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Positive-pion scattering at 990~30 Mev has been examined in a 6)&3)&2 in. hydrogen bubble chamber
without a magnetic Geld. The cross sections for elastic and inelastic scattering were found to be 15.3~1.5 mb
and 12.6&3.3 mb respectively. The inelastic scattering cross section includes 0.19 p. p7+0 09 mb of Z+—E+
production and 0.78~0.14 mb of ~+~+2l- p production. A simple pion-pion model which predicts the branch-
ing ratios for double pion production in w —P collisions is found to be inconsistent with the double pion
production observed in this experiment. The relation of the experiment to m —p experiments in the region of
the second and third resonances is discussed.

INTRODUCTION

HERE recently has been a renewed intensity of
interest in pion-nucleon scattering for pion ener-

gies between 550 and 950 Mev. A strong impetus for
this was provided by the counter experiment of Burrowes
et aL. ,

' which succeeded in resolving the "bump" of the
a. —p total cross section into two distinct peaks. Other
experimenters have since corroborated the existence of
these maxima and established their locations at 600
and 900 Mev ' '

Detailed experimental investigation of the pion-
nucleon partial cross sections in the energy interval in-
cluding the two new peaks has not been very extensive.
Photoproduction experiments' —' have indicated that the
600-Mev peak is consistent with a resonance in a state
having isotopic spin T= —,', angular momentum J=~,
and odd parity. Hydrogen bubble chamber experiments
with m mesons at 950 Mev' and 1.0 Bev" have demon-
strated what appears to be the very strong influence of
the T= 2, J= ~ isobar on single pion production at these
energies.

Theoretical discussion of the two peaks has either
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been in terms of the T=-', , J= ~ isobar" or in terms of
models combining this isobar with a strong pion-pion
interaction. " " Present experimental knowledge does
not lend overwhelming support to any particular model.

Experiments with a- —p interactions have not yet
thoroughly covered the energy range of interest. Be-
cause they are chief derived from data designed for
studying strange particles, their energy locations have
not been optimum for studying the new peaks. Their
interpretation has been further complicated by the
absence of corresponding a.+—p experiments to provide
data on the T= ,' component —ofthe a —p scattering.

It is the purpose of this paper to report data on a-+—p
interactions at 990 Mev and, where it is possible, to
relate these results to the a. —p experiments previously
performed.

PROCEDURE AND ANALYSIS

The experiment was performed at the Brookhaven
Cosmotron in a 6)(3)&2 in. hydrogen bubble chamber
without a magnetic field. "The beam arrangement and
measuring procedure are described in a previous report. "

While the strange particle production events were
easily recognized, analysis and enumeration of almost
all the other events was complicated by the presence of
protons in the beam. As the kinematics charts (Fig. 1)
show, it becomes difficult to separate ~—p and p —p
elastic scatterings for small pion angles and to separate
a-—p scatterings for large pion angles from deuteron
productions by protons. Further, it was not generally
possible to determine whether a given two-prong, in-
elastic event was caused by a proton or pion. Hence, it

"R. M. Sternheimer and S. J. Lindenbaum, Phys. Rev. 109,
1723 (1958).
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FIG. 1.Two-body kinematics for m. —p and p —p collisions in the
momentum range of this experiment. The laboratory scattering
angle of the heavier particle is plotted on the ordinate vs the
corresponding angle of the lighter particle on the abscissa.

was necessary to use statistical methods to divide such
events between pions and protons.

Two-prong events were classified largely on the basis
of whether they were coplanar and fitted kinematics
requirements. The categories used were (a) elastic p —p
or m.—p scatterings above 26', which could be classified
unambiguously (1154events), (b) deuteron productions
by protons (159 events), (c) two-prong inelastic events
of necessarily unknown parentage (655 events), and (d)
small-angle elastic scattering (1409 events), again of
unknown parentage. The four-prong and strange particle
events (27 events) were ascribed to the pions. Large-
angle m

—p scatters which could be confused with
deuteron production events were possible only in a
negligible amount of solid angle in the ir —p center-of-
mass system and thus were not classified separately.

It was necessary to determine how many of the group
(d) were vr —p events so as to extend the differential
cross section to as small an angle as possible. It was also
necessary to divide the events (c) in a similar manner
so as to determine the total number of ~—p events in
our sample. Given that number, absolute cross sections
could be calculated from the known 7r+ —p total cross
section. The following separation scheme was"employed.

