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Analytical Methods in Hartree-Fock Self-Consistent Field Theory~
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Two alternative schemes are proposed for the determination of electronic self-consistent Geld (SCF) orbitals
in atoms and molecules. They are designed to be applied principally to electronic con6gurations consisting
of two open shells. Both schemes are based upon the idea that the SCF orbitals are expanded in terms of
adequate basis functions but they are different in the way of solving the SCF problem. An attempt is made
to rate relative merits of both schemes, though they have not yet received any actual application.

I. INTRODUCTION

WO alternative formulations of the analytical
method are presented for solving the Hartree-

Fock self-consistent field (SCF) problem in atoms and
molecules. The first one is an explicit exposition of the
treatment described in a previous paper' (hereafter
referred to as I) and is a direct generalization of the
Roothaan procedure. ' The second one is closely con-
nected with an idea indicated in the fourth section of I
and here the idea is developed to the ultimate point. A
rough statement of the applicability of these two
methods is as follows. The first one covers various
electron configurations with two open shells of diferent
symmetry species, while the second one can be applied
to two open shells of same as well as digererst symmetry
species. A simple molecular example: the electron con-
figurations (1s- ) (1sro)~ and (1sr)~(2s.) (1~&M,
X~&3) can be handled with the second method but
only (br„)~(1sro)~ with the first one. An obvious
advantage of the first method over the second one is
its more or less established practicability since the
Roothaan procedure has already been used efficiently
for atomic and molecular calculations. This does not,
however, imply that the second method could be
practically useless. It seems formidable for desk calcu-
lations but we may reasonably hope that it is well
within the reach of modern automatic computers.

Among other works on the present subject a recent
paper by Lefebvre' should be mentioned, in which he
adopts a different approach to the subject. Apparently
the methods described in the present paper seem to
have a wider range of applicability than Lefebvre's
one, but the comparison between them should be based
upon actual experiences of applications to various
electronic systems of practical importance.

(1) The total Hamiltonian K is given by

&=E.&( )+sZ.~. (1/r")

C =P„c„+„, (2)

where the C„'s are 6xed coefficients. Each 0'„ is an
antisymmetrized product of one-electron functions or
orbitals f g, l, some of them being doubly occupied and
others singly occupied. Since we use the spin-free
Schrodinger Hamiltonian, the C„s may be determined

by requiring that the function 4 is the simplest of wave
functions which belong to a certain spin-multiplicity.
The orbitals (q;) may be assumed, without loss of
generality, to be mutually orthogonal. In referring to
the individual orbitals, we use the indices k, / for the
closed-shell orbitals, m, n for the open-shell orbitals,
andi, j for orbitals of either group.

(3) The expectation value of the energy is given by

where
~=(c I~le)i(c IC), (3)

(4)

f
(six e)= c*xc IIdv„.

H(is) is the nuclear field plus kinetic energy operator
for the p,th electron, and r„„ the distance between the
pth and the s th electron.

(2) The total wave function C is, in general, a sum
of several Slater determinants 4&„:

2. SPECIFICATION OF PROBLEM

We consider electronic systems of the following

specifications:

It is usual to normalize functions in the following way:

*This work was assisted by the OfBce of Naval Research.
t Permanent address: General Education Department, Kyushu

University, Fukuoka, Japan.' S. Huzinaga, Phys. Rev. 120, 866 (1960).' C. C. I. Roothaan, Revs. Modern Phys. 32, 179 (1960).
e R. Lelebvre, Cahiers phys. 110, 1 (1959). Now we specify the explicit formula of the expec-
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tation value of the total energy:

E=2+i, Hi+pi, Qi (2Jgi —Kii)+f[2+ H +fQ Q„(2'„„—bK„„)+2+i,g„(2Ji, —Kp )j
+f'L2 2- &-+f'2- Z- (2~'~- - —f'K- -)+2 2~2- (2~~- K—~-)j+2ff'2-Z- I-' (8)

Two sets of subscripts, (qn, n) and (qn', n'), are used
here in order to distinguish the two open shells which
we are concerned about in the following formulations.
a, b, f, and a', b', f' are numerical constants depending
on the specific case. The first two sums in Eq. (8)
represent the closed-shell energy, the next two sums
the energy of the erst open shell, and the fifth sum the
interaction energy between the closed and the 6rst
open shell. The next three sums are related to the second
open shell and have analogous meanings to those of the
foregoing three sums. The last sum represents the
interaction energy between the 6rst and the second
open-shell. H, , J;;, and E;; are defined as usual:

and

~' =(~*I~ l~'&=(~ l~'l~»,

K =(~ IK l~&=(~ 1K l~&,

(10)

~'(t)v(t)= "v'*(~)~'(~)(1lr..)did. v(t), (12)

K, (p) iiq(ti) = ' y;*(p) rp(v) (1/r„„)dV„rp;(p) (13).

