of variational differentiation gives

a(kr)~1/ks¥ and a(k;)~1/k % Hence, the ratio of the
two terms in (16) is

(17a)

which is large. This means that in the series (14)
significant contributions come from terms in which
G* in the middle is replaced by G°. This is the expres-
sion of the well-known fact that soft photons come out
before and after the hard interaction takes place.
Hence, (11a) becomes

G=G5+GSeyAuGS+GBeyAnGleyAuGS+---. (18)

Now we shall compare first and last terms of the
expression (13):

Gy A Gy AuGley A uG®

first term/second term=£,}/k},

and
G ey A pG ey A unGley AuGO.

The matrix ratio of these two terms is given by

Gy A sG*———.
GOG’Y A HGO

Noting that the free-end Green’s functions G° in the
numerator and denominator refer to the same momen-
tum, the magnitude of the ratio is ~ki/k3. Now
remembering the fact that the cross section is obtained
by integrating over the density of the final states
which gives an extra factor £ for the effective ampli-
tudes, the effective ratio between the first and the last
term of (13) becomes

(19)

(17b)

Hence, the contribution to the cross section for three-
photon production in pair annihilation comes mainly
from two hard photons and one soft photon part.
Hence we can write for three-photon pair annihilation:

(20)

first term/fourth term=k;}/k}.

o~o®@,

4. CONSTRUCTION OF G#5- AND G5

Considerations in the latter half of the last section
have reduced our problem of constructing G* and G~
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to that of constructing G5+ and G5~. We also observe
that GS appears only at the extremities in each of the
terms except the first term of the series (18). The first
term is of any consequence, by energy and momentum
considerations, only if an external field is present and
then we always get GSeyACGS. Appearance of G¥ at
the ends simplifies their construction. G5 at the left
will be referred to as GS¢, and that at the right G5
In constructing these functions we will make use of the
following assumptions:

(i) Our photons are real; hence k2=0.

(ii) The photon momenta ki, ks, -+ ky--+ can be
neglected in comparison with the momenta p and p’ of
the free particles at the ends. We have the relations
m2+p*=0=m2+p"2% Due to the assumptions (i) and (ii)
we have (with 2p > ki>2 3 ix; kik;)

2+ (pkitkod - dk,)?

~2p(kitkot- - +ka), (21a)
m—y (p'+k)yya=ya[m+~y(p'+k) 1+2(p'+k)a
=ya(m+vyp)+2p'a. (21b)
Similarly
valm—y(p—k)]~ (m+vyp)ya+2pa.  (21c)

In (21a) and (21c) we are neglecting a term like
(ya) (yk) which is very important because of its spin
dependence. We shall come to the discussion of this
term in Sec. 9.

First consider GS~ which has right coordinate index
free. Making use of (11b) and (21) we can write it as

w i’ (=) (g —yp”)
GSr= Z 1 _1. ,e_”__('m—’yp)
im0 (2m) m! m+ '
e ?'ak) "
X( e“"dx)
(2m)t ] p'k
1 eip'(:v—a;')(m__,y /)
- / iy LA (222)
(27)* mi4-p'?
Similarly
1 e (m—ryp)
GSi= / p B (22b)
(2r)* mi+p?
where (k)
e a
B,/ (x)= / ei’”‘P dk. (22¢)
(2m) p'k

5. INFRARED DIVERGENCE IN COULOMB
SCATTERING

As the first application of the foregoing formalism
we shall consider the problem of IRD and multiple
bremsstrahlung. Even though the IRD problem
involves virtual processes, the divergence itself involves
almost real photons. Hence we can use the Green’s
functions which we have constructed in the last section.
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We shall first proceed by evaluating the expectation
value of the generating function Q(A) given by Eq. (5)
for photon emission in Coulomb scattering.

