
P H YS I CAL R EVI EXV VOLUM E 124, NUMBER 5 DECEMBER 1, 1961

Ferrimagnetic Resonance in Rare-Earth Doped Yttrium Iron Garnet.
II. Terbium Substitution

J. F. DILLON, JR., AND L. R. WALKER
Bell Telephone Laboratories, Murray Hil/, Rem Jersey

(Received July 11, 1961)

The replacement of a small fraction of the yttrium ions in yttrium iron garnet by rare-earth ions produces
large effects on the field for ferrimagnetic resonance at low temperatures. Detailed studies have been
made on the effect of terbium substitution using concentrations from 0.01 to 0.19 at. % The variation of
the field for resonance as a function of applied field direction, of temperature, and of frequency are examined.
The field for resonance has been calculated by evaluating the rf susceptibility and dc magnetization of the
terbium ions from their energy levels and wave functions in assumed crystal and exchange fields. The cal-
culated fields show good qualitative agreement with the facts; quantitative agreement would require more
Qexibility in the choice of a crystal field.

from the induced rf moment of the terbium in a plane
normal to this direction. The dc and rf moments of the
terbium are in turn produced by the combined action
of the crystalline field and the dc and rf exchange fields
of the iron lattice. Because the dc exchange field and the
crystalline Geld are comparable in magnitude, it is
necessary to calculate initially the exact energy levels
and wave functions of the terbium ions. From these we
may calculate first the dc moment of the terbium.
Secondly, having written down an expression for the
rf moment induced as a result of the action of rf ex-
change Geld, we may actually evaluate this. Enough
equations are now available to calculate the field for
resonance of the combined system.

Large excursions of the Geld for resonance are now
to be associated with large changes in the rf suscepti-
bility of the terbium as a function of the applied Geld's
direction. At low temperatures„when only the lowest
terbium energy level is populated, the susceptibility
will vary rapidly if the ground- and first-excited levels
approach closely at some angle and at the same time the
matrix element for transitions between these levels has
an appreciable value. The sharpness of the angular
variations may be expected to decrease as the tempera-
ture rises and more levels are populated. Since the de-
nominators in the expression for the susceptibility
contain the driving frequency, one may expect to see
frequency dependence of the angular behavior other
than that which arises from the associated change of
applied field with frequency. At angles for which the
lowest energy levels do not approach closely, one may
still expect to see a change in the field for resonance
caused by the terbium impurity. For, though in the
absence of a strong crystal field the dc and rf exchange
Gelds acting on the majority lattice are so related as to
leave no exchange term in the field for resonance (this
is the familiar case), this cancellation does not take
place in general.

An analysis of the above model could be carried
through completely if the crystal potential and ex-
change Geld at the terbium sites were known. Un-
fortunately, we have no information about the former
and the latter is known only through an analysis which
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'HE substitution for yttrium of small amounts of
various rare earths produces very marked effects

upon the ferrimagnetic resonance of yttrium iron
garnet. '' In particular, earlier work showed that the
field for resonance at low temperatures (&10'K) and
with impurity concentrations of a fraction of a percent,
may change by several kilo-oersteds when the direction
of the applied magnetic steady field is altered by a few
degrees. It was also found that even when the resonance
Geld was varying slowly with orientation, its value was
many hundreds of oersteds below that for an undoped
sample. Terbium substitution produced these e6ects
in the most striking fashion, and for this reason, an
extended experimental study has been made of this
element. At the same time an attempt was made to
compute the field for resonance on the basis of a simple
model.

A qualitative explanation of the excursions of the
Geld for resonance with field direction has been given
previously. ' We shall first review the somewhat more
detailed model which we have used. The doped crystal
may be treated as a two-sublattice system; the strongly-
coupled iron sublattices form one of these and the
terbium ions, which in the concentrations used ( &0.2%)
may be considered to move independently of each
other, form the second. The majority sublattice mag-
netization M may be supposed to obey the sniall signal
version of the equation

dM/dt=y(M&(H, fg),

where & is the appropriate gyromagnetic ratio and
H, fr is the total eRective magnetic field. The latter will

include in addition to the applied magnetic field and the
iron anisotropy field, the exchange field of the terbium
sublattice. There will be a dc contribution to this field
from the component of the dc magnetization of the
terbium along the applied field and an rf contribution

' J. F. Dillon, Jr., and J. W. Nielsen, Phys. Rev. Letters 3, 30
(1959).