The last term in Eq. (8), 2ff' P ~ I, cannot be
given an explicit and general expression. It depends on
the specific case. In some cases, it is expressed as a
linear combination of J;;and E,; but this is not always
true. (See I for more detailed discussions. )

Now our problem is to find the method by which we
can get the "best" orbitals {io.;}, that is to say, the
orbitals which minimize the expectation value of the
total energy. This is achieved by applying the vari-
ational principle to Eq. (8). In I, we derived a set of
equations (the Hartree-Fock equations) to be satisfied
by the orbitals {q, ) and those equations were essentially
partial differential equations in three dimensions.

In the present paper we adopt a different line of
approach to the actual procedure of variation, an
approach most extensively developed by Roothaan. '
The idea is to expand each orbital q, in terms of a given
set of suitable basis functions &~:

p, =g„x„C,.

This expansion leads to a variational problem for the
coeKcients {C,} and this time we deal with a set of
algebraic equations instead of partial differential
equations. The possible merits of this procedure are
discussed by Roothaan in his recent paper. '

This can be -written as

where
Zr2&q CipiSil&qCi qi ~~J&

»„=A 'p. «~.,~&i.,&. (17)

Here d), is the dimension of the representation ). Fol-
lowing Roothaan, ' we modify the normalization con-
ditions for {Ci„}in the following way:

Zyq CxykSiyqCkql dx~klt

Z„G,,&i,qCiq = fAti .,

Zyq CvynvqSx'yqCvqn' f di'~m'n'q

Q„q C),qiS),„qCiq =0,
Pi q Ci iiSi „qC), qm

——0.

(18)

These conditions constitute the constraints for the
variation process of the energy formula. It should be

3. FIRST METHOD

We start by imposing a further restriction on Eq.
(8), in that the two open shells should belong to
diGerent symmetries. It is also necessary to divide the
whole family of closed shells into two groups. The hrst
group {pi,) contains all the closed-shell orbitals which
have the same symmetry property as that of the first
open-shell orbitals {p ); the second group {pi, ) con-
tains all the closed-shell orbitals which have the same
symmetry property as that of the second open-shell
orbitals {q ). If there are remaining closed-shell
orbitals of symmetry species different from both {q }
and {q ), those closed shells can be grouped either
within the 6rst group or within the second one.

Following Roothaan, ' we introduce the notation
p}, ; in lieu of q;. In general, X or p, refers to the irre-
ducible representation, or symqnetry species; ~q or P
refers to the subspecies, that is, it labels the individual
members of the degenerate set that transforms ac-
cording to the representation X; and i (or j, ) is a
numbering index which labels orbitals which cannot
be distinguished by symmetry any more. Correspond-
ingly, we introduce symmetry basis functions X} „.
Each occupied orbital of a given species and subspecies
is a linear combination of the basis orbitals of the same
species and subspecies, and the expansion coefficients
are independent of the subspecies, in order to guarantee
that a degenerate set of occupied orbitals has the correct
transformation properties. Hence

pini Zy ~xnyCxyi.

Here and in the following, the {Ci„;}are considered to
be real. If we normalize y), ; to unity, then
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noted that it is not necessary to include the conditions
between (Cky } and (Ck „}as constraints because
these two open shells belong to different symmetry
species.

