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The preliminary analysis essential for the application of the Mandelstam representation to the photo-
production of K mesons has been carried out. The analytic properties of individual multipoles have been
investigated and the positions of the singularities have been located.

I INTRODUCTION

PPLICATION of the analytic properties of the
scattering amplitude to photoproduction was
initiated by Chew and Low.! Chew et al.? applied the
fixed-momentum-transfer dispersion relation to the
photoproduction of pions. They used the static approxi-
mation and exploited the (3,3) resonance. Ball® has
extended their treatment by applying the Mandelstam
representation.

In the case of photoproduction of K mesons, we have
not as much information as in the photoproduction of
pions. We do not know about the K-V relative parity
nor anything about the magnetic moments of hyperon.
Also the phase of the pion photoproduction matrix
elements is simply related to the pion scattering phase
shifts by unitarity. No such simple relation exists
between the photoproduction of K mesons and the K-V
scattering phase shifts as exists when there is only one
channel open. Moreover, there is a large unphysical
range on the physical cut, as the cut starts at (u+m)?
and the threshold is at (K4 M)2 Thus even the integral
on the physical cut is not simply determined by uni-
tarity. The only simple statement of unitarity applicable
for the multichannel case is that given by Feldman,
Matthews, and Salam.*

In this paper, we have carried out the initial stages
of analysis essential for the application of the Mandel-
stam representation to the photoproduction of K
mesons. Many complicated features of the problem due
to the four different masses become evident.

In Sec. II, the kinematics are discussed and invariant
amplitudes are set up. In Sec. III, the Mandelstam
representation is written and the residues of the poles
are calculated. In Sec. IV, the multipole analysis is done
and the singularities of the partial wave amplitude are
determined. In the Appendix the singularities are
derived.

II. KINEMATICS

Let the four-vector momenta £, g, 1, p» correspond
formally to the ingoing particles (Fig. 1). Define the

1 G. F. Chew and F. E. Low, Phys. Rev. 101, 1579 (1956).

2G. F. Chew, M. L. Goldberger, F. E. Low, and Y. Nambu,
Phys. Rev. 106, 1345 (1957). Hereafter this will be referred to as
CGLN.

3J. S. Ball, thesis, Lawrence Radiation Laboratory Report,
UCRL—9172, 1960 (unpublished).

4 G. Feldman, P. T. Matthews, and A. Salam, Nuovo cimento
16, 549 (1960).
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three invariants:
5= (k+p1)*= (g+p2)%, (2.1a)
u=(g+p1)*= (k+p2)%, (2.1b)
t=(k4q)*= (p1+p2)" (2.10)
Conservation of momentum gives
stu-+t=m>+M>+ K> (2.2)

Tach of the invariants defined by Egs. (2.1a, b, ¢)
represents the square of the total energy in the bary-
centric system for the reactions:

L ktpr——g—p (v+FN—-K+Y), (2.3a)
IL  g+pi— —k—p: (K+N—>y+7¥), (2.3b)
II1. kt+q— —pi—p2 (7—{-K — N+7). (2.3¢)

These three reactions must be considered together if
one uses the Mandelstam representation.
We define
k= (|k| k),

—g= (w7q);

PlE (61: —k)7
_pQE (62y —q))

where k and q are the initial and final three-vector
momenta in the barycentric system.
For reaction I:

(2.4)

s=W?2, (2.5)
u=m?+K2—2e;0— 2kq cosf, (2.6)
t=K2—2kw2kq cosb, (2.7)
(=m) [ (M+KPIs— (M~K)]
2=b___.’ 112= ) (28)
4s 4s
s—(M?—K?) s+m? s+ (M*—K?)
W= , €1=— y €2= . (29)
/s 2/s 2/s

F16. 1. Feynman diagram
for photoproduction of K
mesons.
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We write the T matrix as

8
T=3% Bi(s,u,t)N;, (2.10)
=1
Ni=7v-¢, Ny=1iy-ey-k,
No=k-e, No=ik-ey-k,
e T 4
]\73=Q'6, A77=7/Q'€’Y‘k,
Nsy=P-¢ Ng=1P-ey-k.

This is the most general 7" matrix allowed by Lorentz
invariance. Application of gauge invariance gives only
four independent functions. We select these inde-
pendent functions in the same way as CGLN. Thus,
for (K-Y) even parity:

T=AM+AMo+AsM s+ AsM 4, (2.12)
Mi=1iy-ey-k, (2.13a)
My=2i(P-eq-k—P-kg-¢), (2.13b)
Mi=(y-eq-k—v-kg-e), (2.13¢)
Mi=2(y- P k—v-kP-e—imy-ey-k). (2.13d)

For (K-Y) odd parity:
T=}fj Ai(su,0)vsM . (2.14)

=1

The A/’s are functions of s, %, and ¢, as well as of the
isotopic spin. Denoting the isotopic index of the out-
going 2 by B, we have three isotopic spin invariants for
the reaction (y+N — K+2):

The values of the V’s and S’s for a particular reaction
are tabulated (see Table I).