First, all elastic events with scattering planes less than
30' from the horizontal were rejected. These events
were seen "edge on" by the cameras, and in recon-
structing them in space measurement errors were greatly
magnified. The observed azimuthal distributions of the
remaining elastic events suggested that no scanning-loss
corrections were necessary for the sample except in the
most forward interval, as mentioned below.

Next those events accepted above which comprised
group (d) were sorted by the smaller scattering angle
into groups corresponding to pion scattering angles with
(center-of-mass) cosine of 0.6-4.7, 0.7—0.8, 0.8—0.9, 0.9—
0.95, and 0.95—1.0. The last group was rejected because
of the large scanning losses to be expected. Each event
was, in effect, plotted as a point on the kinematics
chart, on which the coordinate axes represented the two
scattering angles. The point was, therefore, a certain
"distance" x from the p —p elastic kinematics curve,
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FIG. 2. One histogram of the number of events vs their "dis-
tance" in perpendicular degrees from the p —p kinematics curve.
The smooth curve is a fit to the data using two superposed normal
distributions. Only the two histograms containing 7i- events with
center-of-mass cos8 (0.8 were used in data reduction, as described
in the text.

"W. N. Bess, Revs. Modern Phys. 30, 368 (1958).

measured in degrees. For each group of events, a fre-
quency histogram in x was made. In the limit of small
angular intervals, one would expect the number of
events, E(x), to approximate two superposed normal
distributions, of the form

E(x)= (Lo.i ' exp( —x'/20. i')
+30.2 'exp( —(x—s)'/20. P) j/(2w)'*(3+1)), (1)

where the first, centered on zero, corresponds to the

p —p elastic events clustered about the p —
p kinema, ties

curve. The second, s degrees from zero, represents the
m.—p elastic events grouped about their kinematics
curve. The standard deviations would in our case
be 1'.

Figure 2 shows one of the histograms fitted to the
distribution (1), the object being to determine the rela-
tive areas of the pion and proton contributions, given
by the parameter A. Of the four groups analyzed, only
those with cosine 0.6—0.7 and 0.7—0.8 gave results that
could be considered significant. For the other two
groups, the pion and proton parts were too close to-
gether, and probably too nongaussian. The criterion of a
significant fit was largely the sensitivity of the z'
parameter and the appearance of the fitted curve to
variations in A. The errors assigned to the number of
events in the two groups for which the method was
satisfactory were computed in such a way that they
tend to overestimate the actual uncertainty involved.

The above separation also yields the number X», of

p —
p elastic scatterings, free of pion contamination, up

to a center-of-mass cosine of 0.8. Using the known p —p
total cross section, partial inelastic cross sections, and
differential cross sections, "we then calculate from X»,
how many two-prong inelastic events would result from
the protons in our beam, N», . Subtracting Ã»,. from
the total of two-prong inelastic events gives the number
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Event Cross section lrnbl

TABLE I. Partial cross sections determined in this experiment.
Absolute values were obtained by normalizing to total cross
sections of footnote 3. Errors shown are statistical only.

960Mev, o(elastic)=13.4mb, o.(inelastic)=13. 4mb;

990 Mev, o (elastic) = 15.3 mb, o.(inelastic) = 12.6 mb;

1020 Mev, o. (elastic) =17.6mb, o.(inelastic) =11.0 mb.

Elastic ~+—p
Total inelastic 7I-+—P
~++p ~Z++E+
~++p ~ ~++~++~ +p

15.3 &1.5
12.6 &3.3
0 19pp7+Po09
0.78~0.14

One can thus conclude that a systematic error of this
type is certainly no larger than the statistical errors
quoted for the cross sections in Table I.

CROSS SECTIONS

of such events caused by incident pions, though with
rather large statistical error. The two-prong inelastic
events were first corrected for scanning losses by 7%.
This figure, somewhat arbitrary, was a compromise be-
tween two calculations of possible scanning losses for
inelastic events. One, 11%, was based on the observed
losses of small-angle elastic scatterings as a function of
their azimuthal orientation. It assumed that scanning
loss depended on the smaller of the two projected scat-
tering angles presented to the scanner. The second
figure, 3%, was obtained by comparing the laboratory
angular distribution of our inelastic events with one
obtained by reasonably extrapolating some lower energy

p —p data. "In the latter estimate it was assumed that
all losses were among inelastic p —p events since they
are much more confined to forward directions by energy
considerations than the corresponding s.—p events.