Our next task is to get the expression of the total
energy E in terms of (Cky, } sPecified as above. This is
done straightforwardly with due attention to the
normalization conditions (18) which are a bit unusual:

&= 2 Pk Pyq PL Ckys(&kyq+igckyg)Ckqs+Zk Qyq PL P p Pre Zl CkyLCprl(2oikyq, pra Xkyq, prs)CpalCkqk

+2 Zk Zyq Pm Ckym(+kyg+hc, kyq)Ckqm+Ek Eyq Pm g p Pre Zn CkymCprn(2&gJkyq, prs ~Xkyq, prs)CpsnCkqm

+2 Pk Pyg QL Pp grs P CnkyLCpr (n2 ikoyq, prs Xkyq, prs)CpsnCkqL+2 Pk' Pyq PL' Ck'ys'Hk'yqCk'qs'

+2k& Zyq QL' Qp' Qrs Qii C 'ky'LC prl'(2olk'yq, p'ra Xk&yq, p'rs)Cp'si&Ck&gL'+2 Qk' Qyq Qm& Ck'ym'Hk&ygCk&qm&

+2k& Eyq Em' Ep' Zrs Z 'Cnk' ymC pr 'n(2& oak'yq, p'rs f& Xk'yq, p&rs)Cp&sn'Ck&qm'

+2 pk' pyq pk' pp' prs pn' Ck yk &Cp&&(rn2&oik yq &pi&sX'k&yg p&rs)CpisniCk&qs&& (19)
where

&gc, kyq P p' Prs Pi' Cp'ri' (2olkyg, p'rs Xkyq, p'rs)Cp'si'&

~c,kyq= P p' Prs gi&' Cp'rk' (2oikyq, p'rs Xkyg, p'ra)Cp'sL'+g p' Prs gm' Cp'rm'~kyq, p'rsCp'sm'&,

(20)

(21)

&k„,=ijk 'P. (Xk.,~&)XL.,),
Akyg, .-= (dkd. ) ' 2-P xk-y*(1)x.P.'(2) (1/r»)xk-g(1)x. P.(2)d Vrd Vg

Xk„,,„„=(dkdp) ' g p Xk y*(1)X„p,*(2)(1/rrs)Xpp, (1)Xk g(2)dVLdVs.

(22)

(23)

(24)

It is not possible to give here a general expression for
V),„q „„,and a proper expression must be sought in
each case. This is not a dificult task in most cases. In
many cases of practical interest it is expressed as a
linear combination of eikyg, p„, and Xky, , „„,

Dc,kyq=ZL CkyLCkgL,

Do,kyq=gm C kCymk, qm (27)

the Hartree-Fock equations for the linear coefficients

(Cky;}. First we define the following various quantities:

+kyq, prs &4oikyq, pre+~Xkyq, prs& (25)

though this does not exhaust all the important cases.
It iS eaSily Seen that ei»g, p,. and Xky, ,„„are Sym-
metrical for the exchange of indices lkpqe-klnrs, and
Hermitian for the sigggultagieous exchange p e-p q, r e—p s.
Since these properties are required for the successful
derivation of the necessary equations, V"q„q,„„,should
also have the same properties. This is all we need for
the formal development of the present treatment. From
the practical point of view, however, we put forward
further requirements on their mathematical properties,
which turn out to be of great help to reduce the size of
the whole numerical procedure. First, we require that
clkyg, p„„Xkyg,p„, and 9k„,, „„should all be reiJ/. The
second requirement is that they should be synsmetric03
for the indePegsdeglt exchanges P e-+ q and r e-p s. This
is usually achieved through a proper symmetrization
procedure, for example:

Xkyq, pre ~ g (Xkyg, pre+ Xkyq, psr)& (26)

as discussed in a paper by Roothaan, Sachs, and Weiss. 4

These two additional requirements do not constitute
any serious restrictions for the actual applications
planned for the future.

It seems convenient to list a number of equations
which we need later in the course of the derivation of

4 C. C. J. Roothaan, Lester M. Sachs, and A. W. Weiss, Revs.
Modern Phys. 32& 186 (1960).

Dr, kyq Dc,kyq+Do, kyq

~c kyg P p Era olkyq, prsDC, prs&

+O, kyq P p Era oikyq, prsDO, pre&

E.ckyq Zp, Zrs X'kyq, prsDC, prs&

Eo,kyq= 2p Prs Xkyg; prsDO, prs.

h) pq hC, ) pq ho, ) yq

~Xyqi= dX

~Xyqi= dX

&C, kyq &El ~kygl&

i10,kyg Zn ~kyqn&

&r,kyq= ~C.kyq+~O, kyg

I'c, kyq Pl I kyql&

I-o,k„=E Lkyg,

Lr, kyq I c,kyg+I o,kyq.

