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General forms of cross sections for the neutrino and antineutrino reactions at high energy are discussed.
Consequences of the point structure of lepton currents are investigated. Particular efforts are made to
separate out the results that are implied by different assumptions concerning weak interactions such as time-
reversal invariance, conserved vector-current hypothesis, and |AI| =1 rule.

I. INTRODUCTION

N the present theory of weak interactions it is

assumed that all weak reactions which contain
leptons and other strongly interacting particles can be
described by an effective Lagrangian of the form

— L= g @ h@+H* @h* @], (1)

where

W@ ==y 4+ ], (2)
A*@) = =iy (v, 3)

I stands for either e or u, ¢, and ¥; are the field operators
for v and /-, respectively. Jx and J,* are current
operators that act only on the strongly interacting
particles. Because of the Hermiticity of £es;, we have

Iv¥=mJaf,  (f=Hermitian conjugate), (4)
where
m=-41 for A=1,2,3
and
m=—1 for A=4. 5)

The nature of J and J\* are known so far only in a
few cases. In the relatively high-energy range (mo-
mentum transfer~a few hundred Mev) some limited
information of the matrix elements of these current
operators has been obtained from = decay and the
leptonic modes of K decay and hyperon decay. The
most extensively studied case is 8 decay in which only
momentum transfer of the order of a few Mev is
involved. In such a low-energy limit, the matrix
elements of J) and J\* are given by

Pl my= G/VN2)u v n (Gv—G ays)u, (6)
and
| I*| p)= G/ V2 untyern(Gv*—Ga*ys)up,  (7)

where the symbol * on a ¢ number means complex
conjugation, #, and u, are the spinor solutions of the
free Dirac equation with the same four momenta as
the physical neutron and proton; Gy and G4 are the
Fermi and Gamow-Teller coupling constants. Because
of the presence of strong interactions and the possi-
bility that the weak interactions may be transmitted
through an intermediate Boson,! it is expected that in

1If the weak interactions are transmitted through an inter-

mediate boson W, we choose the heavy particle current operators
J and J)' to include the propagator of W.

the high-energy range special forms like (6) and (7)
do not hold and, in general, the behavior of the heavy-
particle currents would be quite complicated.

On the other hand, one expects the lepton currents
/a(x) and 7,*(x), which interact only at a single space-
time point in (1), to have a wider range of applicability.?
The recent possibility of doing high-energy neutrino
experiments® makes it, perhaps, feasible to establish
the validity of this particular form of leptonic currents
to the Bev range. It has already been pointed out*?®
that the assumption of such a point structure of the
lepton current introduces strong restrictions on the
general forms of the cross sections for all neutrino and
antineutrino reactions. In particular, the rates for
reactions with different neutrino momentum k, and
different final lepton momentum k; are mutually
related, provided that in these reactions the energy
transfer E—m and the magnitude of momentum
transfer P between the leptons and the strongly inter-
acting particles are the same. (The only complicated
and unknown part of the Lagrangian is the current J.
For two reactions with the same E—m and P, the
matrix elements of J are related. Hence, the rates of
these two reactions are related.) Some of these relation-
ships have been stated in references 4 and 5. The
purpose of this paper is partly to supply the mathe-
matical details of these relationships and partly to
give a more systematic discussion of the various theo-
retical implications of the high-energy neutrino ex-
periments. Efforts are made to separate and dissociate
the consequences that are implied by different assump-
tions concerning weak interactions such as time
reversal invariance, the possible existence of a |Al| =1
rule, the conserved vector current hypothesis, etc. For
the sake of clarity, the results are stated in the forms
of several theorems.

In view of the present technological difficulties in
performing the high-energy neutrino or antineutrino

2 At the moderately high energy, the validity of the point
structure hypothesis for the lepton currents can be tested by
analyzing the leptonic decay modes of K decay. See A. Pais and
S. B. Treiman, Phys. Rev. 105, 1616 (1957).

3 M. Schwartz, Phys. Rev. Letters 4, 306 (1960); B. Pontecorvo,
Soviet Phys.—JETP, 37, 1751 (1959). For further references see
Proceedings of the 1960 Annual International Conference on High-
Energy Physics at Rochester (Interscience Publishers, Inc., New
York, 1960). We are informed that such experiments are in
progress at the Brookhaven National Laboratory and at CERN.

4T. D. Lee and C. N. Yang, Phys. Rev. Letters 4, 307 (1960).

5T. D. Lee and C. N. Yang, Phys. Rev. 119, 1410 (1960).
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experiments, it seems also useful to assume (at least
for the immediate future) the validity of the point
structure of lepton currents, time-reversal invariance,
and the conserved vector-current hypothesis, and to
utilize the experimental results to measure the unknown
matrix elements of J such as the axial-vector form
factor. Specific discussions on this aspect are given in
Sec. IIT 4.

Throughout this paper we only consider the weak
interaction to the lowest order.

II. NOTATIONS

In the subsequent sections, we will consider reactions
of the general type

v(or 7)4nucleon (or nucleus) — ¥+ - -,

but without the production of any intermediate bosons.
The I¥ can be either ¥ or u¥ depending on the nature
of the incoming » (or #). The following basic notations
will be used throughout the paper: (All momenta and
energies are in the laboratory system.)

n=c=1;
k,, k =momenta of » (or 7) and IT, respectively;
P=(k,—k));
k., ki, P=k,|, |ki|, |P|, respectively;
z and x axes are parallel to P and (k,XP), respectively;

6=angle between k, and k;;
¢=angle between k, and P;

my, m=masses of / and target nucleon (or target nu-
cleus), respectively;

Ey= (m2+k2)};

E= (k,+m—E,);
w=velocity of IT= (k)/E));
M= (E*—P?%;

¢*= (4-momentum transfer)?= P?— (E—m)?;

g=spin of the target nucleus (which is always un-
polarized).

