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the nucleus may have been sufficient to cause
(PvXy. )observed tO he OPPOStte tO (PZXPv)at production.

This would have tended to mask any effect that might
have been present.

ACKNOW'LED GMENTS

We wish to express our appreciation and indebtedness:
To Dr. Joseph J. Murray and his co11eagues for pro-

viding the separated E-meson beams, and to Dr.
Edward J. Lofgren and the Bevatron crew for their
cooperation and aid in the exposures.

To Dr. Walter F. Dudziak, Dr. Peter C. Giles,
Dr. Harry H. Heckman, and Dr. Fred W. Inman for

their participation in the design and assembly of the
equipment for magnetic analysis of beams, and for their
help in various phases of the analyses.

To all the scanners involved in this program and
particula, rly to Miss Ernestine Beleal, Alan 8etz,
Mrs. Marilyn O'I ollin, Mrs. Penny Vedder, and
Mrs. Hester Yee for considerable assistance with the
measurements and calculations.

To i4Irs. Penny Vedder for much of the programming
and aid with the IBM 650 computations.

To James Hodges for constructing, and participating
in the design of, the automated microscopes, and to
Thomas Taussig for designing the associated electronics.

PH YSI CAL REVIEW VOLUME 124, NUM HER 4 NOPE M B ER 15, 1961

Regeneration of Neutral X Mesons and Their Mass Difference*
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A beam of Xs mesons was produced by passing a beam of 1.1-Bev/c negative pions through a liquid
hydrogen target and accepting the neutral reaction products in the forward direction after allowing the
X& component to decay. The resultant beam was observed in a 30-in. propane bubble chamber 6tted with
lead and iron plates. About 200 regenerated IC1 mesons were identi6ed by their characteristic Q value and
decay rate. All three types of regeneration were observed: by transmission in the plates, by nuclear di8rac-
tion, and by interaction with single nucleons. The detection of the erst two types of regeneration constitutes
strong evidence for the correctness of the Gell-Mann and Pais particle mixture theory. Comparison of the
transmission and diffraction regeneration e8ect, using the method of M. L. Good, gives the E~-Xg mass
difference B. Two important corrections must be applied to Good's formula: One originates from the nuclear
scattering of the transmission component, the other from the multiplicity of scatterings in a thick plate.
The independence from nuclear parameters, which was an advantageous property of Good's formula, is no
longer rigorously valid; but due to the sharp dependence of the transmission intensity upon the mass
difference, the nuclear properties of Eo and Xo, as derived from E'+ and X data, still allow a measurement,
of 8. We find that 5 is 0.84 s, ss+'ss in units of k/rip where rr is the Er mean lifetime. With 90% confidence
level, the diiference is between 0.44 and 1.2 k/rr. The probability that the transmission peak we observe
is due to a statistical fluctuation is one in a million.

INTRODUCTION

'T is by no means certain that, if the complex ensemble
~ - of phenomena concerning the neutral E mesons were
known without the benefit of the Gell-Mann —Pais
theory, ' we could, even today, correctly interpret the
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behavior of these particles. That their theory, published
in 1955, actually preceded most of the experimental
evidence known at present, is one of the most astonish-
ing and gratifying successes in the history of the ele-
mentary particles. They advanced the hypothesis that
the two mesons, E' and X', are states of delnite strange-
ness but not of definite mean life. The states which
decay with a definite mean life and which, also, have a
de6nite mass value are two other mesons, E1 and E2.
Each of the first pair of states is a mixture of both
states of the second pair, and vice versa:

I&') = (I &t&+ I&s))/&2, (1)

I
&'&= (I &r&—I&s))/~2, (2)

Ilt &
= (I &')+

I
&'&)/&'2, (3)

I& &= (I&')—I&'&)/v2. (4)

Only /P and X" can be produced in the collisions of
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strongly interacting particles because the final state
must be one of a definite strangeness. However, due to
the shortness (10 "sec) of the Er mean life, the E' and
X' are rapidly depleted of their E& amplitudes, resulting
in a pure state, IC~. The first confirmation of the particle-
mixture theory came with the discovery of the long-lived
E2 particle by Lande et a/. ' Later on, several experiments
were performed with the intent of showing that the E2
particle, according to (4), contains a state E' (strange-
ness —1) despite the fact that it originates from a E'
(strangeness +1).The results were in satisfactory agree-
ment with the theoretical expectations. '4 The most
clear-cut evidence is a set of pictures by the Berkeley
hydrogen bubble chamber group showing that a E'
meson produced in association with a A subsequently
collides with a proton and produces a Z particle which,
like the A., has a strangeness of —1.5

Encouraged by these results, one then wanted to test
what has been called in the literature "even more
bizarre manifestations of the mixing of E and E .'"
The point is, of course, that even though the existing
evidence was in agreement with the particle mixture
theory one could have possibly advanced a somewhat
different explanation. In particular, it was desirable to
show that the E2 particle is composed of the two E' and
K' states at the same time, in the quantum-mechanical
sense, rather than being a mixture of E' and K' mesons
in the classical sense. A Inost critical test of this point
had been proposed. ' If a beam of E& particles, perfectly
parallel to each other, traverses an absorber which re-
moves the K' part more than the E', a parallel beam of
E' will emerge from the absorber, which beam will con-
tain a parallel beam of E~. Such a production of one
kind of particle (Er) from a different one (Es) with
perfect conservation of the initial direction of the
primary particle (which, hereafter, we will call regenera-
tion by a plate, or by transmission) is most typical of the
quantum-mechanical mixture hypothesis. One should
contrast this phenomenon with, for instance, the pro-
duction of neutral pions from negative pions. Obviously
a parallel beam of negative pions does not. produce a
parallel beam of neutral pions.

It occurred to us that another test of the particle
mixture theory could be made by studying the di6rac-

' K. Lande, L. M. Lederman, and W. Chinowsky, Phys. Rev.
105, 1925 (1957).

~ R. Ammar, J. I. Friedman, R. Levi Setti, and L. I. Telegdi,
Nuovo cimento 5, 1801 (1957); M. Baldo-Ceolin, C. C. Dilworth,
W. F.Fry, W. D. B.Greening, H. Huzita, S.Limentani, and A. E.
Sicherollo, ibid 6, 130 (1957);. M. Baldo-Ceolin, ¹ Huzita, S.
Natali, U. Camerini, and W. F.Fry, Phys. Rev. 112,2118 (1958);
V. Bisi, R. Cester, A. Debenedetti, C. M. Garelli, N. Margem,
B.Quassiati, and M. Vigone, Nuovo cimento 12, 16 (1959).' W. B. Fowler, R. L. Lander, and W. M. Powell, Phys. Rev.
113,928 (1959).

'F. S. Crawford, Jr., M. Cresti, M. L. Good, K. Gottstein,
K. M. Lyman, F. T. Solmitz, M. L. Stevenson, and H. Ticho,
Phys. Rev. 113, 1601 (1959).' J. D. Jackson, The Physics of Elementary Particles (Princeton
University Press, Princeton, New Jersey, 1958), p. 75.

7 A. Pais and 0. Piccioni, Phys. Rev. 109, 1487 (1955).

tion of E2 mesons by complex nuclei. Because the E'
and K' part are diffracted by a nucleus with different
amplitudes, the diffracted wave contains E~ mesons.
Since the angular distribution of the particles di6racted
by a heavy nucleus is substantially di6erent from the
angular distribution expected for E& regenerated by
interaction of a E~ with a single nucleon, it is possible
to decide experimentally whether the diffraction-re-
generation takes place. Thus we have made an experi-
mental study of the regeneration of E~ from a metal
plate placed in a large propane chamber. During the
length of the experiment the plate was crossed by a
known number of E2 particles. All three types of re-
generation have been observed: by transmission in the
plate, by diffraction, and by interaction with single
nucleons.

The E~ transmission component must be thought of
as generated coherently during the entire time taken by
the E2 wave to cross the plate. A mass difference of the
order of 10 ' ev between these two particles makes the
phase di6erence between the two states change as the
wave goes through the plate, a phenomenon similar to
the one that leads to the oscillation between the states
E' and K', noticed by Serber. ' The eRect of the mass
difference on the intensity of the transmission com-
ponent was first studied by Case, ' but it was after the
treatment by M. L. Good" that one could think of using
the eRect for measuring the mass difference. From our
work the difference appears to be (5.5&1.7)X10 ' ev,
that is, (0.84&0.25)A/rr, where rr is the mean life of Er.

