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Among the unexplained properties of the slow pinch discharge observed in Zeta, Sceptre, and other ex-
periments is the gross magnetohydrodynamic stability of the discharge. Since the pinch of the magnetic
lines of force is approximately constant within the main core of these discharges, the energy principle is
applied to such a configuration. The stability condition for interchange modes is dp/dr& 2yPB—e'/r (B'+Yp)
and, for kink modes, dp/dr should be greater than an undetermined positive quantity. Comparison with
experimental results suggests that interchange instabilities are occurring and limiting the negative pressure
gradient to the above value, whereas the kink modes can be occurring with, at most, only small amplitude.
Possible reasons are given to explain why the kink instability is not observed.

1. INTRODUCTION

''N the toroidal discharge experiments Zeta' and
~ - Sceptre, ' which use low electric fields, a type of
pinch discharge is produced which persists in an
approximately steady state for as long as the electric
field is applied, i.e., for milliseconds. Similar discharges
have been observed in other toroidal discharge tubes' 4

and also in straight tubes. ' In the Perhapsatron, where
a considerably higher electric field is applied, the initial
magnetic field configuration with skin currents can be
seen to degenerate fairly rapidly to the slow-discharge
configuration. ' These discharges have been extensively
studied over the past few years and it is possible to
tabulate many of their characteristic properties. This
is done below in Sec. 2.

Several of the properties of these discharges are
unusual and have not been explained theoretically.
The most notable of these are the gross magnetohydro-
dynamic stability of the discharge, the large Aux of
electrons traversing the magnetic held and reaching
the wall, the high positive-ion temperatures, and the
nuclear reactions. This paper is concerned with the
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gross stability of the discharge. Subsequent papers
will deal with other aspects of the discharge.

[I One of the experimental properties of these dis-
charges is that within the main core of the discharge
the magnetic field has approximately the same pitch
at all radii (see Sec. 2). The well-known magneto-
hydrodynamic energy principle' is therefore applied to
a discharge with a constant-pitch magnetic field (B).
Markedly different stability criteria are obtained de-
pending on whether or not the pitch of the instability
modes coincides with the pitch of B. The modes which
have the same pitch as B are "interchange" insta-
bilities, since any particular line of force, with the
plasma frozen to it, will undergo the same relative
displacement at all the points along its length. In this
way each line of force will accurately match the line
it has displaced and, although B may change in magni-
tude at any point in space, it will not change direction.
When the discharge has a constant pitch magnetic
Geld at all radii, the interchange instability can extend
throughout the whole discharge. On the other hand,
the instability modes which do not have the same pitch
as B bend the lines of force. For brevity these modes
will be referred to as "kink" instabilities, following
Johnson et ul. s (It should be noted that the term "kink"
as used here includes modes with all values of m and
not just fit= 1.)

It is not surprising that different stability criteria
are obtained for the two cases. What is at first sur-
prising is that the stability condition is much less
severe for the interchange modes than the kink modes.
Whereas a substantial negative pressure gradient can

, be built up before the interchange modes become
unstable, the kink modes require a positive pressure
gradient. The comparison between theory and experi-
ment in Sec. 4 suggests that only the interchange
modes can be occurring in practice.

The outer region of the discharge, which has a varying
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20 A. A.

magnetic pitch, will not be considered. It is worth
noting, however, that the positive pressure gradients
observed for most of this region are of the right order
of magnitude to satisfy the sufBcient stability criterion"
dp/dr& 2Bg'/3r.

2. MAIN EXPERIMENTAL PROPERTIES OF THE
SLOW PINCH DISCHARGE

The following results refer in general to discharges
for which the initial value of the axial field B, (i.e., the
component parallel to the discharge tube) are in the
approximate range from about a quarter to unity times
the maximum value of Bg generated at the tube wall.
Above this range little pinch effect occurs and with J3,
much below this range the discharge is grossly unstable. '

a. Magnetic Field Con6guration

The axial magnetic field 8, is enhanced in the dis-
charge and its radial profile exhibits a characteristic
bell shape'4" with a maximum at the center of the
discharge. (Since the enhancement persists for such
long times with little change, it cannot be due to
trapping of the Geld in the initial discharge constriction,
and it is not explained by the paramagnetic effect of
the anisotropic conductivity. ') The component Be,
when converted to axial current density, shows that
j, is a maximum at the center of the discharge and falls
off slowly with radius, ""At a radius which is often
about half the tube radius, dBs/dr changes sign, and
j, is much smaller beyond this radius although je is
often still large.

