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The scattering amplitude for Dirac potential scattering is shown to have a Mandelstam representation
if the potential is a superposition of Yukawa potentials. This representation together with the unitarity
condition is used to obtain an integral equation for the weight functions. The subtraction in energy makes
it necessary to know the scattering amplitude’s dependence on momentum transfer at zero energy in order
to solve for the weight functions. Dispersion relations for the partial wave amplitudes are obtained.

I. INTRODUCTION

HE purpose of this paper is to point out that the
work of Blankenbecler ef al.! on the Mandelstam
representation for Schrédinger potential scattering can
readily be extended to the Dirac case. The amplitude
for the scattering of a Dirac particle by a scalar potential
that is a superposition of Yukawa potentials is shown
to be an analytic function of complex momentum
transfer outside of a cut along the real axis. The proof
consists of demonstrating that every successive Born
term has a cut which moves farther out in the mo-
mentum transfer plane while the exact remainder is
analytic in a Lehmann ellipse of arbitrarily large size.
It is shown that a knowledge of the potential along with
the Mandelstam representation and unitarity is not
sufficient to determine the weight functions of the
representation, as the presence of a subtraction in the
energy requires in addition a knowledge of the scattering
amplitude as a function of momentum transfer at zero
energy.

II. PROOF OF ANALYTICITY

The Dirac equation is (E—H)y=Vy, where ¢ is a
four-component spinor wave function and

H=—ia-V+Bm

is the free-particle Hamiltonian. ¢ and $ are the usual
Dirac matrices. The solutions of the free-particle
equation (E—H)¢=0 are taken to be plane waves so
that for a particle of momentum k, ¢ =u(k)e™ 7, where
u(k) is a four-component spinor normalized to #tu=1.
The matrix element which describes the scattering of a
particle from an initial state 4 to a final state f is given
by M= (¢sVi:). If we define a T matrix by
M s;=ustT (fi)u;, then the Dirac equation can be used
to reduce T to the form T'=a-Bb, where ¢ and b are
scalar functions of energy and momentum transfer and

* Now at Physics Dept., State University of Iowa, Iowa City,
Iowa.

1R. Blankenbecler, M. L. Goldberger, N. N. Khuri, and S. B.
Treiman, Ann. Phys. 10, 62 (1960); hereafter referred to as
BGKT.

T(fi)=V(k;~k)
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where 7(q) is the Fourier transform of the potential.
The formal solution to this equation is given by

T(fi)= V(k;—k,)

(2.1)

+fd(hd(h 7(k;—a)G(awae; E) V(ee—k), (2.2)

where G is the Fourier transform of the exact Green’s
function:

dr 1
G(q1,92; E)= f

e—z‘q1~r_..______.__
(2m)8 E—H—-V(r)+ie
As in BGKT we shall assume that

ela2r,

zr

V(r)zj;°<> dx o(x)i—;—.

This potential has the advantage that its Fourier
transform has a particularly useful form:

o ()

Pt

where = (k;—k;)2. We see that V(k;—k;) is analytic
in the #-plane cut from — o to —p? What remains to
be proven is that a— V and b are analytic in the ¢-plane
cut along the real axis. Equation (2.2) for T has the
same form as the scattering amplitude for nonrela-

tivistic potential scattering. The fact that G now has
the form

m

G=G1+BmGy+a- q:Gs+ - q:Gs

produces no essential complications. The Lehmann
coordinates are introduced and one of the azimuthal
angles is integrated over while the angle between q
and q is kept constant. The result is that T is analytic
in a Lehmann ellipse in the complex cosf plane of
semimajor axis 142u?/k?. The absolute minimum for
t, 4u?, is just the maximum value of ¢ for which the

(2.3)
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proof of ordinary dispersion relations given earlier by
Khuri and Treiman? holds. If we iterate Eq. (2.1) n—2
times and then use Eq. (2.2), we have

T=V+Ty+ - +Tot+R,, (2.4)
where P
:(—1)’"—1f ql .o
(2m)
Aqn—y 47I'U(xl)dx1 E+pm—+a-q,
(2m)? a2+ (k;—q1)? g2—k2—ie
E4Bmta-qo1 4wo(x,)dx,

Qn—l2_ k—ie xn2+ (qn—l— ki)2’

and R, is the exact remainder,

R,= fd(hd!h T.(Ek; q)G(q1,92; E) V(ge— ko).