On the subject of the mass di6erence, one pioneering
work had been done before our experiment, " with a
result in qualitative agreement with the particle mixture
theory for a mass di6erence of the order of magnitude of
A/rr. Subsequent to our work, Birge et al."undertook a
measurement of the mass difference, based on an accu-
rate study of the Serber effect. Their preliminary report
at the Rochester Conference shows a value of
(1.5&0.5)h/rr, in fairly good agreement with ours.

SECTION I
Regeneration by Nucleons, by Nuclei,

and by the Plate

Assuming that the four heavy mesons belong to two
isotopic doublets, E+ and E', E and X', all the three
types of regeneration can be quantitatively estimated
from the scattering properties of charged E's interacting
on nucleons or on nuclei. %e represent the incoming

R. Serber, quoted in reference 7. See also W. F. Fry and R. G.
Sachs of Phys. Rev. 109, 2212 (1958}.' K. M. Case, Phys. Rev. 103, 1449 (1956).

re M. L. Good, Phys. Rev. 106, 591 (1957};110, 550 (1958).
j'E. Boldt, D. 0. Caldwell, and Y. Pal, Phys. Rev. Letters

1, 150 (1958).
2 R. W. Birge, R. P. Ely, W. M. Powell, H. Huzita, W. F. Fry,

J.A. Gaides, S. Natali, R. B.Willman, and U. Camerini, Proceed-
ings of the 1NO International Cofnerence on High-Energy Physics
ut Rochester (Interscience Publishers, Inc. , New York, 1960),
p. 601.
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E2 wave as

IEs&=- (IE'&—IE'&)/i'2

while the total cross section of E neutron is 28 mb. "
With obvious notations we have

This representation is slightly incorrect if invariance
with respect to the combined operation of charge and
space inversion (I'C) is not rigorously respected by the
weak interactions. I.ee et u/. "have treated this subject
with the less restrictive assumption of invariance with
respect to I'CT, showing that, in general, the coeKcients
of E' and E"in the formula (4) are not necessarily I/v2
and —I/V2. However, the same authors and also Wein-
berg'4 have shown that, due to the large disparity be-
tween the mean lives of E~ and Ei, the coeKcients in
question must be almost equal. We thus put them equal
for simplicity as this has practically no effect on our
results.

When the E2 wave hits a target, the scattered wave
will. be the state given by

(f, IEo) f i go&)/VZ,

which can also be expressed as

L(f+—f-)/~2j I Et&+ I:(f++f-)/v231Es»

in terms of a regenerated amplitude and a scattered
amplitude.

,4. Eegeeeratioe by A~scleons

When a E~ collides with a nucleus, we must dis-
tinguish the two cases according to whether the nucleus
is left in its initial state, or in a different state, most
probably consisting of a different nucleus and one or
more secondary nucleons. In the 6rst case we have
elastic nuclear regeneration, produced by the nucleus as
a whole (see Sec. I.B), but in the second case, we have
inelastic nuclear regeneration that can only be thought
of as regeneration originated by one or more collisions
of the E2 with the individual nucleons in the nucleus.
While we do not have enough information to compute
the total cross section for the inelastic regeneration, we
want nevertheless to show that the differential cross
section for inelastic regeneration is, at small angles,
much smaller than for the elastic regeneration, treated
in Sec. I.B.

The four scattering amplitudes (E+,n), (E+,p),
(E,n), and (E,p) which we need in order to compute
f+ and f for the nucleonic regeneration are not well
known at the present time, but one can make an ap-
proximate estimate of the forward di6'erential scattering
by computing the imaginary part of such amplitudes,
which are directly related. to the total cross section by
the optical theorem. At our energy, the total cross sec-
tion of E+ proton is l5 mb and the total cross section
of E+ neutron appears to be substantially the same.
The total cross section of E proton is about 40 mb

' T. D. Lee, R. Oehme, and C. N. Yang, Phys. Rev. 106, 34)
(t957). K. Aizu, Nuovo cimento 6, 1040 (1957)."S.Weinberg, Phys. Rev. 110, 782 (1957),

Im(f~o —f ')/2= (o+ o—)/Sere= Im fsro,

which gives the imaginary part of the amplitude in the
forward direction for production of E» mesons from E2
in collisions with individual nucleons. For collisions of
E2's with protons, 0. and 0-+ are, respectively, the total
cross sections of E on neutrons and E+ on neutrons,
while for collisions of E2 with neutrons o= and 0+ must
be taken equal to the values of the total cross sections
with protons. Substituting the numbers, we have that
the square of the imaginary part of fsto gives one milli-

barn per steradian as forward differentia cross section
for regeneration for the case of E~ particles impinging
on neutrons and 0.28 millibarn per steradian for E~'s
impinging on protons.

As the nucleus of iron contains 26 protons and 30
neutrons, we have a total of 37 mb/sr for the regenera-
tion of E& by collisions of E2's with the single nucleons
in the iron nucleus. This is, of course, only the contribu-
tion of the imaginary part to the differential cross sec-
t;ion. The inclusion of the real part would increase these
three numbers, though not by a large factor. On the
other hand, one must bear in mind that there is a shadow
effect; some of the nucleons in the nucleus only receive
an attenuated E2 beam. In addition to this, the forward
cross section is strongly limited by the fact that the
Pauli principle forbids regeneration collisions with small
momentum transfers to the nucleon. The inelastic re-
generation by the nucleus is therefore negligible at small
angles compared to 280 mb/sr which we compute, in
the next section, for the coherent, or elastic, diffraction
type regeneration.

B. DQFractson Regeneration by iVuctes

For the regeneration that takes place from a nucleus
as a whole, that is when the nucleus after the collision
is left in the same state as it; was, we need the scattering
amplitude f+ and f to be taken as those of E's on
nuclei, and we compute them by the optical model
method. "To an approximation which is acceptable in
our case a complex nucleus such as iron can be considered
as containing as many neutrons as protons; therefore,
the scattering amplitude for E' (and E') can be taken
as equal to that of E+ (E ). First we consider the case
of the Eo for which there is a potential V(r) inside the
iron nucleus. The relativistic energy relation for the E"
while it is inside the nucleus is given by

(Eo V)' = (pc)'+ (rerrc—')
'O. Chamberlain, L. M. Crowe, D. Keefe, L. T. Kerth, A.

Lemonick, T. Maung, and T. F. Zipi (to be published); H. C.
IIlurrowes, D. O. Caldwell, D. H. Frisch, D. A. Hill, D. M. Ritson,
and R. A. Schluter, Phys. Rev. Letters 2, 117 (1959); See also
report by L. W. Alvarez, at the Ninth Annual International Con-
ference on High-Energy Physics, E'iev, i@50 (Academy of Science,
U.S.S.R., 1960)."S.Fernbach, R. Serber, and T. 8. Taylor, Phys. Rev. 75,
1352 (1949).
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TABLE I.Nuclear cross sections, computed according to various optical model parameters, foriron. P=670 Mev/c; V=ReE+ pot. = 1.35
Mev; ~-™~~pot. = —176 Mev. ~XhXfop)' is proportional to the transmission intensity.

Set No. 1
Set No. 2
Set No. 3
Set No. 4
Set No. 5

Real E— ot.
(Mev

0

0
0
0

(r~- (mb) o21 (mb) ~gg {mb)

33.2 12.4 281
33.2 25.8 289
25 8.64 242
40 16.0 303
55 24.9 341

o.; (rnb)

584
597
551
603
638

rz (mb)

865
886
793
906
979

(EAR foldo~'

1.08X10 '
2.31X10 '
0.74X10 '
1.41X10 '
2.24X10 '

and outside the nucleus it is given by

Eos= (p )'+(mac')',

so that in the approximation that V is much less than
Eo we have

P Po='p—= (—~o/po ') V,

Ak= —(Lo/Apoc') V.

After the E meson has traveled a distance l through the
nucleus, its amplitude is g+ exp(ikol), where

g, =exp( z i

(. t'
o

)'
and the amplitude for elastic A.' scattering from the
entire nucleus is given by

f+(8) =iko (1—q+)Jo(kop sin0) pdp
0

p is the distance between the center of the nucleus and
the meson trajectory, so that l and p are functions of p.

