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Band Structure of Silicon, GerrsIanium, and Related Semiconductors
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A comprehensive survey of recent optical and cyclotron resonance experiments in semiconductors is given.
By combining all available data, a categorical classi6cation of eight principal levels in the valence and con-
duction bands of Si and Ge is proposed. Six of these levels occupy the same relative positions in the two
crystals. Two of the levels are "sensitive" to the detailed difterences in crystal potential; even these levels
are much more nearly alike than previous theoretical work on Si indicated. The position of the two "sensi-
tive" levels is shown to depend on one universal parameter, common to Si, Ge, and probably grey Sn, in
both the experimental and theoretical band structures. The six insensitive levels are predicted quite ac-
curately by theory.

Experimental data on III-V compound semiconductors are consistent with the classi6cation of levels in
Si and Ge. It is suggested that a decisive test of the classification can be obtained from optical reQectivity
studies of wurtzite crystals in the ultraviolet.

l. INTRODUCTION to estimate relative energy levels, because of crystal
symmetry, interband matrix elements can be estimated
with considerable accuracy. In Sec. 3 a wide range of
experimental data is examined. It is used to construct
a band structure for silicon which closely resembles
that of germanium. In Sec. 4 we note that experimental
evidence in zinc-blende semiconductors' strongly sup-
ports the arguments of Secs. 2 and 3 and suggests that
the band structures of almost all tetrahedrally coordi-
nated semiconductors are very similar.

2. THEORETICAL ASPECTS

A detailed discussion of crystal potentials in semi-
conductors has been given by Kleinman and Phillips
in their series of papers~' on that subject. Their band
structures for silicon and Herman's" latest band struc-
ture for Ge are shown in Figs. 1 and 2.

An important quantity which greatly aGects the
band structure is the zero of energy for valence electrons
relative to core electrons. If the charge density in the
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FlG. 1. The energy band structure of Si along principal
directions, as calculated by Kleinman and Phillips.

' L. Kleinman and J. C. Phillips, Phys. Rev. 116, 880 (1959).
s L. Kleinman and J. C. Pbilnps, Phys. Rev. 117, 460 (1960).
9 J. C. Phillips and L. Kleinman (to be published).
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A WIDE variety of experiments has given us more
detailed information about the band structure of

germanium than of any other crystal. A large amount
of information has also been available for silicon, but
since the original cyclotron resonance experiments' an
ambiguity has remained concerning the ordering of
conduction band levels at k=o. In Ge, the level of s
atomic symmetry, I'2, was thought from the original
cyclotron resonance parameters to be very close to the
top of the valence band, I'ss, while the p-like level I'rs
was further removed. This interpretation was de-
cisively confirmed by magneto-optic studies. ' In silicon,
however, I'» may be dominant (as suggested by
Dresselhaus, Rip, and Kittel') or I'&s and I's may both
contribute approximately equally to the F» eGective
masses (as suggested by Dresselhaus' ').

According to an early theoretical study by WoodruG'
r» was much lower than F2 in silicon. However,
Woo druG's work contained a serious error which
lowered all p levels (e.g. , I'&s and I'&s) substantially
compared to s levels (such as I's). Kleinman and
Phillips' corrected WoodruG's error and made a careful
study of the crystal potential. They found that I'»
still made the dominant contribution. Because of the
smallness of the uncertainties in their potential, they
expressed considerable con6dence in their result.

Recent experimental work, which is discussed in Sec.
3, has shown that the band structure of silicon diGers
significantly from that calculated by Kleinman and
Phillips, both at I'(k=o) and Ig=sru '(1,1,1)j. The
reasons for the discrepancies are discussed in Sec. 2.
There we conclude that while it may be quite dificult

*Permanent address: Department of Physics, University of
Chicago, Chicago, Illinois.' G. F. Dresselhaus, A. F. Kip, and C. Kittel, Phys. Rev. 98,
368 (1955).

'L. M. Roth, B. Lax, and S. Zwerdling, Phys. Rev. 114, 90
(1959).