Using an inductive proof we can show that T, is
analytic in the complex cosf plane outside of a cut
running from cos#=1-+n?u?/2k* to . Then the
Lehmann technique can be used again to show that R,
is an analytic function of cosf inside an ellipse centered
at the origin with semimajor axis yo= 14 (n-+1)2u2/2k2
Since this region is indefinitely enlarged as we iterate
farther, we conclude that a— 7 and b are analytic in
the cosf plane cut from 142u%/k2 to «, except for a
possible essential singularity at infinity which we
however suppose not to occur. The cut in the
1=2k?(1—cosf) plane then extends from ¢{=—4u? to
— .
III. UNITARITY CONDITION

Having proved the analytic properties of T'(E,f) as
a function of momentum transfer {, we now wish to
write dispersion relations which display this analy-
ticity. For these purposes we write 7" in the form

T=A(El)+e ke kB(E,L). 3.1)

Similarly the T matrix for antiparticle scattering can be
written
T°=A°-{-(x-kf(x-k¢B°.

Then from KT? we see that if we include one bound
s state, then

A(E)=A(0,)+

Eg(E— Ep)

°°dE'ImA(E'x) LnA(B’D}
—FE—ie FEA4E V

w ImB(E,)

B(El)= +—j‘dE1————*—

—Eg wJd, E' —E—ie
m&wwl
E+E )

(3.2)
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A(EH=A0)+——
(E0) (,t)+EB BB

f‘” dE’ [ImA (E, t) ImA(E't) }
E—ie E+E )
1 pe (ImBe(E,)
—I——f dE'l—————
Ep = E'—E—ie
ImB(E't) }
E+E

Be(Ep)=—

where Ep is the energy of the bound state and I'y, I's
are the residues of the amplitudes at this bound state.
The simplest form of ImA, etc., that will display our
proven analyticity properties and satisfy the condition
that Syp;=0s;—2wid(E;— E;)M s; be unitary is

Pl(E lf/)
Im/l (F i) _— gl(F>,
4 T
mewﬂ
ImB(Ef)= | ————+g(k),
4;42 ™
(3.3)
©dt’ ps(E,")
ImA<(E}f)= — +g3(E),
4u T !
pa(El)
ImBe(E,l) = CWeED B,
4 T If/+l
Then T may be written in the form
» dt’ Q(E,)+o(!)
T(EH=L(E)y+V)+ | ——————
u? T l+t’
© di’ B(E,)
+a-kya- k[Lg(E)+ — ]
4u? T t/+l
ET 4 E © dE'
" Es(E—Es) 7 Jn E
X(&@U gﬂﬁ)
E'—E—ie E+E/’
dt’ ¢(t')
A0H=T0)+ _—
4 T t‘f—t
, , , (3.4)
e I's +f fE( g2(E") _ILg4(E))
E—Eg m w \E'—E—ie E+E
E *dE [ pi(E)  ps(ED)
a@@:~f-—( - )
r Jp E \E'—FE—ie E+E
@ dE, pz(El t) p4(El,t)
®(E,l)= f ( n )
—E—ie E+4+E
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The unitary requirement for .S becomes the following condition for T':
k
LT =TiNI=— [0, TGN B +omte 0 T(@. (5.)
0

If we now substitute (3.4) in (3.5) and take the discontinuity across the cut in the ¢ plane, we obtain

equations for the weight functions of the form

pilE )= fwdhfwfit—mz

I

h,tz) 17(151) V(lz)X@‘ (t,ll,t%E)