In accordance with the principle of charge independ-
ence we take the E' potential to be equal to the E+
potential which has been measured in emulsion by
Sechi-Zorn and Zorn. '~ They 6t their data to a Woods-
Saxon potentjalIS of the type given by

In the same way, f is obtained when the Eo potentia]
is replaced by the highly absorptive E potential. In
the absence of experimental information on the E
nuclear potential, we assume that it is entirely absorp-
tive and is determined by the E=nucleon total cross
section. We then have

8

f (8) =iko I (1 q) Jo(k—op sine) pdp,
~o

o Do't ' dx
=exp[

2 J &o 1+exp/(r ro)/—dj

(6)

where o- is the total cross section of E averaged with
respect to neutrons and protons and Do is the density of
nucleons at the center of the iron nucleus (0.135X10+os

nucleons per cubic cm). At present the best value for o

appears to be 33 mb." Figure 1 gives the scattering
amplitude fso ——ftt ——(f++f )/2 and the regeneration
amplitude fr~= for ——(f+ f )/2 for t—he momentum of
670 Mev/c and for a purely imaginary potential for
E . Figure 2 gives the corresponding diGerential cross
sections. The integrated cross sections can be obtained

by numerically integrating the curves of Fig. 2 or they
can be computed from the relations:

V(r) = (U+sW)
(r r'o)

d )1+exp[

9+
02]=2Ã ' — pd'p,J„ (7)

ro= 1 15A~X10 "cm

2 —
gq

—q
g ~aloe)

—2' I pdp7
0 2

d= 0.5&X &0
—I3 cm.

The values of V and W are found in Tables I and II. 2

('" I n++n
(T2'& 2Ã

'0
pdp-

TABLE II. Nuclear cross sections, computed according to various optical model parameters, for iron, for diferent values of the E&
momentum. Real E pot. =0; oz-=38.2 m—b. ~SAXf~P j' is proportional to the transmission intensity.

Set No. 1A
Set No. 1
Set No. 18

P {Mev/c)

565
670
775

18.5
13,5
13.5

—17.4—17.6—17.6

16.3
12.4
14.9

V=ReE+ pot. W=ImE+ pot.
(Mev) (Mev) (mb) gg2 (mb) 0; {mb) o.y (mb)

311 588 899
281 ' 584 865
272 570 842

(¹DfoPP

0.96X10 3

1.08X10-
1.73X10 '

"B.Sechi-Zorn and G. T. Zorn, Phys. Rev. 120, 1898 (1960).
"R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 {1954).
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C. Iraesmission Regemeratioe by a I'/ate

When a E2 beam crosses a plate, we have not only
the nucleonic (inelastic) and nuclear (elastic) regenera-
tion from the nuclei in the plate, but also the coherent
action of all the nuclei producing a parallel beam of
regenerated EI in the forward direction. That this
happens is most evident if one considers the idealized
case treated in reference 7. If the plate is completely
opaque to X' particles and completely transparent. to
E' particles, the E' wave, contained in the E2 beam,
proceeds undisturbed after crossing the plate and, of
course, will constitute a parallel beam of E' which in
turn contains a parallel beam of E~'s. M. L. Good' has
shown that a parallel beam of regenerated E~'s appears
not only in the idealized case of reference 7 but, in
general, whenever the interaction of X with nuclei is
different from the interaction of the E particles.

We follow here a somewhat diGerent method of
analysis than the one used by M. L. Good. The E2 wave,
a2(x) l E2), passing through the plate, causes each thick-
ness dx of the plate to emit a plane wave:

which contains the wave:

The superscripts on the f's indicate that these are the
nuclear scattering amplitudes in the forward direction.
This is quite similar to computing the attenuation in
amplitude of a beam of, say, protons passing through
the plate of thickness dx. The plate emits in the forward
direction a wave of amplitude da=iaXNf'dx, where a
is the incoming wave of protons, f' is the amplitude for
forward elastic scattering by the nuclei, and S is the
number of nuclei per cubic centimeter. The fractional
decrease of the wave amplitude is NX Imf'dx, which,
because of the optical theorem relation ~r ——4mlt Imf',
is equal to Nordx/2, which shows an intensity attenua-
tion equal to Ão-zdx.

The particle picture would obviously and quickly
give the same result. This kind of reasoning would be
wrong if applied to the passage of light through a con-
densed medium such as water, for it is known that the
Geld acting on each scattering center in that case is
diferent from the free Geld of the electromagnetic wave.
The forward wave resulting from the radiation from all
scattering centers is then da=iaXNcfodx, where c is the
ratio of the eGective Geld to the wave Geld, "and is equal
to 1+(47rP)/3E, where P is the polarization of the
medium and E is electrical field. Clearly, in our case no
such correction is needed; otherwise we should doubt
the method of obtaining the proton-nucleus total cross
section by measuring the absorption of a proton beam
passing through a plate. Note that in the idealized case
of reference 7, the production of a EI plane wave is

' M. Lax, Revs. Modern Phys. 23, 287 (1951).

1RON

20.

E

Q
OC

10"

Re fz, =Re fz~ Imf

,950 .960 ,970

GOS 8

.980 1.000

directly related to the difference in the ubsorp1ioe of the
E' and X' waves.

Our procedure can be greatly simpliGed by making
use of the fact, pointed out by M. L. Good, that the
total intensity of the regenerated E~'s never exceeds one
percent of the E2 intensity, so that the regeneration of
E2's by the regenerated E~'s can be neglected. We then
just compute the E& amplitude produced at each depth
in the plate, take into account its attenuation because
of absorption and decay before reaching the end of the
plate, and add the amplitudes at all depths in the plate.
These amplitudes add coherently with each other, be-
cause of the basic fact that each nucleus remains in the
same state after the production of E~ as it was before.
Now the momentum k~ of the regenerated E~ is different
from k2, the momentum of E2, because of the difference
in mass between the two particles. Therefore a difference
in phase between amplitudes produced at two different

600" IRON

500

~ 400-
E

~O

X300.

200

100

0—
.972 .980

cos 8
.990 1.000

F&G. 2. The differential cross sections for diffraction regeneration
and for diffraction scattering, with corresponding Gaussian ap-
proximations, computed from the amplitudes of Fig. 1.

FIG. 1. The scattering amplitudes f2I and fg2 as calculated
according to the optical model for the nuclear parameters labeled
as Set No. 1 in Table L
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depths is introduced by the fact that while both waves
obviously cross the same thickness, the fraction of such
path during which the wave is E» is different. It is
fortunate that, as remarked by Good, the absorption
mean free path of IC, is the same as that of E~ (because
for either particle the absorption cross section is the
average of the cross section for Ko and X'), so that we
can compute our relevant quantities without knowing it.
The "absorption" by decay is different for E» and E&,
and is only important for E», the lifetime of which is
suKciently well known.

The amplitude of E» produced in the thickness dx
at the depth x is then

i iVXf2/ exp(ik2x) dx,

and will arrive at the end of the plate (x=L) with the
amplitude do;».

da ~
——~'SXf~P exp[ik ~x+ik~ (L—x)

—(L x)/2' r—, NLo g/2—]dx, (11)

where gz is the total cross section for E» and E2, z is
the velocity of the particles, p is the I.orentz factor, and
k» and k~ are the rnomenta of the E» and E~.

In elastic nuclear collisions resulting in the trans-
formation of E2 into E» the momentum of the emerging
K» will differ by a small amount Ak from the initial
momentum of the impinging E2. If 6k=k» —k2, the
nucleus will recoil with the momentum —Ak, subtract-
ing from the meson the energy (hk)'/2M, where M is
the mass of the nucleus. This energy is negligible with
respect to the mass difference. Thus Ak can be computed
assuming that E» has the same total energy as E2,
that is,

MC
Ak =k( —k2 —— (m, mg)c'—

(kc)'k

where m and k can be taken as the mass and momentum
of either meson.

It may be noticed that we use here one definite
value for the mass difference between E» and E2.
Actually, the mass spectrum for both mesons has a
finite width as a consequence of their 6nite lifetimes.
In particular, the spread (5/r~) of the mass values for
E» is larger than the mass difference between E» and
E~ deduced from the results of this experiment. The
point to be emphasized is that when we write for
the wave generated in the thickness dx the expression
exp( —immit/5) exp( —i/2r~) or the corresponding
exp(ik&x) exp( —x/2&vr&), we imply already the produc-
tion of a spectrum of masses, with a central value of m»
and a width given by the spread of the Fourier spectrum,
namely 5/7~, as it should be.