J.F.Dillon, Jr. , and J.W. Nielsen, Phys. Rev. 120, 1.05 (1960).
Hereafter referred to as I.

3 C. Kittel. Phys. Rev. Letters 3, 169 (1959); Phys. Rev. 117,
681 (1960). The model considered here is somewhat more de-
tailed than Kittel's and leacts to some additional consequences.

]4.
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Fro. 1.H„, in (110)at 1.5'I in YIG(0.2% Tb). The frequency
was 22 989 Mc/sec. The peaks as seen in this plane are designated
by R.oman numerals. The dashed curve is H„, for the purest
YIG with which we have worked.

ignores the effects of crystal fields upon the magnetiza-
tion curve of terbium iron garnet. ' We have therefore
used a Hamiltonian with a few adjustable parameters
based primarily upon the point-charge modql. It turns
out that a fairly satisfactory fit to the observed data
may be obtained. The agreement is good qualitatively,
but never really excellent quantitatively. There appears
to be a range for each of the adjustable para, meters
which leads to about the same degree of agreement. In
view of the tentative nature of the fitting it has not
seemed worthwhile to do more tha, n discuss the ques-
tions of temperature and frequency dependence in a
qualitative way.

TAsxz I. Intended and measured terbium concentrations
in a number of samples.

Intended dilltion
(atomic %)

1.13
0.25
0.19
0.05
0.019
0.010

Analysis
(atomic %)

1.7
0.30
0.28
0.058
0.025
0.015

R =Measured/
intended

1.5
1.2
1.5
1.2
1.3
1.5

'R. Pauthenet, thesis, Universite de Grenoble, 1958 (Masson,
Paris, France, 1958).

~ J. W. Nielsen, J. Appl. Phys. 31, 51S (1960). We wish to
thank Dr. Nielsen for providing these samples.

EXPERIMENTS

Samples

The crystals were grown under the direction of
Nielsen. ' The crystal growth was done in an oxygen

atmosphere from lead oxide-lead fluoride Aux. Though
earlier analyses for terbium were not meaningful in the
range of interest, Shirley Vincent of these Laboratories
has recently performed x-ray fluorescence analyses of
crystals taken from the same growth runs as our
samples. She believes these to be good to within 5% of
the amount of Tb present. Table I gives these results
along with the intended dilution. It will be seen that the
ratio R of intended/measured terbium concentration
varies in the range from about 1.2—1.5. Reference to a
similar list of data for all of the rare earths given in
Table I of I, shows that most, but not all, of the rare
earths from samarium to ytterbium gave a value of this
ratio in about the same range. From the near con-
sistency of these analyses it looks as if more terbium
appears in the crystal than in the starting mixture.
However, the spread in E from 1.2 to l.5 in crystals
which were grown at about the same rate should be a
basis for caution. Having made these remarks, we will
continue to designate the samples as YIG (x% Tb)
where the x% indicates the percentage of yttrium atoms
in the starting mixture which have been replaced by
terbium atoms.

It should be noted in passing that our 8„,data pro-
vide an excellent indication of relative terbium con-
centrations down to a few parts per million.

The sample preparation and orientation procedures
were described in I.