Q)= —[42Y G-y Wt 457 Gt Y 4 p ]
Xexp[ A—1)K,SK_T exp(3:KDK). (23)

We shall assume that all the photons involved are soft
photons. Then Eqgs. (8a) and (8b) become

Gy =Gy STeyACG 4 S,
G__=—Ga SeyA°Gs 5.
Now substituting (22) and (24)
— [V G-y Wt 0¥ Gt Y1 ]
=[4s70Ga-5eyAGa Sy o1y ]
X [Wapv0Gar S ey ACG oy Sy, ]

(S22 )

X (1LY 0t Ty Y ey p) / gieP) (=)

(24a)
(24b)

o[B! (a)=B—p(2")] g—[Brps (2)—Bp(x)]

X )

25
¥ Ix] @5

where
(25b)

_° ikzﬁai(k)d
Byp(x) Ry / e p k.

Averaging over the initial spin states and summing
over the final ones, we get for (25)

e o ]

¢B=p—B—) (3) o~ (Bp—Btp) (2)

x/e+i(p—p’)(z—w') (26)
[x'| x|
Hence Eq. (23) becomes
m)=L1]
e(B—-p'—B—p) (z’) e (B+p'—B+p) (z)
X/g%(p—p’)(a»x’)
Ix'| x|

Xexp[ (\—1)KSK_] exp[4iKDK].

In this equation we mean, by e, and a_

(27a)

1 @ -1 3§
=- ; =— . (27b)
1 6K (R) 1 0K_(k)
In the momentum representation, we have
dk 1
K SK =3 —— —K,(—k)K_(F), (27c)

(27)? 2k
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and 1 [ E(—BE.®)

+(—R)K (%
K,D,,K,= /dk , 27d
D Ky (2m)* e (27d)

1 K_(—k)K_(k
KD K =-— /dk MEA ). (27¢)
(2x)* ke
Making use of the identity
b)

exp(C‘ST{)F(K)=F(K+C), (28a)

Eq. (27a) becomes

et—p’) (z—2z')

=L 1[———

x| [x']

d*k /2
XEXpI:)\ ¢ /—-(i_i) e—ik(x—z’)]
(2n)2 ) ko \pk 'k
« 1 1
Xexp[é / dk( - )
(2m)? k—ie Etie

x(ﬁ—%ﬂ. (28b)

Using the identity

1 1
lim = P—2imd (F?), 29a,
>0 p2je B2 ) (292)
we have
1
— =2mid (k?). 29b
k*—ie k*>tie ) (29)

Making use of (29), Eq. (28b) becomes

@)=L ] [ JRRE
S

a &k "\?
f —(—1—,———1> :' (30a)

(2r)* ) ko \pk p'k
Both integrals in the last two exponents have gauge-
invariant structure. Now the term containing X is due
to emission of photons, and the other exponential is
due to that part of the radiative correction which
gives rise to infrared divergence. Let us say that the
photons produced carry away energy and momentum
K (K,K,), which gives the upper limit of integration.

In order to deal with radiative correction integral
we appeal to the lowest order calculations of Schwingers

X exp[k

Xexp[ -

8 J. Schwinger, Phys. Rev. 76, 790 (1949).
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and Newton® and replace the integral by

/ d3k< 2p—k  2p'—k )2

ko \2pk—k* 2p'k—k2)

which is chosen to be gauge invariant. Besides it does

not need an upper limit as it is convergent. Note that

this replacement is not at all necessary in order to

show the cancellation of IRD because the lower limit

is not affected. We assume that in the above expressions
we are dealing with renormalized quantities.

The integrals we want can be evaluated attributing

a small mass e to the photon. They can be evaluated

exactly using Spence functions. In the high-energy
limit they are given by

1 K s p p’)2d3k
(zw)Z/o <pk P/ ko

(30b)

2| pp’ EFE
:“[ 2|pp’ I<l Wy |2’ >
T m? € m? Koz
m?  EF’
—ln—+ln»~—] (31a)
62 K02

and
1 /( 20—k 2p'—k )2d3k
@2m)rJ \2pk—k* 2p'k—k/ ko
2 2|pp’| 1 m2
l:ln L4 I(n———}-% In L )—ln——:l. (31b)
T m? e m? 2 e
Now consider the emission integral,
K g3
A “ / dk(ﬁ__i) —ik(z—z")
@2r)Jo ko pk p’k

