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The effect of the tensor force in nuclei with closed shells plus one nucleon has been investigated using
second-order perturbation theory. It is found that one can explicitly exhibit the spin-orbit splitting due to
the tensor force using some simple identities. The spin-orbit splitting in He’ is computed, and found to be 3.4
Mev compared with an experimental value of 2.6 Mev.

1. INTRODUCTION

N a previous paper! we have formulated a procedure
for applying the second-order perturbation method
of Bolsterli and Feenberg? to doubly magic nuclei, and
applied it to O'S. We shall now extend this procedure
to nuclei with closed shells plus a single nucleon.
Particular interest in this calculation will focus on the
spin-orbit splitting to be computed for the last nucleon.
It has long been recognized that one requires an
effective one-body 1-s interaction®* to interpret nuclear
energy levels.

Several authors®™® have considered the possibility
that the observed spin-orbit splitting is caused by
second-order effects of the two-body tensor interaction
operator,

(1-1)

which is known'* to be present in the nucleon-nucleon
interaction. We shall show that the second-order effect
of S12 may be factored into two parts, the first part
displacing j=I43% 3 states by the same

—_ 1
S12=01-N120,- Njp— 301" 0y,

and j=I—%
amount, and the second part directly producing the
splitting of the two levels. We shall then apply our
procedure to obtain the splitting between the §- and
£-levels of Heb.

Throughout the paper we shall use freely the notation
and formulas of reference 1 (hereafter referred to as I).
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2. ADDITION OF A SINGLE NUCLEON
TO A CLOSED SHELL

In formulating our theory for doubly magic nuclei,
we started with a single determinant of particle orbitals
for the zero-order wave-function:

Yol = (AD " uspto- - -ual. (2-1)
We now wish to add one nucleon in a new shell, and
label the new orbital A44-1 so that our wave-function
becomes
Yo=[(A+ D) T uapz - - samapa. (2-2)
Now we expand the determinant in Eq. (2-2) by the
row of the (A4+1) orbital:

A+1
b= (AFD) S (= DiuarOpel,  (2-3)
=1

where the y¢’ are A-by-4 determinants of single-
particle orbitals with quantum numbers running from
1 to 4 and coordinate labels running from 1 to A-+1
with 7 excluded.

We now proceed to evaluate matrix elements as in I:

(2-4a)
(2-4b)

(2-4¢)

2,7=1

* Supported in part by a grant from the National Science Foundation.

1 P. Goldhammer, Phys. Rev. 116, 676 (1959).
2 M. Bolsterli and E. Feenber; 5g Phys Rev. 101, 1349 (1956).
3 M. G. Mayer, Phys. Rev. 75, 1969 (1949).

40. Haxel, J. H. D. Jensen, and H. E. Suess, Ergeb. exakt. Naturw. 26, 244 (1952).

5A. M. Feingold, Phys. Rev. 101, 258 (1956).

6 A. M. Feingold, Phys. Rev. 105, 944 (1957).

7 A. M. Feingold, Phys. Rev. 114, 540 (1959).

8 D. H. Lyons, Phys. Rev. 105, 936 (1957).

9 L. S. Kisslinger, Phys. Rev. 104, 1077 (1956).

0 B. P. Nigam and M. K. Sundaresan, Can. J. Phys. 36, 571 (1958).

1T, Terasawa, Progr. Theoret. Phys. 23, 87 (1960).

12 A, Arima and T. Terasawa, Progr. Theoret. Phys. 23, 115 (1960).

138 A, Arima, Nuclear Phys. 18, 196 (1960).

14W. Rarita and J. Schwinger, Phys. Rev. 59, 436 (1941) and 59, 556 (1941).
207



208

PAUL GOLDHAMMER

The first term in (2-4c) represents the mutual interaction of the 4 particles in the closed shells, which was pre-
viously calculated. The next term clearly represents the interaction of the extra nucleon with the 4 nucleons of

the core. Making use of the density matrices,

(alplb)= g W (@),

we have:

(X Vidoo=34(A—1) o | Via o)+ A uar (Dol | Vie|ta (Do) — 4 (MA+1(1)¢01 [ Viz| na11(2)¢e®)
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(2-5)

(2-6a)

-1 f e f [(1,2]0V 1] 1,2)— (1,2]6V12] 2,1) Jarudrs + f - f waet* (DL pVre] Dt (1)

— (2] pV 12| D1way1(2) Jdrsdrs.  (2-6b)

One may express the second-order terms in a like manner:

TA(AH1) (Ve ™0V 15)q0= 3A4(A-1) e l Ve MoV 1, l PYodtl)

+34 X (=D uana (ol | Vise ™MV | uan(Hdo?), (2-7a)