Apparatus

A great part of this work was performed at 20 and
24 kMc/sec using the apparatus described in I.Though
we have recorded B„,vs angle curves automatically
on an experimental basis, the very steep excursions of
the field for resonance as well as the accompanying
changes in linewidth, have made a point-by-point meas-
urement of H„, at many angular settings more feasible,

The measurements at higher frequencies were made
using a spectrometer recently described by Mock. 6 In
these cases the field measurements were made with a
rotating-coil gaussmeter. When possible, reference
points were measured by counting the proton NMR
frequency. The same spheres were used at the higher
frequencies, as at 20 kMc/sec, and were thus generally
larger than they should have been. Other modes than
(110), the uniform precession, were frequently observed
as will be seen later in Figs. 7 and 8. These high-fre-
quency experiments were performed in open waveguides
rather than in cavities, so the rf-field configuration
could not be defined. Because of this, the size of the
spheres, and the dielectric inhomogeneity introduced
by the mounting rod, it was not possible to identify
the uniform precession. Our procedure was to track in
angle the Geld for resonance for several prominent
modes. Of the several which could be followed through
the necessary arc, it was invariably found that all

6 J. Mock, Rev. Sci. instr. 51, 551 (1960).
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pzo. 2. pour sections of the &„,surface of YIG(0.02o/o Tb) as measured at 1.5'K. Some of the important crystallographic direc-
tions are indicated for each of the planes. (a) The (110)section, at 20 228 Mc/sec; (b) the (001) section, at 20 240 Mc/sec; (c) the
(111)section, at 20 221 Mc/sec; and (d) (112) section at 20 235 Mc/sec.

moved up and down in 6eld together. That is, the
various modes observed did not show different
anisotropies.

Field for Resonance Surface

In a sample of YIG (0.2% Tb), H„, in (110) was.
observed as in Fig. 1. In this case the temperature was
1.5'K. The frequency was 23.0 kMc/sec. The corre-
sponding data for pure YIG are given as the dashed
curve. The salient feature of this plot is the set of high
sharp peaks. Here and elsewhere in the paper we will

designate these by I, II, III, and IV in order starting
from L100$. By plotting these peaks on an expanded
horizontal scale, we can measure an angular half-width
for each. For I this is about 1.9', for II it is 2.4' and for
III it is 3.9'. Because of the slight overlap of III and
IV, no attempt has been made to assign such a number
to IV. On one side of II, the 6eld for resonance falls by
4000 oe in one degree. |Ate were not able to observe any
hysteresis in this curve. Increasing the angle yields the

same plot as decreasing the angle. Note that the 6eld
for resonance away from the peaks is depressed con-
siderably below that for pure PIG.

Though measurements at several other temperatures
were made for this sample, further experiments were
concentrated on samples containing a lower percentage
of terbium. These gave smaller excursions of the 6eld
for resonance, but had associated with them much
narrower resonance lines. Thus, it was possible to follow
the field for resonance contribution of the Tb ion with
essentially the same accuracy, but without the vast
changes in field which considerably slowed down the
observations on more concentrated samples.

Figure 2 shows the 6eld for resonance as measured
in different crystallographic planes. These data were
taken on spheres of YIG (0.02% Tb) at 1.5'K at a fre-
quency of 20 kMc/sec. We shall refer back to the first
curve, that of H„, in (110), in considering the variation
with concentration, temperature, and frequency. At
this level of concentration we can see the shape of the
underlying H„, curve for undoped YIG, but super-
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crystal was of YIG(0.019 atomic % Tb). The numbers associated
with each curve represent the angle from the L100$ axis. These
curves were taken at 69 200 Mc/sec. The temperature was 1.5'K.

quency, that is to say, with applied field. Peak IV which
occurs along the [110jaxis a symmetry direction does
not shift. The angular locations are shown in Fig. 10.
These measurements have been taken from a number
of samples at various concentrations.

Above the lowest 6eld set the points define straight
lines rather well. Presumably, the bending at low 6elds
can be ascribed to the failure to completely saturate
the samples. The slopes of the straight. lines on Fig. 10
are: I, —1.1'/104 oe; II, 1.35'/104 oe; III, —2.5'/10' oe.
That these peaks should shift with field is not at all
unexpected, once it is realized that the phenomenon
here arises from the splitting of the rare earth ground
state by both electric and exchange 6elds. The shift to
a higher frequency corresponds to the introduction of
an increment of magnetic field, thus we are changing
the relative contributions of the electric and magnetic
6elds.

