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The dielectric constant of BaTiO; single crystals in the region above the 120°C Curie point has been
measured at several frequencies in the range from'1 kc/sec to 2000 Mc/sec. In addition, the B coefficient
in Devonshire’s equation for the free energy has been studied at 500 Mc/sec. It is shown that the crystal
is completely clamped with respect to the measuring field at 500 Mc/sec so that the coefficient of the P*
term in Devonshire’s equation is positive and agrees with the expected theoretical result of B®=2.23X1071

cgs unit.

INTRODUCTION

REVIOUS studies of BaTiO; at low frequencies
have described the variation of the dielectric
constant ¢ as a function of temperature! At the
ferroelectric Curie temperature of 120°C, a discon-
tinuous transition takes place between the ferroelectric
and the paraelectric state. Above this temperature 7,
the crystal is in the paraelectric state and the dielectric
constant follows a Curie-Weiss law ¢=4r/[24(T
—To)]. A property of the material, one that makes it
attractive in numerous applications, is the variation of
the dielectric constant under the influence of an electric
biasing field.

Devonshire? developed a phenomenological theory by
which he explained the ferroelectric behavior of BaTiOs.
He started by expanding the free energy of a stress-free
crystal and obtained an equation which in the region
above the 5° C transition point reduces to

F(P; T)=F(0,T)+A(T—To)P>+BP+CPs, (1)

where 4, B, and C are constants, P is the polarization
along the tetragonal axis, T is the temperature, and
F(0,T) is the free energy at zero polarization.

Various observers have reported on low frequency
measurements of the dielectric properties of BaTiO;
single crystals. Merz? and Drougard, Landauer and
Young* have reported experimental values for the 4,
B, and C constants in (1). Results at 10 kc/sec show
that ¢ reaches a peak value as high as 15000 at the
Curie point.?

Recently, measurements of ¢ in the paraelectric
region have been extended to X and K band fre-
quencies®7? and yield results similar to those at 10 kc/sec.
There has not been, however, any measurements of the
B coefficient in (1) at frequencies above 10 kc/sec.
We will present in this paper measurements of the
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dielectric constant of BaTiO; in the region from
1 kc/sec to 2000 Mc/sec, and a measurement of the B
coefficient at 500 Mc/sec and at 1 kc/sec.

THEORETICAL BACKGROUND

We follow a treatment analogous to that of Devon-
shire and define a Gibbs function G, where

G=F—EP, 2)
which describes the energy of BaTiO; over its entire
temperature range. In this equation, F is the Helmholtz
free energy, E is the externally applied electric field,
and P is the polarization of the crystal. Since we are
looking for the stable states of the material, G must be
a minimum, so that at a constant temperature,

(0G/3P)r=0=(0F/dP)—E, 3)
and
(8°G/0P*)r=9°F/dP*>0, 4)
In order to obtain the dielectric constant of the
crystal, we make use of the relation

OE/0P=4r/ (¢ —1)~ (4n/¢), ©)

where ¢ is the relative dielectric constant. Below the

- Curie temperature 7', where the crystal has a spon-

taneous polarization, we have from (5), (3), and (1)
(4r/)=2A4(T—T,)+12BP?*4-30CP, (6)
whereas above T, where P=0
(4r/e’) =24 (T—T). (M

e’ is the dielectric constant at zero polarization.
Actually, the transition to the ferroelectric state is
found to occur above the temperature T, namely at
T. the Curie temperature, where P changes discon-
tinuously to zero. Therefore, the dielectric constant is
finite though discontinuous at the Curie point.

Equation (7) shows that ' follows a Curie-Weiss
law above T.. From it, the A constant in (1) can be
determined.

The electric biasing fields used in this experiment
were chosen of such a magnitude as to make the CP*
term in (6) negligible compared to the BP? term. Thus,

4r/ 224 (T—To)+12BP2, (8)
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F16. 1. Schematic drawing of dielectrometer cell.

In this equation the polarization P is due to the
externally applied field since above T, the spontaneous
polarization is zero. If we introduce (7) into the above
equation, we get

(4r/¢)— (4m/et') = 12BP". 9)
We can now combine Egs. (1), (3), and (7) to obtain
E= (4rP/e)+4BP?, (10)

and with Eq. (9) this may be written as
B=(16r*/2TEM[(1/€¢)— (1/e')JL(2/ &)+ (1/€) T, (11)

enabling one to determine B from the experimental data.