Mc,k„=ElMk„l,
Mo, ky, =g Mky, ,

Mr, kyq=Mc, kyq+Mo, kyg

+pm Sky„CL„,Ck„;hk„q

+dk Q»&e Igky&&CL&eiCk&siSk&eq&

Q»&e Sky»CL&riCk&e&JO, k&eq

+dk ' Enm ~O)ynCk„;Ck„;,Sk„„
g»&e Sky»CL&aiCk&e elk 0,k&e q

+dk Z»&s Eo,ky&&CL&a&CL&e&'Sk&eg

(28)

(30)

(31)

(32)

(33)
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From the above equations, together with Eq. (18), we derive easily the following results:

Qq AC, XpgCXqm=dk Qq Quw SkpuDC, XuwhkwqCXqm&

Zq ~O, XpqCkqk=A gq guw SipuDO, XuwhkwqCkqks

Zq (i1O, Xpq hkpg)CXqk dk Zq Zuw SkpuDOXu, whkwqCXqka

Zq (~O Xpq fhi pq)CXgm dX Zq Zuw SipuDOXuw, hkwqCkqm

Qq Lo, ipqCxqm di Qq Zuw SxpuDo, xuw+0, 'AwgCxqma

Zq LO, kpqCXqk dk Zq Zuw SipuDO, kuwJO. XwqCXqks

P q (ICipq , JO, Apq)CXqk di Eq Zuw SipuDC, Xuw JO, XwqCXqka

(Lo, i f~o—, k g)Ci =di 'Zq Z Rp Do, i ~o,k qCk

(35)

Qq ~C,XpgCXqm dk Qq Q uSwXpuDO, 'kuw+O, kwqC) qms

gq ~OXpqCX, qk dk Zq Puw SipuDO Xuw+. OiwqC, Xqks

Zq (~O, Xpq +0 Xpg)CXqk dk Zq Zuw S) puDO, Xuwl~o, iwqCXqk)

(~o,kp f&o,k )C& =dk ' Zq Z Sk Do, &, Eo &,

In addition to the above thirty-two equations )from
(27) to (36)j pertinent to the first group of the electron
shells, we need the corresponding thirty-two equations
for the second group. Since they can be obtained simply

by changing X, k, qqq, f to X', k', qiq', f' in Eqs. (27)—(36),
they are omitted here. The above list of equations may
still seem formidable at first glance, but it will be
realized that the real content is rather simple and
straightforward.

%e now apply the variational principle to the total
energy in order to obtain the SCF equations for the
determination of the best set of coeflicients {Cip;}and
{Ck.p;.}.I.et us first look into Eq. (19) a little bit more
closely. The expression is not symmetrical with respect
to {Ckp,}and {Ck p,'}.This has been done intentionally.
Strictly speaking, we have to prepare another expression
in which the roles of the first and the second group are
reversed. Now suppose that we have a reasonable
starting approximation for the second group coefficients

{Cz„;}.Instead of varying all the coeKcients (i.e.,
orbitals) simultaneously, we first give variations only
to the first group coeKcients {Cip,} with the second

group coeKcients held fixed. This is permissible because
the orthogonality conditions are always secured between

{Ckp,}and {Ck.p„'} from symmetry considerations and
it is not necessary to include the orthogonality relations
as constraints for the variational process. The co-
eKcients {Ck „;} being fixed, the last five sums in
Eq. (19) drop out of the expression for liE. This means
that the expression for 0E assumes essentially the same
form as that treated in Roothaan's paper, ' which covers
mainly one-open-shell cases. The only difference is the
appearance of the additional terms hq, ),~, and ho, q„, as
indicated in (19), (20), and (21).

The derivation of the SCF equations for the co-
efBcients {Ckp;} closely parallels the derivation of the
SCF equations in the second section of Roothaan's
paper. ' In the course of the derivation, we make use

of Eqs. (34), (35), and (36). The whole algebra is
fairly straightforward if one proceeds in the fashion of
Roothaan, ' and we restrict ourselves here to writing
down the results. The SCF equations for {Csp,},which
correspond to Eqs. (32) in Roothaan's paper, ' are:

where

Zq ~O, 'apqCXqk 'gXk Zq SipqCXqkr

Pq +o,xpqCxqm 'Qxm Pq RpqCxqma
(37)

~o, lpq»pq+2~o, xpq +o,xpq+2Jo, xpq

&o,k pq+2—«o, ),pq P~o, ipq—
+hO, Xpq+7~0, ipqs

&o, ipq =»pg+2&c, )pq Jo,kpq+2&j—o, ipq

bKo kpq+2«—o, ipq PMo, ipq-
+7qo, kpq+V~c, kpq.