ANALYSIS

The Hamiltonian

and exchange fields. Unfortunately, the crystal field at
the dodecahedral sites of YIG is not known independ-
ently. It is necessary, then, to attempt to find a plausible
crystal field which will account for the facts. A starting
estimate may be taken to be the potential of eight
point charges at the oxygen sites surrounding each
terbium ion.

There are six types of dodecahedral sites in YIG,
each having the same orthorhombic symmetry when
referred to a system of local axes, which differ, however
in the spatial orientation of these axes (see Fig. 11).
For any one of these sites the potential eGective upon
an f electron, referred to the local symmetry axes, will
have the form

00sryst esp'0T2 +X2T2 ]+c4+QT4 +ijsT4 +fs4T4
+~s[voTs +vsTs +vsTs +psTssf, (2)

where the T's are the operator equivalents of the
(real combinations of) spherical harmonics and cs„ is a
constant, characteristic of the ground con6guration,
proportional to (r'"), the 2rsth moment of the radial
electron coordinate r for a terbium 4f wave function.
Self-consistent field calculations have not been carried

100
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+.[I'"+I -'3+"I'+"I I".+I'.-'3

+t s[I's'+ I's ']+s s[I's'+ I's 'j, (1)

where the V are spherical harmonics. In general, this
expression contains nine constants. It is not feasible to
attempt to vary every one of these in an attempt to 6t
the data. It has therefore been assumed that the point-
charge model correctly gives the relative sizes of the
constants within each order; in other words the ratios
Xo. X2, po.. p2.' p4 and vo.. v~.. v4.. ve are taken to be those
of the point charge calculation. A justification for this
particular way of simplifying the problem will be given
when we go over to the spin Hamiltonian.

Since the ground state multiplet (I= 6) of the free
terbium ion is separated by about 2000 cm ' from the
next multiplet, the crystalline spin Hamiltonian may
set up for the J=6 manifold alone. Corresponding to
Eq. (1) this will have the form

It was indicated earlier that in order to calculate the
6eld for resonance one needs to know the dc magnetic
moment and rf susceptibility of the terbium ions. To
calculate these one must find the energy levels and wave
functions of the terbium ion in the combined crystalline

0
16 18 20 36 3S 40 72 74 78 78

ANGLE FROM [100j

FIG. 1Q. The frequency {field) variation of the position of three
of the peaks in IJ„,„ in the (110) plane of YIG(Tb) at 1.5'K.
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charge value, and c&/c4 equal
to 4.S times the point charge
value. The energy scale cor-
responds to that used in the
later calculations of resonant
6eld.
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levels for the four sites as a function of angle in (110)
for a typical c2/c4, c+/c4 and X.

The four near crossings in the (110) plane are seen
to be contributed by the four sites in the following way;
one site yieMs two near crossings, two yield one each,

and one yields none. All choices of the parameters which
were considered satisfactory, assigned near crossings to
the sites in the same way. Since the crystallographically-
inequivalent sites differ only by a rotation, each position
of the applied field in the actual (110) plane furnishes
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Calculation of Field for Resonance l [ooi

The equation of motion of the majority lattice is

(1/p) (d/d/) (Mp+m) = (Ms+m) &( (H ii+h) (6)

where p is the gyromagnetic ratio M th d
zation and m

e c magneti-

1

, and m t e rf magnetization f th
attice. H, gg is the effective dc field actin on t e m-

0 e n1aj ol it

h is the rf exchange field of the terbium. We assume a

this may very roughly be put in at the end as an additive
correction to the a lio e app ied field. If a cartesian system f

e chosen with i coinciding with the dc
magnetic Geld directi
becom

tion, the small signal version f (6)
omes, for an angular frequency co,

ti o

s( /p)m, =m„II„,—la. lh„,

s(~/&)m„= mP, «+ l ~el 4. — (7)

[ioo]
[010]

[(10]

p
'

y of the observed H„,surface of YIG(Tb)FIG. 14.The corn lexit of
a iqui elium temperatures arises fromises from the multiphcity of in-

ordinate system on which are plotted the loci o
of the six inequivalent sites one f. hi es, one o. w ic was given in Fig. 13.
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)t(m J/IMpI), of the iron exchange field. The calcula-
tion of J~, is straightforward when the eigenfunctions
of the Hamiltonian are known. Provision was made to
calculate it at finite temperatures as well as in the
ground state.