The meaning of B as obtained above is unambiguous
if we are dealing with a crystal entirely free of stresses.
BaTiO;, however, is electrostrictive in the paraelectric
region, and undergoes dimensional changes upon the
application of polarizing fields. It has been suggested?+*
that at frequencies higher than the piezoelectric reso-
nance, the crystal finds itself completely clamped with
respect to the measuring field, though it is still free to
respond to the large and slow variations of the biasing
field. How BaTiOs single crystals behave when certain
stresses are present to hinder these electrostrictive
strains has been treated in detail by Drougard, Land-
auer, and Young* (henceforth referred to as DLY).

We follow the notation of DLY in which ¢ and the
B coefficient are more completely identified as e,/ and
B.¥, x referring to the condition of the crystal with
respect to the biasing voltage and y referring to the
measuring voltage. Thus for example, BrC refers to a
crystal clamped with respect to the measuring field
but free with respect to the biasing voltage.

DLY start from a more general free energy function,

F(P, T,xi) = %011 (x12+x22+x32)+ C12 (x1x2+x2x3+x3xl)
+A(T—To) P+ BcC P+ giixs PP+ gis (x1+2) P2, (12)

where c¢1; and c¢i» are stiffness coefficients, the x; are
strains, and g1 and g1, measure the coupling between
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the crystal strain and the polarization. They then
proceed to investigate the case of a crystal free from
stresses, the case of a crystal completely clamped
longitudinally, and the case of a crystal still longitudi-
nally clamped with respect to the measuring voltage
but free with respect to the biasing field.

Since the stresses are defined by the relation X,
= —(dF;/9x,), it follows that (9F./0x;)=0 for the case
of a totally free crystal. Hence, the w; are functions of
P? and from (3) we have

E=24(T—T.)P+4BclP?
+2g1103P+2g12(witw2) P, (13)

The free dielectric constant ex’? is obtained by differ-
entiating £ with respect to P, so that

(47T/€F/F) =24 (T— T0)+1ZBCCP2+2g11x3
+2g12 (%14 22)+2g11.P (923/ O P)
+2g12P[ (dw1/dP)+ (dwz/dP)].  (14)

Since the crystal can strain freely, (dx;/dP)#0 and
DLY show that

(dxi/dP)= (2x;/P) for a free crystal. (15)
Hence,
(4n/ex'F)=24 (T —To)+12BcCP?
+6gux3+gm(x1+x2), (16)
and it follows from (8) that
Brf =B+ (1/2P)[guxs+gia(xitx2)].  (17)

In the present work the frequency of the measuring
voltage has been increased beyond the region of the
piezoelectric response, thus subjecting the crystal to
complete clamping with respect to the measuring
voltage. The crystal may still respond to the slowly
varying biasing field. Under such conditions, in the
notation of DLY, d’x;=0, where d'x; are the differential
strains induced by the measuring field under a strain
condition x; induced by the biasing field and we obtain

(4r/e5®) =24 (T— To)+12BCP

+2guwst2g12(01+x5),  (18)
and, thus,
BpC=BcC+ (1/6PY)[guixs+gia(aita2)].  (19)
This can be rewritten by use of Eq. (17) so that
BpC=Bp"—(1/3P)[guxstgis(@itas) ] (20)

Triebwasser has shown? that B¢®=BrF4-7.1X107% cgs
unit. Hence, from Eq. (17) we see that

(1/2P2)[gux3+g12(x1—|—x2)]= t 71>< 10—13,
which in turn leads to
BpC=BpF+4.73X 107 cgs unit. (21)

8 S, Triebwasser, J. Phys. Chem. Solids 3, 53 (1957).
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The results of the DLY experiment indicated that
Bpf=—25X10"" cgs units at the Curie point. If the
crystal is indeed clamped by the microwave measuring
field used in our experiment, we should measure
Bp€=+2.23X107" cgs units at the Curie temperature.
This type of behavior would be characteristic of a
second-order transition, as predicted by Devonshire.
Our interest in this experiment was centered on the
temperature region above the Curie point. This region
is of more practical interest in that ferroelectric losses
are not present to hinder high-frequency applications.