It is found useful to introduce the following three
functions of %,, k;, and P:

z= (ky+ki+P)(k,+ki—P);

y=(k,—kit+P)(—k, 4kt P);
and

A= (4k,g®) k[ — (k,—k2)2+ P2 (ko+k1)2— P2].

III. NEUTRINO REACTIONS WITHOUT MESON
PRODUCTION AND v;=1

1. Cross Sections

We consider first the simple reactions,

ybn— p1- (8)

D. LEE AND C.

N. YANG
and
4 p — nt-It, 9)

in which the velocity v; of the lepton can be regarded
approximately as 1. In this special case, we have

E= (m+ P}, (10)
(ky—kp) = (E—m); (1n
¢=2m(E—m), (12)

or
@=2k,k(1—cosf).

The differential cross sections for reactions (8) and
(9) depend only on two independent variables which
may be chosen to be %, and ¢% The following theorem
shows that if the Lagrangian has the “point structure”
property for the lepton current as given by (1)-(3),
then independently of the detailed form of J,, the
differential cross sections for both reactions (8) and
(9) (after summation over the spin directions of the
initial and final nucleons) can be expressed in terms of
three real functions which depend only on one variable
¢
Theorem 1. If v;=1, the differential cross sections for
(8) and (9) can be expressed in the form:

do,= (8k,>) [ (k,+ki)*— P2]

X[xa+ata+0]d(¢) (13)
and

dos= 8wk, [ (k,+ki)?— P?]
X [wa_+ala,+01d(), (14)
where

x= (kv+kl+P)~1(kl‘+kl_P>7 (15)

and a4, b are real positive functions (called structure
functions) of ¢? only.

Proof. To prove (13) we note first that in the special
case 9;=1, there is only a single spin state for the lepton.
Furthermore, the corresponding matrix elements (7))

satisfy
(16)

(jo=i(E—m)7P(j.). (17

Using (2) and the coordinate system chosen in Sec. II,
the other spatial components of (j) are found to be

(JarfurJ=y=—2[ sin3d, sin(¢+36), cos(¢+36)].

Next, we analyze the initial and final nucleons in
terms of definite spin states s along the P direction (in
the laboratory system):

s=4%(.e.,3) or J(.e, —1).

For the no-spin-flip case n1 — p1 or ny — py, the
matrix elements of J, and J, are zero. By using (17),
we observe that only the matrix elements of [ (E—m)J,
+1PJ,] contributes to the cross section. For the spin-
flip cases ny— p+ and ny— py, the only matrix

(ky—Ek)x(jN) =0,
which means

(18)
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elements that contribute are that of (J,44J,) and
(Jo—1J,), respectively. Summing over all possible
nucleon spin states, we obtain expression (13) for
reaction (8). The functions a4 and b are related to the
matrix elements of J) by

.= (E+m)_l (ZE) [(pfrPl]xl 7”:0”2;
a_=(E+m)7 2E) |(ps,P| | n1,0)|?,
and

b= (mP?)~E Z¢ [{ps, P| (E—m)JT

o FiPTLn, 0)2, (19)

where the states |#,,0) and |p.,P) refer to that of a
nucleon with spin s and momenta 0 and P, respectively.
These are all functions of ¢? only since P and E depend
only on ¢

To prove (14), we notice that the matrix elements of
7a* are related to that of 7\ by the operation of CR,
(where C=charge conjugation and R,=reflection with
respect to the y-z plane), which changes », I~ (left-
handed) to 7, I* (right-handed) but leaves their linear
momenta unchanged. Therefore,

(j*)=+(j=
and

(WH=—(5n for AsZx. (20)

Applying our previous discussions to reaction (9), the
following expression for the differential cross section
dos can be readily derived:

dos= (8k,2) [ (ki t+k1)*— P]

X[xa '+ e,/ +0"1d(g?), (21)
where
ay'=(E+m)7(2E) [{p1,P|J.*| $1,0)[?,
a'=(E+m)™(2E) [(ns,P[J.*| p1,0) |3,
and
b'=mP)'E ¥ |{ns, P[(E—m)].*
s=1,1
+iPJ*|ps, 0)[%  (22)

It is important to observe that because of (20) the
relative rates for the two spin-flip cases § — ¢ and 4 —{
are now given, respectively, by x%a;’ and xa_’; while
for » reactions they are xa; and x~'a_, respectively.