G. F. Dresselhaus, Ph.D. thesis, University of California,
1955 (unpublished).

4 J. C. Phillips, Phys. Rev. 112, 685 (1958).' T. O. Woodruff, Phys. Rev. 103, 1159 (1956).' L. Kleinman and J. C. Phillips, Phys. Rev. 118, 1153 (1960).
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FIG. 2. Herman's most recent results for the energy band
structure of Ge along principal directions.

crystal is given by a superposition of spherically sym-
metric neutral atomic charge densities, with r =0 at the
nucleus in an atomic cell, then

16m'

30p p

p(r)r4dr (2.1)

gives the zero of energy for valence electrons in a mon-
atomic lattice. Here Qs is the atomic volume and p(r)
is the atomic charge density. Because of the extremely
anisotropic unit cell in tetr ahedrally coordinated
lattices, it has so far proved necessary to calculate
energy bands using the orthogonalized plane-wave
method, which treats valence and core states sepa-
rately. The zero of energy for core states is taken to be
the same as in the free atom; then the core energies
E„are easily determined.

In this formalism the repulsive orthogonality terms
are proportional to

(S)4K r+e 44K r)— (2.3)

vary much more rapidly with Vppp, I 2 shifting about
twice as fast as L&. These features are extremely sug-
gestive, since we shall see in Sec. 3 that this is the way
energy levels change with pressure and alloying of Ge
and Si.

Because Vppp is difFicult to obtain, theoretical esti-
mates of energy gaps among levels belonging to the
first class are expected to be more reliable. Thus for
Xy—F2/ Kleinman and Phillips' found 0.10 ry, as
compared to Woodruff's' 0.35 ry and the experimental
value 0.08 ry. On the other hand, we shall see that the
positions assigned I'2 and L& in reference 6 differ very
substantially from the experimental values.

We therefore propose to correlate the band structures
of Si and Ge using only Vppp. However, our treatment
should not be taken too literally, For reasons of cohesive
energy Vppp is probably about the same in each crystal.
What changes is E„, and E„~, the energies of the 2s
and 2p levels in Si relative to the 3s and 3p levels in
Ge. Because the 3d electrons ia, Ge lie somewhat outside
the 3s and 3p electrons, Es,oe and Es„o' are somewhat
more negative than E., ' and E2~ ', respectively. Ac-
cording to (2.2) this core shift can also be represented
by changes in Vppp.

Before proceeding to the experimental data we must
discuss the calculation of matrix elements which are
important in estimating effective masses. In view of
the uncertainty in energy levels it might appear that
little confidence can be placed in calculated matrix
elements. Actually, matrix elements between levels of
high symmetry are probably much more accurate than
energy differences.

The reason for this can be seen by a simple example.
Consider the wave functions (I is a reciprocal lattice
vector)

(2.2) (SI4K r S
—/4K r)

v2
(2 4)

where EI, is a valence eigenvalue. As a result, as Herman
has emphasized, ' certain energy levels are extremely
sensitive to E„and Vses. One may alter (2.2) either by
varying Vppp or by shifting all E„by DE,. Here AE, is,
in Herman's nomenclature, a "core shift" which changes
(2.2) without shifting the valence zero of energy.
Herman's results for Ge at I" and L are shown in Fig. 3.

Herman has chosen to vary hE, or V«p, which is
dificult to calculate from (2.1), to obtain bands in agree-
ment with experiment at I', X, and L. The bands shown
in Fig. 2 are the successful product of this approach. In
Ge Herman uses AB,= —3.0 ry, a rather large shift.

An interesting feature of Fig. 3 is that the levels are
divided into two classes. The levels F~5, L3 L3 X4 Xg
all move parallel to I'25, which we shall use to fix the
zero of energy. (Although Herman gives results for X,
these are omitted from Fig. 3.) The s levels I's and I.t

KP

t
o.s &

S. Ge

-0.5—

-1.0
«5

I t I

-4 -3 -2 -1 -5 -4 -3 -2

FiG. 3. The variation of important valence and conduction
band levels in Ge as a function of aE, (in rydbergs), according to
Herman. "KP"and "Ge"mark the positions of the levels in Figs.
1 and 2, respectively, while "Si"gives the levels of Si as deduced
here from experiment.
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Fro. 4. The spectral dependence of the absorption coeKcient
of Si, according to Philipp and Taft.

with E,=E+Vrc, Es E Va.——The—matrix element

3II'
I Q. I y I&a) I'=A'E'/4 (2.5)

is independent of E.—E0=2Vz. Only when one mixes
f," with f,"' will Ms be changed. At points of high
symmetry such as J', I, and L, E,"' E." 5'E'/—2m 1

ry. Shifting an energy level by 1 ev alters matrix
elements by about 10% or less.