DESCRIPTION OF DIELECTROMETER

The experimental arrangement described in Fig. 1 is
similar to that used by Jaynes and Varenhorst.® The
measuring cell consisted of a §-in. o.d. coaxial line with
a characteristic impedance Z, of 50 ohms, which was
terminated by the BaTiO; sample. The coaxial sample
holder assembly was enclosed in a cylindrical oven to
permit measurements in the range from room temper-
ature to about 180°C.

The BaTiO; samples were single crystals 1XX1X0.25
mm, with evaporated gold electrodes on opposite
1X0.25-mm faces. A Teflon cap with an H-shaped slit
across the face was fitted over the center conductor of
the coaxial line; the sample was held in the slit. One
electrode of the crystal made contact with the end of
the center conductor; the other, with the end of a
spring-loaded shorting plunger.

An iron-constantan (type J) thermocouple T; was
imbedded in the thin face of the plunger to measure
the temperature of the sample. The spring behind the
piston-like short circuit always kept it in contact with
the crystal. Care had to be taken that the pressure be
kept relatively constant through the whole temperature
range to maintain good electrical contact with the
electrodes. On the other hand, if the pressure were
excessive, the crystal could easily be damaged. This
was especially critical at the transition temperature
where the sample rapidly undergoes large dimensional
changes. Excessive resistance to these changes would
cause the sample to shatter.

Thin-wall (0.010 in.) stainless steel tubing was used
in the construction of the coaxial line. This was done
in order to minimize heat losses through the line. An
additional thermocouple 7, was installed inside the
center conductor, at the end nearest the sample. The
thermocouple junctions located on opposite ends of the
specimen permitted the measurement of temperature
gradient AT'=T,—T across the sample. The temper-
ature of thermocouple 7', could not be monitored during
a run, however, since this interfered with the rf prop-
erties of the coaxial line. A heavy brass slug at the
sample end of the center conductor and a brass collar
around the same end of the outer conductor helped in
maintaining AT <1°C above the Curie temperature.

9 E. T. Jaynes and V. Varenhorst, Microwave Lab Report No.
287, Stanford University, Stanford, California (unpublished).

SINGLE CRYSTALS 119

The oven was insulated with Pyrex wool. Its temper-
ature was controlled by varying the voltage on a heater
winding surrounding the coaxial line. Measurements
were made as the temperature drifted down at a rate
of approximately 10°C/hr through the range of interest,
namely 160°C to 115°C. The temperature was moni-
tored by reading the thermocouple voltage T1 on a
Rubicon potentiometer.

MEASUREMENT PROCEDURE

Each sample was calibrated at 1 kc/sec by measuring
its capacitance and tané as a function of temperature.
These curves provided a reference to which the high-
frequency data could be compared. For this measure-
ment, a Beco impedance bridge was connected directly
to the dielectrometer line. The capacitance and tans
of the sample could be read off the bridge dials as a
function of temperature.

In the vhf region, a Boonton 190-A Q meter was
used. Here again, both the capacitance and Q of the
sample could be read directly from meter dials. Above
40 Mc/sec, however, corrections for line length became
appreciable and had to be taken into account. From
transmission line theory, the load admittance Yz of a
reactive network in terms of its input admittance Vin,
for a line of length /, is

YL= Yo(yin—jY(] tanﬂl)/(Yg—jYin tanBl), (22)
where Y,=characteristic admittance of the line=2
X102 ohm™ and 8=2x/A. For the equivalent circuit
chosen to represent our sample as discussed in the
following section, the input admittance of the sample is

Vin® =G5+ joCs=wCo (1/Q2)— (1/Q1) ]
+ jow(C2—Ch),

where Co=capacitance at the open Q-meter terminals;
Ci, Qi=capacitance and Q with empty test line;
Cs, Qo= capacitance and Q with sample in test line.

The first step in the procedure consists of measuring
C, and Qo with the Q-meter terminals open. The line
is then attached not containing a sample; this yields
the value Cj, the fringing capacitance of the gap; and
(1, the line losses. The crystal is then inserted and C,
and Q. are measured as a function of temperature, and
frequency.