We then use the Hermiticity condition, Eq. (4),
which relates, e.g.,

(nTrPI]x*lph(»:(?holjzlnf:P>*7 (23)

where the * on the right-hand side means simply the
complex conjugation. A 180° rotation around the x axis
changes the matrix element |[(p4,0|J.|%n1,P)|? into
|{pt, 0| Jz|ny, —P)|2, which can, in turn, be shown to
be identical with |(p+,P|J.|#%:,0)|2 by a subsequent
simple Lorentz transformation that leaves x and y
axes unchanged but transforms |z, —P) and |2,,0)
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into |#,,0) and |p,P), respectively. Therefore, we
obtain

a,= d+/. (24)
In an identical way, it can be shown that
a_=a’,
and
b="b' (25)
Theorem 1 is, then, proved.
Remarks.
(i) By using (6), we obtain at ¢?=0,
a+(¢?=0)=a_(¢=0)=%|Gal?, (26)

b(g?=0)=|[Gv />

(il) The validity of theorem 1 depends only on the
special form, Egs. (1)-(3), of the effective Lagrangian
and is independent of any assumptions about J) such
as time reversal invariance, | AI| =1 rule, etc.

(iti) It is useful to express Jx as a sum of a vector
part V and and axial-vector part 4,,

In=Vr+A4,. (27

Under a reflection with respect to the (y-z) plane, a4
[given in (19)7] becomes

a = (E+m)_l(2E)]<ph PI Vz—Azl’ﬂf, 0>|2

Therefore, the difference between ey and e_ (con-
sequently, also the difference between do, and dos)
depends only on the interference term between V) and
Ax.

2. An Alternative Form

It is also possible to derive theorem 1 by working
directly with the general covariant forms of the matrix
elements of J, and Jy*:

B I\ m)y= (/V2)uptyayr(gv+gavs)
Fi(mat-p2) (fv-+favs)

+i(ma—pr) (hy+havs)Jun  (28)
and
(| I\*| p)= (/V2)untyavr(gv*+ga*vs)
+i(prtm) (fr*— fa*vs)
+i(pr—m) (—hv*+ha*ys) Juy,,  (29)

where 7, and p, are, respectively, the four-momenta
of the states # and p; gv, ga, * - k4 are complex func-
tions which depend only on ¢2. The Fermi and Gamow-
Teller constants are related to these functions at ¢2=0:

gv(=0)—2mfv(¢¢=0)=Gy=210"5m2

and

g4(¢?=0)=—G4=21.2Gy. (30)

If 9,=1, then because of (16), vy and k4 do not
contribute to either reaction (8) or reaction (9). The
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relevant matrix elements depend only on four (complex)
functions gv, g4, fv, and fa. In terms of these four
functions, the previously obtained three (real) structure

functions a, b become

ay=%5(E+m)|ga(L+m)FgvP|*

and
b= (E+m)(2m)[|gv— fv(E+m)|>+| faP|*].

Remarks.

(i) If time reversal invariance holds, then gy, ga,
fv, fa are all real functions.

(il) It has been proposed® that for those weak re-
actions that conserve the strangeness quantum number
S among the strongly interacting particles (i.e., AS=0),
the corresponding change of isotopic spin obeys the
|AI| =1 rule® which implies that the heavy-particle
currents J) and J)* are components of a single spin
vector’:

Jy*=—[exp(inl,) J\[exp(—inl,)],

629)

(32)

where exp(irl,) is the 180° rotation along the y axis
in the isotopic spin space.
If the |AI| =1 rule holds, then gy, g4, fv are real
but f4 is pure imaginary.
(ili) If both time reversal invariance and |Al|=1
rule hold, then
fa=0, (33)
and gy, g4, fv are real. In this case, measurements on
cross sections do, and do; are sufficient to determine

gv, g4, and fy:

ga=(1/V2)[(a- )+ (a)t], (34)
(E+m)Pgy=(1/V2)[(a-)}— (a;)*] (35)

and
gv— (E+m) fy=[3mb(E+m) ]} (36)

(iv) If either time reversal invariance or |Al|=1
rule holds but not both, then (34) and (35) are still
correct. Measurements on do, and do; determines only
gv and g4. To obtain fy and f4, polarization measure-
ments become important. (See Sec. TIT 5.)

6 The |AI| =1 rule follows if the schizon scheme of reference 5
is correct. However, the validity of | AI| =1 rule has a much wider
basis and should be discussed independently of the existence of
intermediate bosons. For example, | AI| =1 rule also follows if one
assumes Jr= (iGy/V2)»veva(1+vsWn, where ¢, and ¢, are the
(unrenormalized) operators for the nucleons.

7To be specific, the |AI| =1 rule is defined as follows: For the
case AS=0, the heavy particle current operators Jy and —JX
transform under an isotopic spin rotation like the |I=1,7,=1)
and |I=1, I,=—1) components of an =1 multiplet, where we
use the notation of A. Edmond, Angular Momentum in Quantum
Mechanics (Princeton University Press, Princeton, New Jersey,
1957). Notice that in this definition not only must Jy and J_*
each individually transform according to I=1, but they must
belong to the same multiplet. In this sense the |AI|=1 rule is
stronger than the |AI| =4 rule.

AND C. N. YANG

3. Simple Consequences of Theorem 1

In this section, we list some simple consequences of
theorem 1.