If we call h. =&~r» the decay mean free path of the
K~ and introduce the dimensionless quantities L=L/A

and 8= (m2 —nz~)c'/(k/r~), we obtain from (11);

! f 'm'(NZa)'
~

~($) ~~=— —! e '~~ —e ~~2 I"e -N—L.~ (12)
g2+ 1

SECTION II

Multiple Scattering

If we could ignore some inherent complications, we
would quickly compute the intensity of E»'s regenerated
from the nuclei by the diffraction process. The pro-
duction per unit solid angle in the forward direction
would be

(dn /dQ) =
~ f ~'NA(1 e')e NL—'7' (13)

with the interesting property that the ratio of (12) to
(13) is independent of the actual value of f2/, so tha, t
the measurement of that ratio would allow us to derive
the mass difference in terms of the other known param-
eters appearing in (12) and (13), without knowing f»o
Actually, the situation is not quite so favorable. First,
we must. take into account that the E2 wave, a2~ E2),
proceeding through the plate until it hits a nucleus, has
already accumulated a E» amplitude by the process of
transmission regeneration represented by formula (10),
and during the rest of the path, after the nuclear colli-
sion until reaching the end of the plate, again a E&
amplitude is accumulated by process (10).

Secondly, in a 15-cm plate, the probability that the
wave undergoes only one collision is comparable with
the probability of undergoing more than one collision,
and we must therefore take into account this multiple
scattering and regeneration mechanism. The independ-
ence from f„and f2~ is no longer with us, but the in-
tensity (12) depends so critically on the mass difference
that we can still obtain its value from the present experi-
ment and an approximate knowledge of f» and f9/.

It pays to reproduce the analysis in some detail. Ke
want to find the amplitude of the E» wave emerging
from the plate, after undergoing 0, 1, , e collisions,
respectively. Note that each collision can occur at any
depth and can produce any (small) scattering angle,
with or without regeneration. Waves corresponding to
different collision-depths or to different angles in each
collision (even if they have the same final angle at the
end of the plate) are incoherent with each other, and
must be added in intensity, not in amplitude.

The wave emerging from the plate without nuclear
encounters is that which we have called the transmis-
sion-regenerated wave. Its amplitude is

n(l) =iNXAf2~0(e w' —e "2)

~ ( jgj+x~~) le NL(rT'/2efk&L (1—4)—

This is therefore the intensity of the undeflected wave
of regenerated E»'s already obtained by M. L. Good
by a somewhat different procedure.
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The wave emerging from the plate after one collision
at a depth x will have an amplitude depending upon the
scattering angle 9. This wave, as we have already
mentioned, arises from two processes:

(i) Ordinary scattering. The transmission wave ac-
cumulated between 0 and x is ordinarily diffracted and
reaches the end of the plate with the amplitude:

i.A'l1f210 t e'"'" exp[(ik, 1—/2A) (x—y)]dy
0

From inspection of the computed amplitudes f21 and
f22 we conclude that for the purpose of computing the
contribution of multiple scattering processes, and the
broadening of the angular distribution caused by
multiple collisions, we can make the approximation
f21(8)/f22(8) f21'/f22 (W~ e have also made a more
laborious computation without this approximation. The
angular distribution as well as the predicted intensity
do not change appreciably. ) Formula, (19) can thus be
written:

Xf22(8) expt (ik1 1/—2h)(1. x)]e —N ~T" (15)

At the same time the E2 wave is ordinarily diGracted
at the depth x, in the direction 8, and produces, in the
path from x to the end of the plate, the transmission-
regenerated E~ wave:

L

f22(8) 2/Vh f21')I e'"»

XexpL(ik1 —1//2A)(I. —y)]dy e ~L T/'. —(16)

The two amplitudes (15) and (16) must be added,
obtaining n(l) f22(8), that is, the no-collision transmission
wave (14) multiplied by f220(8). Note that this ampli-
tude is independent of x. This feature, which remains
t;rue for e scatterings, hinges on the fact that both Ej
and E2 scatter with identical amplitudes, so that the
accumulation of the transmission wave, which can be
thought of as due to a large number of collisions at a
large distance, continues in the new direction of motion
just as it would have continued in the initial direction.
Thus the depth at which the scattering takes place is
of no importance.

(ii) Regenerative dill'raction of the E2 wave at x,
which results in the amplitude 2/(x) f21(8), where

2/ (~) —e { //1 2+1/2 4) ne 1/2ei 2—1Le XLa T/2— —

—
p (—i 0+&)x/Ae —l/2ei k& Le—N I o'Z'/2

In the case of e collisions, regeneration of E~ from E2
can occur at any of the collisions. We can neglect re-
generation of E2 from E~, in view of the much larger
amplitude of E2 with respect to E& at any depth. We
must follow the accumulated transmission-regenerated
Ej wave in its scattering at all points. Its amplitude is

The whole E~ amplitude due to n scatterings on e
nuclei at x~, x2, , x, respectively, is

- f22 '=0

Since the result of folding two Gaussian distributions
(for small angles) is still a Gaussian, our problem of
combining angular distributions is simplified. Further-
more, any number of scatterings may be treated by
making repetitive use of this law of combination. The
law of combination for the m Gaussian distributions
If» I exp( —8'/2b') is

(—8,2)
~ IIff22'I'expI

( 2b2 I
(22rb2I f»0I2)" 1 8'2

y
expI

with the approximation on the solid angles that
d0= 8d8d&; the integration on the left-hand side is taken
over angles 8i such that the resultant angle with the
initial direction is 8. Using the same approximation,
we have

~22 ——22T
I
f22'I'O'I

the e folded Gaussians yield

022"G (8),

In order to 6nd the number of E~'s at an angle 0 as a
result of m collisions we have to form the square of the
absolute value of F„,integrate over all angles 8i bound
by the condition that the total deflection be 6I, then
multiply by E"dx&- .dx„and integrate over all x,. The
integration over the angles, that is, the foMing together
of m angular distribution such as these, can be expected
to be a tedious problem. However, in this case, where the
angular distributions have a diGraction shape, and for
the small angles of our problem, each distribution may
be closely approximated (see Fig. 2) by a Gaussian
distribution:

If»(8) I'= If 2'I' exp( —8'/2~')
=

I
f220I' expL —(1—c so)8b/]2. (21)

2/(*1)f21(81)f22(82) f32(83) ' ' ' f22(8.)
+'g (+2)f22(81)f21(82)f22(83) ' ' ' f22(8n)+
+2/ (&n)f22 (81)f22 (82)f22 (83) ' ' f21 (8n)

+{2(i)f22 (81)f22(82) ' ' ' f22(8n) ~ (19)

where G„(8)= (1/22T23b2) exp (—82/223b2). (G„is a normal-
ized Gaussian. ) Thus the integrated cross section for the
n folded Gaussians is the product of the cross sections
for each Gaussian, as it should be.
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'fultiplying (20) by its complex conjugate and inte-
grating with respect to the angles 0~, , 0„,we have

(22)

Formula (22) represents the probability for a collision
with a nucleus at x~, another at x2, and so on. %e need
the probability for such collisions to occur, within each
dx; then we must integrate over all possible depths, as
well as sum over all possible numbers of collisions. Thus
we must multiply (22) by N"dx&dxs dx„and integrate.
If we introduce the abbreviation:

y(t 5) —~e
'"—e "'~'/(P+-')

we then have

R=NAA'p/(1 —e '). (25)

Corresponding to this we have the ratio of (24) to the
v=1 term of (23) (single scattering regeneration).

respectively 0, 1, 2, 3 elastic collisions in the 6-in. plate
without suffering inelastic encounters. Using the nuclear
parameters of Set No. 1 of Table I we Q.nd, respectively,
0.33; 0.119;0.021; 0.003. The relative numbers of E~'s
produced by E2's in traversals with 0, 1, 2, 3, collisions
are, for 8=0.8A/rt, respectively, 0.257; 0.467; 0.214;
0.055, with the property that the 0.257 K&'s are all
produced forward.

Formulas (24) and (23) may be compared with Al. L.
Good's elegant expression for the ratio R of transmission-
regenerated Er's (integrated with respect to the solid
angle) to diffraction-regenerated Xr's (per unit solid
angle) in the forward direction. In the above notation,
his formula is

where

n=I n=1

n(1 —e ') n(ys 1)—
X —+ (IA.A)'y+

f'If 'I'

n.VAa ~
(23)

L=tA; (re 4vrh I=mfss".

,Vxz~&

1 e'+ (NAX)—'l
~
fss'~ '&p NA0 z q—

(26)

R=Ir/I(8), (27)

This reduces to Good's formula if transmission regenera-
tion along the path of scattered Es's is neglected (last
two terms in denominator).