Over the center of the discharge the pitch of the
magnetic lines of force is approximately constant" or
varies only slowly with radius (see the published field
profiles for Zeta, ' Perhapsatron S4,' and TA 2000'),
but near the walls 8, falls too rapidly with radius to
maintain this condition (and sometimes goes negative),
so that the pitch decreases appreciably in this region.

Among the slow pinch discharges, only in the case of
Sceptre III has the plasma pressure deduced from the
magnetic probes measurements been published. " The
pressure is a maximum in the center of the discharge
and falls oft with radius throughout the main core of
the discharge. At approximately half the tube radius
the pressure passes through a minimum and then rises
towards the walls. A somewhat similar pressure profile
was obtained for the faster discharge in Perhapsatron
S4, except that the central maximum has a dip in it.'

b. Discharge Stability

With zero or low applied axial magnetic fields, the
slow pinch discharge exhibits violent kink instability
and large magnetic field Quctuations. Within the
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magnetic field range considered here this large ampli-
tude kink instability no longer occurs." However,
smaller magnetic field fluctuations remain whose
amplitude is usually in the range 10 to 20% of the
unperturbed field'" and whose mean frequency is
usually in the range 104 to 10' cps. On streak photo-
graphs light intensity variations are observed which
sometimes show helical patterns' and sometimes
"bars, '" these variations being correlated with the field
Quctuations. " The fluctuations in the central core of
the discharge have a wave velocity antiparallel to the
axial current, "whereas those in the outer regions have
a different character and move in the opposite
direction. '4

c. Particle Temyerature

The electron temperatures are in the range /&&10'
to 5&(105 'K. Values in this range have been obtained
from the electrical conductivity "and also by a fairly
accurate spectroscopic measurement. '5 On the other
hand, the evidence is growing that the observed
Doppler broadening of impurity ion spectral lines' ' is
due to thermal motion, " so that the positive-ion
temperatures may be in the range 10' to 5)&10' 'K.

d. Electron Energy Loss

Most of the energy given to the electrons by Ohmic
heating is lost to the walls. '" Since it has been shown
with Zeta that radiation is not sufficient to explain this
loss," the energy must be carried to the walls by the
electrons themselves. Large wall currents of low-energy
electrons have been detected. ""Similar considerations
apply to the beginning of the pulse in the faster dis-
charges produced in ceramic tubes, '~ but the rapid
vaporization of the tube walls raises the impurity level
so that radiation soon becomes the main energy loss. ' "

e. Nuclear Reactions

For currents of the order 10' amps and above in
deuterium, nuclear reactions occur at rates up to about
5)&10' per pulse. ' ' ~ The centers of mass of the reacting
particles have a mean velocity parallel to the current
in the s direction in the range 4g 10 to 6g 10 cm sec '.
(See Rose et at ,
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3. MAGNETOHYDRODYNAMIC STABILITY OF A
DISCHARGE WITH CONSTANT PITCH

MAGNETIC FIELD

In this section the energy principle will be applied
to a cylindrical discharge whose magnetic field is
assumed to have a constant pitch at all radii, namely,

and the energy increment becomes

d (Bgp««Be—
f

—f+ ~:. (8)
0 dr k r ) r'(8'+yp)

The condition for stability is thus

ol
(Bg/8, ) = (2«/Xa)

(1/8.)(dB./d )=(/8 )(d/d )(8/),

d /Bg) —28g'—1n] —
/ (

dr & r ) r(B'+yp)
(9a)

~m(dV/d1) =jxB—vp,

E+VX8=0,
(3)

(1/p)(dp/«) = b/ )(d /«) (5)

where n is the particle density, M the positive ion mass,
V the plasma velocity, p the plasma pressure, j the
current density, E the electric field, and p is the ratio
of the specific heats. Rationalized electromagnetic
units are used. (The simplifying assumptions associated
with these equations are considered in Sec. 4.c.)

where )~ is the constant pitch. Small normal mode
displacements of the plasma of the form

g(r) exp[i(cot —m8 —kz))

are considered, and it is necessary to divide the modes
into two classes depending on whether or not their
crests (and troughs) are parallel to the magnetic field.
The modes whose crests are parallel to the Geld, the
interchange modes, are those which satisfy

rNBg+krB, =0,

and the kink modes are those for which Eq. (2) becomes
an inequality.