According to the last paragraph if energy levels
shift by only a few ev from one semiconductor to
another, the approximate constancy of matrix elements
can be used to estimate energy differences from effective
mass data. In changing crystals we change atomic cores.
Because of the cancellation of repulsive orthogonali-
zation terms and core potentials"" we are not sur-
prised that the shifts are small.

Some mention must be made of the effect of orthog-
onalization corrections on matrix elements, e.g. ,

another, as long as that level is actually available in
the core. In Si, however, c=o and this should account
for much of the variation in M p' from Si to Ge. Even
this contribution is small, however, since in Ge c is
much smaller than a or b.

3. EXPERIMENTAL EVIDENCE

Two recent experiments have shed new light on the
band structure of Si. Tauc and Abraham, m"'4 have
studied optical absorption in Ge-Si alloys from 1 to 5 ev.
The absorption edges of Ge remain well de6ned and
shift linearly with Si content until 80% Si. The first
large absorption edge, "which started at 2.1 ev in Ge
and which extrapolates to 3.6 ev in Si, breaks at this
point. Presumably this is due to the new band edge at
3.4 ev in Si. The absorption of Si is shown'~" in Fig. 4.

r

r
L

~"-l(~. Ipl~') I
. (2.6)

Because of the symmetry of F2 and F» we may write
to a good approximation 0.5 Sc

(2.7)

FIG. 5.The variation of important valence and conduction band
levels in Ge-Si alloys. The solid lines are taken from observed
absorption edges, while the dashed lines are extrapolations of the
solid lines.
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"J.C. Phillips and L. Kleinman, Phys. Rev. 116, 287 (1959).
"M. H. Cohen and V. Heine, Phys. Rev. 122, 1821 (1961).

Here C is the "smooth" part of the wave function,
made out of symmetrized combinations of plane waves,
and f„it ~, and l4 are the atomic wave functions in the
last shell of the core. The argument following (2.5)
applied only to

(~ )'-I(c.lpI+.) I' (2.9)

However, in silicon the extra terms were found' to
change Mz' by less than 20%. Moreover, p„ lf„, and
Pz vary little from one row of the periodic table to

"J.Tauc and A. Abraham, see reference 10."J.Tanc and A. Abraham, J. Phys. Chem. Solids 20, 190
(1961)."H. R. Philipp and E. A. Taft, Phys. Rev. 113, 1002 (1959)."H. R. Philipp and E. A. Taft, Phys. Rev. 120, 37 (1960)."The structure in the imaginary part of the dielectric constant
(see Fig. 6 in reference 15), which is proportional to the con-
ductivity, rejects more accurately direct transition edges. How-
ever, qualitatively the same edges are present in both cases.
Cardona and Sommers, in reference 18, suggest, on the basis of
a two-band model for the dielectric constant, that direct transition
edges are to be identi6ed only with maxima in the real part of the
dielectric constant. We cannot agree with this statement in the
case of complex band structures, where we feel that edges in the
conductivity provide better evidence for the existence of direci
transition edges. It should also be noted that much of the structure
in Fig. 6 of reference 15 has been smoothed out in the plot of the
real and imaginary parts of the dielectric constant in Fig. 7 of
reference 18.

"M. Cardona and H. S. Sommers, Jr., Phys. Rev. 122, 1382
(1961).
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Some of Tauc's results, together with earlier work" on
the indirect and direct absorption edges, are shown in

Fig. 5.
In Fig. 5 we have extrapolated several edges which

are observable over concentration ranges of little more
than 10%. Consider, e.g., P» ~Lt and L3 +LI.
(Because of spin-resonance g values, this transition
has been identified' " in Ge.) While the latter is ob-
served from 0—80% the former is seen only for 0-15%
Si. On the assumption that L3 does not move relative
to I'25, both lines extrapolate to L~=3.6 ev in Si.
Similarly, F2 extrapolates to 3.2 ev.