(38)

Here
Q q FgpqCkqa Cgj Q q SipqCi qj (39)

where

I"kpq=I"),„+y(hO, ipq fhC, kpq+~T, ipq—),
~=(1—f) ', (4o)

+xpq= Pas +ra 6 xpq, uraDT, prss

Qxpq Zaa Era Qxpq, prsDo, ursa

6 Xpq, pra 2$xpq, prs Xxpq, ursa

gxpq, urs 2&uixpq, prs N4pqursa,

(41)

(42)

(43)

(44)

(45)

~kpq dk Zuw SkpuDT, XuwQXwq

+di ' Quw Qi, puDT, i,uwSkw„(46)

Next we write down a unified scheme of equations which
corresponds to Eq. (22) of I, or to Eq. (53) of
Roothaan's paper':
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khan g
=hC, Xyq ho, 'Ayq)

~C,Xpq Paa' +ra +Xpq, u'rsDT, aa'raa

(47)

(48)

where

I"x „=I'):pq+V'(ho, ):pq f'—hc, i. pq+~T, x „), (52)

~o,xpq Zas' Prs +xpq, u'rsDc, u'ra

+2, E., &~pq, .-Do, .*, (49)

Al' gpq=dX Puw SgpuDT, Xuwhkwq

+A Euw ~l puDT, XuwShwq (50)

The SCF equations (39) determine the coefficients

{Cip,}for the first group of orbitals under the condition
that all the coefficients {Cq „;} of the second group of
orbitals are heM fixed. Now we turn to the deter-
mination of {Cq p„'} with {Cqp;} held fixed as deter-
mined above. For this purpose we need the SCF
equations for {Cz„,} which correspond to Eqs. (39):

Qq Fg pqC), q,' q), , Pq——S), pqCi „, (51)

R, „=&).pq+A:pq Qx—pq+A, pq (53)

Expressions for the various quantities which appear in
(52) and (53) are obtained by replacing X ~X', p~ p',
p' —+ p, 0. -+0.', and p —+ p' in (42)—(50). After getting
{Cq „„'}from Eqs. (51), we go back to Eqs. (39) and
this back and forth process must be continued until
over-all self-consistency is attained.

Finally we need a convenient expression from which
we may calculate the total energy. Noting that

20q}hpq, lars bXxpq, sara= &Xpq, sara (1 f) gapq, iaraa

we immediately obtain the following expression from
(19):

Z= 2 P'k Ppq(+xpq+ ~c,x pq)Dc, xpq+gx Q pq P u +ra Dc,xpq+'apq, ursDC, prs+2 ZX 2pq (IApq+ho, pq)Do, xpq

++X Qpq Qy Qrs DO, Xpqg Xpq, sara (1 f)gXpq, yrs jDO, aars+2 PX Ppq Zaa Zrs DC, Xpq+Xpq, ursDO, urs

+2 Zk' Z pq +X'pqDC»'pq+ZX' Z pq 2 as' Zrs DC, X'pq+V pq, u'rsDC, ia'rs

+2 2&' Zpq +&'pqDO»'pq+2 2&' Zpq Zp' Zrs DO, &'pqL+"'pq y'rs (1 f)Z&'pq, l'rs)+O, la'rs

++X' Qpq Qy' Qrs DC, X'pq+V pq, aa'rsDO, p'ra.

However, the above formula lacks desirable compact-
ness, and we must seek another expression which
corresponds to Eq. (54) of Roothaan's paper. ' First
we note that

Ppu DT,XpqSXpuDT, kuw ADC, Xqw+fADO»qw,

Qqw DT, i uwS)wqDT, ),pq= d~DC, Xpu+ fdXDO, Xyu. (55)

By using (55) we find that

2& Zpq (+&pq+~~pq)DT, ~pq

—2 2 .(Q +v» .)(D, .+fDo,
+P), Ppq (&), pq+F~ pq)DT, ):pq

Q~ „(Dc&„+f'Do, ~ „,) (56).
The applicability of the method described above is
discussed in the third section of the previous paper I.
It is hoped that this method will in the near future
receive some actual applications, especially to several
excited states of simple diatomic molecules.

