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Nuclear Energy Levels of Na" in the Region from 350 to 630 kev*f
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The neutron cross-section data from 350 to 630 kev show 71
peaks, consisting of a relatively small number of large peaks and
many small peaks. Each of the previously known large peaks was
resolved into two or more components. The analyses show a few
s-wave levels, a small number of p-wave levels, and a large number
of d- and f-wave levels. For all of the levels of Na~ up to 630 kev,
a plot of the number of levels having energies &E as a function
of the neutron energy E„shows an essentially linear distribution.
The distribution of the angular momenta is in agreement with the
theoretical distribution for a value of 0 =1.8. The level spacings

appear to agree with an exponential distribution. For the reduced
neutron widths, the results appear to agree equally well with the
exponential and Porter-Thomas distributions. The strength func-
tion obtained from the reduced widths has an average value of
0.045 for both values of J for /=0 and an average value of 0.37
for all values of J for /=1. For higher values of /, the strength
function is too large. An expression developed for the distribution
of the levels above the ground state tends to agree with the data
for a value of 0.50 Mev for b, the average level spacing of the
nucleons in the nucleus.

1. INTRODUCTION Many narrow levels were further studied by use of an
entrance slit 8 in. wide. The entrance to the collimator
was placed 13 in. from the neutron source. Because of
the presence of so many peaks between 350 and 500 kev,
this region was re-investigated by self-detection. For
these self-detection measurements and for all measure-
ments above 500 kev, neutrons emitted in the direction
of the proton beam were used for the following reasons:
(1) The higher counting rates obtainable are especially
needed for self-detection measurements; (2) up to
about 640 kev, ' the beam of neutrons at 0' is free of
the second group of low-energy neutrons that arises
from the formation of the residual nucleus Be' in the
430-kev state; and (3) neutrons of a given energy are
produced at a lower accelerator voltage at 0' than at
large angles of emission; so the deuterons contaminating
the proton beam are less energetic, and, therefore add
fewer and less energetic neutrons to the background.
On the other hand, one is beset with a larger neutron
energy spread because, for a given lithium target, the
neutron energy spread at 0' is approximately twice that
at 120'. This, however, is offset to some degree by the
fact that the neutron energy is almost independent of
angle near 0 but is strongly dependent at 120'. For all
measurements at 0', the entrance aperture of the col-
limator through which the neutrons reached the de-
tector had a diameter of 0.3 in. and was located about
11 in. from the source of neutrons. All self-detection
measurements were made by use of a sodium metal
scattering sample 800 mils thick placed in the neutron
counter (see Fig. 1 of reference 3).Flat-detectionmeas-
urements were made by use of a Lucite scattering
sample 6 in. long. Above about 400 kev, a graphite
scattering sample 6 in. long was used. Transmission
samples of different thicknesses were used to maintain
a transmission of 50/z to 60%.

During these measurements, lithium targets ranging
from 0.6—0.8 kev in thickness (determined by the rise-

I
'HE virtual nuclear energy levels of Na'4 have been

investigated up to 630 kev by the Nass(e, n)
process. Because of the profusion of levels observed
the paper was divided into parts. Only the levels in the
region from about 1—350 kev were discussed in the first
paper. ' Previously, Stelson and Preston' studied the
level structure of Na24 from about 0.12—1 Mev by use
of wide neutron energy spreads and found a number of
large peaks. As reported in the first paper on the present
investigation, each of these large peaks below 350 kev
could be resolved into two or more components and
many narrower peaks were found between these large
ones. The present paper extends this study over the
range from 350—630 kev. All energies in this report are
energies of the incident neutrons in the laboratory
system unless otherwise noted.

2. EXPERIMENTAL METHOD

The experimental techniques and procedures are the
same as those previously used and described in detail
in other publications. ' '' As before, the Li'(P, ts) re-
action was used to'produce nearly monoenergetic neu-
trons of variable energy. Protons of well-defined energy
were produced by the Argonne Van de Graaff accelera-
tor. The same samples of high-purity sodium metal used
for measurements up to 350 kev' were also used for the
present measurements. While the resonances below 350
kev' were under investigation, the Rat-detection meas-
urements' were made up to about 500 kev by use of
neutrons emitted at an angle of 120' with respect to the
direction of the proton beam. For these measurements,
the neutron beam to the counter was defined by a
collimator having a slit 14 in. high and 4 in. ' wide.

*For preliminary results of these measurements on Na24, see
C. T. Hibdon, Bull. Am. Phys. Soc. 4, 404 (1959); 5, 295 (1960).

t Work performed under the auspices of the U. S. Atomic
Energy Commission.' C. T. Hibdon, Phys. Rev. 118, 514 (1960).

s P. H. Stelson and W. M. Preston, Phys. Rev. SS, 1354 (1952
3 C. T. Hibdon, Phys. Rev. 108, 414 (1957).
4 C. T. Hibdon, Phys. Rev. 114, 179 (1959).