The energy principle' is derived from Maxwell's
equations, the continuity equation and the commonly
used magnetohydrodynamic approximations:

This relation has been given previously by Tayler"
and for the particular case where 8,=0 and m=0 by
Kadomtsev, 22 who points out the convective character
of the interchange modes.

With the aid of Eq. (1), the initial equilibrium con-
dition jXB=Vp can be written in the form

(Be l 28e' 1 dP—»I —I+
dr ( r ) rB' 8'dr

(10)

so that an alternative form of Eq. (9a) is

(dp/«) &
—L~~pB '/ (8'+~p)).

Since all the quantities on the right-hand side of (9b)
are positive, it follows that in addition to all positive
pressure gradients, negative pressure gradients up to
this magnitude are stable against interchange
instabilities.

In the case of the plasma conGguration for marginal
stability which is given by the equality in Eqs. (9), a
small displacement of the plasma produces no change
in the magnetic Geld. Thus, by taking the curl of
Eq. (4) and using the appropriate Maxwell equation,
it follows that the change in 8, namely 8$, is given by

58= ~x (&XB), (11)

so that to first order

a. Interchange Modes
d (Bg'l

»e= 6; ]
——

I

——Be~ (,dr(r) (12)

When the relation (2) is satisled, the change in the
potential energy of a cylindrical discharge caused by
the displacement g reduces to the form given by
Tayler"

7l r
~W= dr )a, +8 +~p)~V g—

~

2

d (Bg) 48g'
28g

drEr) r
(k.~ () . (6)

When this integral is minimized with respect to fg and
$„ the most unstable modes are found to satisfy

(8'+vp)~ (=2(8'/)~„ (7)
'1 R. J.Tayler, Atomic Energy Research Establishment Report

L 103, 1959 (unpublished).

58,= —$, 8 BV' (. — —
dr

88, is zero, and from Eqs. (7), (9a), and (1) it is seen
that the right-hand sides of (12) and (13) are also zero.
A further property of displacements at marginal
stability is that 8p is zero.

For conGgurations away from marginal stability it
can be shown that bB is small compared with $,(dB/dr)
provided ~/cu;. &&1, where cv;, is the ion cyclotron
frequency. (The condition &o/~;,&(1 is already a neces-
sary condition for the validity of the energy principle. )
Hence in discharges whose pressure gradients exceed
that given by Eq. (9b) by only a small amount, the

~ B. S. Kadomtsbv, J. Exptl. Theoret. Phys. (U.S.S.R.) 37,
1096 (1959).
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interchange instabilities will produce only small Quctu-
ations in B.The second-order effect of these interchange
modes is to reduce the pressure gradient and hence to
self-stabilize the discharge at the pressure gradient
given by Eq. (9b).

b. Kink Modes

For the purposes of this paper it will be suAicient
to consider those kink modes whose crests and troughs
make only a small angle with the magnetic field.
Therefore modes are considered with wave numbers
m and (ks+8k) where m and ks satisfy Eq. (2). For
such an instability, the terms in the energy integral
involving the quantity (mBe+krB, ) no longer vanish,
and the condition for the integral to be a minimum is
the more usual condition V' )=0. In this case the
integral reduces to

t "mr (mBs q
' 280 d(rBq)

~w= ~ d. g„s
1

—+kB. 1—
~o 2 ( r ) r& dy

mBs
+1 —kB,

1

E r )
(ms+ ksrs)

clgr ] m'Bss~
+2r~

1

k'8 '—
I

(~'+k'r')
ar ( r' )

) Ogre' ~mBe
+1 ~ 11 +kB.