(i) In the forward direction, 6=0 (consequently,
¢*=0). For arbitrary k.,

do,=do;= (2r)'[|Gv|*+ |G4|2]d ().
(i) At arbitrary angle 6 and arbitrary k.,

(37)

do,—do;

<[k A+R)*+PT[2P (R +R)]. (38)

do,+dos;

(iii) In the low-energy limit %,— 0, the maximum
value of ¢*~4k,2— 0. The cross sections do, and do;
become (to the lowest order in k,)

do,=daos= (21)" k2| Gy |2(1+cosh)

+|Ga|2(3—cosb) Td(cos).  (39)

(iv) In the very high energy region,
lim do,= lim doy= (2n)"(a;+a_+B)dg". (40)

ky—o0

(v) If the integral Jfi®(ap+a_+b)dg® exists, then in
the very high energy region,

r
lim | do,=lim

ky—oo0 ky—o0

dos= (2r)L / (a4+a_+b)dge. (41)

4. Measurement of Form Factors

To measure the form factors it seems desirable, at
least for the present, to assume time reversal invariance
and the |AI| =1 rule so as not to have too many un-
known functions. Under these assumptions, f4=0 as
shown in IIT 2, and substitution of (31) into (13) and
(14) gives

doyy= (4m) 7 (dg){ (2k2)7'¢* (g4*— gv?)+ (gazkgv)?
+[1— Q2mk,) ¢ T (g4Fgv)?
+[2— 2mk,*) "¢ (m+2k,) ]
X[ (@m*+¢®) fv*—dmfrgv]},

where the upper and lower signs refer to »-reaction (8)
and 7-reaction (9), respectively. For sometime to come,
because of lack of detailed experience data, these
equations would undoubtedly be still insufficiently
restrictive to determine the three form factors gy, fv,
and g4. It is therefore desirable to introduce further
assumptions.

It has been proposed by Feynman-and Gell-Mann®
that the vector part of Jy satisfies a conservation law
and that it is proportional to the corresponding
isotopic vector part of the electromagnetic current.
Let Fo(¢®) and Fu(g?) be, respectively, the isotopic

(42)

8R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193
(1958).
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vector part s of the charge and magnetic form factors
for the nucleon. We have®

gv= Gv[:Fq+ (l‘p_',“-n)FM:l
and

fr=Gv(2m) ™ (up—un)F u, (43)

where Fg and Fj are normalized to unity at ¢*=0;
p=21.79 and p,=<2—1.90 are, respectively, the anoma-
lous part of the magnetic moments of proton and
neutron in units of the nuclear Bohr magneton. The
form factors Fo and Fa have been measured? ex-
tensively by the electron scattering experiments.

Using the proportional current hypothesis the only
unknown form factor in (42) is g4. It can be measured
by measuring either do, or do; in particular, the
difference,

(doy—dos)= (wmk,) ¢ 1— (4mk,) "¢ Jgvgad(¢), (44)

gives a sensitive determination of g4. [See (97) and
(99) for the modification of above equations if #;%1.]

Consider an experiment with a neutrino (or anti-
neutrino) beam whose spectrum is I(k,)dk,. Let
N(¢®)dg® be the number of events with a (four-mo-
mentum transfer)? between ¢ and ¢-+d(¢?). It is
useful to define the moments I, of the incoming
spectrum:

L=1.()= / () (k)T (k)

where the integration extends from [+ (2m)~¢%] to
o and #=0, 1, 2. The number of events for reactions
(8) and (9) at a given ¢? can be obtained from (42) by
integrating over the incoming spectrum:

[N () ) =312¢*(ga’— gv*)+To(gaz=gv)*
+[Lo—TI:(¢/m)+1I2(¢¥/m)*](gaFgv)?
+[2I,—I:1(¢*/m) —31:¢*]

X[ m*+¢®) fv*—4mfrgv], (45)

where the upper and lower signs are for » and 7 re-
actions, respectively. By using (43) and (45), ga can
be directly deduced from the experimental results.

5. Longitudinal Polarization

In this section we discuss briefly the longitudinal
polarization of the final nucleon for reactions (8) and

91f the weak interactions are transmitted through an inter-
mediate Boson W than (43) should be changed into

gv= GV[FQ+ (l"p—'ﬂn)FM:[l-l‘—mW_ﬂq?]
and .

fr=Gv Iiz;fl) Fu[14+mw2],

where mw is the mass of W.

10 See, e.g., the review article by R. Hofstadter, S. Bumiller
and M. R. Yearian, Rev. Mod. Phys. 30, 482 (1958). For some
of the more recent measurements, see D. N. Olson, H. F. Schopper
and R. R. Wilson, Phys. Rev. Letters 6, 286 (1961); R. Hofstadter,
C. de Vries and R. Herman, Phys. Rev. Letters 6, 2900 (1961);
R. Hofstadter and R. Herman, Phys. Rev. Letters 6, 293 (1961).
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(9), assuming that the initial nucleon is unpolarized.
By using exactly the same arguments as that in Sec.
IIT 1 it can be shown readily that the average helicities
(s) of the final p and the final # at a given four-mo-
mentum transfer ¢ are given, respectively, by

2s)p= (way+ala_4-b) " (wa—xla_+d)
and
2As)a=(va_+alar+b) (¢ a—va_—d), (46)

where (s) is defined to be the z-component spin (z axis
parallel to P) averaged over s=% and —%; a4, a_, b are
given by (19) and d is given by

d=(mP)E[|(p1, P| (E—m)] :+iPJs|ns, 0)|*
— [ps, Pl (E—m)T A+iPTs|n, 0)[*].

It is clear that d is a function of ¢* only. In terms of
gv, fv, etc,, d can be written as

d=(E+m)7 2mP{[—gv+ fv(E+m) * fatc.c}.

Remarks.
(i) In the forward direction =0,

(8)p=(s)n=0.

(ii) In the low-energy limit (¢ — 0),

($)p={(s)a=0.
(iii) In the very high energy limit (B, — ),

(8)p=—(s)n= (ar+a_+b)(a—a_+d).