4. SECOND METHOD

In the application of the SCF method to the general
open-shell case, the most serious trouble comes from
the fact that we need so-called off-diagonal Lagrangian
multipliers when we add orthogonality conditions
between orbitals to the variational problem as
constraints.

Roothaan' succeeded in surmounting the difhculty
in the case of the single open shell by an ingenious
mathematical device. A direct generalization of

Roothaan's treatment to the two-open-shell case was
proposed in I and the explicit exposition has been given
in the previous section of the present paper. However,
it should be noted that the treatment in the previous
section can be applied only to the two-open-shell case
in which the two open-shell orbitals have no commoe
symmetry. The point is that the orthogonality between
them is always guaranteed by symmetry and it is not
necessary to add the orthogonality condition as a
constraint to the variational problem. Thus we should
say that so far we have done nothing to overcome the
dif6culty arising of the off-diagonal multipliers in the
general open-shell case. Roothaan's original scheme'
and its extension discussed above cover a fairly wide
range of application, but unfortunately some simple
but important cases slip out of the range; the simplest
of them is the 1s2s 'S state of the helium atom.

Now we propose a new scheme to tackle the general
two-open-shell case in which the total energy is ex-
pressed by Eq. (8). The central idea is that we preserve
the orthogonality conditions between orbitals in some
way other than adding them to the energy variation as
constraints. If this is achieved, we have no trouble with
the off-diagonal Lagrangian mutlipliers simply because
we do not need them.

We state the problem as follows: Suppose we have
the (i)th approximation for the orbitals, {gq„p'@},
which form a 6nite orthonormal set of functions. Let
us 6nd a next approximation for the orbitals,
{qq&, p&'+'&}, avoiding the inclusion of any troublesome
off-diagonal multipliers in the course of deriving the
SCF equations.
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We take the (i)th approximate orbitals ((o), „(a)) as
the basis functions (just like (X), p) in the previous
section) and expand each of the (i+1)th approximate
orbitals ((o), ('+') } in terms of the teqnporol basis
functions ((o), p(')}:

This is the conditions which the coe%cients (Ci».('+"}
must satisfy. This implies that we go back to the usual
normalization convention, (16), instead of the modified
one, (18), adopted in the previous section. Thus we
write

.((+i)=Q (O( . (a+i)PXc)jty 'Phag Xyj (57)
where

.((+i)() (a)C (a+&) —$.gk)

where the (C),»"+')} are assumed to be real for sim-
plicity. We require that the orbitals ((gi;) must form
an orthonormal set at all stages of approximation:

{& .((+i)
~ & ((+i))

.((+i){&i (o
~

(())C ((+i)

H) „,&" is de6ned as follows:

&~pg")=Z. (v~..")I&~ q». ,")).

(6O)

(61)

(58) Notice the difference between (22) and (61).Similarly,

a".""=2
J r -."'i&)ra ""(&)(&/r *)r -."P)r s."(&)asar.,

aP
(62)

Xip. ,""'=2 ~~-.(")"'(1)v,o.(")*(2)(1/r»)v.o.(")(1)v»-, (")(2)dl'idl'q.
o J

It is, however, rather annoying to put superscripts (i) or (i+1) on each of (((q), „)and (Ci»), and so hereafter we
suppress them, bearing in mind that we are passing from the (i)th to the (i+1)th approximation for the orbitals,
f y), „('+')), by using the (i)th approximate orbitals (p), „(')}as temporal basis functions.

The expectation value of the total energy is now given by

E=2 Q), Qpg Q), C) „)IApqC)q)+P), Ppq P) P p Prs P(C)p)Cpr((2$)pq, prs X)pq, prs)Cps(C)q)a

+2f Zx Ppq Zm Ciqam&ipqC) qm+f Zi Ppq Zm Pp Zrs Pn C)grmCprn(2oqJ)pq, prs &Xipg prs)CpsnC)gm

+2f Pi Ppq P(a Ep Zrs Em C)p)aCprm(2qlxpg, prs Xiqaq, prs)CpsmC) q)a+2f Px Pqaq Pm' C)gam'H)pqC)gm~

+f Px Zpq Pm' 2 p Prs Pn' Cxpm'Cpm'(2(i cling, prs f Xxpq, prs)Cpsn'C) qm'