1

Br) E r
(m'+k'r') (14)

t mr (msBs/r koB,)' 28s —d(rBe)
bt/V= —dr $

2

2 ep+kosr'

where the coeKcients A~, A2, etc., are functions of m,
kp, 8„)„and (8$„/Br).

For small bk only the 6rst term A&bk need be con-
sidered, and the condition for stability is

(mBs/r —k08,)' 28e d(rBs) A i8k
7

eP+k 'r' r' dr $ 2

or using the relations (2) and (10),

(dp/dr) )~—(rB'A iok/280'] ')
or

(16)

(dp/dr) &~X', (17)

where X'=1rB'Ai8k/288sg, '1, since in general Ai will

not be zero and the sign of bk can be chosen so that the
quantity on the right-hand side of (16) is positive, (In

ss W. A. Newcomb, Ann. Phys. 10, 232 (1960).

(see for example Newcomb") or expanding in terms of
sk:

actual fact the sign of bk required is negative; i.e.,
modes with wavelength longer than the interchange
modes are the more unstable. ) Hence for stability
against the modes which are at a small angle to 8 the
pressure gradient must be greater than this small
positive quantity X. For a given pressure gradient,
instability will increase with 18k1 until the higher
order terms become important, when bw/ will probably
go through a minimum. For the purpose of this paper,
however, it is not necessary to find the most unstable
kink mode.

For these modes if the plasma configuration is
sufficiently close to that for marginal stability so that
co/&u„«1, then the plasma displacement will satisfy
approximately V )=0 and the changes in Be and 8,
will be approximately $„(dB./dr) and $,r(d/dr) (Btt/r)

A simple physical picture may help to explain why
a small change in the angle of the instability mode with
respect to B should make such a marked change in the
stability condition. Consider a discharge with a negative
pressure gradient given by the equality in Eq. (9b). A
normal mode displacement with troughs and crests
parallel to the magnetic field (an interchange mode)
will leave B and p unchanged at all points in space and
will be neutrally stable. A similar displacement, with
crests and troughs at a small angle to the magnetic
field, will also lead to practically no change in p, but
in this case the lines of force will be bent. On any
particular line of force, at some positions along its
length it will be carried outwards, and the plasma
frozen to the line will expand to match the lower
pressure at larger radii, and at other points the line
will move inwards and the plasma will compress. Thus,
regions of differing pressures will be connected by lines
of force and the plasma will Qow along the lines of
force towards the low-pressure regions. This will
enhance the outward displacement at the low-pressure
region, making the original perturbation unstable. As
the angle between the crests (and troughs) of the
instability and the magnetic 6eld tend to zero, the
growth rate of the instability will tend to zero because
the distances between high- and low-pressure regions
becomes in6nitely great.

4. COMPARISON BETWEEN THEORY
AND EXPERIMENT

a. Pressure Gradient

Since the experimental results show a substantial
negative pressure gradient for the core of the discharge, "
the relation (17) predicts that the core should exhibit
a gross kink instability. In the case of the interchange
mode, to compare the predicted stability criterion LEqs.
(9)7 with experiment it is necessary to know the plasma
pressure. Since there is an unknown integration constant
in the pressure deduced from the observed pressure
gradient, it is more convenient to compare observed
g,nd predicted pressures in this case.
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TABLE I. Comparison between experimental and theoretical pressures.

Radius
(cm)

1
2
3
4
5—1—2—3

—5

Pressure observed by
Allen and Liley."

(pp is the integration constant)
(105 d cm-2)

1.04+pp
0.84+pp
0.56+pp
0.30+pp
0.10+pp
1.05+pp
0.90+pp
0.72+pp
0.52+pp
0.33+pp

Pressure calculated from
(9b) using observed

pressure gradient, etc.
(105 d cm—

2)

2.9
2.19
2.28
1.32
0.68
2.68
2.33
2.07
1.66
1.1

Percentage error
with pp= 1.3&(105

dynes cm 2

+24
+ 2%
+23%
+17%

51%
+14%
+ 6%
+ 2%—9%—32 0

In Table I, the second column shows the plasma
pressures obtained experimentally by Allen and Liley"
for the discharge core. po is the integration constant
and is the value of the pressure at r =6 cm, the position
of the pressure minimum. The third column shows the
pressures calculated from the equality in (9b) using the
observed values for dp/dr, Bg, and B,. The last column
shows the percentage difference between the two
pressures if po is taken as 1.3)&10' d cm ', the value
for best fit. Assuming that this is the correct value for
po, the agreement between theory and experiment is
as good as can be expected, since dp/dr will have a
large experimental error and no allowance has been
made for the toroidal geometry.