¢, =1

A (A + 1) (A -_ 1) (Vm@—)‘HOVl;;) 0= A (A —_ 1) (A —_ 2)<¢0A+1 I Vlge_)‘H"Vm I tpoA'H}

+A4(4-1) XSZ (= 1) a1 (D)o | Vise oV 13| uar1(He?)  (2-7b)

14(A4+1)(A4-1) (A —2) (V126 MV 35)00
=14(A—1)(A—2)(A=3) (o | Vige MV 3| o)

2,7=1

FAU=DA=2) T (=D uaps ] Vi Vs wa (D). (270

2,7=1

Each term in Eqgs. (2-7) expands into several parts when expressed by means of the density matrices, for example:

A(A—=1) (a1 (DPot| Vise MoV s3] 401 (Do!)

=e“’\E0f cee qu+1*(1)[(2,3 IpZ eXp(AHosc(l)+)\Hosc(2)) Vi exp(_)‘Hnsc(l)) Vis EXP(—AHosc(z))fzﬁ)

—(2,3] 0* exp(ANHose (1) F-NHoso(2)) V12 €xp(—NHose (1)) Vs exp(—AHaose(2) | 3,2) Jut a1 (1)drsdrodrs.  (2-8)

As we did in I, we may perform the spin summations,
isobaric spin summations, and space integrations in-
dependently. There is, however, one important differ-
ence. We are now summing effectively over incompleted
shells. To illustrate this, consider the sum on isobaric
spin. Let 7y represent the proton state and 7-j the
neutron state (later we use X; for spin up and X_j for
spin down). For closed shells we have isobaric spin
sums of the form:

(rraltlr= % 2@, (-9

i, j=—%

but now if the A-1 orbital represents a proton we
obtain, for the interaction of this orbital with the core,
terms of the form

035 (1) (r2| p| T2)m3 (D). (2-10)

Since

(r1,72| 0| T1,m2) =13* (1) (72| | 72)m3 (1)

+y* (1) (2] p| mo)n—y(1), (2-11)
we effectively are dealing with “half-filled” shells in
isobaric spin space in Eq. (2-10). A similar argument
holds for the spin except that here the A1 orbital may
be a mixture of X3 and X_; states and hence terms of the

sort:
X3*(1) (o2] p|o2)X—3(1) (2-12)

may appear. In the next section we shall consider the
spin sums relevant to the tensor interaction, and display
a simple theorem which directly exhibits the spin-orbit
splitting due to these terms.

3. THE SPIN-ORBIT SPLITTING

The spin sums over the second-order terms involving
the tensor operator (Si2=61-N1202-N13—16;-03) consist
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of three major types:

Xm* (d) (O'b l pSI2SI'2’ ‘ Uﬁ)xm’ (a) = Eab,aﬁmm’[(nm . n1’2')2_":1§

+ A ap,es™™ (12 N1rpr) (M2 X N1727) s —my

Xm* (@) (o5,0¢| p2S12S1/3] 08,04) Xow (@) = Eae,apy™™ [ (M12-113)*— 3
+ A abe,apy™ (12 Nyr3) (M1 X Ny 3) mr—m,y

Xn* (a) (’Ib)qc:ad [ p3S12S34 ! 0'5,0'7,0'5)er (a) .
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a,b=1,2; o B=1,2 (3-1)

4,b,c=1,23; o8v=1,23 (32

= Eabod,apys™™ [ (M12-034)2— 3 -+ A avca,apre™™ (M12 - N3s) (N1 X N3a) iy

where we use the spherical components for vectors
No="N,, Ny1=MN,==1n,. The terms multiplying E™ do
not depend on the orientation (E™ =8, E™") of the
spin with respect to the orbital angular momentum but
the terms in 4™ do, and therefore provide a spin-orbit
-splitting. The corresponding spin sums over closed
shells are of the form!:

(01,02 2512512 |00,08) = Eap[ (M1z-mr2)?— 3] (3-4)

(01,02,03| 025125 13| 72,08,0)
=Eup,[ (12 m152—3%] (3-5)

(01;02)73:64 ’ p4S12534 ] 0"!:0'5)0'77‘75)
= Eagys[ (12 034)*— 3.

(3-6)

We see that the 4™ terms disappear when we sum
over a complete spin shell. From Egs. (3-1) to (3-6),
one may deduce

E¥=F-t} gh= — gt
and (3-7)
Eirt=E-3=0,

Needed E# and A% are displayed in Table I.