The calculation of (J') may be carried out by the
usual methods of first-order time-dependent perturba-
tion theory. If we write

(J.') =Ps T.fines, rr, P =
&,ri;

then T p, which is identical with the susceptibility up
to a multiplicative constant, is given by

—X

E (p-' —p-')
Icv, I—

( ~mn +nm ~nm Jmn
X~ +; (10)

& oi+E„Epi—E„+E—
where pp= e &~/Trace e &~, the normalized density
matrix; E, m=1 to 13, are the energy levels of the
terbium; and J „",is the matrix element of J between
states m and m. co must be expressed in the same di-
mensionless form as the other energies. We note that
in computing the T matrix, the matrix elements of J
are evaluated first in the local axis system to which the
Hamiltonian is referred and then properly rotated to
give the required components along $ and rf. The com-
puter program again provided for computing the T
matrix at finite temperatures.

The above relations connect h and m and after they
are substituted in (7) one finds that H, tt satisfies the
equation

(H.H I
Mp QA;T„„,,;) (H—.ti —I

Mp
I
p/I, Ttf,)

=
I (s~/v+ I ~pIZ~'Ttf') I' (,ll)

It will be noted that Eq. (11) contains Hp ln sucll
combinations as

H, g, /I, (J,„o) —
I
Jlf,

I P, /I, T„„—,,

If one treated a system of two sublattices, with crystal
fields weak compared to the exchange fields, in a
manner similar to that used here, the analog of the
above expression would be

Z23I,3E,
He+Ha 1+)i~2

oi/X+Hp+H s+) Mt

where M~ and M2 are the sublattice magnetizations,
X the exchange constant, and H ~ and II 2 effective
anisotropy fields. If XMt))cp/p+Hp+H s, then the

~ It is to be noted that if co is ignored, the fractions in the sum
for T p are essentially those which arise in Gnding the second-
order perturbation of the energy levels when the Geld is deviated
through a small angle. They are thus connected with quantities
like O'E„/888 q, where 8 and y are the polar angles of the exchange
6eld. This establishes the connection with the curlture of the
energy levels which occurs in Kittel's treatment. ' Curvature, in
fact, indicates both a near crossing and a signiGcant matrix ele-
ment between the close levels.
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FIG. 15. Comparison between the experimental and computed
fields for resonance in the (110) plane for a concentration of
0.1%, csjc4 0.22, cp/c4=4. 5, X=0.3. The smooth broken curve
shows the Geld for resonance without doping. The iron ion aniso-
tropy deduced from this has been included in the computed fields.

leading term in the expansion of the fraction cancels the
term 3 %2 and the whole expression depends upon P

only to order 1/X. This corresponds to the familiar fact
that the exchange does not appear normally in the
field for resonance. When the crystal field is comparable
with the exchange field there is no reason for the dc
exchange Geld of one sublattice to be cancelled by a
term from its rf susceptibility. Thus, it is possible to
have a more or less angularly insensitive displacement
of the field for resonance.

The constants 3;which appear in the expressions for
the effective fields are related to the choice of an energy
scale. We may suppose that there is an energy Cp such
that when (5) is multiplied by Cp/)I, it becomes the true
single-ion Hamiltonian. Cp is clearly given by the
expression

~
I
~p

I »/ I
JI.

One method of estimating Cp is to use the value of K

found by Pauthenet4 for TbIG. This analysis, however,
ignores the crystal field effects entirely. A somewhat
better method is to calculate a magnetization curve for
TbIG for some set of the parameters in the Hamiltonian
and various values of Cp. Cp is then chosen to give the
best fit to the observed magnetization. ' This method
again assumes that the crystal field in TbIG at the
dodecahedral sites is the same as that in doped YIG

The magnetization of single crystal terbium iron garnet has
been measured recently by H. J. Williams and R. C. Sherwood
(private communication).
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M(terbium) =p, Ecf,(oTb;), (19a)

JA „=Xcf,~ (oTb„).) (19b)

A'=&cf'~
I «b/~l =Ncf, (c~/I ~oI) (19c)

and that Tb —Tb exchange is negligible. Properly, Co
should be optimized for every different set of parame-
ters used in the Hamiltonian, before the Geld for reso-
nance is calculated.