The original cyclotron resonance experiments on

p-type Ge and Si yielded values for A, ~B~, and C,
where

A =1+-s,(E+2G+2Ht),

3B=F+2G—Ht,

3C'= N' —(3B'),

N =F G+Ht. —

Here Il. G, and H& are given by

(3.1)

(3 2)

(3.3)

(3.4)

2m Ep—Eg
(3.5)

2m Ep—E2
(3.6)

Hg=
2m Ep —E3

(3.7)

'9 R. Sraunstein, A. R. Moore, and F.Herman, Phys. Rev. 109,
695 (1958).

so L. M. Roth and B.Lax, Phys. Rev. Letters 3, 217 (1959).
n J. C. Phillips, J. Phys. Chem. Solids 12, 208 (1960).
's G. Feher and J. C. Hensel, Phys. Rev. Letters 5, 307 (1960).
~ J. C. Hensel (private communication).

and Ep, E&, E2, E3 refer to the energies of r». , r, , r»,
and 7~5 in Figs. 1 and 2. The contributions of higher
bands of the same symmetry and also a higher F» band
have been omitted, since these were found to be very
small in reference 6.

Because of the threefold degeneracy of F» levels,
these experiments yielded only ~B ~. fn Si two sets of
values of E, G, and II~ could then be obtained. Feher
and HenseP and HenseP' have studied cyclotron
resonances in strained p-type Si which determine the

sign of 8 and yield more accurate values of A, 8, and
E:

A =—4.28&0.02, B= —0.75&0.05,

E= —9.36~0.10.

From (3.8)-(3.10) we 6nd for Si

P= —5.4, G= —0.7, Ht —4.5, (3.11)——
in qualitative agreement with Dresselhaus, ' as corrected

in reference 4. According to the discussion of Sec. 2,
the matrix elements calculated in reference 6 can now
be used to give

Ep—E~ 2.8 ev, Ep —E2 10 ev,

Ep—E3=2.8 ev.
(3.12)

In reference 6 energy diBerences of 2.1., 10, and 8.8 ev,
respectively, were used. The value of Et given by (3.12)
is in good agreement with that estimated in Fig. 5.

Returning to Fig. 3, we now see that L~ and I'2 levels
in Si as deduced here can be obtained by extrapolating
Herman's results for Ge. Extrapolating still further, we
obtain the level scheme of Si as calculated in reference
6. Furthermore, the positions of Lt (3.6 ev) and Fs
(3 ev) in Si have each been deduced by two separate
indirect arguments. The value of AE, required to give
Kleinman and Phillips' Ps (—4.2 ry) is quite close to
that required for their Lt (—4.6 ry).

To complete the classification of energy levels in Si
and Ge it is necessary to identify the peaks in optical
absorption in Si (A, 4.3 ev; B, 5.4 ev) and Ge (A, 4.4
ev; B, 5.8 ev). We estimate A to be 4 to 5 times stronger
than 8 in each crystal. We must also identify C, the
3.4-ev edge in Si.

Previously it was tentatively suggested" that A was
due to X4 —+ X~ transitions. Tauc has suggested"
L3 —&L3 for C. We have several useful guides here.
According to Elliott'4 the strength of an optical absorp-
tion edge is proportional to

E~pp s ~ (3.13)

-" R. J. Elliott, Phys. Rev. 108, 1383 (1957).

where v is the frequency and p the density-of-states
reduced eGective mass. Here x is a matrix element
which we take to be the same for allowed X4~ X~ and
L3 —+ La transitions.

The second guide is that L3, L3, X4, and X~ belong
to the "insensitive" levels in Fig. 3. Thus some con-
fidence can be placed in the theoretical energy diGer-
ences given there (Ls ~ Ls ——6 ev, X4~ Xt=5 ev).