III. MANDELSTAM REPRESENTATION

The Mandelstam representation for the gauge-
invariant amplitudes 4; has been written by Ball®:

I‘i(s) I‘@(u)

m2—s M*—u

A; (S,M,l) =

© .00 a (s’,u’)

1
“+— f ds’ j '
7 myr Vtm:  ('—5) (W' —u)
d;‘lg(é‘l,ﬁ/)

1
S f ds’ f a7
w2 gmyer Surrp  (T—s)({'—1)

1 pe ° a2 1)
+— f du/ f ——"" (3.1)
7% (u My wt+rye (' —u) (' —1)

There may be present one-dimensional integrals in the
variables s and # in the spectral representation of 4,;
i=1, 3, 4.

As shown by Mandelstam, one can easily derive
one-dimensional dispersion relations with either s, u,
or ¢ held fixed. For fixed s:

0 0

1 p® a2(u,s)
A (s,u,t) =poles+— [ aw’

™ & (p+M)?

1 p= at(t's)
+ f a .
T Jtry U=t

u'—u

(3.2)

v, p=1 s78]=0gs 2.15; . .
#=3lraratrira]=da, (2.15) The absorptive parts a;/(x,y) are equal to ImA,; when
V_ =177, (2.15b)  the variables s, %, and ¢ are in the physical region for
the reaction “;” defined by Eq. (2.3). Equation (3.1)
8=
VoP=rs. (2150)  hows that
A? is an isoscalar. Therefore, for the reaction w 2l
, 1 @i (u',s")
(y+N — K4AY), al(u ,s)=-~f ds -,
TV (p+m)? §—=3
we have two isotopic spin invariants, 1 o a2 1)
Sy=rs, (2.16a) +- dff —————, (3.3a)
7Ytk Ptstu'—2
So=1. (2.16b)
Thus 1 p= a*({t's")
alt(t' s)=— ds' ———
Ai=A5V+V+B+A1'V_V_ﬂ+A .,;VOVoﬁ, (217) v ’
T (a2 s'—s
and
A i=A¢S+S++A iSOSo, (218) 1 *© di%(%,,i/)
. +- dw ————  (3.3h)
for  and A° respectively. T (e wts+—32
TasLE 1. Matrix elements of Vo and Sy, for the possible charge configurations.
YHPOKHE b poKHEY g poKA oy baoKrHD ynsKfET yba—oKohA
v, 1 0 1 0 .
| 0 V2 0 —V2 ..
Vo 1 \Z —1 \2 ..
Sy e .. 1 .. e -1
So 1 1




1884

/ A

AN

i
i
iy

F16. 2. The diagrams which give rise to poles.

where

S=M4-m+ K. (3.4)

The spectral functions a;* actually vanish over parts
of regions of integration in Egs. (3.1) and (3.3).

The poles may arise due to diagrams shown in Fig. 2.
For a particular reaction, either diagrams (i), and (ii),
or (i) and (iii), or (ii) and (iii) contribute. Ordinary
perturbation theory calculations show that any two
of the diagrams combine to give a gauge-invariant
combination. The diagram (iii) contributes only to Bs.
We get the same result if we consider that there are
poles due only to diagrams (i) and (ii), whose residues
are as given below.

Case I. (K-Y) Relative Parity Odd
T'i(s) is given by
IyV+0=gse/2,
IpV+.0=gse/ (t— K?),
T3V =gz (up—ua)/2,
TyVe=—gs(up—pn)/2,
IySto=gre/2,
IyS+o=gue/ (1—K?),
TsSt=gn(up—un)/2,  T3%=ga(uptun)/2,
TySt=—ga(up—pn)/2, T4%o=—ga(uptuna)/2.

In order to calculate I';(#) we have to consider the
electromagnetic vertex of the hyperon.