The constants 3;are now found in the following way.
The effective exchange field of the terbium is ~M where
M is the terbium magnetic moment. If the number of
dodecahedral sites be X, the concentration of terbium,
written as the fraction of dodecahedral sites occupied
by terbium ions, be c, and f; be the fraction of dodeca-
hedral sites of the ith kind, then
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DISCUSSION

While the results obtained in locating the near cross-
ings were very satisfactory and must give a reliable
picture of the relative positions of the two lowest states,
it was remarked earlier that many combinations of
parameters gave equally good results. It was hoped
that the calculations of the Geld for resonance would
lead to a sharper determination of the parameters, but
this turned out not to be the case. In fact it becomes
clear, that the model with three adjustable parameters
is really not capable of reproducing the observed data
with satisfactory accuracy.

In the first place, the calculated magnetization curve
for TbIG may be made (by suitable choice of Co) to fit
the observed curve from about 35' upward but dis-
agrees by about 8% at O'K; the calculated value is the
larger. This may be due to a real difference between the
crystal fields of TbIG and YIt, which would be most
conspicuous at very low temperatures. We have chosen
to use the value of Co which gives the best fit at higher
temperatures. This estimated value of Co seems to vary
rather slowly with the parameters in the Hamiltonian,
so that in view of other shortcomings in the calculation
we have not recalculated Co for each case. Co may be
considered to lie between 22' and 27'K which is sub-
stantially higher than Pauthenet's value.

Calculations of the field for resonance in the (110)
plane were carried out for an extensive series of values
Of 7L, Cs/C4, and Cs/C4, eaCh Set Of SuCh ValueS WaS

chosen to put the near crossings within two or three
degrees of their correct positions. There is, unfor-
tunately, some uncertainty about the terbium concen-
tration in the samples for which data was taken. Most
of the calculations were done for C=0.1%; a later de-
termination of C gave a value of 0.19% and some
further computation was done for this value, In either
case a rather wide variety of parameters gave a fit of
about the same quality. The latter may be described
roughly by saying that if each peak was held to within
~2' of its correct position then at least one peak
height would be in error by a factor of two.

CL'
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Q
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l /
/
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ANGLE IN DEGREES

WITH [100] AXIS IN (110}PLANE

90

FIG. 16. Fields for resonance in the (110) plane for a concen-
tration of 0.19% and cs/c4= 0.37, c4/c4 =2.7, lL =0.47. A complete
6eld for resonance curve was not computed; the points computed
for 0' and 90' are shown by small arcs.

Figure 15 shows the best fit which was obtained with
the lower value of the concentration. Its main short-
coming is the poor agreement near 0=0', where the
observed depression of the field for resonance has been
lost. It should be noted that the value of cs/c4 used
here is very small; about 22% of the nominal (point
charge) value and that of cs/c4 correspondingly large.
This might be due to a screening of the 4f electrons,
principally for small values of r, which would decrease
(r') relative to (r'). Using the larger value for the con-
centration substantially larger values of c&/c4 give a
good Gt. An incomplete curve of the field for resonance
is shown in Fig. 16 for cs/c4 ——0.37 and cs/c4 ——2.7.
The background depression of the field is now well re-
produced everywhere, and the least satisfactory feature
is the exaggeration of the peak at 90'.

It was not felt that the quality of the fit obtained
warranted calculations of the effect of temperature upon
the Geld for resonance. An expression for the peak
heights at low temperatures, at which only the two
lowest are occupied, will contain a factor tanh (energy
separation in 'K/2)&temperature); with energy sepa-
rations at the near crossings of about 5'K, which we
may deduce from our value of C&, one expects to see the
peak height fall to half value within 2 or 3 degrees of
0 K. This is qualitatively in agreement with the data.