(27r)2</md3k /Kd3k>(ﬁ-ﬁ)2 —~ik(e—+") (32)

where Ae is the energy momentum lost due to the
infrared part. In any emission process the former gets
cancelled by the radiative part. Hence, (32)
effectively

a Kdksp P )
__.)\ e —ik(z—z’)
(2m)? /Ae ko (pk 'k

a Ae dak p P’ 2
NN TR
(27r)2 o ko Pk Pk

Aeg 1s nothing but the energy resolution of the experi-
ment from our definitions in Sec. 2.

9 R. G. Newton, Phys. Rev. 97, 1162 (1955); Phys. Rev. 98,
1514 (1955).
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We shall confine ourselves to the IRD problem.
Hence, we are not interested in the soft photon emission.
This means that K=Ae and A=0. Hence, the prob-
ability that an electron of momentum p gets scattered
with momentum p’ with energy and momentum loss
Ae due to the infra-photons is given [from (26), (30a),
and (33)] by

et(—p") (z—z’)

P(Ae)=[ ] /dxdx’———

x| x|

a Ae dsk( )2 y )
Xexp': / —( )% ’“”J
(27!‘)2 0 ko

(zi)z / < )Zd—ljﬂ' (39

We have not yet imposed the restriction that the total
energy momentum lost by infrared photon emission is
Ae. This is done by introducing the Fourier representa-
tion for §(Ae—>_k). Then (34) becomes

X exp[ -

ei(p—p'—A¢) (z—a’)

1
P(Ae=[ ]@ /dxdx’dy-————emey

X[ x|

« A‘dak( it
xesp| - [y
(27!‘)2 0 ko

(ziy/ ( )2%]’ (32

ei(p—p’——A €) (z—2’)

X/dxdx’dy - eibert/ (1)
x| |x]

el o[+ NG ) o
where

e [ 2] o

We see from (36b) that as £— 0, (¢e~#v—1)=—iky
and hence the integral is not divergent. In (36a) the
integrals in the last exponential also cancel out their
divergent parts. Hence, (36a) becomes

Xexp[ -

= 2104[ ]

Plae)=

( 21)4[ ]

ei(r—p'—Ae) (2—27)

X / dxdx'dy

eiAeiH‘f(y)
Ix] x|

<l LG 2} o
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Using (31a and b), we get

=g f )

EE’' 2| pp’
o WI} (36d)

n T
(A 60)2 2w m?

X1

Now the cross section for Coulomb scattering with

loss of energy and momentum Ae due to infrared

radiation is given by

do® 1 (Ze?)?
(A=

aQ (2m)8 2m?

v’ 1

X —_.___< / eiAey+f(y)dy)
Ip| (p—p'—Ae)

[ a( 2(p0'| )
Xexp| ——( In -1
T m?

(popo’+p-p'-+m?)

EE  « 2|pp
Xln +—In Ld ], (37a)
(A 60)2 2w m?
where
?0'=P0— Aéo. (37b)

It is very desirable to have no reference to the direction
of total momentum Ae of the photons emitted. This
requires the evaluation of the four-dimensional integral
(S +++dy) in (37a) which does not seem possible to
evaluate analytically. This is the case with all the
processes we are treating in subsequent sections. One
can do the calculation ignoring the recoil effect. Foldy,
Ford, and Yennie® have shown that the dynamical
effects due to recoil are of order m2/ ME (M being the
mass of the nuclear target) as compared to the complete
neglect of recoil. These effects become very important
in processes like e+4¢ — e+e-+y when one of the initial
electron is at rest. Besides the dynamical effects, one has
to take into account the interaction of the target elec-
tron with the electromagnetic field due to recoil.