In order to extend the differential cross section to zero
degrees use was made of the optical theorem and the
vanishing real part of the forward scattering amplitude
predicted by the dispersion relations. "The manner of
extrapolating the cross section of course aGected the
total number of s —p events and hence the absolute
scale of the differential curve. A few trials, however,
gave a consistent 6t to the expected differential cross
section at zero degrees, indicating that the normaliza-
tion is not very sensitive to the manner in which the
extrapolation is carried out.

ENERGY OF THE BEAM

Analysis of seven strange-particle production events
indicated that the beam had a spread in momentum of
about &30 Mev, centered about 990&10Mev. Calcula-
tions of the momentum from the kinematics of a large
sample of definitely indentified p —p and s.—p events
were in substantial agreement. The sample used was
selected so as to minimize the effects of measuring errors
or possible systematic errors in the stero paramenters.

Since the chain of calculations described in the previ-
ous section made frequent use of p —p and s+—p cross
sections obtained by other groups, it is conceivable that
the results could depend critically on the beam mo-
mentum. To test this possibility the calculations were
repeated assuming the two limiting energies 960 and
1020 Mev. The results were:
"T. H. Fields, J. G. Fox, J. A. Kane, R. A. Stallwood, and R. B.

Sutton, Phys. Rev. 109, 1713 (1958).
See R. Cool, O. Piccioni, and D. Clark, Phys. Rev. 103, 1082

(1956) for dispersion relations by R. M. Sternheimer.

Table I summarizes the partial cross sections obtained
in this experiment. All values are normalized to a total
m.+—p cross section of 27.9 mb, and the errors given do
not include the uncertainty in this number. The total
elastic and total inelastic cross sections were computed
from a sample of data containing, after scanning correc-
tions, approximately 3200 p —p events and 900 s.+—p
events. Since the four-prong events do not require de-
tailed kinematical analysis, the cross section for these
events was based on a somewhat larger sample of data
containing approximately 8300 s-—p and p —p scat-
terings. The Z+ production cross section was obtained
using a sample of data described in a previous paper"
and has been adjusted here to the total m+ —p cross
section of 27.9 mb.

Figure 3 is a histogram of the s.+—p elastic scattering
in the center-of-mass system. The point marked on the
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of-mass system. The point marked on the axis at cosdl =1.0 was
obtained from the total x+—p cross section using the optical
theorem.
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axis at coso = 1.0 was computed from the optical theo-
rem using a total cross section of 27.9 mb and does not
represent data obtained in this experiment.
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FIG. 4. Plot of available data on total inelastic cross sections in
m+ —p scattering vs energy of the incident pion in the laboratory
system. The three low-energy points were normalized to total
cross sections of the work cited in footnote 2. The three high-
energy points were normalized to total cross sections of the work
cited in footnote 3.

ISOBAR MODEL

Perhaps the most useful number which one might
hope to extract from the ir+ —p data is the parame-
ter p used in the isobar model of Sternheimer and
Lindenbaum":

p= a+/2o

The partial cross sections 0-+ and a= refer to the single
pion production in m+ —p and ir —p scattering, re-
spectively. By consulting the curve sketched in Fig. 4,
it is possible to And an upper limit to o.+ and thereby fix
an upper limit for p in any experiment which determines
0=. At present no experiment has completely determined
0 because of the experimental difhculties associated
with separating the three prevalent charge exchange
processes:

(—p) -+ (Om), elastic charge exchange;

(—p) —+ (00m), single pion production;

(—p) -+ (000m), double pion production.

It is possible, however, to set a lower limit on 0= in some
experiments by assuming the second process above has
a vanishing cross section.

PION-PION SCATTERING

In an eRort to make a more precise estimate of 0-+ we
have studied the branching ratios obtained by Alles-
Borelli et ul. ' for double pion production. An under-

TABIE II. Branching ratios for double pion production in 71
—p

collisions. Column 2 lists experimental results at 960 Mev.
Columns 3, 4, and 5 list the relative number of events predicted by
the model in Fig. 5 provided the ~—~ scattering takes place only
for T=p, T=1, or T=2, respectively.

Final charge
state

Events
footnote 9

23
43

8 probable

Relative numbers
T=O T=1 T=2

4 2 326
8 8 76
2 8 40

0

standing of these ratios might make possible the use of
our measured cross section for (+p) ~ (++—p) to
infer the total amount of double production in our
present experiment. Subtracting this from the total
inelastic cross section would yield an improved estimate
for 0.+.