One might expect the crossing with the closest ap-
proach to be the one to exhibit most markedly the fre-
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quency effect. upon peak height, since the frequency
tends to bridge the gap. This is not observed in fact.

There is also an effect of frequency which arises from
the associated change in the magnetic field. An increase
in frequency and thus of field is equivalent to a decrease
in t with the other parameters left undisturbed. Ke
have condrmed that the three movable levels in the
(110) plane (the 90' peak does not move) shift in angle
with ) in the sense implied by the data of Fig. 11.

are now of the. form

~2 )to U2 +~2 U2 y

+4 f20 U4 +i42 U4 +l24 U4 1

306 P0 Uo+P2 U6+&4 Uo+&0 U6

where for J=6
U20= 2m2 —42,

U22= [J4,2+c.c.],

(7)

(Sa)
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V= (2e /Lo)[&o'V2 +&2'V2 +go'V4 +@2'V4

+P4 V4 +&0 V6 +&2 V6 +&4 V6 +&6 V6 ]pl

where, in the point charge approximation,

V20 = 2g2 X2 y2

V 2 g2 y2

Xo' ——11.75,

X '=15.84,

V4' ——Ss'-24s'(x'+y')+3(x'+y')', pro' ———1460.2,

V4' ——4 (x' —y') (6s' —x' —y'),

V 4 +4 6+2y2 y4

Vo' ——32z' —240s'(x'+y')
+180s'(x'+ y')' —10(x'+y')',

Vo' ——15(x'—y') [16z4—16z'

X (x'+y')+ (x'+y')'],

Vo' =6 (x'—6x'y'+y4)

X (10s'—x' —y'),

Vo' ——x' —15x4y'+ 15x'y' —y',

»'=40.0,

p,
'= 5118.2,

.,'= —6300.9,

»'=28 850.5,

~4' ——909.5,

s 6'=4791.7.

x, y and s are measured in units of 1.0——1.2376)&10 8

cm, the lattice constant' of YIG. The V2„' are pro-
portional to F2„'r' and the V2„' are proportional to
(V2„2™+F2„2™)r2";the constant of proportionality is

(222) (2)[4/(422+ 1)]&[(222+2226)!(222—2m)!] '*

in all cases.
BC2, BC4 and K6 the parts of the crystal Hamiltonian

APPENDIX,

The potential at a terbium site arising from the eight
nearest-neighbor oxygen ions may be written

Uo'= J4.4[33(m+2)2 —108]+c.c.,
Uo' ——[jpo+ c.c.],
where 222= J„j+——J,+iJ„, and "c.c." indicates a com-
plex conjugate.

The eomima/ values of c2, c4, c6 are now given by

C2= 2e2L0 on(r2),

c4 ——2e'Lo 6P(r4),

co= 2e2I.0 oy(r )

where n= —1/(3 X 11), P =2/(3'X5X 11 ), y= —1/
(34X7X112X13) are constants appropriate'0 to the
configuration 4f' 'Fo. Here (r2), (r4), and (ro) are the
averages of the indicated powers of r, the radial co-
ordinate, over a terbium 4f wave function (with r now
measured in cm).

Making use of the thallium (Z=81) 4f wave func-
tions" these averages have been evaluated with the
results

(r')=7.45X10 "cm'
(r4)=1.14X10 "cm4,

(ro) =3 12X 10

The screening constant, o., for 4f electrons is given by
Ridley" as 41. It seems probable that the value, 0.=47,
given in reference 11 is a misprint. Using Ridley's value
the averages for terbium are given by

(r2)=2.07X10 "cm'

(r') =8.78X10 '4 cm4,

(r')=6.69X10 "cm'.

"K.W. H. Stevens, Proc. Phys. Soc. (London) A65, 209 (1952).
'A. S. Douglas, D. R. Hartree, and %. A. Runciman, Proc.