TaBiLE I. The E»™ and A™™' coefficients of two-, three-, and four-
particle terms. Coefficients for absent permutations vanish.

e b o B8 Eabaptt  Aab,aptt
1 2 1 2 2 2
1 2 2 1 2 21
a b ¢ a B 7 Eave,apy®  Aabe,apyt?
1 2 3 1 3 2 2 2
3 1 2 2 1 3 2 24
2 1 3 3 1 2 2 27
1 2 3 3 1 2 2 21
2 1 3 1 3 2 2 2%
3 1 2 2 3 1 2 27
e b c d a« B 7 8  Eatcdeprs®  Aabed,apyst?
1 2 3 4 4 3 2 1 2 21
2 1 3 4 3 4 2 1 2 21
3 1 2 4 2 4 3 1 2 2
4 1 2 3 1 4 3 2 2 21
1 2 3 4 4 3 1 2 2 21
2 1 3 4 3 4 1 2 2 2:
3 1 2 4 1 4 3 2 2 22
4 1 2 3 2 4 3 1 2 2

a, b; Gy d=1, 2} 37 4; a, 8,7, 0= 17 2) 37 4) (3'3)

It is now possible to exhibit the spin-orbit splitting
in a simplified manner. Let us abbreviate

(3-8a)
(3-8b)

&= (ny;-mi)*— 1%,
Q= (- Ney) (05X N57) 1,

and consider the 441 orbital (angular part only) to be
%j,m. We need

iy, 113=X3 Yy, (3-9a)

iy, -3= D)XV ut (2D 4], (3-9b)
ty-y,3= 2+ 1) LYY u—XV 1], (3-9¢)

where the Vi, are spherical harmonics. Now consider
the energy shift due to a typical term in the j=I41,
m=14%, state:

AEr 2= (Yory 18] SisS| Yres,1e)

=EW(Yr| 8| Yuf )+ A Yar*| Qo] Yiif).  (3-10)
The Ysu are complex functions of several (i7kl)
particles which carry angular momentum J with
z-component M. Their explicit evaluation is not
pertinent to this derivation, and would only obscure
matters. Obviously one can calculate the same energy
shift in the j=I+43%, m=I1—1% state:

AEy 8= EW( Y| 8| Yulf )+ (20+1)71(20—3)

X{(Yur| Qo| Yif)ARA+C, (3-11)

where C is the cross term. We have used the fact that §
is a scalar and @ a vector in relating the matrix
elements:

(Yu| 8] Yuf) = (Yu-1| 8] Yu), (3-12a)

l
(Y| Qo Yuif)= l*_—l<‘yu—1“ | @] Yuif), (3-12b)

by the Wigner-Eckart theorem. Comparing (3-10) and
(3-11), we find
4
C=2l—+—1A%}<‘yu"‘l Qo Yirf). (3-13)



210 PAUL

The energy shift in the j=I—1 state is then
. -1
AE;,_p8=E¥(Yu*| 8| ‘yuﬂ)—}—A%f(Zl—{—l)‘l[—l———%]

X{Yu2| @o| Yuf)—C, (3-14)

where we have precisely the same cross term C, but
with a negative coefficient. Eliminating C from (3-14),
we obtain

AE; 8= E¥(Yu®| 8| Yuf)
I+1
—(Yu?| Qo yzzﬂ>(T)A%%. (3-15)

Comparing (3-15) with (3-10), we see that
A+1\
AEy 6 —AE, = (T)Aﬁ@zf‘f Qo| Yuif), (3-16)

which explicitly exhibits the spin-orbit splitting due to a
typical term in the tensor interaction to second-order.

The splitting due to a conventional one-body 1-&
term:

Veo.=V ()l o, (3-17a)

is customarily expressed by
AEy3— AE 3= (2U+1){(Ru(#) |V (#) | Ru(r)). (3-17b)

One must note that in both (3-16) and (3-17b) thereis a
“hidden” dependence on ! in the radial part of the
matrix element. This hidden dependence is illustrated
in Appendix I by a simple example.

4. APPLICATION TO He®

We shall consider here an application of the preceding
discussion to He’. We use a force presented in I, which
is a Serber mixture with a repulsive core fitted to the
properties of H2 H?, He?, and He*:

Vie=Jr exp(—r1s%/R?)
+(1/16)Jc[(1—01-03) (3+71- 72)
+ (3401 02) (1 =71 75) ] exp(—r1/7¢%)
+%(1“"¢1' ‘72)JS(7'12/7'0)2SI2

Xexp(—rit/red), (4-1)
where:
Je=—58.65 Mev, Jg=—107.29 Mev,
Jr=-+189.75 Mev, 7,=1.54(10") cm,
and

_R=7’0/\/8.