Thus it is quite probable that A and 8 belong to
X4 —+ X~ and L3 —+ L3. A definitive pairing is suggested
by (3.13). Since Lt is now about 3 ev from Ls. and Ls,
p~ for these levels is of the order of m~ for Lt (0.08rts) as
compared to sos~ for Xt and X4 (0.10rrs). Also p~ is
much smaller at L because of the repulsion of L3 and
L3. Moreover, twice as many transitions are allowed
near X (hs —+At, hs) as near L. Thus the original
assignment of A to X4 —+ X& appears to be satisfactory;
8 is assigned to L3 —+ L3.

The levels L3 and L3 are split by spin-orbit inter-
action, while X» and X4 are not. ' If the L3 and L3.
spin-orbit splittings are equal, as suggested by the
tight-binding approximation group theory shows that
three edges, of strength 1:2:1,should be observed for
L3. ~L 3. High-resolution studies'8 of A reveal no
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the spin-orbit splitting of Ls is well resolved. A spin-
orbit splitting with two peaks at 3.3 and 3.9 ev has
been observed in PbTe."

Ehrenreich" has pointed out that the effective mass
nz, of the conduction band level F2 is given by

Xq

m—=1
E,

p
Ep+6/3 —Et

(4.1)

ma '(qn) k =(ooo)

—X4

rra '(aoo)

The factor in brackets in (4.1) corrects for the effect of
spin-orbit splitting A. This relation has been verified
to 2%%uz accuracy' for Ge. Ehrenreich rewrites (4.1) as

FIG. 6. A sketch of the energy bands of silicon near the energy
gap, as deduced from the experimental data discussed in this
paper. Note that the "insensitive" levels in Fig. 3 are given
correctly by Fig. 1.

The sensitive levels F2 and I.I are shifted from the values of
Fig. 1 (marked "KP" in Fig. 3) to the values marked "Si" in
Fig. 3.

structure, although the expected structure for 1.3 —& I-~
is well resolved Agai.n, A must be X4~Xt. Edge B,
which we have assigned to 1-3 ~1-3, is too weak to
show much structure (see Pote, p. 1936).

It remains to dispose of the 3.4-ev edge in Si. The
only transitions are F25 —+Fgs or F2. Tauc's data"
shows that this edge extrapolates to 2.8 ev in Ge. Thus
it is probably F» ~ F&5, and that F2 and F» are almost
degenerate. The E(k) curves may then be quite compli-
cated and a strong edge may result from transitions
near k=0.

The curves of Fig. 3 are also quite suggestive in
connection with the pressure dependence of band edges
in Si and Ge. According to Paul, '~ the variations of
energy (relative to I'&p) of L&, I' s., and X& are 5, 12,
and —1 in units of 10 ev dyne cm in Ge. Thus Jz
stays about the same in going from Ge to Si, as indicated
in Fig. 3, and I-~ and F2 both rise, the latter about
twice as fast. That other factors than Vppp are important
follows from the fact that the observed change in lattice
constant (—4%) accounts for only one-third of the
level shifts of Lj and F2..

The new information concerning Si is sketched in
Fig. 6. The bands near F2 and F» may be quite in-
volved; in the absence of further information con-
cerning the F2 —F~~ splitting, we have not attempted
to sketch the bands near these levels accurately.

(4.2)

InAs
4,78

)3 20
f~

2,53
$2S2

GaSb '~
JL 2AS

4e22

XnSb 4,ls
50

with E„=29 ev in Ge. For InSb, InAs, GaSb, InP,
and GaAs, E„is 20 ev within 10%%uq.

From (3.11) and (4.1), we find that if Mt is the same
in Ge and Si, Ep—E~=4.8 ev in Si. If we use the value
of (My) characteristic of the III-V's (corresponding to
E„=20ev), then Ep —Et=3.2 ev. These values bracket
the estimates of Sec. 3.

Ke note that the approximate constancy of E„ for
the III-V's con6rms the remarks of Sec. 2 concerning
the relative accuracy of matrix elements and energy
gaps, since the latter vary by almost a factor of 10 in
these crystals. Moreover, heteropolarity eGects this
result only to second order. Since the homopolar (sym-
metric about center of unit cell) potential gives I'sp

even, F2 odd, the heterpolar potential of order c gives

M p'(V.+eVp) =Mt'(V, )+0(es). (4.3)

Taken together with the remarks of Sec. 2, (4.3)
provides justi6cation for the remarkable constancy of
M p' noted by Ehrenreich.