The range of other values which could be taken for
p, is limited from other considerations. Thus, the lowest
possible value for po is zero; this would make the ob-
served negative pressure gradients twice (at r=2 cm)
to six times (at r=5 cm) the allowable gradient for
interchange stability. The upper limit for po cannot be
much higher than the value taken, since the integralf2xrpdr alread. y leads to a value of X which is several
times the initial gas filling" even if the mean ion tem-
perature is taken as high as 10' 'K. (X is the number
of particles per unit length of the discharge. ) These
considerations, therefore, suggest that the plasma
pressure must be such that the negative pressure
gradient is of the same order as, or somewhat greater
than, the value for maginal interchange stability.

b. Magnetic Field Fluctuations

The expected fluctuation of 8, due to the kink in-
stability is approximately ),dB./dr. In the experimental
results" for Sceptre III, dB,/dr is approximately

B,/r at r=6 cm and hen—ce the expected percentage
fluctuations are 100$„/r. Since the observed Quctu-
ations are only 15%, this means $„cannot be greater
than about 0.15r=l cm or about 6% of the tube
radius. On the other hand, the interchange instability,
which produces only small changes in the magnetic field,
could be occurring with large amplitude. Since other
workers have observed only small Quctuations these con-
clusions must be general to all slow pinch discharges.

C. DiscussioIl

The above results indicate that the kink instability
is either not occurring in the slow pinch discharge or,
at most, is occurring with only small amplitude. This
reveals an apparent discrepancy between experiment
and the predictions of magnetohydrodynamic stability
theory. Secondly, the observed pressure gradient sug-
gests that the interchange instability is occurring and
is limiting the negative pressure gradient to the value
for marginal stability with these modes.

Since stability theory considers only small displace-
ments and neglects products of quantities proportional
to the displacement, the discrepancy between theory
and experiment could be due to the higher order terms
causing stability at Rnite amplitude. It seems unlikely,
however, that a kink displacement which is 6% of the
radius is sufIiciently large by itself to make second-order
terms important. However, because of the large power
being generated in the discharge by Ohmic heating,
an interchange instability could be occurring con-
tinuously with large amplitude. The interchange dis-
placements might be the cause of nonlinear stabilizing
terms for the kink modes. However, because of the
simplifying assumptions of magnetohydrodynamic
theory, there are other possible causes of the dis-
crepancy which do not invoke these higher-order terms.

The major assumptions which must be made in order
to derive Eqs. (3)—(5) from the exact Boltzmann
equations are:

(a) The particle collision frequencies are large com-
pared with the perturbation frequency (cv), so that the
velocity distributions are approximately Maxwellian.

(b) The electron-ion collision frequency is small
compared with the electron cyclotron frequency, so
that the resistivity term can be neglected.

(c) p«L, where p is the ion Larmor radius and L is a
characteristic length in the discharge.

(d) &uL&C, , where C; is the mean ion thermal
velocity.

When these assumptions are made, Eqs. (3)—(5) can
be obtained from more accurate transport equations
provided only terms of zero order in the parameter



p/I. are retained (see for example Bernstein et cl.s). In
applying these equations to derive the energy principle'
the further assumption is made that .the plasma has
no mass motion.

In most slow pinch discharges the electron tempera-
ture and the magnetic 6elds have been suKciently high
for condition (b) to be satisfied. However, at the high
ion temperatures observed in Zeta and Sceptre the
deuteron-deuteron collision frequency is of the same
order as, rather than larger than, the instability fre-
quencies as required by assumption (a). This means
that the perturbation to the deuteron pressure may not.
be isotropic, but from the work of Rosenbluth and
Rostoker'4 it will still be isotropic at marginal stability
and the stability condition will be unaffected.