+2f PX Ppg P)'a P p Prs Zm' C) pÃprm'(2qlipq, prs Xigrqprs)Cpsm'C) q)s

+2ff'Z~Z-E-Z. Z-Z. C~,.C...&i., „.C„, C„.. (64)

The variational procedures to be adopted here are specified as follows: First we choose a set of closed- or open-
shell orbitals (or a single orbital if it is not degenerate) specified by particular X and j.Let us choose arbitrarily a
closed shell first and specify it by A. and E. Small variations are given only to (C)(„rc) with all other coe%cients
(C),») held fixed. This is, in general, not permissible unless we have a certain mathematical device or trick to
preserve the orthogonality conditions between the non6xed and 6xed orbitals. We are going tp prpppse such a
device which is expected to work. , but just for convenience we defer a detailed explanation of the device fpr a while
and perform the variational process as stated above.

The total energy E suffers only a partial variation with respect to the orbitals (A,E). We denote the variation
by ~~~x.'

where
&EAR I)[2 Epq CAp)r~&)ipqCAqx+Ppq Zrs CApRC)srx(2$)apq, Ars XJapq)(rs)CpaxC), (qxf+ ' ' =0, (65)

+kpq ~~Apq+Pra glpx CArl(2rJkpq, )srs ~~Apg, )srs)CAsl+P ppA Prs 2( Cpr((2AApq, pra XApq, prs)Cps(

+f Q p Prs Pm Cprm(2$Apq, prs X)(pq, pra)Cpsm+f Ep +ra Zm Cprrn'(2qlApg, prs XApq, pra)C pass(. (66)

The bracket t')[ .] includes all the terms containing

(C~„)r) in (64) and this is all we have to take care of,
since all the other terms vanish under the present
partial variation. Thanks to the device just mentioned,
the only constraint to be added is

t')(Q „g CJ „zSx„gC~,x) =o

If we designate the Lagrangian multiplier by —2$p~,
the resulting equations become

Qg F),„gC),qx= qadi Pq SppgCggx, (68)
where

PAgaq IfA pg+ GApqa (69)
GApq= Z Cyrus(r2s$Apq, gars Xhpq, Ars)CJasK (&O)
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pxaj =~y p) ay Ch yj).(i+i) V (i)r (71)

where the {p&, ~} are labeled in such a way that p=1
gives the lowest orbital, p=2 the second, p=3 the
third and so forth. We choose the coefficients {CA»}
as follows:

We turn to the explanation of the device which makes
it possible to perform the partial variation procedure
shown above. It is based upon a special choice of the
expansion coefficients {CA»} in the formula,

Here M~ is the highest occupied orbital number and
Xp is the total number of the basis functions of sym-
metry species A. The irst two lines give the variational
coefficients and the third line guarantees the ortho-
gonalities among the non6xed and fixed orbitals which
belong to the same symmetrical species. The impli-
cation of the remaining four lines is that we are trying
to improve just one orbital (set) at a time. To be more
explicit,

subject to variation
Cxzz&O)

CA~KNO, if MA& p &~NA,

CA K=O, if 1&~ p&~MA and p/E,
Cp„g=8„g, if k/E,
C),„I,=8„y, if

(72)

qA A"+"=PA "' (&Nit)

V A
A"+"= q) "' (&W&)

(&+&)—~~ (&)

, (&+&)—(p~, (&)

(73)

C)ym=~ym,

Cg„=b„
Under the specifications of {CAELA} in (72), the Scp

equations (68) become

FAyKCAKK+ Q FAyqCAqx qAKCAyKy (P It) MA+1) MA+2' ' ' '1 NA) 1

q) Mp

where

FAsq HAoq+GAnq~

HAyq=HAyq+ E (2niAyq, All XAyq, A«)+ 2 Z ( 8Ayq, n«XAyq, nil)+f Z Z ( 8Ayq, nmm XAyq, nmm)

(74)

(75)

p, m

+f' 2 Z (2yA„,„. —X.„,,„..), (76)
p, m'

GAl, q
——Q„CA,X(2/A„q, A„. XA„q,A,.)C—A,X,

'

(p, q, r, s=E, MA+1, M'A+2, , NA). P7)

These are the equations for the self-consistent determination of the coefEcients {CA„K}.Since the derivation of
the corresponding equations for {CAl,M} and {CA„M } are quite similar to the preceding one, we simply write
down the results:

FA„MCAMM+ Q FA„,CA, M qAMCAoM,
——(p=M, MA+1, MA+2, , NA),

'

q)Mg

where

FAyM=+Ayq+GAyq)

&Ayq=HAyq+f P (2lic)Ayq, Ann bXAyq, Ann)+f Z Z (2ligAoq, nnn bXAyq, nnn)

(7S)

(79)

+Q Q (2JAoq, ,« XA„,,«)+f' g—P rA„, ,„„, (go)

G „,=f+„C, (2ag „, „—bX „,A„,)CA, , (P, q, r, s=M, M +A1, M +2, , N ).

Similarly, the equations for {CA„M } may be obtained

by the replacements M ~ M', qi —+ qA', m' —+ qadi, f + f', —
f' —+ f, a ~ a', and b —+ b'

It seems practical to take a simple example for the
illustration of the entire SCF procedure. Let us con-
sider the (1o)'(2o)'(3o)'(1qr)n(2qr)~ configuration of a
molecule. Here we have two symmetry species, a and

x, and we may denote them by X=O and A=i, re-
spectively. In the o(X=O) shells, k runs from 1 to 3

but there are no m and m' since there is no open shell
of o symmetry. On the other hand, in the qr(X=1)
shells, we have two open shells and no closed shell if
1&&a, P&&3. To begin with, we must have a starting
set of orthonormal functions {pi „'I}.This is obtained
by a proper use of Schmidt orthogonalization pro-
cedure or by solving the SCI' problem for an approxi-
mate configuration simpler than the one under con-
sideration. For example, if n+P=4 an obvious choice
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should be a closed-shell configuration

(1~)'(2~)'(3~)'(1~)'

Now, by using iqrz „ts') as the basis functions, we

apply the SCF equations for closed shells (74) to (1o.)
with all the other orbitals (coefFicients) held fixed.
This process yields a better approximate orbital for
(1o.) and at the same time a new orthonormal set of
"basis" function (pq „"'i for the use in the next step.
A natural (but not necessary) choice of the next step
is the application of (74) to (2o.). Thus we apply con-
secutively appropriate SCF equations to (3o.), (1s-)
and (2~). After that, we restart again the whole process
[from (1o.) to (2~)j until over-all self-consistency is
attained.

The total energy may be calculated from (8) and we

are ready to start the configuration interaction calcu-
lations to improve the SCF approximation.

5. DISCUSSION

Since we have proposed two SCF schemes for treating
the electronic systems, we should make some com-

parison between them.
If we limit ourselves to the region where both

methods can be equally applied, the first method seems
more compact and elegant from the mathematical
point of view and may actually be more convenient
to use. In fact, Roothaan's scheme has already estab-
lished its practicability in various cases and the same

may be expected for the first method of the present

paper, which is a straightforward generalization of
Roothaan's method.

However, there are indications that we might get
into trouble when we apply Roothaan's method to the
system in which the number of electrons is large and/or
some of the electrons are not firmly bound, because of
the tendency of the oscillatory behavior of the solution.
The trouble may be attributed to the topological com-

plexity of the energy surface which depends upon so
many parameters in a very complicated way.

The apparent disadvantage of the second method is
the necessity of wearisome repetition of many small
SCF procedures. Furthermore we have to change the
"basis" functions every time we pass to the next SCF
procedure as it is seen in the above description of the
procedure. This orthonormal transformation of the
basis functions at every step would be a formidable
task for desk calculations. However, it seems reasonably
straightforward to program such a transformation for
an automatic computer. In addition, each of partial
SCF procedures contained in the entire SCF procedure
in the second method is much simpler than the SCF
procedures of the first method and the implication is
that we are dealing with fairly simple energy surfaces.
We may hope that the second method could be a relief
to overcome the so-called convergence difhculty.

Finally it must be mentioned that the second method
commands a wider range of applicability than the first
method,

The underlying idea common to both methods is the
partial fixation of orbitals during the variational pro-
cedure of the total energy. From this point of view,
both methods are to be regarded as just two of many
possible variations of the theme. The scheme proposed
in the fourth section of I is one of the possible com-
binations of the two methods. The works of Pople and
Nesbet, ' I.ykos and Parr, ' and McKeeny' contain
similar ideas.
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