(iv) If |AI| =1 rule holds (independently of whether
time reversal invariance is true or not),

d=0.

IV. NEUTRINO REACTIONS WITH MESON
PRODUCTIONS AND v;=1

1. Cross Sections
In Sec. IV, we consider general reactions of the type

v+N— T+ 47

and
5N’ — T/4I¥, (48)
but retaining the approximation v;=1, where N (or N')
represents an unpolarized nucleus and I' (or I') is an
arbitrary complex consisting of any number of strongly
interacting particles. The strangeness quantum number
of T' (or I”) may be non-zero. For simplicity, we shall
consider in this paper only those cases in which T' (or
I) is a noncoherent mixture of states with different
helicities, where the helicity of a particle or a complex
of particles is defined to be the quantum number of its
total angular momentum component along the direction

of its total momentum.
In this more general case the momentum P and the
energy E of the complex T' (or IV) are independent
variables. It is convenient to call M, defined in Sec. II,
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the effective mass of I' (or I'V). Apart from the intrinsic
characteristics of I' and I", such as the nature and the
number of different particles involved, their isotopic
spin, etc., there are three independent variables, say,
k,, ki, and 6. (Or, we may choose k,, ¢%, and M as the
three independent variables.)

If the “point structure” of the lepton current holds,
then for any arbitrary given T or IV the cross sections
do,(T), or dos(I'), can be expressed as sums of three
terms each of which has an unknown dependence only
on two variables which may be chosen to be ¢% and M.

Theorem 2. If v;=1, the differential cross sections for
(47) and (48) can be written ast

do,(T)= (4rk,) k[ (b, +k1)2— P2
X[xA+a14_+ Bldkid(cosf) (49)
and

da,;(I") = (%ky)—lkz[(ky-l-kl)z-})z:l
X[xA_ 4514+ B Jdkid(cosd) (50)

where % is defined in (15), Ay, B (or A.', B’) are
positive real functions that depend on only ¢2, M, and
other intrinsic characteristics of the complex T' (or I).

Proof. We follow the proof of theorem 1 and resolve
I (or T’) and N (or N’) into states with definite com-
ponents of angular momentum along P direction. These
angular momentum components are denoted by sr and
sy respectively. For any given sr, reactions (47) and
(48) are then analyzed into noncoherent transitions in
which sy=sr21 and sy=sr. For these transitions only
the matrix elements (sr|J,FiJ,|sy=sr+1) and
(sv| (E—m)J .4+iPJ 4| sy=sr) contribute.

To obtain the density of final states one first con-
siders a single definite state of I' (or I'V) with an effective
mass M. The Jacobian for the transformation from the
variables M, ¢? to k; and cosf is easily computed from

k—ki=E—m, ¢=—M*—m>+2mkE,
and
@=2k,ki1(1—cosf).
One obtains
2k kymdkid cosd=Md(¢®)dM. (51)

One introduces the density of states p(M) so that
p(M)dM =number of states T' (or I') having an effective
mass between M and M-+dM. Theorem 2 can then be
readily proved by summing over different spin con-
figurations and using the explicit form of 7, and H\*
given by (17), (18), and (20). The functions 4., B
and 4.', B’ in (49) and (50) are given by

Ap=3 [MP*(29+1)11(2E¢*)p(M)
X l<Sr|leSN=SI‘:F1>|2,
B=3 [MP*2g+1)T(2E)p(M)
X |[{sv| (E—m)J +iPJs|sy=s1)|?,
A= [MP2g+1) T (2E@)p(M)
X |{sr|J*|sy=srF1)|?

(52)
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and

B'=% [MP*(2g+1) ] (2E)p(M)

X |{so| (E—m)T *+iPT*|sy=s0)|%,  (53)

where the sum }_ extends over the appropriate mixture
st for the final state. For example, if I' is polarized with
a definite helicity then there is only one term in the
sum. It is important to note that these structure
functions occur linearly in the cross sections. Thus,
theorem 2 can be applied to any sum of final states T
or I,

Remarks.

(i) It is easy to see that if I' (or I"') consists of only a
single nucleon, then p(M)=8§(M—m) and (52), (53)
reduce to (19) and (22), respectively.

(ii) It has been discussed before! that the validity
of theorem 2 can be tested by performing a capture
experiment with a neutrino (or antineutrino) beam of
a known spectrum I(%,)dk, and measuring for each
event the values of x, P and E. If N (x,P,E)dxdPdE is
the number of events, then theorem 2 implies that

/ I7%,°NdPdE= (a1} asx+ax?) (1—x)~*,

where the integration extends over all events with
fixed x, and @i, @2, @3 are numerical constants.

2. |AI| =1 Rule

That the p-reaction (47) is completely unrelated to
the 7-reaction (48) in the case of AS50 is obvious. If
AS=0, the rate for a neutrino reaction with meson
production can be related to that of antineutrino re-
action if the | AI| =1 rule holds. This is to be contrasted
with theorem 1 which relates reactions (8) and (9)
through Hermiticity (independent of AI=1 rule).