). 5A. S. Langsdorf, Jr., J. E. Monahan, and W. A. Reardon,
Argonne National Laboratory Topical Rept. ANL —5219, Argonne,
Illinois, 1954 (unpublished); A. B.Smith (private communication).
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curve method') were used. Each day a target of lithium
metal was evaporated in vacuum onto the 10-mil
tantalum end cap of the rotating target assembly. '
)Note added its proof. This target is cooled by a blast of
air. The backing does not contribute appreciably to the
background, as shown by the fact that the background
does not change as the threshold of the reaction is
crossed. $ The voltage scale of the generator is based on
the Li'(p, ts) threshold which is taken to be 1.882 Mev.
Daily calibrations for the series of targets were almost

,identical. The energy spread of the neutrons was esti-
mated by the rise-curve method outlined in reference 3;
but this is done at threshold and the spread is known to
increase with neutron energy. Therefore, the over-all
resolution is unknown in the region under study, and no
level is sufficiently narrow and well isolated to be used in
measuring the spread. However, the degree to which
the many overlapping and interfering levels are resolved
indicates that the spread in neutron energy is not
excessive. Some narrow levels were resolved to con-
siderably higher peak values (and the valleys between
them were deeper) by self-detection than by Rat de-
tection. This effect is evident for such peaks as Nos. 70,
72, 77, 78, 80, 85, 96, 98, 121, and 133. This indicates
that their true widths must be near or less than the
over-all neutron energy spread. The overlapping wings
of other neighboring levels prevent a detailed study of
any of these levels to obtain an estimate of the over-all
neutron energy spread; but the degree to which these
levels are resolved indicates that the effective spread in
neutron energy is less than one kev for self-detection
measurements.

The data shown in the various figures are the raw
data with no corrections applied other than background'
and small normalizations to the monitor (long counter).
The monitor was placed about 50 in. from the lithium
target in the direction of the proton beam when meas-
urements were made at 120', and about 30' from the
direction of the proton beam when the measurements
were made at 0'. (Zoic added in proof. The method of
determining the background is described on p. 415 of
reference 2 and was found to be unaffected by the pres-
ence of the wheels carrying the samples. )

The in-scattering of neutrons by the sodium samples
and their containers was investigated for 625-kev
neutrons. Figure 1 shows the results obtained for three
di6'erent samples of sodium. The relative counting rates,
corrected for background, are shown for various posi-
tions of these samples. Since these curves are horizontal
straight lines, no change occurs in the in-scattering and
one may place the samples at any point shown in Fig. 1.
The points represented by crosses indicate the positions
at which the samples were placed for neutron cross-
section measurements. No corrections were applied for
in-scattering nor for multiple scattering.

6A. 0. Hanson, R. P. Taschek, and J. H. Williams, Revs.
-Modern Phys. 21, 635 (1949).
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FIG. 1. In-scattering of 625-kev neutrons by sodium samples
and containers. Sample thickness: (A) 1.00 in. , (B) 2.00 in. , and
(C) 3.00 in. The crosses indicate the positions of samples for neu-
tron cross-section measurements. Statistical errors are approxi-
mately the diameters of the circles.

3. EXPERIMENTAL RESULTS

The observed neutron total-cross-section data from
350 to about 630 kev are shown in Figs. 3, 5, 7, 10, 11,
and 13. Open circles are used to indicate the points
obtained by Oat detection and solid circles the points
obtained by self-detection. In this region 71 peaks were
observed and, when combined with the previous data'
up to 350 kev, this brings the total to 157 peaks in the
region from about 1 to 630 kev for an average level
spacing of approximately 4 kev for all levels. An ex-
amination of the data shows that many features in
the data' below 350 kev appear to continue in this
region. Variations in the cross section show that a
complicated level structure for Na'4 continues on up to
630 kev. Because of the observable features of the data,
one expects a profusion of p , d-, and f w-ave levels-
(/=1, 2, 3) in this region and an assortment of values
for the angular momentum J. Relatively few of the
peaks appear to be s wave (3=0), identifiable by their
asymmetrical shapes and the presence of deep minima
on their low-energy sides. It is of particular interest to
note that the very wide peaks observed by Stelson and
Preston' are clusters of peaks. (1) The large peak ob-
served by them just below 400 kev is composed of
many peaks. A number of these in the region from about
385—405 kev appear to have high values of J. (2) The
large peak near 450 kev consists of two peaks with
others in their wings. (3) The very wide s-wave peak
near 540 kev is an s-wave level (No. 114) but is much
narrower than the value given by Stelson and Preston.
A cluster of peaks (Nos. 111, 112, and 113) is located
near its minimum and a multitude of peaks exist in its
high-energy wing. (4) A large peak near 600 kev per-
sists but many smaller peaks are present in both wings.