(= 22| 1t M) ~i[GryutGeo s (— pr—q—p2), .
Then

V0~g2(ﬂp+ﬂn)/2
IyVo= “gz(llp'*“lln)/zr

T1=Gygy+2(M—m)Gsgy,
F2=Glgy/q-k,
3= —ngY,
4= *ngY
The electromagnetic current due to the hyperon is
Fu~Zy T2+ R0, 25+ A% A

Since X is an isovector, it only contributes to the iso-
vector part. The first and second terms contribute to
the 2 part and second and third to the A° part. If the
(2,A) parity is odd, the second term, which gives rise

FAYYAZUDDIN

to the transition moment, becomes A% ysZs. It is only
here that the relative (Z,A) parity enters. Thus

1
G1Vi=8[ 0 }, le“-_—o,
—1

M
G2Vi= (gA/gE)MT ; G2VO:0)
.
G5+0=0,
Gy5*+= (gz/gn)nr,

where uy, u_, and pao are the magnetic moments of =+,
2, and A° and ur is the transition magnetic moment.
Thus

GoS0=pys,

1

I'Wt=gse| O
-1

Mt

+2(M_m)gz ((gA/gE)#T] ) PlVO:O;
T

1

F2Vi=2gze/t—K2[ 0

I‘2V0:()7

Mt
T3V=0,V¢= —gs { (gA/gz)uT} )

b

FaV“=P4V"= 0y

TSt=2(M —m)urgs, T150=2(M —m)usegs,
P2S+,0=O,

[3St=TS+=—gsur,

T3S0=T4So= — gAMAS.

Case II. (K-Y) Parity Even
T'i(s) = —il'i(s) (odd),
Ii(n) = —i[Gi+2(M+m)G; )Gy,
T2(u) — —iT2(u) (odd),
T3,4() — i3 4() (0dd).
IV. ANGULAR MOMENTUM ANALYSIS AND
LOCATION OF SINGULARITIES

For (K-Y) parity even, we write the cross section in
the barycentric system as

=gIXYTGXNIZ; (4.1)
aQ k
o-zo-k q-e o-e0-q
G=1 Gl+1"“_ 91 Gs
! k
.ae-ka-¢
AT (42)
7’k
Gi=— [(ert+m) (e +M) ]
4r 2W
I—K?
X[A1— (W+m)A4———(A3+A4)], (4.3)
2(W+m)
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1 W—m a, B, etc., are kinematical factors. There are similar
G2=4_ e [(extm) (e +M) IPg expressions for M, Ey,, and E;.

' . . " . o

M, contains singularities due to the kinematical

X[Ast A= (Wtm)4,],  (44) factors a, 3, etc., in addition to the singularities due to

1 W—m se+m \* the 4;”s. The 4;”s have kinematical as well as dy-

) q namical singularities. The kinematical singularities

arise due to the fact that for small ¢k, 4% goes like (¢k)?,

as can be seen from Eq. (4.14). Therefore 4, for odd /

3=

dr 2W \e+M

— K2
y [A W —m At I—K (Aot A4)] 4.5) has a branch cut in the W plane, which is not related to
2(W—m) ’ the singularities due to the vanishing of denominators
in Eq. (4.14) but is due to the relation between ¢ or %
1 W—m sertm\* . and cosf. Hence if we consider the characteristic am-
4=; W \ et M q plitude
’ WM,
—m)ds]. (4. )
If (K-Y) parity is odd, then as in CGLN, we have it will be free of all the kinematical singularities in the
do ¢ W plane. This amplitude also has the correct threshold
—==| Xyt FXy ]2, (4.7) behavior. e, 8, etc., now become
a k W e
a-qo- (kXe) o-kq-e = )
F=ig-eFyt———— Fyti : 16 (gk)'
gk gk Wi 1
o-qq-e B—— ’
+i ; F. (4.8) dr [(WHM)2—K>](gk)!
1 w31
The F/’s are related to the 4’s as in CGLN. In the rest Y —; ( k)’"l’
of analysis we shall assume (K-Y) parity odd. ™\
The multipole analysis has been done by CGLN. W (Wi—mt)[(W—M)>*—K?]
Inverting their equations, we have 60— —— )
32 (gk)!
1
M= f dx[FlPl(x)—FgPHl(x) ) 1 (WHm)(W—m)[W2— (M>— K*)]
2(l+1) —1 a = = )
641 (gk)?
Pry(x)— Prya(x)
—‘F:;————] 4.9 W2 W+m
2041 Q- ——
or 167 (gb)!
TR T Y, W TP (K]
2(14+1) 87 [(WHM)*—K2](gk)+ ’
—BlAwt = (WAm) Ayt LW (W=m)(W—m)[(W—M)*— K]
- — .
Y 32 k)!
— LW =m) (A1t Ars) T (a#)
2+1 The dynamical singularities in A4,% arise due to the
Ar 3= A (A he A4 vanishing of the denominators in Egs. (3.3a), (3.3b),and
i i)+ (i wt] (3.2). The first term in Eqs. (3.3a) and (3.3b), gives rise
+a' (A3+A44)+a" (x4 3+xA44) to physical cuts in the regions W >m—~+u and W<

, " — (m~+p). The meaning of the latter can be understood
+6 (Aur*+Ara) +6" (0’ +2411) [, (410) by the symmetry relations®:

1 1
A= f dx Py(x)As, (1D Mo (=)= LA+ M s (V)

I+1 ] +Eqy-(W)], (4.13a)

1
xAi= Ay H———A4, 4% 4.12 Ep(—W)=—-[M _—IE _(W]. 4,13b
. 7 141 e -1 (4.12) w(=W) l+1[ (1) arny—(W)] ( )




1886

AR

me \(u+m)”

\ L/

F16. 3. The position of the dynamical singularities in the s plane
of the partial-wave amplitude. The branch cuts are indicated by
heavy lines.