Theorem 3. If |AI| =1 rule holds, then in (49) and
(50)

A._.h“—‘A:L.I

and B=B, (54)

provided that N" and I" are, respectively, the isotopic
symmetrical states of N and T; i.e.,

| N')=exp(ixI,)| N)
and
|T")y=exp(ixI,)|T). (5%)
Theorem 3 follows directly by applying (32) to (52)
and (53). The validity of theorems 2 and 3 is inde-
pendent of time reversal invariance. The following
equalities and inequalities are some immediate con-
sequences of the |AI| =1 rule and theorems 2 and 3:
(i) At =0, q>=0, hence, A4.=0. Therefore,

do,(T)=dos(T"). (56)
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(il) At arbitrary 6, k;, and k, we have
do,(T)—do(I")
do,(T)+do;(T")
<[P+ (b +R)* T [2P(kAR)].  (57)

(iii) In the limit in which k,— «, but ¢?, M (and
also other characteristics of T and I") are kept fixed:

lim do, ()= lim dos(I")
ky—0 ky—re0

= Qrm) [ A +A_+BIMaMd(g).
V. GENERAL CASE (v;#1)

(58)

1. Cross Sections

All the previous theorems can be easily generalized
without the approximation v;=1. If v;5£1, the helicity
of I becomes no longer definite. Let do,(T,/z~) and
do,(T,Jz") be the differential cross sections for reaction
(47) in which the helicity of [~ is —% and 43, respec-
tively. Similarly, let dos(T,lz) and dos(T',I.t) be that
for reaction (48) in which the helicity of I+ is 43 and
—1, respectively. We now state the generalization of
theorem 2:

Theorem 4.

da,(I‘,lL—) =dkid (0050)%~ (1+1)1)A
X[xd+xA_+yBi+yB_+C]  (59)
do,(T,lr~)=dkid(cos)3 (1—v,)A
X[By+aBAyAdstyA_—C] (60)
dos(T,lgt) =dkid(cost) s (1+v)A
XA 4514 +yBy/
+yBI+CT] (61)

and

do (T, 1) = dkud (cosh) 3 (1 — ) A

X[wBy 4o 1B_ +yA_'+y14,'—C"], (62)
where % is defined in (15),
y= (ky—Fki+P)(—ky+ki+P) (63)
and
A= (4nk,q®) ki — (k,—k1)>+ P%]
X[ (k4R —P2],  (64)

where the functions 4, B, C, A’, B’, C’ are functions
only of ¢ and M.

Proof. If v;7%41, then instead of (17) and (18) the
matrix elements of 7, for final lepton states I~ and
lg~ are given by

(| n]vy=[2(1+2) P[—i sinf, —sin(¢+36),
—cos(¢p+38), —i cos3] (65)

and

<lR_| ])\l V>= [2 (1 —'DD]*[COS%B, —1 Co8 (¢+%0)’

i sin(¢p+30), —sind6]. (66)
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Similar to (20) the matrix element of 7,* is related to
by

(x| 3> | 9=+ j=l v,

(| 7> 9)y=+Qx"| ja| »);

<ln+‘j)\*l l7>= _<ZL_|j)\l V) for A#w, (67)
and

(| X 7)== | xv) for AEa.

The validity of (59)-(62) can now be readily estab-
lished by using the proof of theorem 2. Similar to (52)
and (53) the functions 4, By, etc. are related to J»
and J,* by

Ay=% [MP(29+1)]*(2E¢)p(M)
X I(Srlf;;lSN:SI‘:Fl)lz,
By=3 [MP(29+1)]7(2Eg")p(M)

X|(sp|3(JFiTd) | sv=sn)|% (68)
C=—X [MP*(2g+1) ] (2E¢)p(M)
X[(sp|2(J.4iTs) | sy=sr)*
X(Srl%(]z~i.’4)‘SN=SI*)—]-C.C.:|,
and
A =% [MP(29+1) 11 (2E¢)p(M)
X |(sp| J*|sy=spF1)|?
B.'=Y [MP*(2g+1)T(2E¢*)p(M)
X [(sp|3(JXFiT*) | sn=s0)|%,  (69)

C'=—=2 [MP29+1) ] (2E¢)p(M)
X[(sr|3(J*>+iTa*) | sy=s)*
X{sr|3(J *X—iJ*)|sy=sr)+c.c.],
where the sum Y extends over the appropriate mixture
of sr for the final states I" or I".

Remarks.
(i) Tt is clear that

A;20, B.=0,
and

B.B_Z1C (70)

Identical expressions also hold for 44/, By, and C".
(i) If »,=1, then do,(T,lz")=dos("i+)=0. Fur-
thermore, by using

¢=[P— (k,—ki}'],

yH= (@) [PF(E—m) ], (71)
¢¢=—M*—m*+2mE,
Theorem 4 reduces to theorem 2, and
(yBy+y~B_+C)=B
and
(yBy/+y'B_/+C")=B". (72)
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2. |AI| =1 Rule

Similar to theorem 3, we have
Theorem 5. If the |AI| =1 rule holds then

A:I:=A:|:'7
Bd:—__B:l:,:
and

c=C, (73)

provided that the states N’ and I' are, respectively,
the isotopic spin symmetric states of N and T
The following equalities and inequalities are some
further immediate consequences of the |AI| =1 rule:
(1) At 6=0, y=0, A=0, but Ay—15%0. Therefore,
do,(T,lr7)=do;(IV,lr"). (74)

However, the cross section do,(I',Jz~) may be quite
different from dos(I",I1).
(ii) For all 6 and k;,

da,(I‘,lL“) - da,—.(I",lR*“)
da,, (F,IL_) +d0'g(I",lR+)