Taking also into account the multiple scattering, we
have

The first term in the bracket arises from regeneration
in a single scattering process; the second is the scattered
transmission regeneration; the third is due to the inter-
ference of the scattered-regenerated E~ waves from the
e nuclei with each other, and the fourth is due to inter-
ference between transmission-regenerated and collision-
regenerated E~ waves. In practice the entire expression
becomes negligible for e)4 scatterings. I(0) is the
number of E~'s regenerated in one or more nuclear
collisions, per unit solid angle and per one E2 arriving
on the plate. The transmission component, that is the
number of Er's (all in the forward direction) regenerated
per one incident Es, has already been given (12) and
can be rewritten:

Ir (NQA)s~ fsro~se —+~'~p. (24)

The necessity of using the multiple scattering formula
(23) is illustrated by the values of the probabilities that
the neutral meson, either in K~ or K2 state, undergoes

TABLE III. Values of R= transmission peak/diffraction re-
generation for several choices of the elastic scattering cross section
a» and the mass difference b.

TABLE IV. Regeneration (o.2I}, elastic (0»), and inelastic (0-; )
cross sections for three nuclei. b' gives the width of the angular
distribution for the processes of elastic scattering and regeneration
(see text). The three last rows refer to the amplitudes.

Carbon Iron

where I~ and I(0) are given by (23) and (24). The
values of E according to the three different expressions
(25), (26), and (27), are, respectively, 0.0365, 0.0844,
and 0.0548 for 8=0 and 0.0177, 0.0255, and 0.0202
for 8=0.8.

The corrections to the formula of Good have an
appreciable eGect on the computed value of R. They also
destroy the attractive feature in Good's formula that R
is independent of the nuclear parameters like fs~,
fss, o.z, os2. We have thus asked ourselves whether the
determination of 8 is still possible from formula (27)
which requires the knowledge of nuclear parameters
whose values have not been experimentally measured.
The answer is in the afhrmative, because any reasonable
set of values substituted in (27) yields substantially
the same result. First of all, we have already seen that
the dependence on osr and fsr (which are the most

281 mb
140 mb
562 mb

0 0,4 0.8 1.2

0.055 0.041 0.0202 0.0078
0.052 0.04 0.0195 0.0075
0.047 0,035 0.0165 0.0062

1.6

0.0033
0.0028
0.0023

„(mb).» (mb)
~;. (mb)
b' (rad)'

~
f„o~& (mb/srl

f~I (fermi)
f»0 (fermi)

8.3
51.3

177
0.0214

382—2.24—1.39i
0.28+6.18i

25,8
289
597

0,00784
5780—6.70—3.85i
1.62+23.99i

41.6
996

1510
0.00364

43 550—12.44—6.09i
4.63+65.83i
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difficult quantities to predict from the E+ and E data)
disappears if the angular dependence of f» is equal to
that of fss. All the sets (see Table I) that we have tried
bear out this similarity, and all of them show that both
the regenerated E& and the elastically scattered E2 have,
for a single collision, an angular distribution of the
diffraction type. The size of the nucleus is thus the
determining parameter for the computation of R, and
it is known well enough. The efTect of varying fsss (which
makes cr vary proportionally to Imf»') is shown in
Table III, where the value of E. has been computed as
a function of 8 for three values of 0 g2. the value expected
from the data on charged E's, one-half this value, and
twice this value. The eGect on R is clearly not too im-
portant compared to the dependence of R upon 8.

Table I shows the parameters of the five trial sets
that we have used, and the corresponding values for the
quantities that have a bearing on the numerical com-
putation of (27). Clearly, if one limits his choice to
nuclear radii and cross sections of reasonably acceptable
values, the cross sections o.22, o-;„-,i, and 0~ do not show
excessive variations. Table II shows how the same
quantities are affected by a change in the meson mo-
mentum. Since we have a fairly good knowledge of the
meson momentum spectrum, we have made a weighted
average with respect to the momentum. Table IV gives
an idea of how the optical model calculations are affected
by the size of the nucleus. The nuclei represented in the
table are the ones of significance in this experiment.
These computations use the optical model potentials
of Set No. 2 of Table I. The quantity b' gives the width
of the angular distribution Lsee Formula (21)] and is
essentially determined by the size of the nucleus and
the wavelength of the incident wave as is common with
diBraction-type processes. Figure 3 shows the angular
distribution resulting from the multiple scattering given
by formula (23) averaged over momentum. The curves
are normalized for the same number of incident E2. For
comparison, the dashed line represents the diGraction
pattern for a single collision on a nucleus.

SECnom n~

Experimental Procedure

Figure 4 shows the experimental arrangement. A
circulating beam of protons accelerated by the Bevatron

.300"
t RON

THICK PLATE

.200

i

.100 "

0
.950 .960

COS 8
.980 I.OOO

FiG. 3. Angular distribution resulting from multiple scattering,
for three values of b. Momentum of incident IC2 beam is taken
from experimental spectrum (Fig. 9). 30.3% have P =565 Mev/c,
43.4% have P =670 Mev/c, 26.3% have P =775 Mev/c. Ordinate:
number of events per unit of cos8 for one incident E'2. The dashed
curve represents the shape of the angular distribution for regenera-
tion at a single nucleus.

to an energy of 5.3 Bev impinged upon a copper target
inside the Bevatron. The target was placed so that
1.1 Bev/c s. 's emerging in the forward direction were
deflected out of the Bevatron through an existing port
by the Bevatron's magnetic 6eld. This beam entered a
chain of bending and focusing magnets designed to
select those particles having a momentum of 1.1 Bev/c
&5% and to pass them through the liquid hydrogen
target. This beam is shown schematically in Figs. 5 and 6
with the central trajectory straightened out for clarity,
so that only particles which deviate from the central
momentum (1.1 Bev/c) show any deflection in the
bending magnets.

The first quadrupole I& focused the Bevatron target
on the second quadrupole J2. The second quadrupole
focused the Grst quadrupole onto the 60-in. hydrogen
target, and the third quadrupole focused the second
quadrupole at a point somewhat beyond the propane
bubble chamber in order to minimize spreading and
possible scattering of the beam after it left the hydrogen
target. The IIirst magnet C~ was adjusted to a small
field value in order to maximize the pion beam. The
bending magnets H» and H2 counteract the dispersion
caused by the Bevatron's magnetic field. All momenta

50 Inch Propane
bubble chamber

FIG. 4. Layout of the
beam (1.1-Bev/c x ). I,bI.2, I.3, are 8-in. quadrupole
triplets. II~, Ifo, II3, II4, and
C~ are bending magnets. C1
is a correcting magnet.

4" Pb filter
Concrete, stiielding "r

" '-
I

~ I
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1250"
Neutral
beam X'SNeld. ..~h
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selected by the system passed through an area about
5 in. in diameter in the hydrogen target.

The reaction tr +P —+ E'+A or E'+Z' gives rise to
a beam of long-lived neutral E2 particles. The E2 parti-
cles that came oG in the forward direction ultimately
passed through the 30-in. bubble chamber, modified for
this experiment by the inclusion of a metal plate within
the propane (see Figs. 7 and 8). The propane bubble
chamber has been described by Powell et a/." After
passing through the hydrogen target, the charged beam
was swept to one side by the bending magnets II;,and C&,

and hence was separated from the neutral beam.
The behavior of the pions under the influence of the

Bevatron's magnetic field was computed by means of
an IBM 650 computer. For subsequent calculations it
was possible to replace the relatively complicated
Bevatron fringing 6eld and target with a "virtual
target. " Using an electrical analog computer, " trajec-
tories for the pions were calculated from the virtual
target through the magnet chain to a point safely be-

yond the propane bubble chamber. In the design of the
beam, particular care was exercised to minimize the
amount of the pion beam which would collide with the
sides of the magnets, and which would have resulted in
contamination of the beam with unwanted charged and
neutral particles. The approximate field strength so ob-
tained from the analog computation was refined by wire
orbit measurements. %hen a pion beam was obtained,
the current settings received a final adjustment with
the aid of electronic counting techniques.