@ dll *© dlf ~ g
+f - f —_K(k tl)tZ) V(il){ [ dE' Z Aij(EyElit:t17t2)pi(E,yt2)+¢(t2) }Yi(tytlit%E)
2 W Yt T ““m J

g dt ®©
f : f —K(k tl’t2)lf aE; Z Bi]'(EaElitytlyt2)pJ'(E17t1)+¢(t1) ]

X ‘ f dE, Z Cij(E,Ez,t;tlytZ)pj(E%t?)+¢(t2> IZ‘i(t)tl)t%E): (3'6)

where K is the same as in the Schrédinger case:

™ e{t—h—‘tz—

K(kQ,If; lfl,lz) =
2

The 6 function in K [6(x)=0 for x<0 and 6(x)=1 for
x#>0] determines the actual regions of integration for
each term. In order for 6 to be nonvanishing for small
k2, 1>t/ R2; for large k2, t> (t413+4:%)% Thus the first
term is nonvanishing in a region of the %2, ¢ plane
bounded by ¢=u*/k? for small k2 and ¢=4u? for large &?;
the second term, 4u!/k% and 9u?; the third term, 16u*/k?
and 162 This is best illustrated by Fig. 1. As shown in
the diagram there is a region of the %2, ¢ plane in which
the p’s are given exactly by the first term. This first
term is determined entirely by the potential. If we now
substitute this exact value for the p’s into the second
term we can generate a larger region over which the
p’s are known exactly if we know ¢(¢). By taking this
new expression for the p’s and substituting it back into
the equation, we generate a still larger region over which
piis known exactly. In this manner the entire k2, ¢ plane
can be obtained through simultaneous iteration of the
four weight functions. If the subtraction in energy was
not present, a knowledge of the potential would be

t
\\\Ilthweterms
lGILLe
F1G. 1. Regions in
First and second terms IG. L. glons
2 \ \ which the K function

9 4 is nonvanishing.
F:rsi term only

LYY, au— e

(tao/ 2k%) — ($10) (L 16k 4R (t14-t2) +1ato |2/ 282}
(RLi— (1)t — (= 2)2]— thata) '

sufficient to determine the weight functions p; exactly
as in the Schrédinger case.

IV. DISPERSION RELATIONS FOR PARTIAL
WAVE AMPLITUDES

The partial wave decomposition of the Dirac particle
scattering amplitude is essentially that of pion-nucleon
scattering. We follow the usual notation and introduce
the conventional scattering amplitude f;:(6), a two-
by-two matrix in Pauli spin space. The differential
cross section is given by

dosi/dQ=|f1:(6)|?, (4.1)

fri can be related to My; by the fact that do,;/dQ
= [E2/ (2#)2] 1Mﬁ\2, so that, if

fri=fito ko kif,, (4.2)

then

fi=

fo= [A+(E+m)*B].

T
The partial wave expansions for f; and f, are given by
fi=21(fPr’— fiPry),

fe=20(fi— fi) P/, (4.3)

where P; are the Legendre polynomials, P,'=dP;(z)/dz,
and fio=Fk exp(i6iy) sindsy, 8,4 being the phase shift
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for a state with total angular momentum j=/4% and
parity (—1)%. Inverting the equations for f;. we find
that

fra= f AP+ P (44)

When we substitute our representation of 4 and B into
f1 and f. and substitute these into f;., the resulting

integral is
1 p Py(2)
red [ O
2J_ 5 42k (1—3)

(4.5)

Thus the term involving the Fourier transform of the
potential is cut in the k2 plane from —%u? to — o, while
the double integral term is cut from —pu? to —co.
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Application of Cauchy’s theorem to fi+ considered as
a function of the variable s=£? produces the dispersion
relation

c Imf (s")
fia() =% ——+~ f ds—T
i S—8; s’ —s—ie
1 pst T '
+_f ds'if”ﬂ’ (4.6)
T _o s'+s

if it can be assumed that Imf;,(s) — 0 as s — .
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