At 500 Mc/sec and above, a slotted-line technique
was used. The shift of the VSW (Voltage Standing
Wave) minimum and the magnitude of the VSWR
(Voltage Standing Wave Ratio) ¢ in an HP805-B % in.
coaxial slotted line are sufficient to determine the
change in capacitance and tané of the sample. General
Radio unit oscillators provided rf power up to 2000
Mc/sec; above 2000 Mc/sec, a 2K41 klystron was
used. The detected output voltage from the slotted-line
probe was read on an HP425-Amicrovolt-ammeter. The
crystal detector was initially calibrated for voltage vs

(23)
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Fic. 2. Bias and probe wave forms expected theoretically. The
intercept of the wave forms with the vertical axis occurs at the
condition of zero bias voltage.

power law and its deviation from square-law behavior
was accounted for in the evaluation of the data.

In performing the measurements, a brass replica of
the sample was first placed into the Teflon holder and
the position of the first minimum do of the standing
wave in the slotted-line was measured. This represents
a point of infinite capacitance which establishes a
reference plane at a particular frequency.® The VSWR
o was also measured. Similar measurements were made
on the empty test line to give the fringing capacitance
and line losses. With the crystal in place, ¢ and the
variation of the position d of the standing wave mini-
mum with respect to do, namely d—do, were recorded
as a function of temperature.

The impedance of the sample Zp is then found in
terms of ¢ and d from the relation®

rﬂ—-l_l—v (a)
JLL | e
P g e (c)
W (d)

Fic. 3. Bias and probe wave forms observed experimentally.
This is a copy of a photograph depicting the biasing voltage
applied to the BaTiO; crystal and the progressive change in the
pattern detected on the oscilloscope as the standing wave detector
probe is moved from d to d’. (a) Biasing voltage =500 v. (b)
Probe at d [position of VSW minimum without bias]. (c), (d)
Probe between d and d’. (e) Probe at d’ [position of VSW minimum
shifted by the bias]. This photograph was taken at a crystal
temperature of 127°C.
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F16. 4. Series model: relative dielectric constant vs temperature.

- 0[0(1+T2) B ;T(a2—1)], (24)

AT T

where T'=tan[8(d—do)]. This procedure was repeated
at a number of frequencies. The frequency was moni-
tored by (a) measuring the wavelength in the slotted
line, and (b) comparing the signal with the harmonics
of a 1-Mc/sec frequency standard.

In order to measure the B coefficient, a variable high
voltage square wave generator was designed. It pro-
vided a 20-60 cps pulsed wave [see Fig. 2(a)] across
the sample, of amplitude ranging from 0 to 500 v. Due
to the change in the dielectric constant with applied
voltage (a change proportional to the square of the
voltage) the position of the VSW minimum shifts at a
rate twice that of the applied voltage (i.e., 40-120 cps)
with respect to the position of the VSW minimum d
at zero voltage; the direction of the shift is independent
of the polarity of the applied voltage. The slotted line
probe voltage for this condition is shown in Fig. 2(b).
If ¢’ is the new VSW minimum at the maximum and
minimum of the applied dc voltage then the expected
probe voltage waveform is shown in Fig. 2(c). For the
probe intermediate between these positions, the ex-
pected probe waveform is shown in Fig. 2(d). The
output of the probe detector was displayed on a high-
gain dc oscilloscope. A photograph of the scope patterns
observed is shown in Fig. 3 as the probe is moved from
do to d'. From the photographs one sees that the probe
voltage is not identical during the positive and negative
maxima of the biasing voltage; however, the two probe
voltage minima occur at the same probe position d’.
This asymmetry has not been explained.

RESULTS AND DISCUSSION

The sample in the dielectrometer line can be repre-
sented by a two-terminal network composed of lumped
resistive and reactive components. We have seen that
the experiment consisted essentially of measuring the
impedance or admittance of the sample as a function
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of temperature, frequency, and biasing voltage. At
any one frequency, a number of combinations of R and
X will result in the same value for Z;. The simplest
equivalent circuits of the sample would be those
resulting from placing an ideal capacitance C in series
or in parallel with a resistance R. By comparing the
frequency response of either circuit with that observed
in the dielectric, one can choose the appropriate
equivalent representation.