The branching ratios obtained by Alles-Borelli et al.
are given in Table II. These can be most simply ac-
counted for by the model diagrammed in Fig. 5." It
may be described by saying that the incoming proton
emits a ~, ~ isobar, I, and a pion. The pion interacts
with the incident pion, and the isobar decays into
another pion plus a nucleon, E.

By assuming that the pion-pion interaction occurs
exclusively in a single state of isotopic spin, T=0, T= 1,
or T=2, it is possible to calculate Clebsch-Gordon
coeKcients at each vertex. These predict the ir —p
branching ratios listed in Table II. A similar set of
branching ratios for ir+ —p is also listed in Table III. It

~ F. Salzrnan and G. Salzman, Phys. Rev. 120, 599 (1960).
These authors have used the diagram of Fig. 5 in calculating the
ratio of single to double pion production in w —p collisions at
energies above 5 Bev.

Of particular interest is the vr —p experiment of Alles-
Borelli et al.' at 960 Mev. Normalizing their data to the
total cross sections of Devlin et a/. ,

' we II1nd 0- &~16.3
&0.6 mb. By using the curve in Fig. 4, one obtains
12.3&3.0 mb for the total ir+ —p inelastic cross section.
About 0.9+0.2 mb of this is due to the reactions
(+p) ~ (++—p) and (+p) ~ (Z+E+) identified in
the present experiment, leaving 0.+& 11.4&3.0 lb.
Thus,

p= o-+/2a. &0.35&0.09.

It is of interest to note that these authors obtain their
best fit to the Sternheimer-Lindenbaum model with
p=0.1, corresponding to o-+=6.3 mb. They point out
that reasonable agreement can still be obtained for 0-+

as high as 10 mb, a value which is still easily in agree-
ment with our upper limit of 11.4 mb.
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is evident that a T=0 pion-pion interaction agrees very
well with the s. —p experimental data, whereas the
other two possibilities show little promise.

The prospect of a T=0, x —
m interaction is not at all

surprising since several authors have already called
attention to experimental evidence for such a process.
Carruthers and Bethe" have suggested that a T=O,
S-wave interaction could mo t easily account for the
quantum numbers assigned to the 600-Mev maximum.
Rodberg" has shown that the unexpectedly large cross
section" for (—p) —+ (+—e) near threshold can be
simply described by using a T=O and T=2 S-wave,
x—m. interaction in an impulse approximation. More re-
cently Abashian, Booth, and Crowe" have measured
what could be interpreted as the mass of the vr —x pair
in the reaction p+d ~He'+s. +s. and found it to be
about 310 Mev for a bump in the He' momentum
spectrum. These three cases have in common a low
relative energy for the pion-pion pair. Similarly, for

TABLE III.Branching ratios for double pion production in sr+ —p
collisions as predicted by the model in Fig. 5. Columns 2, 3, and 4
list the relative number of events provided the 2l- —27 scattering
takes place only for T=O, T=1, or T=2, respectively.
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FIG. 5. Diagram of a simple model for double pion production
in low-energy m —P collisions. I refers to the T=&, J=p
isobar.

at 960 Mev using

The s —p absorption, o, (s- —p), does not include
elastic charge exchange. Taking our s+—p data from the
curve of Fig. (4) and our 7r —p data from the work
cited in footnote 17, normalized to the total cross
sections of Devlin et al. ,

' we find

Final charge
state from

21-+—p collisions T=O
Relative numbers

T=1

o.(s.+—p) =12.3 mb,

o, (s —p) =24.5 mb,

o, (T=-'s) = 30.6 mb.
(++—p)
(OO+p)
(++On)

36
18
0

81
36
18

27
54
54

double pion production at 960 Mev the energy available
after producing an isobar in the s —p center of mass
system is so low that the two scattered pions must be
predominantly S-wave with respect to each other.

If one now applies the diagram of Fig. (5) to s+—p
collisions, assuming only T= 0 for the z —+ vertex, the
results are rather disappointing. Used in this way, the
model predicts a cross section ratio

The actual ratio is more nearly 1:1.Hence, it does not
appear possible to reconcile such a simple model with
the experimental data at this energy.