In the next section we shall evaluate the cross section
ignoring the total momentum of the photons emitted
but taking into account the energy conservation. This
effectively means that we are neglecting the dynamical
effects of recoil but taking into account the kinematical
corrections due to the energy loss.

6. LOSS OF ENERGY IN COULOMB SCATTERING
DUE TO INFRARED EMISSION

We shall first do the calculation for energy loss only
due to the infra-photons. Instead of introducing a four
o-function restriction on (34), we shall introduce

0T, L. Foldy, K. W. Ford, and D. R. Yennie, Phys. Rev. 113,
1147 (1959).
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8(Aeo—Y ko). Then instead of (37) we have

de©® do Aey v2Aeg cos?(6/2)
aa=(55) (1~ )

4 de/a\" E2 1—1sin2(6/2)

1 a
X-(/dyo eiAeoyoH(uo)) exp(—-- . ) (38)
2 T

Defining
20 2|pp'|
C= —l:ln - 1:|, (39a)
T m?
we have!!
(/dyo etd eoyo—l—f(yo))
=/dy0 gtleovo
o Aeo d3k P P/ 2
Xexp[ / ——(——-—) (e tkovo— 1)}
(211')2 0 ko Pk P’k
C
=27—F(C), (39b)
A €g
where
F(C)=e¢7¢/T(14C), vy=Euler’s constant. (39c)
Hence (38) becomes
de© C Aey v*Aeocos?(6/2)\ /do
—(Aeo)=——F(C)(1— )(—)
daQ Ag E? 1—92 sin? (0/2) dQ el
omt e aer ] o)
Xex |F—— n 1 ~—:|
pL_ ’ (Aep)? o

Now suppose the energy resolution of the experiment
is AE> A¢p; then one has to integrate (40) over Ae
from 0 to AE. We shall do this assuming that AE is
very small so that po=p¢’. Then E~E’, C is independ-
ent of Aeo, and

~

( Aey v°A€g cos?(8/ 2))
E?  1—12sin2(6/2)
Hence we get

do® do
( (AE)) — (_) F(C)e—c In(E/AE) g1 (CH+2a/7) (41)
dﬂ el

aQ

This expression was first obtained by Yennie ef al.'
The examination of (41) reveals that as AE— 0 the
cross section becomes zero, corroborating the con-

1 D. R. Yennie, S. C. Frautschi, and H. Suura, Ann. Phys.
(New York) 13, 379 (1961). Most of the references regarding
infrared divergence are given in this paper.
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jecture of Schwinger.® The above equation gives the
cross section one would get with an apparatus of
energy resolution AE.

7. MULTIPLE BREMSSTRAHLUNG

Now we shall consider the production of multiple
photons in Coulomb scattering. The expectation value
of Q(\), using (30a), (31), and (33), becomes

M)
= ]/ei(p-p’)(x—z’)

— a Kud3k p P, 2
Xexp| A (————) e‘”“‘“”’):l
L 2m)2 Jae, Bo \pk PR

- Aedﬁk p P/ 2
XeXP / (————-) —zk(a:—a;')}
L (2m)* ko \pk 'k
o« [dRep PN
Xexp| — / (___):I
L (2n)?) ko \pk Pk
=[ ]/ei(P—P')(1—1')eiKoyo+f’(yo)
a Ko dak( )2]
(27!')2 ~/Aeo kO
2 7
Xexp[_g(ln IMI_I)
T m?
EE 2|p¢'|

Xn (Aeo)2_l_21r m :I 42

X expl:k

where

J'(30)

— [A(zjoz /Kf;(}%fé) s 1)] “

Proceeding in the same fashion as before (neglecting
the recoil altogether), we get

do©®
- (AJK 0)
aQ

IC{;—(iMI)ZF( )(dﬂ)el

a Kod%(p 4 )]
(27)? /;E ko \pk 'k

EE 1 2
Xepr:—%C In —l——(C +—):l,

(AE)? 4 T

C'F(C") =~ ydo
1 (2
Ko—AE dQ/

K, EE 1 / 2a
Xexp[C’ In 3CIn +-{C +——):|,
AE (AE? 4\ =

X expl:)\
(44a)
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where

C'=

20/ 2|pp’
)x—(ln L |~1).