The chamber was operated at a repetition rate of
12 per minute in a magnetic field of 13.4 kgauss. 206 000
Bevatron pulses were photographed stereoscopically.
For the first 123000 pictures this plate consisted of
two parts, one lead and one stainless-steel, each 1~ in.
thick, as shown in Fig. 7. For the rest of the pictures, up
to 206 000, this plate was replaced with a stainless-steel
plate 6 in. thick which was intended to enhance the
transmission regeneration eKect. Figure 8 shows view 1

of picture 205 216; a E& meson decay is visible near the
center of the chamber.

The Bevatron beam level was generally between
5X10i and 10' protons per pulse. The total number of
protons striking the Bevatron target was

4.8X10"protons, 1~-inch lead and iron plate;

7.2X10"protons, 6-inch iron plate.

These figures were established by monitoring the in-
ternal proton beam of the Bevatron; in portions of the
experiment in which such monitoring was not complete,
values were interpolated by means of counting the
frequency of occurrence of certain types of tracks in
the bubble chamber.

Scintillation counters were employed to establish the
number of negative pions entering the hydrogen target.
The number, which includes a correction of approxi-
mately 20% due to contamination of the pions with
muons (5%) and electrons (15%), is one pion per
6X 104 protons.

The pions, of momentum 1.1 Bev/c (~5%), struck
a liquid hydrogen target which was 60-in. long. The
regenerating plate of the propane bubble chamber lay
276 in. beyond the center of this target. It was 4 in. high
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Fro. 6. Pion trajectory (horizontal plane) Trr is virtual
target in horizontal plane. The central trajectory is drawn as a
straight line.
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drawing of the chamber
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(top view).

'0 %V. M. Powell, %. H. I'owler, and I.. Oswald, Rev. Sci. Instr.
29, 874 (1958).

21 R, H. Good and O. Piccioni, Rev, Sci. Instr. 3I, 1035 I', 1960).
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by 142 in. wide and thus subtended a solid angle of
7.6)&10 ' steradian. Vsing the following values,

0.42X 10"protons/cm' in liquid hydrogen,
0.15 mb/sr for AEe production,
0.05 mb/sr for ZE' production,
6.5 relativistic solid-angle contraction in laboratory

frame,

25—

20—

I5-
l-

txj IO-

l70~0 ~ 280 MEV
T~ 2.0

4 events
off scale

we Allcl:

6.3&(10 ' E' per pion,

0.92 for escaping absorption in the hydrogen target;
0.47 for escaping absorption in the 4-in. lead plate

(which filtered out most of the photons present in
the beam);

0.95 for going through the collimator;
0.85 for escaping absorption in the 2-in. thick iron

frame (surrounding the thin window of the cham-
ber) which covered 65%%u~ of the beam cross-sectional
area.

0.76 for not decaying before reaching the plate.

This gave a total probability of 0.264 for surviving until
the plate in the chamber. Thus we have 1.35 E2 incident
on the plate per 10"protons in the Bevatron beam.

For the study of regeneration (transmission and
diffraction) in the plate, the various efliciencies associ-

& ~

I
@![ II NI!(]!+ !'"!I!I'~+II!' tn! . ! i

FIG. 8. Decay of E& regenerated in the thick plate. cos|!t=0.987,
Q=234 Mev, 2=809 Mev/c, T=0.43 mean lives.

which is 0.525 X10 "Esper proton (of Bevatron beam).
For the E2's produced in the hydrogen target, the

probabilities of surviving the various hazards are:

J f
inn I I I I

0 IOO 200 300 400 500 600 700 800 900
.P (M ev/c)

FIG. 9. Momentum distribution of the events having 7&2,
&70&Q&280 Mev. Curve shows the expected distribution.
(See text. )

ated with our method of observation are:

0.67 probability of charged-mode decay;
0.89 scanning efficiency;
0.70 fraction of events that are measurable;
0.95 fraction of Ei decays with 170(Q(280 Mev;
0.90 fraction of events with P) 500 Mev/c;
0.86 fraction of events with 0(T&2 E~ mean lives;

and
0.80 fraction of events with m.+ momentum less

600 Mev/c.

The total detection efficiency is thus 0.245. Scattering
of E2's in the 4-inch lead plate, which tends to smear
out the transmission peak, has a limited eRect due to
to the distance (110 in. ) between the plate itself and the
chamber. Particles scattered at angles larger than &1.5'
have small probability of reaching the plate in the cham-
ber. No more than a third or so of the particles escaping
from the lead filter have suffered nuclear scattering.
The two-in. iron frame, which covers 65%%uo of the beam
changes the direction of only 10%%uo or less of the E&

particles.
A pion momentum of 1.1 Bev/c was chosen because

at the time of the experiment the cross section for E'
production appeared to be maximum at this momentum.
The pion beam was designed for a momentum range of
&5%.Although not experimentally verified, the number
of pions as a function of momentum is assumed to be a
Gaussian centered at 1.1 Bev/c and with a standard
deviation of 0.055 Bev/c as determined from the design
of the beam. We use this pion distribution to determine
the momentum distribution of the regenerated E~'s
which have closely the same momentum as their parent
E2's. All parameters that are a function of momentum
will affect the shape of this distribution. These param-
eters include AE and ZE' production cross sections,
conversion of center-of-mass solid angle to laboratory
solid angle, E2 decay, and our imposed criterion that
the ir+ momentum be less than 600 Mev/c. Taking all
of these factors into account, the final momentum dis-
tribution of E&'s regenerated in the plate and decaying
in the chamber is shown in Fig. 9, where it is compared
to the experimental momentum distribution.
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SECTION IV

Data Analysis

Possible E~ from the plate must be distinguished from
the background of other V-type events which are caused
by E2 and A' decay and neutron interactions in the
propane. Much of the background may be eliminated
at the scan table. Fortunately, most of the background
V's have an identifiable proton as one of the prongs and
therefore these events may be rejected as not being
E~ s. However, it was dificult to distinguish protons
from positive pions on the basis of ionization at a
momentum much above 600 Mev/c; consequently, all
events having a positive prong whose momentum ex-
ceeded 600 Mev/c were discarded. From the expected
E~ momentum distribution it has been calculated that
this criterion will remove 20% of the Er mesons. The
number of background events removed by this criterion
exceeded the number of E&'s removed by a factor on the
order of 100 (although most of these background events
would have been removed by other criteria).

About 1200 events were thus accepted from about
15 000 events examined. These were measured either on
stage microscopes, with digitizers which automatically
punched IBM cards, or on an automatic measuring and
card punching machine. Either machine measured the
position of the origin of an event and points along each
track. From these data an IBM 704 computer program
spatially reconstructed the event in the chamber and
calculated the momentum for each track from its curva-
ture. A subsequent program computed the Q value of the

event, assuming that both tracks were pions, and calcu-
lated the momentum of the presumed E~ meson.

Before describing the selection of events used for the
study of the regeneration in the plate, it pays to discuss
brieQy the data concerning all the unselected events.
Figure 10 shows the obtained Q distribution. We have,
by a numerical calculation (IBM 704), computed the

Q distribution expected for events representing three-
body E& decays, taking into account that electrons or
rnuons originating in such decays have been treated as
pions in obtaining the histogram of Fig. 10. This dis-
tribution is the curve marked "E~."The "E~"curve in
the same figure is the Q distribution of Ei events taken
from Fig. 11. The E~ and E2 distributions have been
mixed in such proportion as to give the best fit to the
histogram. With this procedure we ignore, at the mo-
ment, the contribution due to nuclear interactions of
neutrons or gamma rays because an analysis of the
histogram in terms of three distributions cannot be
profitably made. The histogram of Fig. 10 is at any rate
consistent with the conclusion that most of the events
which are not E& decays are due to E2 decays. This
simple interpretation would assign 374 events to Ei
decays and 706 to E& decays. Knowing that 1.02)&10'
E2's have crossed the 27 cm of propane, from the mean
life of Es mesons and the partial decay rates" (15.2% in
three pions, 41.4% into pion, muon, and neutrino, and
43.4% into pion, electron, and neutrino) we expect to
detect 574 E& decays. The balance of 132 events is
probably due to nuclear interactions, though we must
remember that the E& flux is only known to +25%.
Figure 12 shows the Q distribution of such nuclear inter-
actions. We selected events which have two pion tracks

60
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FIG. 10. Q distribution for all events. The computed curve E2
is the distribution expected from E& decays analyzed with the
assumption that both charged prongs are pions. Curve E~ and E'2
is the sum of curve E'2 and a curve proportional to that of Fig. 11.
There are 706 events under the E2 curve and 374 estimated E~
decays. Although the background seems to be reasonably well
accounted for by E2 decay, some background produced by neutron
stars (see Fig. 12) could very well be introduced and still a good
fit could be obtained (see text).
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Q (MEV)

Fro. 11.Q distribution for events with T&2.0 E'~ mean
lives and P)500 Mev/c.