The impedance of the test line may be described by a
parallel RC circuit for which the input admittance

wCinP

VinP=GinP+ jwCinP=

+ juCin?

=wCin? tand+ jwCin?. (25)

This parallel RC network is easily related to the series
RC network if we use the fact that the real and imagi-
nary parts of the series and parallel admittances are
respectively equal. For the series RC circuit the input
impedance

ZinS=RinS— (j/wCin®). (26)
It then follows that
tand=wCsRg. (27)
Rs={tans/Cp[ (tand)>+17} (28)
and
{Cs=Cp[ (tans)*+-17}. (29)

It is seen that in the limit where tand is small (in our
case, at low frequencies or high temperatures), Cp=C3s.
Below 50 Mc/sec, where the length of line / is short
compared to a wavelength, the crystal capacitance Cg
is easily derived from instrument dial readings. The
loss tangent, as derived in the Appendix, is given by

tands=[Co/ (C:—C2) JL(1/Q2)— (1/Q1].  (30)

With our experimental arrangement, at frequencies
above 50 Mc/sec, line length corrections had to be
applied to the admittances as obtained from the Q-
meter readings. If ¥=G+jB is the admittance for
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F1cG. 5. Parallel model: relative dielectric constant vs temperature.
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Q-meter readings C and Q and the primed quantities
refer to the transformed admittances, then it follows
that

Cs=[(B2—Bo)'— (Bi— Bo)"]/w, (31)
and

tands= [(Gz“‘GO),— (GI“GU)I]/'
[(B:—Bo)'— (Bi—By)'].

In view of the well-known difficulties in obtaining
low Ohmic resistance between the crystal face and an
evaporated electrode of silver or gold, we were prompted
to choose a series circuit to represent the sample
terminating the coaxial line. Examination of the high-
frequency data supported this assumption (see Figs. 5
and 7). When interpreting the slotted line measurements
from 500-2500 Mc/sec, we use the relation

Zin— jZo tanB(d—do)
"Zo— jZ:n tanB(d—do)

Zr=2 =R+jX (32)
and the definition

o= (Zo/Zin) (33)

to arrive at Eq. (24) above. Hence the loss tangent of
the sample is given by

3.0— \

2.0~ -
. ~——SERIES MODEL
% ~—-PARALLEL MODEL
"[h? © 2000 Mc
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F16. 7. Curie-Weiss law behavior.
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R o(14T) 147

tand= — —= ~ for large o, (34)
X T(?*—1) oT
and since X = — (1/wC5),
1 247172 1 o412
=— (35)

S-— —_— .
Zow T(02—1) Zyw To?

The dielectric constant comes out of Eqgs. (31) and
(35) by assuming the sample to be a parallel plane
capacitor, for which

€= (t/4e)C, (36)

where ¢=length of sample in meters, 4=area of
electrodes in (meters)?, ey==8.854X 10722 farad/meter,
and C=capacitance of sample as computed from Egs.
(31) and (35). Equation (36) gives correct results up
to approximately 1000 Mc/sec. At 2000 Mc/sec, as
large as a 159 error is introduced by the field curvature
effect (the variation of the electric field along the thin
dimension of the crystal). This effect was treated in
detail by Jaynes.? It causes the measured dielectric
constant to appear higher than its actual value.

An IBM 6350 computer was used to reduce the data.
The results which are plotted in Figs. 4-7 were obtained
from the same crystal and are representative of the

Rs
2
Cs — éR
> Bs
c——j :

R >>Rs

F16. 9. Circuit representing
sample.

10 Note added in proof. In addition, this apparent increase in e
may be associated with the approach toward a cavity resonance
in the BaTiOj; crystal.
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TaBLE I. Experimental values of the peak dielectric constant
¢/, A in Devonshire’s free-energy equation, and T in the Curie-
Weiss law € =[2n/A (T'—T,)] as functions of frequency.