T m?
When Ko=AE, A=0 and C'F(C")/(Ko— AE) is unity.
In order to get an expression where the energy loss is
always less than Ko, we integrate (44) over K, from
AE to K, We observe that po’ appears always inside
the logarithm. Because the logarithm is a slowly
varying function, we put po’~po and integrate, the
error introduced being of the order of aKo/E. Then
we get

(44b)

do©®
\,Ko<)
Q
(d") FCHF(E)
- dQ el
E 20
Xexp|:C’ ln————C In—~-o- (C—l———)], (45a)
AE AE 4 T
where

F(C)=e?/T(1+C"), (45b)

The extraction of the coefficient of A" gives the cross
section for #-photon production. As an approximation
we put F(C")=F(C")=1. Then (45b) becomes

de©

v=Euler’s constant.

()‘:K0<)
Q
(da) FC)
B dﬂ el
K, 2a
Xexp[C’ ln————C 1n———+ (C—I———):l. (46a)
AE AE 4 T

The cross section for #-photon production is given by

do©® 1 7do n
() =) relensy)
dQ /, n!\dQ/a E
E 1 20
Cln——-+—(C+——)1. (46b)
AE 4 T

Some remarks about the work done before! are in
order. The exponential factor in (46b) is left out and
so also F(C), the former coming from infrared part of
the radiative corrections and the latter from the
energy conservation. Both of them provide strong
convergence at very high energy, remembering that
for CK1, F(C) behaves like ¢~C ¢, Besides, in Gupta’s
result Ko has been put equal to E when the soft-photon
approximation fails (see next section).

In the equation (46a) if we let A=1, we get the
cross section for Coulomb scattering with energy loss
K, when the experimental energy resolution is AE.

X exp[—
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8. CONTRIBUTION DUE TO THE FIRST
HARD-PHOTON TERM

So far, we have calculated the relevant physical
quantities under the assumption that the photons
emitted are soft. The “proof” we gave in the Sec. 2
is inadequate. Hence, let us examine by taking into
account one hard-photon term. Then instead of (24a)
and (24b) we have to take

Giy={Ga,St+eyACG 4,57+
+GaStrey AuGiteyACGa, St

+GaStreyACGoteyAuGay Sy,  (47a)

(47b)

G__=—{+ — — in the above expression}.

The first terms in G4, and G__ combine to give, as
before, the expression (46). The rest of the terms
combine to give do®W/dQ(\,Ko<). In this expression
we shall assume that the total energy loss including
the hard photon is <K,. Then, proceeding as before,
we get the analog of (44a):

do® C'F(C")
(x,Ko>={x F(C)
dQ K\—AE
K, EE 1 / 20
Xexp[C’ln 1Cln + C—{——)]
AE (AE? 4\  r

X -/; " dko R’(k0)<KOIi]kO)I—CI}. (48a)

Here [Ko/ (Ko—ko) ¢ comes from the integration

/ dyo Kkt o), (48b)

where f’(yo) is given by (43); ko is the energy of the
hard photon. R’ (ko) is given by

R (ko) = ko / dsz(j—;)l(k),

where (do/dQ), is the cross section for single brems-
strahlung. The integration over the angle of the photon
has been achieved by Racah.’? We shall have his results
for two specific cases:

(i) For k< E/2,

(48¢)

Sakosdr\ E
R (ko) ~ (—> n— (492)
e 2 dﬂ el M
(ii) For ko>E/2,
e Zako(dzr> B on)
~ —) In— .
T \da m (B—ho)?