"S.Okubo, R. E.Marshak, E. C. G. Sudarshan, W. B.Teutsch,
and S. Weinberg, Phys. Rev. 112, 665 (1958); M. Gell-Mann and
A. H. Rosenfeld, Ann. Rev. Nuclear Sci. 7, 407 (1957).
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of opposite sign accompanied by a short, heavy prong,
in much the same fashion as it was done by Lander' in
his study of E& interactions in propane. This type of
event, certainly not due to E& or E& decay, should have
a Q distribution close to that of stars caused by neutrons
and gamma rays, that couM have been mistaken as de-
cays of neutral E's. These three-prong stars number
about 100 in all the pictures. There are probably as
many corresponding stars produced by neutral pri-
maries, within a factor of a few units. Clearly, the Q
distribution of these events is such that very few of them
fall within the interval of 170 to 280 Mev which we
have established for E~ events.

SECTION V

Plate Regeneration

To select events due to regeneration in the plate (by
transmission or by diiTraction) we use the knowledge
that they must satisfy three independent criteria:

(1) The Q value must range between 1/0 and 280
Mev; this interval is chosen knowing that the measure-
ment errors will cause only 5% of the true Er events to
be outside the interval.

(2) The time of flight T of the neutral meson, before
decay, must be less than two, in units of the E& mean
life (13.5% of the Er's live more than two mean lives).

(3) The momentum of the Eq must be larger than
500 Mev/c. This excludes 10% of the true E& decays.

Interactions which are not due to E& decay will not,
in general, satisfy any of these criteria, and if they
happen, by chance, to satisfy two of them, the proba-
bility of satisfying the third is not enhanced. A test of
the reliability of these criteria for the sample in question
can thus be made by selecting pictures which satisfy
two criteria and plotting the distribution versus the
third variable. This has been done in Figs. 9, 11,and 13,
with quite a satisfactory result. After the triple selection
in Q, P, and 2' the residual background must be next
to negligible for our purposes.

Using Formulas (23) and (24) and our over-all de-
tection efficiency of 0.245 we estimate, for the total
number of 1.668X10' E~ arriving on the three plates,
the number of E& regenerated in the plate by trans-
mission and diffraction which we should observe to
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Fro. 12. Q distribution for 3-prong events (see text).
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decay. Table V gives the comparison with the experi-
mental results.

The error in the number of E&'s is probably some
25%. Table I shows that, according to which set of
interaction parameters we use, the regeneration cross
section 0-~~ varies from 8.6 to 25 mb. Sets No. 2 and No. 5
seem to be preferred, but due to the imprecise knowledge
of the E~ Qux and also of the optical model parameters,
this result cannot be construed as being conclusive. Set
No. 5 was included in Table I because earlier experi-
Inents on E mesons appear to show o-&,&

——55 mb when
interpolated to our E~ energy. Recent experiments"
now give ogpu=33 mb.

The angular distributions of the selected events are
shown in Figs. 14—16 for the thick plate and for the
lead and iron parts of the thin plate. The curves show
the angular distribution expected from the diffraction
and transmission regeneration. The agreement between
the theoretical curves and the experimental histograms
is quite satisfactory. The presence of the transmission
peak is clearly shown by the difference between the
angular distribution near the plate (Fig. 17) where a

TABLE V. Total numbers of IC~'s and of regenerated Ej.'s
which satisfy the acceptance criteria.

I0—
4 events
off scole

Xo's incident on plate
Estimated E1's per E~
Er expected (including

24.5% detection eff. )
according to Set No. 2
of Table I

E& found experimentally

1-',-in. lead 1~-in. iron 6-in. iron

0.333X10' 0.333X10'" 1.00X10'
0.00296 0.00468 0.00436

24.2 38 107

I I

0 I 2
I I I

~ J 4 . . 5 6 7 8 9
LIFETIME T IN UNITS OFf:,

FIG. 13. Lifetime distribution of events with Q and I' in the
accepted range, measured in E& decay lengths. The lower curve
represents the estimated background. The upper curve is the I&1
decay exponential plus the background of the lower curve. Notice
that the background drops 06 beyond T= 7 due to the Anite
length of the chamber.
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The expanded graph also gives an indication that the
peak, as observed with our apparatus, has a distribu-
tion closely represented by exp( —0'/2w')d(cos9) with
m =2.2 deg. An approximate computation of the angular
resolution showed that we could expect w to be as large
as 3 deg. On the other hand, no imaginable instrumental
error could sharpen the observed peak. For instance,
the detection efficiency could not possibly be larger for
E~'s at angles less than two degrees than for much
wider angles.

We thus conclude that the transmission peak is as
sharp as could be expected and it has the expected shape.
It is also of some value to note that a peak is observed
in both the thick and the thin iron plate data.

I.et us now estimate the probability that the peak is
due to statistical fluctuation.

For that purpose we compare the number of events
in the two cos0 intervals, 0.970 to 0.997 and 0.999 to 1.
Adding up the thin and thick plate, we find 73 events
in the large interval. Our computed angular distribution
shows 12+1.4 events should be found in the small
interval if 6 were larger than, say, 5.

,9968,9976,9964,9992 OOOO

COS 8

(b)

FIG. 14. (a) Angular distribution of events from the 6-in. iron
plate. The upper curve is the Gaussian exp( —e'/2w ) with w= 2.2
degrees. The lower curve shows the distribution expected from
multiple scattering, excluding transmission regeneration. (b) An-
gular distribution for the thick plate on expanded scale showing
the structure of the transmission peak.
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Fto. 15. Same as Fig. 14(a), for, the 1~~-in. lead plate,

peak is expected, and far from the plate (Fig. 18) where
no peak should be observed. Also, comparison between
Fig. 17, related to E~'s regenerated by iron nuclei, and
Fig. 22, related to E&'s regenerated by nucleons, gives
strong evidence for the diffraction-regeneration
phenomenon.

Because of the limited number of events, we have
chosen to derive quantitative conclusions only from
graphs where the events are grouped in 0.001 intervals
for cos8, as in Figs. 14—18. However, some information
can be derived from the graph of I'ig. 14(b) where the
events are grouped in 0.0004 intervals. We see that the
maximum still seems to occur for the interval closest to
the forward direction, which includes particles regen-
erated within 1.6 deg from the forward direction.

FIG. 16. Same as Fig. 14(a), for the 1—',-in. iron plate.

With the Poisson distribution we then compute that,
in the absence of a real cause for a forward peak, only
one in three million experiments such as ours would
show 36 or more events in the cose interval between
0.999 and 1.The probability that the mass difference is
higher than five, for which value no possible choice of
nuclear parameter would give a discernible transmission
peak, is thus of the order of 10 '. In a similar fashion,
we compute that for 8=1.2 A/r& we should observe
17.6&2.7 events in the 0.999 to 1.000 interval for the
thick iron plate only. The probability of observing 26 or
more instead of 17.6 is then 5'%%, so that. with such a
confidence level we can say that 8 is less than 1.2 ft/ri

Actually not all of the transmission component is
included in the first interval. In computing the upper
limit for 6 as we have just done, this is by far not as
important as selecting a range where the transmission
component represents a large fraction of all the events,
but when computing the most probable value and the
lower limit for 8 the best procedure is to consider the
three intervals closest to the forward direction. This
angular range, as Fig. 14(a) and (b) show, includes
practically all the transmission component. The useful
quantity to be calculated is therefore the ratio S of the
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intensity in the solid angle represented by the interval
cos8=1.00 to 0.997, to the intensity in the interval
0.970 &cosg &0.997.

Figure 19 shows this theoretical curve as a function
of b. The same remarks made in Sec. I.C about the
quantity R apply to S as well. The curve has been
computed for different values of nuclear parameters
(Table I); they all yield substantially the same result.

The experiment gave 42 events between 0.997
&cose&1 and 50 events in the range 0.970&cos0
&0.997. The experimental value for the ratio S is
therefore 0.82+0.18. From Figs. 14 and 19 we thus
obtain that the mass diGerence 6 is 0.92 p. 2p+ ' .Perhaps
a better value for 6 is obtained by subtracting from the
events appearing in the first 8 cm from the plate, a
proportion of the number of events observed at more
than 8 cm from the plate. We know that this zone must
contain e '=13.