[P+ kAR T[2P (kAR (75)
and
do,(T)lg~)—dos(TV,IT)
do,(TJlg™)+dos (T, 1T)
=[P+ (k—k)* T [2P(ks—k0)].  (76)

(iii) If we increase &, but keep ¢%, M and the other
characteristics of I" and I fixed, then we have

lim do,(T,lz~)= lim do;(I",i+)=0,
ky—o0 ky—o0

(17

lim do,(T')l)= klim doy(TV,Igt)=do,(T), (78)
00

ky—o0

where

doo (L) = 2rm)™{[A1+A_~+CT+(¢)?
X[P— (E—m) B+ ()~ [P+ (E—m)PB_}
XMAMd(¢?). (79)

3. T (or IT’)=Single Spin % Particle

Next, we consider the special case that in reaction
(47) T is an arbitrary single spin § particle (e.g., I' may
be Zt). Let do,(Ts,l's) be the differential cross section
for the reaction

v4n— D41, (80)

where s [or s"]=L or R depending on the helicity of
T" [or /] being —% or +3%. The corresponding structure
functions for reaction (80) are denoted by A (T,),
B, (T;) and C(Ts).

There are altogether four different reactions de-
pending on s, s’=L or R. In applying theorem 4 to
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these four cross sections several obvious simplifications
occur:
(i) The density of states p(M) is a 6 function

p(M)=56(M —mr), (81)

where mr is the mass of I'. Therefore, among ¢? and M
there is only one single variable. By using the trans-
formation

dkid(cost) = 2mk,k2) 1 EMd(¢®)dM,
the integral over dM can be easily performed.

(ii) For the reaction that produces 'yt the function
A, [defined in (68)7] satisfies

A (T1)=0; (82)
for the reaction that produces I'g*,
A_(T'r)=0. (83)

Therefore, in general for any given spin § particle T
these four cross sections do,(I's,ls) depend on eight
functions A+(PL)7 A—(FR); B:i:(FL)) B:i:(FR)y C(PL):
and C(T'g), each of which, apart from the trivial factor
8(M —mr), depends only on one variable.

(iii) If time-reversal invariance holds for the weak
interactions, then we have

By (T9)B_(Ts)=1[CT.) P,

where s=L or R. Therefore among these eight functions
only six are independent.

(iv) If 9,=1, then we have for the neutrino reactions
(independent of time reversal invariance),

doy(Tolz)=0, (s=L,R)
do,(Tr,lr)=dkid(cos®)A[x1A_(T1)+B(TL)],
and
doy(Tr,lr) =dk,d(cos®)A[x AL (Tr)+B(Tr)].

(84)

(85)

The cross sections do, (I's,ls—) depend, in this case, only
on four structure functions.

In an almost identical way all the above discussions
can be applied to reactions induced by 7.

4. T (or I’) =Single Nucleon

For completeness, we discuss again the special case
that T' (or T’) is a single nucleon but without the

approximation 9;=1. Similar to theorem 1, the
reactions,

vn— potlo— (86)
and

17+P - ”s+ls’+, (87)

are related to each other through the hermiticity of
Lotr. (86) and (87) represent altogether 8 processes
depending on the helicities s, s’=L or R. Theorem 4
can be directly applied to each of these reactions.
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Eliminating the trivial factor of 6(M —m) in (59)-(62),
we obtain the following theorem for the differential
cross sections for (86) and (87):
Theorem 6.
doy(pelr™) =3 (1+v)K[was(s)+2"a~(s)
+yb.(5)+y7%b—(s)+¢c(s) Jd(¢),
oy (psdr™) =3 (1—v) K[wb.(s)+272b_(s)
+ya4(s)+ya_(s)—c(s) Ja(4),
dos(ng,lgt)=314+v)K[xa'(s)+xtay/(s)
+04/(5)+y71-" (s)+¢'(s) d(¢?)
and
dos(ns, i) =3(14v,)K[xb,' (s)+271_"(s)
+ya ' (s)+yay/ (5)—c'(s)1d(gD), (88)
where

K= 87k, 0 @®) [ P2— (k,—ky)* ][ (ks +k1)2— P2].  (89)

a.(s), ay/(s), etc.,, can be expressed explicitly in
terms of the six (complex) functions gv, g4, * -, k4
introduced in (28) and (29):

(1) Final nucleon state=pxz.
a(R)=%(E+m)™2|gvP—ga(m+E)|?,
a_(R)=0,
by (R)=1(E+m) " (ExP)|gv— fy(m+E)xhyP

:FgA—fAP:thA(E——m) |2,
c(R)=1(E+m)"‘m[gv— fv(m+E)—hyP

+ga— faP—ha(E—m)] gv— fv(m+E)

+hyP—ga— faP+ha(E—m)]*+c.c.

(i1) Final nucleon state=$y.
ay (L) =0
a_(L)=3(E+m)|gvP+ga(m+E)[%
by (L)=1(E+m)(ExP)|gv— fv(m+E)£hyP

igA"]—fAP:FhA (E—m) 12,

(90)

and

c(L)=%(E+m)"‘mlgv— fv(m~+E)—hyP
—gA+fAP+hA(E—m)][gv—fv(m+E)+hVP
+gA+fAP—hA(E—m)]*+c.c.
(iii) Final nucleon state=#%, (s=L, R). In this case
the structure functions a;’(s), a_'(s), ---¢’(s) can be

obtained from the corresponding functions ay(s),
a_(s), -+, c(s) by the substitution

(91)

gv—gv*,  ga—ga*,
fv—fv*,  fa— —fa%, (92)
hy — —hv*, hA—éhA*.