INELASTIC SCATTERING

Using photoproduction results, Peierls has attributed
the 900 Mev s —p maximum to F-wave scattering with
total angular momentum J=—,'." The inelastic s —p
scattering results also tend to support his choice of F;
rather than D;. To see this it is only necessary to
compute the absorption cross section for the T=—,

' wave

"K.S. Rodherg, Phys. Rev. Letters 3, 58 (1959)."W. A. Perkins, J. C. Caris, R. W. Kenney, E. A. Knapp, and
V. Perez-Mendez, Phys. Rev. Letters 3, 56 (1959)."A. Abashian, N. E. Booth, and K. M. Crowe, Phys. Rev.
Letters 5, 258 (1960).

The amount of s —p elastic charge exchange has been
estimated using results from the fit of Alles-Borelli ef ul. '
to the isobar model.

The T= —,
' absorption is also given by an expression of

the form

+ Z (2~+1)(1—I» I')j

Thus, it is possible to account for the observed absorp-
tion by completely absorbing S;, I'~ I';, D;, and D;
waves to obtain o,(T= s') =9s-V=31.2 mb. Since such a
situation seems very unlikely, one is forced to assume
that F-wave scattering plays a very prominent role at
this energy. This conclusion was pointed out earlier by
Walker" using preliminary results from the present
experiment.
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Nucleon-Antinucleon Mechanism for Pion-Pion Scattering Resonances
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The Chew-Mandelstam N/D equations for pion-pion scattering were modified to include contributions
from the nucleon-antinucleon intermediate state, which was estimated in perturbation theory as well as by
limitations imposed by unitarity alone. It was found that the Frazer resonance could not be obtained by
such a simple mechanism, starting from 8-wave dominant solutions.

I" dv'( v' )1(v')'IM„(v')I'
Mr, (v) = Sri(v) y

~p ~ Ev'+1) V V Z6

where

ImSr~(v) = [ImS7 ~+[ImS]rr~ +[ImS]~@~,

frt, r v(v, v')

We have also made use of crossing symmetry here. The
solution of this equation is carried out by transforming
to a set of X/D equations in the standard way.

The contribution from the nucleon-antinucleon
channel was estimated first on the basis of a pole
approximation for the ENxm amplitude which one
encounters in the unitarity condition, symbolically,

ImM. . = M. .*M .~.+ M..rrrr*M, rrr7.

* National Science Foundation Fellow (Predoctoral).' W. R. Frazer and J.R. Fulco, Phys. Rev. Letters 2, 365 (1959).
'G. F. Chew and S. Mandelstam, Phys. Rev. 119, 467, 478

(1960).
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N investigation was made as to whether or not
the nucleon-antinucleon intermediate state might

provide a simple mechanism for the Frazer T= 1

P-wave pion-pion resonance proposed to explain the
nucleon electromagnetic structure data. ' Our philosophy
is to proceed by iteration, starting with the subtraction
constant X as a first approximation, and retaining only
S and P waves. In the elastic approximation of Chew
and Mandelstam' this corresponds to starting from
S-wave dominant solutions. We would expect that, if
a mechanism is properly chosen, the P-wave dominant
solution would appear instead.

The unitarity condition together with the dispersion
relations imply a set of integral equations,

This procedure leads to a resonance in m-m scattering,
but the method is not justifiable because of unitarity
limitations. The unitarity condition implies, on the
right-hand cut,

[ImMrt(v) ]xr7~& 4[(v+1)/v7'*, (v) Mp —1).

This condition is so severely violated by the pole
approximation that proposals to ignore the limitation
on the left-hand cut, where the limitation does not
rigorously apply, must be treated with some suspicion.
What we have done is to look at the limitation imposed
by unitarity. Thus we replace the inequality by an
equality. We have furthermore approximated the
left-hand cut by two poles to be interpreted as the
pion-pion self-coupling, and the nucleon-antinucleon
pair contribution on the left. The following refers to
the I=/= 1 state:

—[ImS(v)]r'= —2pr(SX'/9m)8 (v+2)+prMPI'g(v+MP)

The residues were fixed by conditions at threshold.
Thus

I'= [S(0)]mr

Our numerical results are as follows. The X/ con-
tribution on the right is

[S(0)]rrN" = 1/(4prM')

On the left we have many terms, one for each angular
momentum. The contributions from the I'=0, S wave
is

[S(0)]~r7,r v=p = 1/(144rrM'),

while the contribution from I'=/'= 1 is

[S'(0)]NN, r' l' 1 1/(16~M=')—
The contributions are increasing, but within our
approximations the left-hand contributions are nu-
merically less important than the right-hand contri-
butions. The left-hand contributions are represented