5%%uq of the number of events (92) ob-
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Fxa. 17. Angular distribution of all events that originate in
either the 6-in. or the 1-,-in. iron plate and that satisfy the criteria
170&Q&280 Mev, P &500 Mev/c, and T&2.0 mean lives.

served in the zone near the plate (2'=0 to T=2). After
subtracting this known amount, the rest is considered
background. Since there is no propane in the plate, the
propane regenerated E~'s are not as numerous in the
first zone as they are in the second. We take this fact
into account by multiplying the background (only in
part due to Ei's) by a factor of 0.8. We thus subtract
0.8(2./9) =2.23 events from the interval 0.997 &cos8 & 1
and 0.8(6.58) =5.26 from the interval 0.970 &cosa
&0.997. We obtain 39.77 and 44.74 E~ events in
the two intervals, which gives S=0.89&0.21 and
g —0 84 +P.29

I et us now express quantitatively the confidence that
8 is larger than zero. The value of S corresponding to
8=0 is 1.57, that is 2.92 standard deviations from the
experimental value 0.928&0.220. This gives a proba-
bility of 2 in a thousand. With a similar computation
we find that with a probability of 5% 5 can be less
than 0.44 A/xi.

I705 05'280 MKV/C

P )500 hKWC
Yn 2.0

The above value of 6 has been obtained from the 6-in.
iron plate angular distribution data since a plate of this
thickness provides the most sensitive test of the mass
difference. Using the value 6=0.84 and the observed
number of E~'s for the thick plate, we can now compute
the absolute number of E~'s expected from the thin
iron and lead plates. This prediction for the iron plate
should even be independent of our computed 0-». Only
the ratios of our beam monitoring should contribute a
systematic error. We thus expect 38 and 24.2 events for
iron and lead, respectively, and we find 41 and 26.

Inspection of Fig. 16 shows that a transmission com-
ponent is also present for the thin plate. Indeed, for
8=0.08, the 1—,'-in. iron plate should have S=0.87
(Fig. 20). The data give 5= 17.8/19.3=0.92&0.3 which
is in reasonably good agreement, thereby supplying
additional evidence for the existence of a transmission
peak.

I''or the 1-,'-in. lead plate the diffraction regeneration
is at smaller angles than for iron; thus it invades the
angular range of the transmission component. For this
reason, the value of 5 obtained from the lead data has

Number of events. 997 tot000
Number of events. 970 to.997

2.0

I.5 "
THIN Pb

I.O-

0.5
THIN Fe

Fxo. 19. Calculated ratio S of numbers of events of the two cos8
intervals 1 to 0.997 and 0.997 to 0.97 as a function of B.The quan-
tity (S—0.5) is approximately proportional to the transmission
regeneration. Experimental value for S is 0.89+0.21.

0

f
5"

.970 .980 .990 l,00

COS 8

F&G. 18. Angular distribution of all events that satisfy the criteria

170&Q&280 Mev, P&500 Mev/c, and T&2 mean lives.
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FIG. 22. Angular distribution of the E~'s regenerated in E2-nu-
cleon collisions. Note the large angular spread compared to
Figs. 14(a) and 17.

SECTION VII

Conclusion

0,5 I.O I.5

FlG. 20. Same as Fig. 19 for the 1—,-in. Fe and 1-',-in. Pb plates.
Experimental values were 0.92&0.3 for Fe and 2.03~0.8 Pb.

less a prsors significance than that from the thin iron
plate. The expected value of 5 for lead is 2.02 (Fig. 20),
and the data give 14.8/2. 3=2.03&0.8.

L
P 3 4 5
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1

6 7

FIG. 21. Lifetime distribution of X& decays with origin. These
Eq's were regenerated jn collisions with individual nqclgons,

SECTION VI

Propane Regeneration

Using the value of o-2» of 8.3 mb, Table III, and
assuming that 10' E~'s traversed the propane in the
course of the experiment, we have calculated that there
should have been about 80 E»'s that were regenerated
due to carbon diffraction. Presence of this number of
E»'s, while consistent with the data, is not demonstrable
because of the large background (about 600 events),
which presumably consisted mainly of E2 decays and
neutron stars.

A search for decay events associated with an inter-
action which could have been the origin where a E» was
regenerated by a E2 collision with a proton, free or
bound, yielded 20 examples with a good fit to the
kinematics for E» regeneration at that origin. The dis-
tribution of the time of fhght for these events (Fig. 21)
follows quite satisfactorily the expected mean life (solid
curve). The angular distribution of these Ei's (Fig. 22)
is much broader than the distributions for the plate-
regenerated Ei's (Figs. 14—16) confirming that a nu-
cleonic regeneration is responsible for the E» s with
origins, while a coherent regeneration produces E»'s
decaying near the plate. The twenty events indicate
a cross section of about 0.5 mb for regeneration by
protons.

The Q distribution of Fig. 10 proves the reality of the
E~—E» regeneration. To our knowledge, this is the Grst
time that this phenomenon has been observed. More-
over, the angular distribution of the regenerated E»
constitutes convincing evidence that the expected dif-
fraction regeneration by the nuclei of iron and the trans-
mission regeneration by the plate do indeed occur. The
peak in the angular distribution, showing that E» parti-
cles are produced by E2's within two or three degrees
of the direction of the primary particle, can hardly be
imagined to be produced by an instrumental error. The
mere existence of such an unusual type of particle pro-
duction gives strong reassurance that the particle mix-
ture theory is correct, and that the mass difference be-
tween E» and E& is no more than a very few units.
Quantitatively, the mass difference deduced from the
experiment is (0.84+0.25)A/ri, that is, 5.5~1.2 kiev.

With 90%%u~ probability, 5 is between 0.44 and 1.2 k/r
The error quoted is only the statistical uncertainty. The
errors produced by the necessity of using, in the com-
putation, parameters that could only be estimated, is

probably less than the statistical uncertainty.
The measured mass difference is 10 "times the mass

of the E meson. The detection of such a minute frac-
tional difference is directly connected with the fact that
the production of undetected E»'s takes place not in a
single nucleus, but in a large number of nuclei through
the whole depth of the plate. It is actually interesting
to note another consequence of this production mecha-
nism; the spread of the mass spectrum of the produced
Ki's is less (about one-half) than the spread for Ei
mesons produced in interactions with single nuclei. This
is due to the fact that the E» amplitude of the trans-
mission wave extends for the whole depth of the plate,
which is four decay lengths. This sharpening effect,
which becomes more pronounced with thickening of the
plate, would make possible the measurement of a mass
difference substantially smaller than the "natural" mass
spread of the short-lived E». For contrast, if the mass
difference were of several units the intensity of the trans-
mission component would rapidly drop to negligible
values, as a consequence of the practically complete
incoherencq of the Eq and K2 waves inside the plate,
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As Okun' and Pontecorvo" pointed out, the rate of
transition between the K' and K' states, which is pro-
portional to the mass difference between K~ and K~
because this difference governs the speed at which the
E~ and E~ states go out of phase with respect to each
other, is also proportional to the 6rst power of the
coupling constant for a strangeness change of two units.
ln the decay of a particle of strangeness two into a
particle of strangeness zero, the rate is proportional to
the square of the same coupling constant. Therefore,
the 6nding that the mass difference is of the order of
h/rr implies that the transition of IC' and X' takes place
in about 10 "sec, while the decay of the ™into a proton
and a meson will have a mean life of 10 ' sec. Obviously
it would be very difficult to set such a limit by direct
means "

We cannot compare our experimental value for 6 with
any theoretical calculation. After the brief remark by
Gell-Mann and Pais that the different lifetimes of E~,
E~, requiring different widths for the two mass spectra,
also imply a mass difference for the two particles,

' L. Okun' and B. Pontecorvo, J. Exptl. Theoret. Phys.
(U.S.S.R.) 32, 1587 (1957) Ltranslation: Soviet Phys. —JETP 5,
1297 (1957)j.

24 Af ter this manuscript was completed, a paper by S.L. Glashow
appeared in Phys. Rev. Letters 6, 196 (1961), where it is noted
that the remark by Okun' and Pontecorvo only applies to the
C-even part of the interaction responsible for the decay of the

nothing has been added on this subject. "It may, per-
haps, be looked on with satisfaction that the Inass
difference is indeed, within a factor less than two, equal
to the mass width. This may indicate that the mass
differences produced by the weak interactions are in
the domain where theoretical guesses are true.
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