As a result, we have the following theorem:
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Theorem 7. Independent of either time reversal in-
variance or the |Al| =1 rule,

ay/(s)=ay(s), (s=L,R)
(EFP)bs' (L) = (E£P)b=(R),
(EF P (R)= (ExP)b=(L),

¢'(R)=c(L),

and

¢ (L)=c(R). (93)

Therefore, the eight processes (86) and (87) depend
at most on eight independent real functions of ¢% By
using (73) and (84), it follows that

(1) If time-reversal invariance holds, then among
these eight only six are independent. We have

by ()b (s)=%[c(5) T, (94)
where s=L or R.
(i) If the |AI| =1 rule holds, then
(E4=P)b=(R)= (EFP)by(L)
and
c(R)=c¢(L). (95)

Thus, among the eight real functions only five are
independent.

(iii) If both time reversal invariance and |Al|=1
rule holds then by combining (94) and (95) there are
only four independent real functions of ¢* appearing
in the cross sections for the eight processes (86) and
(87).

(iv) If time-reversal invariance holds then gy, ga,
fv, fa, hy, ha must all be real. If |AI| =1 rule holds,
then gy, ga, fv, ha are real but f4 and 4y are both pure
imaginary. Therefore, if both time-reversal invariance
and |AI| =1 rule holds, then gv, g4, fv, %4 are real and

fa=hy=0. (96)

The above properties (i)-(iii) can also be derived by
directly working with the explicit forms (90)-(92).

(v) If time reversal invariance and |AI| =1 rule are

both valid, then the differential cross sections for (86)

and (87), after summing over the helicities of the final
nucleons, become

do,(Ir)=t(1+v)K[xar+xa
+ybitybFcld(g),
doy(ix~) =3 (1—v) Kby +a—1b_
+yatya—cld(g),
dos(xt) =1 (14-0) K[ xa_+aas
+ybit+y b+ ld(e),
and
dos(Irt) =31 —v) K[wby+x"1b_

+ya_+yra—cld(¢d), (97)
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where K is given by (89) and
ay=3(E+m)[gvPFga(m+E) P,
be=3(E+m)(ExP){[gv— fr(m+E) T
+Lga—ha(E—m) P},
¢=(E+m)"'m{[gv— fv(m+E)}
—[ga—ha(E—m)J}.

If we assume further that the conserved current
hypothesis holds, then gy and fy are given explicitly
by (43). The functions g4 and %4 can then be deter-
mined by using (97) and (98). In particular, the
difference,

(doy—dos)= 3 [do.(ls)—dos(lst)],

=L,R

(98)

gives a sensitive determination of g4. We have, similar
to (44) but without the »;=1 approximation,

(doy—das)= (dxm?k,?) "¢ [4Amk, — ¢*—mi2 |

Xgvgad(g®). (99)
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(vi) If v;=1, then
K= (8k,2) [ (k,+k;)2— P,
y=(E+P)'m,
and

yl=(E—P)m.

The ay, b, d functions of Sec. III are related to the
present ones by
d+=(l+(R),

a-=a_(L),
b= 53 [yb () +y710-(5)+c(s) ],

and

d=[yby (R)+y~'0_(R)+c(R)]

—[yo (L) +y~8-(L)+¢(L) ] (100)
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Self-Consistent Model for Nonleptonic Decays of = and A Hyperons*

VIRENDRA SINGH} AND BHALCHANDRA M. UDGAONKARY
Lawrence Radiation Laboratory, University of California, Berkeley, California

(Received November 6, 1961 ; revised manuscript received March 26, 1962)

A self-consistent calculation of pionic = and A decays has been carried out in the pole approximation of
an S matrix approach in order to get information on (a) the angular momentum in which the decay =+ — nrt
takes place, (b) the relative (ZA) parity, (c) the possible existence of other than global symmetric solutions.
On the basis of existing experimental data, the model predicts that =+ — nz" decay must occur in the s
wave, and, somewhat less definitely, that (ZA) parity is even.

INTRODUCTION

ECENTLY, Beall et al. have established that the
helicities of the protons in the nonleptonic decays
of 2+ and A° are opposite.! This result, while confirming
an important prediction of the global-symmetry hy-
pothesis, contradicts the predictions of several other
models of hyperon decay. In particular, it disagrees

2

with the bound-pion model of Barshay and Schwartz,?
in which the A decay is taken as the primary decay,
and thus invalidates one of the arguments used by
Nambu and Sakurai in favor of odd Z-A parity.? We
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have, therefore, considered a simple self-consistent
model in which both these decays are treated as equally
fundamental, with parameters to be determined by
requirements of consistency. We have, then, tried to
seek answers to the following questions: (1) Are there
solutions other than the global-symmetric one that fit
the experimental data? (2) Does odd Z-A parity fit the
data better, or vice versa? (3) Can one predict which
of the two decays—Z=+— nxt or 2~ — nr——goes into
s wave and which into p wave? With regard to the last
question, it has been well known for some time, from
the experimental data on the 2 triangle of Gell-Mann
and Rosenfeld,*® that one of these decays must go into
s-wave and the other into p wave, but it has not been
possible so far to say which goes to which.
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