Cambridge Phil. Soc. 51, 486 (1955).
'2 E. C. Ridley, Proc. Cambridge Phil. Soc. 51, 693 (&93&).
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The corresponding values of t, 2, c4 and c6 are then

c.= —3.68X10 "K
for computing the energy levels was written in the form

3C= X(n,"J)+ (1—X)c4'$(c2/c4)X2+3'. 4+ (c6/c4)BC6).

c =1.24X10 "K, c4' was taken arbitrarily to be 1.97&&10 r. As pointed

c6———5 63X10 '"'K. out in the earlier text, when values of c~/c4 and c6/c4 are
mentioned they are expressed in terms of the values of

It was pointed. out earlier that the Hamiltonia, n used c~/c4 and c6/c4 calculated above.
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Paramagnetic Resonance of Chromic Ions in Double Nitrate
Crystals anti Frozen Solution*

J. W. CULvAHOUSE
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Chromic ions are shown to enter double nitrate crystals in two different interstitial sites, and the spin
Hamiltonian parameters for these ions have been determined. It is also shown that cloudy double nitrate
crystals contain occluded solution and the amount of solution contained in a number of crystals has been
measured. The paramagnetic resonance properties of frozen samples of the solution from which the chro-
mium-doped double nitrate crystals were grown have been investigated. The results reported in this paper
are compared with the nuclear orientation results for Crs' in cerium magnesium nitrate obtained by Kaplan
and Shirley. The utility of frozen solutions for nuclear orientation experiments is discussed.

I. INTRODUCTION

1

~ERIU3iI magnesium and cerium zinc nitrate crys-~ tais have been used extensively in nuclear orien-
tation experiments' because very low temperatures may
be obtained by adiabatic demagnetization of the salt,
and the small value of gal for the cerium ion permits the
application of rather large external fields without a
large rise in temperature. Nuclei of several of the rare-
earth trivalent ions and iron-group divalent ions can be
oriented in these crystals. Recently, Kaplan and
Shirley (KS)' have shown that cerium magnesium
nitrate crystals grown from solutions containing chromic
ions do contain some chromium and that Cr" nuclei thus
included in the crystal can be oriented. These authors
suggest that their method may be extended to a wide
variety of paramagnetic ions, and this possibility en-
hances the interest in the clarification of the nuclear
orientation mechanism or mechanisms which were
operative in their experiment.

KS concluded that the chromic ions were trapped in
tiny pockets of solution —"brine holes" —rather than in
crystal sites. In Sec. II of this paper, electron paramag-
netic resonance data are described which show that
chromic ions go into two different interstitial sites of the

*Research supported in part by the National Science I'ounda-
tion and the Ofhce of Naval Research.

R. P. Hudson, Progress in Cryogenics (Academic Press, Inc. ,
New York, 1961), Vol. III, p. 97.

'Morton Kaplan and D. A. Shirley, Phys. Rev. Letters 6, 361
(1961).

double nitrate crystals. However, proton resonance
measurements described in Sec. III show that cloudy
double nitrate crystals may be grown with at least as
much as 10'%%uo occluded solution by volume without
any large-scale occlusions. On the other hand, clear
crystals do not contain an appreciable amount of
solution. In Sec. IV, the electron paramagnetic reso-
nance properties of frozen solutions of chromic ions are
discussed and qualitative estimates are made of their
utility in nuclear orientation experiments.

In Sec. V, the orientation experiments reported by
KS are compared with the paramagnetic resonance
results. In the last section, the use of interstitial sites
and occluded solution for nuclear orientation is dis-
cussed as a general method for the orientation of the
nuclei of paramagnetic ions.

Note added in proof While this p. aper was in press,
the author found that the presence of two paramagnetic
complexes in chromium-doped lanthanum zinc has been
reported by Pastor and Devor LJ. Chem. Phys. 31, 1145
(1959)j.The spin-Hamiltonian parameters obtained by
those authors agree with those reported in the present
paper. Their results for the ratio of the concentration
of chromic ions relative to rare-earth ions in the crystal
to the ratio in the solution is much smaller than reported
in this paper. Subsequent investigation by the author
has shown that the origin of this discrepancy is the fact
that the concentration of chromic ions in the crystal
does not increase in direct proportion to the concentra-
tion of chromic ions in the solution.