Frequency Peak ¢ A (°C)? T (°C)

1 kc/sec 10 000 3.29x 1075 105.1°

20 Mc/sec 10 000 3.27X1075 106.5°
80 Mc/sec 10 000 2.7 X107 100°
500 Mc/sec 10 500 3.6 X1078 104°

1000 Mc/sec 10 200 4.34%1075 107.2°

2000 Mc/sec 13 500 3.71X1075 109.3°

results obtained from a number of crystals, five of
which yielded data over the entire frequency range
without shattering. The data taken below the Curie
temperature are also presented in the figures but are
not discussed since the crystals are probably multi-
domain in that region. Figure 4 shows &’ vs temper-
ature at a number of frequencies for the series model
equivalent circuit (see Fig. 9). Most of the apparent
increase in the dielectric constant at 2000 Mc/sec can
be accounted for by the field curvature effect mentioned
above; the remainder is probably due to the uncertainty
in locating the position of the standing wave minimum,10
This uncertainty becomes more important as the
measuring frequency increases, since the total shift in
the position of the minimum decreases with increasing
frequency. Table I contains a summary of the constants
in the Curie-Weiss law for the series model obtained
from the curves in Fig. 7. In Fig. 8 is plotted the
resistance R, which in the paraelectric region is observed
to stay remarkably constant with temperature at
frequencies above 500 Mc/sec. This fact and a consider-
ation of the curves in Figs. 5 and 7 provide the basis for
choosing the series model for the equivalent circuit.
The rapidly increasing value of tané as a function of
frequency (see Fig. 6) is also consistent with this
model. At 1 kc/sec where R, is negligible compared to
the high reactance of C,, the parallel resistance R
(see Fig. 9) representing the bulk losses in the sample
was determined to be on the order of 10% ohms.

In Fig. 10, the dielectric constant at 500 Mc/sec is
plotted as a function of temperature for a number of
values of biasing voltage applied across the sample.
The crystal used in these measurements is not the same
as that one used to obtain the curves in Figs. 4-7. It
is evident from the curves in Fig. 10 that the dielectric
constant decreases with applied biasing voltage. The
Br€ coefficient (see Fig. 11) derived from these curves
varies between 2.1X 107 and 3.7X 107 cgs units over
the temperature range from 120° to 130°C. This is in ex-
cellent agreement with the theoretically predicted value
and leads us to believe that at these high frequencies,
BaTiO; crystals are completely clamped with respect to
the measuring field and indeed undergo a second-order
transition.

As an additional check, we tested a crystal at 1 kc/sec
and found that the Br? coefficient was —2.5X 1075 cgs
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Fi16. 10. Relative dielectric constant vs temperature
for a number of different biasing voltage.

units near the Curie point, which is indicative of the
unclamped condition.

CONCLUSIONS

We have measured the frequency dependence of the
complex dielectric constant of BaTiO; single crystals
with special emphasis on the behavior in the para-
electric region. The measurements at 1 kc/sec are in
agreement with previous results. At frequencies above
500 Mc/sec the losses observed are consistent with a
series equivalent circuit to represent our electroded
BaTiO; crystals. In keeping with tradition, it is believed
that the origin of this series resistance is at the surfaces.
We find in using this model that there is no relaxation
of ¢’ in the frequency range under study.

The effect of an electric biasing field on the dielectric
constant at 500 Mc/sec was also investigated. It is
established that the Bz® coefficient at 500 Mc/sec is
positive indicating that the crystal is clamped by the
microwave field. The experimental results are in
excellent agreement with Devonshires phenomeno-
logical equation for BaTiQ3.248
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APPENDIX
Derivation of Expression for tans of Sample

The loss tangent of the sample is defined by the
relation
tands= (1/Qs)=(Gs/wCs).

Let the Q-meter dial readings be: Co, Qo for Q-meter
terminals open; C1, Q; for empty test line connected to
terminal ; Cs, Q. for test line plus sample connected to
terminal. It should be noted that since the measuring
frequency is held constant:

C1+Ciine=Co and Co+Ciinet+Cs=Co.
Then we have
CS=CI—C27
and
Q:=[wCo/ (Go+Gi+G5)], '
so that

Gs= (wCo/Q2)— (Got+G1)= (wCo/Q3)— (wCo/Q1),
tands=[Co/ (C1—C2) JL(1/Q2)— (1/Q1)].