12 G. Racah, Nuovo cimento 11, 461 (1934).
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We shall consider (i) first. With (49a) the integral in
(48a) gives rise to

da(l)( Ko)=[ :]Sa (do‘)
MK =[ T—(—
R A VY

’

E
X ln——(qu-—
m

1K 02), (50)

Cl

C’ is very small; for 1-Bev electrons and an energy loss
of 20 Mev, C'<0.06. Hence the second term can be
neglected. Hence (50) combined with (44a) gives for
K\<E/2

do

- )\7K )
P
da® do®
=——\K)+—ONK
- (A\,Ko) e (\,Ko)
C'F(C") do
e
K¢—AE dQ/ o
Ky E 1 2a
Xexp[C’ In—-—C ln——+—<C +——)]
AE AE 4 T
K,
X<1+>\E7R<(Ko)), (51a)
where

do
R<(Ko>=(gl) RO(KY). (51b)

As before, in order to get an expression where the
energy loss is less than or equal to Ko<E/2, we have
to integrate over K, from AE to Ko This operation
yields [after approximations similar to (46a)]

do
'—_'(>\7K0<)
aQ
do
-(5) rore)
dQ el
E 1 20 K,
Xexp[—C ln——+—<C+—-)—|—C’ ln———]
AE 4 ™ AE
4a K E
X(l-l—)\————ln—). (52)
T B2 m

For 1-Bev electrons and Ko=E/2 we get that the
second term is smaller than the first by a factor of
thirty. Hence, we have about 39, error by neglecting
the second term. Hence, for Ko< E/2, the soft-photon
term gives the main contribution. With this term, the
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production cross section for #-photon production is

do 1 Ko\™1
(——()\,Ko<)) =—F(C)(C ln—)
aQ n ! AE

E 1 2a
Xexpl:—C 1n—+—<C+—>}
AE 4 T

K 4a K¢ E
X lC In——+n—— ln—}. (53)
AE r E2 m

We shall now consider the case where K,>FE/2.
From the expression (48a) we infer, as 0<C’<1, that
the integral has a major contribution coming from
Ko=ko. Hence, the expansion about the point K, will
provide an approximate evaluation of (48a) for
Ko>E/2. Up to the second term in Taylor series we
have

2¢ E zdo K
Ry (ko)=— ln—~(—> [—-i— (ko—Ko)
™ m dﬂ el (E—' K0)2

X[(E—l k0)2+ (EZ—KI;)J } G4

do (Ko— ko) E+Ko
=R>(Ko)<—) [1__-__ ]
a0/ o Ky E—K,

de do® /de® do®
) A5,
dﬂ dQ dQ E/2 dQ >E/2

Using the above expression, integration limits of k¢ in
2nd term being from 0 to E/2 and integration limits in
the last term being from E/2 to Ko, we get

Now

(55)

do C'F(C") do
0 =S o)
dQ KO—AE aQ el
K, EE 1 2a
Xepr:C’ In——3%Cln —}——(C—I——)]
AE (AE: 4\ &
K, EN\NE+K,
X[1+R>(Ko)(“—‘—<Ko——) )
c’ 2/E—K,
(Ko—E/2)

+———R<«(Ky) ], (56)
C’

do/dQ(\,<Ky) is given by integration of Ko from AE
to Ko. Upon doing the integrations approximately, one
finds that the last two terms give rise to a contribution
between 2C and 3.5C times the first term when
K¢=0.75E and, hence, the error in neglecting the
hard-photon term is between 20 and 359, with C=0.1
which is the case for 1-Bev electrons. Taking higher
terms in the Taylor series does not help the situation.
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Hence for Ko>E/2 the soft-photon part alone does
not account for the loss or the production; higher
hard-photon terms come into play.

In the above treatment we have extended the range
of integration of the soft-photon energy from 0 to K,
where Ko>E/2. This is not valid because in our con-
struction of G5t and G®* we have assumed that the
energy and momentum of soft photons are negligible
as compared to that of the electron. One could remove
this restriction provided one takes into account all the
neglected terms in the series. The contribution due to
these neglected terms is very small when K <E/2.
When K¢>E/2, there is no distinction between hard
and soft photons as one has to take into account these
terms. Hence, two things happen when K,>E/2: (i)
The hard-photon term makes significant contribution;
(ii) there is no distinction between hard and soft
photons. This makes the expansion in terms of hard
and soft photons lose its meaning for Ko> /2.