We compute, for the fifth nucleon in He®, only the
spin-orbit splitting between the p; and p; states from
Egs. (2-7). This is the simplest possible example.
Unfortunately it has the drawback that the fifth

(4-1a)
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nucleon is not bound and consequently the size param-
eter is uncertain. We obtain our rough estimate by
fitting the Coulomb energy difference between He® and
Li® (0.95 Mev in the p; state, and 0.85 Mev in the p,
state'®). We compute a splitting of 3.4 Mev compared
with an experimental value of 2.6 Mev.

The fact that our estimate is about 309, too high
may be attributed either to the problem of determining
the size parameter, the fact that the splitting is certainly
sensitive to the force used, or more likely a combination
of both. One should note here that the wave function
and the potential both have Gaussian radial dependence
and overlap exceedingly well. (The oscillator well
parameter %w used was 19 Mev.) This would appear to
strengthen the view that the overestimation of the
doublet P splitting is due to the radial functions used.

Feingold” has examined the doublet P splitting in
He%, and found that for a tensor force of the Serber
type the splitting vanished. We too found considerable
cancellation among terms with a Serber mixture, in
fact the two-particle terms in Eq. (2-7a), which are of
the type that produce splitting, cancel completely. We
are left with three-particle terms from Eq. (2-7b)
however, which would cancel were it not for the rigorous
treatment of the operator (E—H,)™ by the Bolsterli-
Feenberg method.

Since the two-particle terms in Eq. (3-16) cancel in
He?®, one does not mix in any states where two particles
are excited out of the ground state. The three-particle
terms,

Wol Viz|¥a)@a| Vis|o),

involve excitations of only one particle. We emphasize
that this cancellation occurs only when one nucleon
interacts with a closed 1s-skell. As one adds on more
particles, the two-body terms may build up. This effect
may be partially responsible for the building up of the
doublet splitting in the first p shell.

Teresawal' has computed the doublet splitting in
He® and attributes the effect to the fact that the nucleon
outside the closed shell suppresses configuration inter-
action of the core nucleons due to the Pauli principle
more effectively in the j=I—3} state than in the
j=1+1% state. Although this explanation appears quite
different from the derivation presented here, where the
doublet splitting is directly obtained from a’spin-orbit
term in the expansion of the tensor force insecond order,
there is a correlation between the two. Three-particle
terms like that in Eq. (4-2) represent the interaction
between particles 2 and 3 due to their mutual inter-
action with particle 1. Part of this interaction must be
related to the fact that particles 2 and 3 cannot be
excited to an orbital occupied by particle 1. The fact
that terms of this type contribute strongly to the

(4-2)

doublet splitting verifies the effect found by Teresawa.

(1‘55 g‘) Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77
955).
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We would emphasize that this is an effect of the doublet APPENDIX I. THE ! DEPENDENCE OF THE
splitting, however, and not the cause. SPIN-ORBIT SPLITTING CONTAINED
IN THE RADIAL INTEGRALS
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1 ] 4
I',= ——Gf v f (7’1_1’3+) ! (1’12+7’34_— 1’12_1’34+) (I']z . 1'34) exp[-— Z Yiti rj]drldrzdrgdu. (A-l)
T 1

1,7=
This integral is easily performed by the method of I, obtaining
D=3 (vee—v12) (Yas—v38) — (voatv10) (yoaty20) D~ D (2U4-3)T Tt (I— 1) D~ DD} (A-2)

where

D=det|vi;|, (A-2a)
To="v15(vervaas—vad) Fvorviaysat vaevesyntvae (Yivsat-vasyie), (A-2b)
T'o= (vae—7v12) (Yas—"v38) — (Yaatves) (Yeadv14) — 2vauvis+ 2y 1av2s, (A-2¢)

and

Pc=713(’)’22—’y12) (')/44—")'34)—1"724(’)/11—“‘)/12) (733—734)—714(722—'712) (’)’33‘—’734)—’723 (')’11")’12) (’744*‘734)
- (’)’13’724"’)’23’)’14) (713+’Y24‘|‘714+’Y23)- (A-Zd)
Setting /=1 in Eq. (A-2) yields the needed space integrations for He?®.

We may compare our I', with the analogous radial integral arising from the l-o term in Eq. (3-17) if V(#) has
the dependence exp(—ar?):

Ty=7"}% f f f (r—r4)? exp[— (a+k)r2]dr (A-3)
ad s 1

=(—1)!(a+k) %;i_a;(;——lg) (A—3a)

=]l(a+k)~ D, (A-3b)

where £ is the size parameter for our oscillator wave function.
Comparing (A-3) and (A-2) with (3-16) and (3-17), we see that in this simple case the  dependence of the spin-
orbit splitting is proportional to (2/+1) for both the tensor and thel- ¢ interaction, insofar as they are comparable.