A further effect of the high ion temperatures is that
the ion Larmor radius is not negligible compared with
the characteristic lengths in the discharge. For example,
in the results of Allen and Liley considered in Table I,
the Larmor radius is about a third of the characteristic
length p/(dp/dr). The higher order terms in the
parameter p/I could have a stabilizing effect. In con-
nection with assumption (d) the observed fluctuation
frequencies are too small to satisfy the equality col. C;,
but the kink instability growth rates predicted by Eqs.
(3)—(5) are of the order required, so that the prediction
is consistent with this condition.

A further experimental property of the slow pinch,
which is not consistent with the above assumptions, is
the presence in the discharge of deuterons with directed
velocities well in excess of their mean thermal velocity.
That at least a small fraction of the deuterons have
such velocities is shown by the energy shift exhibited
by the neutrons and protons from the nuclear reactions.
However, due to the presence of moderate concen-
trations of highly ionized impurity ions in these dis-
charges and the fact that Tq&)T„ the fraction of
deuterons with these high velocities may be large. (The
main effect of the impurity ions is to reduce the electron
drift velocity. " On the other hand, the impurity
concentration may be such that many of the deuterons
can "run away" from the impurity ions. Such deuterons
will reach a terminal velocity with respect to the
electrons which is approximately equal to what the
electron-deuteron drift velocity would be in the absence
of impurities. The observed center-of-mass velocities
for the reacting deuterons are in reasonable agreement
with this expected terminal velocity. )

The direction of this deuteron motion will be along
the magnetic 6eld lines, and hence, if a kink per-
turbation is present, these fast deuterons will experience
an effective frequency co'=O'V&, where V& is the
deuteron velocity and 2m/k' is the wavelength of the

~M. N. Rosenbluth and N. Rostoker, reference 1, Vol. 31,
p. 144.

ss A. A. Ware and J.A. Wesson, Proc. Phys. Soc. 77, 801 (1961).

perturbation measured along the field lines. Simple
considerations suggest that, if co'&co;., the deuterons
will exert a stabilizing effect on instabilities which bend
the magnetic lines of force and if co'(co;. the deuterons
have a destabilizing effect. In either case the deuterons
close to resonance will be the most effective, so that if
the number of fast deuterons is increasing with velocity
at the point of resonance, there will be a net stabilizing
effect. The observed velocity for the fast deuterons-
the center-of-mass velocity —is such as to give the
cyclotron resonance at wavelengths (2s/k') approxi-
mately equal to the tube diameter.

S. CONCLUSIONS

The application of the magnetohydrodynamic energy
principle to a discharge with constant-pitch magnetic
6eld shows that the stability conditions for interchange
and kink modes are those given by Eqs. (9) and (17),
respectively. Comparison between theory and experi-
ment suggests that only the interchange instabilities
occur with appreciable amplitude in practice. These
modes are self-stabilizing and limit the negative pres-
sure gradient to the value given by Eq. (9).

The slow pinch con6guration should still be grossly
unstable to kink modes, but the smallness of the
observed magnetic 6eld Quctuations shows that they
can be occurring at most with only small amplitude.
The cause of the kink stability is not known, but it is
pointed out that the slow pinch has properties which
are not consistent with the assumptions of magneto-
hydrodynamic stability theory, and which could have
a stabilizing effect on the kink modes. Thus, the ion
Larmor radius is not small compared with character-
istic lengths in the discharge, and there are deuterons
present with high velocities parallel to the magnetic
field. A further possible cause of the small amplitude
of the kink modes is the presence of a large-amplitude
interchange instability making nonlinear terms
important.

Since the slow pinch discharges are suKciently
stabilized against the magnetohydrodynamic insta-
bilities to make the observed Quctuation frequencies
small compared with C;/I. , the standard magneto-
hydrodynamic equations (3)—(5) are no longer good
approximations. The Hall emf, the electron pressure
gradient emf, and heat conduction can no longer be
neglected. Kadomtsev" has shown that these extra
terms lead to new instability modes with lower growth
rates. The presence of these modes in the slow pinch
discharge will be considered in a future paper.
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