9. RADIATIVE CORRECTIONS AND DISCUSSION

In this section we shall briefly discuss (i) the con-
struction of G8! and G5, (ii) the estimation of radiative
corrections, and (iii) the comparison of the results
derived before in the literature with ours.

In our construction of G5t and G5 we have ignored
the spin-dependent terms entirely. Though these
terms do not contribute to the energy loss or emission
process, their contribution to the radiative corrections
is significant. Schwinger® has calculated the radiative
correction to first order. From that we infer that the
contribution of the (ya)(yk) term is logarithmic. By
looking at the second-order radiative correction calcu-
lations by Newton,® one feels heuristically that in
general this logarithmic term should appear in the
exponent along with the infrared part of the radiative
correction; the same might be true of the logarithmic
contribution due to vacuum polarization which is
entirely due to the determinant in Eq. (3.36) and
which has been put equal to unity in our approximation.
Because of the logarithmic nature of these terms, the
major part of the radiative corrections to the particular
process of Coulomb scattering comes from this ex-
ponential structure. Hence ¢=® in Schwinger’s work?
would give most of the radiative corrections to Coulomb
scattering. A systematic method of evaluating the
radiative correction using its infrared part has been
given by Yennie ef al.'t

Some remarks about the work done before are in
order. Yennie e/ al.!' have obtained an expression
similar to Eq. (12) by using classical arguments com-
bined with Feynman diagrams. They seem to have
superimposed infrared photons not on the scattering
amplitude but on the probability, itself, thus getting
an expression which is the sum of different hard-photon
cross sections corrected for infrared photon super-
position. Even from their most general treatment one
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cannot get (37a) or (40); one could get (41). Because
of the reasons mentioned above, their treatment of
infrared divergence is deficient, in addition to their
nonrigorous treatment of overlapping divergence.

10. MULTIPLE PHOTON PRODUCTION
IN PAIR ANNIHILATION

This problem can be given as general a treatment
as the Coulomb scattering. Here, also, using the result
for three-photon production in pair annihilation cal-
culated by Joseph,? one can show that if the difference
between the initial energy and the energy of the two
primary photons is less than half the total energy, the
“loss” is primarily due to the soft photons. But we
shall not go into details. We shall just give the deriva-
tion for the cross section of multiple photon production
when the energy loss is less than half the total energy
and hence is mainly due to soft photons.

The expectation value of the generating function
Q(A) in the case of pair annihilation is given by

(Q O\) ) = DhmG_ =Y 0‘/’—?'] [‘p—p‘)’ oGayy o‘/’+p]
X e1K+8K—ghiKDK

(7

By the considerations of Secs. 2 and 3 we will calculate
the contributions to Q(A) with two hard photons.
Then G4+ and G__ are given by

G =GaSteyAn GoteyAn Ga S,

G__=— GA_‘S'l_e'yAH_Go_evA H_GAﬁS’".

(58a)
(58b)
Using these, we have
— [PV Gy W T VoG Yot ]
=[Wupvo(Gay Srey A GoteyAu Gar Sy ol p ]
F[W_pvo(Ga—SeyAn_GieyAu_Ga_~)ywip]

(59a)
N ((21)4)4((;1:)3 g)((iil)s ;:)

% / =i —2) (") giChr e ) o itk 2 e s’

_ m—y(p'— ki)
X {u+pva—(k1')—va-(k2’)
mi+(p'— k)

m— (p+ks)
Xthpltpr Y (br)—————ya; (ka)itsp
wet (pkay

X gB—p'—B=p) (")~ Bp—B+p) () dk\dkodky'dky . (59b)

In Eq. (59b) it is understood that the a’s on the line
correspond to the hard photons and the operation of
variational differentiation has to be carried out on the
hard part of the exponential, eX+5K- and ¢*XPK, Besides,
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it should be noticed that this differentiation gives rise
to radiative corrections when operating on ¢}&PK
[without vacuum polarization because we have put
the determinant equal to unity in Eq. (4) in our
approximation]. In our treatment of the problem here,
we shall neglect these and carry out the cross-section
calculation and include the major part of this effect in
the exponential as we did in the case of Coulomb
scattering [see after Eq. (30a) and also Sec. 97].