4. OTHER SEMICONDUCTORS

It is by now well known that all III-V semiconductors
composed of second-, third-, and fourth-row elements
have band structures quite similar to those of Ge and
Si. This has been strikingly demonstrated by optical
studies" whose results are shown in Fig. 7. Note that

~5 W. Paul, J. Phys. Chem. Solids 8, 196 (1959).
'P J. Tauc and A. Abraham, see reference 10.

s
E

30
0

Q3' lN OY

Fxo. '1. Optical absorption in the range 2-5 ev for four III-V
compounds. Note the similarity of the four curves.

s& S.Yamada, J.Phys. Soc.Japan 15, 1940 (1960).I am grateful
to Dr. D. G. Thomas for acquainting me with this work. See also
the complete survey of M. Cardona, J. Appl. Phys. 32, 2151
(1961).

~'H. Khrenreich, Schenectady Conference on Compound Semi-
cortdttctors t J. Appl. Phys. 32, 2155 (1961)j.
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The doubly degenerate level X& splits into two levels
Xj and X3 in III-V compounds. Theory suggests' that
the conduction band X~—X3 splitting is small. If the
interpretation of edge A in See. 3 as X4 —+ X~ is cor-
rect, the edge should be broadened and possibly a
splitting of the edge' may be seen in III-V compounds.
This is indeed the case for the reflectance curves in Fig.
7. For InAs, in addition to the A edge at 4.72 ev
(X4 -+ Xa) there is a suggestion of another edge
(X4~ Xt) near 4.4 ev. Precision measurements of the
real and imaginary parts of the index of refraction on
etched single crystals might reveal the doublet structure
more clearly.

Our assumption that group IV semiconductors fall
on the same V«0 curve can be tested experimentally.
From a direct gap I'2 —I'» ——0.1 ev in grey Sn, we
anticipate L&=0.35 ev. Thus the center of gravi. ty of a
strong L3 -+ L~ edge should be at 1.8 ev; allowing for a
spin-orbit splitting of 0.6 ev, two peaks at 1.5 and 2.1 ev
should be observed. Optical reQection studies on etched
single crystals of grey Sn would be of great interest.

Because of the larger spin-orbit interaction, vacuum
ultraviolet studies of grey Sn, GaSb, InSb, or PbTe
might also be able to resolve the predicted 1:2:1spin-
orbit splitting of peak 8, which we have assigned to
L3.~L3.

Note added in proof. The assignments of levels pro-
posed here have been con6rmed by a series of experi-
ments reported by H. Khrenreich, H. R. Philipp, and
J. C. Phillips, Phys. Rev. Letters 8, 59 (1962). Prior to
these experiments many theorists, including the author,

were skeptical of the accuracy of energy-band calcula-
tions. It is therefore comforting that the insensitive
gaps, especially F2~ —+ F~5 and Ls ~ L3, agree so well
with theoretical predictions. For spin-orbit sects, see
also J. C. Phillips and L. Liu, Phys. Rev. Letters 8, 94
(1962).

The remarks we have made do not apply to diamond.
Because there are no p states in the carbon core, p
states see a much larger "eGective potential"~ than s
states in diamond. The calculated band structure'
predicts a strong L3 —+ I j absorption edge at 13.6 ev.
Philipp and Taft" have observed a strong edge at about
12 ev, in good agreement with the predicted value.

Another excellent test of the categorical classi6-
cation given here should be furnished by the ultraviolet
re6ection spectra of semiconductors which crystallize
in both zinc-blende and wurtzite structures. In the
wurtzite structure, some rearrangement of levels, as
well as additional splittings and polarization eGects,
should be observed. By correlating the results with
those from the same crystal in the zinc-blende form,
one should obtain decisive evidence for the band struc-
ture of all tetrahedrally coordinated semiconductors.

ACKNOWLEDGMENTS

It is a pleasure to acknowledge the receipt of pre-
prints from Professor J. Tauc, Dr. F. Herman, and Dr.
H. Ehrenreich. I am especially grateful to Dr. J. C.
Hensel for acquainting me with his results before
publication.

~' H. R. Plnlipp (private communication).