The second term in Egs. (3.3a) and (3.3b) does not
give rise to any singularity.

Let us now continue the enumeration of these
singularities in the s=W? plane. These singularities
come from the vanishing of the denominators in Eq.
(3.2). Let us first consider the denominator containing
the variable %. Then

A= f
L M (K — 2ex0— 2kga)
@ 1

a2(u $)P(x)dx
+ f du’ f .
(u+M)2 19— (M K2— 2e10— 2kgx)

(4.14)

The first term gives the following branch cuts:
— (MP—K*) <5 <0,
— oo <s<—(M?*—K?).
The second term gives the branch cuts

M4 (M2—m2— K2)2mK — dm2K?
0<s< (P),
2(2mK+M2+K?)

—w <s<P.

In addition s also becomes complex in a small region
which is very close to the real axis and can be approxi-
mated as being coincident with the real axis. Finally
there are singularities due to the vanishing of #—¢.
This gives two cuts:

m (M +m)M —K?*]
M+m

—0<s<—P,

(—P") <s<0,

and a curve

(M2_ m2_ KZ) [x2_{_y2_ m2 (MZ . KZ)]
XL (a—m )y Ky = mt)i=0,

FAYYAZUDDIN

which reduces to a circle of radius m? centered around
the origin, if we put M2~m?+K2.
In A,, we get a term of the form

gre 1 1
oo
K2—i\m2—s M?—u

which can be put in the form

gre

(m*—5) (K*—1)

gve

(m2—s) (M2 —u)’

or their linear combination. The cuts due to the
vanishing of M?—u have already been discussed. The
vanishing of K?—¢ gives rise to the following singu-
larities:
— (M?2—K?) <5<0,
— o <s<— (M2—K?),

and a circle of radius (M2—K?) centered around the
origin. These dynamical singularities are sketched in
Fig. 3.

The use of these results are under investigation and
will be the subject matter of a second paper.
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APPENDIX
I
a2(u',$)P(x)dx
f an’ f .
(u+M)? 11— (M4 K2~ 2e10— 2kqx)

@0 1

Changing the variables to
3 =u'—m— K2,

2= —2ei0—2kqz,

we have
1 » o I‘Q/ ai2(Z/,5)Pl(— (z—}-Zelw)/qu)dZ
—_— A )
2kq Yy Uy 7—z

0= — (2exo—2kg),
Q'=— (2ew+2kg),
@' = (u+-MpP—m— K2

Let Q<Q’. Then Q<2< Q’ and a’<z'< «. Therefore a
singularity occurs, when

dZQ, Q<o or w>0>d.
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_ —[= Qr—m— K)Q— 20 ] [0~ (W= mi— K)L(Q+2mK) (0 — 2mK) ]

2(Q-+M+K?)

In the range
2mK<Q< o,

s is real, and we get two cuts,

0<s<P, and —w <s<P.

In the range
' <Q<2mK,

s is complex. But this region is small and close to the
real axis and can be taken as coincident with the real
axis.

II

L gd(t,s)Pi(x)dx
f it f .
(e +K)? 11— (K2—2kw2kgx)

N

Changing the variables, we have

1 fw .y J.Q' a7 ) Pi((342kw)/ 2kq)dz’
2kq J, Q 7=z

Q= — (2kw-+2kg),

Q' = — (2kw—2kq),

a=u+2uk.

Let Q<(Q'. Then, as before, a singularity occurs when

©>0>a.
Now

- [0*— (M24m2— K2)Q—2m* K> |=Q{[Q— (M2 +m?— K>+ 2Mm) [ Q— (M>+m>— K2—2Mm)]}}

2(Q+K*)

When
(M24m2— K24 2Mm) <Q< o,

s 1s real, and we get two cuts,

—P'<5<0, —o<s<-".
When
' <Q< (M2+m2—K*+2Mm),

s is complex, and we get a curve

(M2—m2——KZ)[xLI-'y“’—m?(MZ—K?)]
X [(x——m?)2+y2]+K2 (x2+y2_ ,m4)2= 0.

Similar considerations show that the vanishing of M?—u
and K?—¢ gives the singularities as given in the text.