We shall work in the center-of-mass system of the
electron and positron. During the calculation we
assume that the total momentum of the soft photons,
K, is equal to zero. This is a physically good assump-
tion for high-energy electrons and positrons. Proceed-
ing as before, the generator for the cross section when
the energy loss is Ko, which is less than half the total
energy of the initial system, is given by

C'F(C)
o\, Ko)=N— F(C)oy
K\—AE

K E 1 20
Xexpl:C’ ln———Cln—+—(C+—):|, (60a)
AE AE 4

™

4o 2E—K,
9= 1n< >.
(ZE— K0)2 m

Here o, is just the cross section for the production of
two photons in pair annihilation when the total avail-
able energy is 2E— K. Integrating over K, from AE to
K, to get the generator with the loss of energy less
than K,, we have

where

(60b)

a(\ K<)
wa: 2E
=N— In—F(C)F(C")
E2 m
K E 1 20
Xexp[C’ In——-C ln—+—(C+~)], (61)
AE AE 4 T

after having neglected K, inside the logarithmic term
and ignoring 0.75 as compared to 1/C, C being approxi-
mately 0.06 for 1-Bev electrons. Hence the cross section
for the production of # photons out of which (#—2)
are soft photons with total energy Ko< E is given by

x 2E F(C) K\
ou(Ko<)=a?— In Cln—
2 m (n—2)!\ AE

E 1 200
Xexp[— C ln——+7<C+—>:l. (62)
AE 4 T

The remarks made at the end of Sec. 7 regarding the
results derived in the literature (Gupta! and Joseph?)
hold in the case of pair annihilation also.
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11. GENERALIZATION AND CONCLUSION

In the foregoing treatment of multiple photon
production, we have calculated the cross section for
Coulomb scattering and pair annihilation, in the
course of which some approximations have been made.
We infer from the examination of these approximations
(see last paragraph of Sec. 8) that the treatment is
valid only when the energy loss is less than half the
total initial energy of the system, all the correction
terms being small. When the energy loss is greater than
half the total initial energy, the corrections are no
longer small and exact evaluation of them is essential.
With these limitations in mind, the following generali-
zation appears plausible.

The contribution to the multiple-photon-production
cross section in any primary process in quantum
electrodynamics in the range of high energy is pre-
dominantly due to the soft photons if the energy lost
by the primary process is less than half the initial
energy. More specifically, if there are m photons in
the final state of the primary process and s electron-
positron momenta involved (both final and initial),
the generator for the production cross section is given by

1 K
dy vt exp()\/ I) exp(~—/1>,
(2m)* / AE 0

a3k : 2
I= ——(}: LN q—eo\»)
(21!')2 ko \7s pfk % q,k

ac(A)=A"g

where
a

and
K

7o)=exp| [

o is the modified cross section of the primary process

A>0
A<0.

eN)=+1,

I | 1
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due to the loss of energy momentum; K= (K,K,) is the
total soft-photon energy momentum or the energy
momentum lost by the primary process and is less than
half the initial total energy.

If A=1, (1) gives the cross section for the loss of
energy due to the emission of soft photons which is
predominant when K is less than half the total initial
energy.

Though we have a method of treating multiple
production with greater ease, we have had to make
simplifying assumptions, the effect of some of which is
hard to estimate when the energy loss is larger than
half the total initial energy of the system. An improved
treatment requires exact or better-approximated expres-
sions for G;; and G_._ than have been used before,
Besides, the effect of vacuum polarization has to be
included, which means the evaluation of the expressions
taking C(A.) into account. Because of these reasons
the foregoing treatment is not as complete as one would
desire it to be.
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