It is desirable to know whether a general missing of
levels .begins in the .high-energy region and, if so, to
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what extent the levels are missed. A knowledge of the
distribution of the level spacings, whether the levels
occur at random or at regular intervals, is also of
interest both for practical purposes and for a comparison
with the theory of nuclear structure. Figure 2 shows a
plot of the distribution of the levels in which the
number of levels with energies &E is plotted as a
function of the neutron energy E„ for all levels up to
630 kev. This distribution exhibits the following char-
acteristics: (1) There is no downward curvature to
indicate a general missing of levels in the high-energy
region; (2) the observed levels are spaced somewhat at
random —not at equal intervals; (3) the plot does,
however, show a general trend toward a linear dis-
tribution, the fluctuations about this line presumably
resulting in part from irregularities introduced by miss-

ing some levels too narrow to be resolved. In addition,
the element of randomness in level spacings expected
from any appropriate model of the nucleus would intro-
duce irregularities in the distribution. One should then
expect the plot to show some deviations from a linear
distribution.

4. ANALYSES OF THE RESONANCE LEVELS

A. Preliminary Topics

Certain limitations are inherent in the determination
of the parameters of the levels. Values assigned to these
parameters depend on the degree to which the levels
were resolved. The density of levels is so great that
one must try to take account of the many overlapping
and interfering wings of the levels. No level can be
treated as a well-isolated level. The interaction of the
neutrons with the nuclei are taken to be predominantly
elastic scattering. However, in the presence of other
processes, such as (n,p), (e,n), (e,y), or inelastic scat-
tering, only lower limits can be placed on the values
of J. Because of their large negative Q vainest' the

(e,p) and (N,e) reactions cannot occur in this energy
range. Recent measurements of the (e,y) process by
Cubitt and Same' show broad maxima near 300 and
600 kev. Each maximum exhibits a peak height of less
than a millibarn, so this process can also be omitted in
the present analyses. Inelastic scattering is not com-

pletely negligible but measurements' of this cross section

up to an energy above 800 kev show peaks beginning
at 482 kev, but no peak has a cross section above about
240 millibarns. It then appears that the resonances of
sodium in this energy region may be treated as elastic
,scattering resonances.

' S. J. Same and R. L. Cubitt, Phys. Rev. 113, 256 (1959).
8 H. J. Hausman, J. E. Monahan, F. P. Mooring, and S. Raboy,

Bull. Am. Phys. Soc. 1, 56 (1956);J.E. Monahan, F. P. Mooring,
and S. Raboy, Argonne National Laboratory Rept. ANL —5609,
Argonne, nlinois, 1956 (unpublished), p. 106; and private
communication.
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Fro, 2. Number of levels of Na'4 with energies &E„as a function
of the neutron energy E„.

B. Potential Scattering e„and the
Method of Analysis

A value of the potential scattering a.„that is reason-
ably close to its true value must be determined before
an analysis of the levels can be performed. However,
O.„cannot be determined directly from the data since
none are free of contributions from the wings of one or
more levels. The depth of the minimum of the large
s-wave level No. 114, if known, would provide an
excellent and most straightforward method of deter-
mining a fairly unambiguous value of 0-„because the
value of J is easily shown to be 2 for this level; but the
depth of the minimum of this level cannot be deter-
mined because of the presence of peaks Nos. 111, 112,
and 113 at or near this minimum. The region between
490 and 530 kev does exhibit the least number of levels,
but the low-energy wing of the large s-wave level No.
114 extends into and beyond this region and, therefore,
depresses the cross section everywhere in this region.
On the other hand, the wings of other levels also extend
into this region and onset this depression to some extent.
There is no other region so free of levels and, therefore,
the best indication of 0-„comes from this region and
indicates a value in the neighborhood of 2 barns, which

is close to the theoretical value obtained from 0.„
= P(21+1)4H, sin 5~, where 5p =R/K and R= rpA ~.

The value of ro is assumed to be 0.14)&10 "cm. In the
region below 350 kev, it was found that the theoretical
value of O.„appeared to be as good a value as one could
expect. ' It will also be assumed for the present analyses.

The method of analysis is the same as that used for
the region below 350 kev. ' For some levels, estimated
parameters were used to obtain single-level plots which

approximately fit the data. The parameters were then
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repeatedly revised until a best fit was obtained. By a
"peeling-off" process the analyses could then be con-
tinued. Because of the density of levels, this process
proved to be successful in only a limited number of
cases. Sometimes the plots of several levels considered
simultaneously provided better 6ts for the data. Many
multiple-level plots were necessary, and Anally, for
most groups of levels, a combination of single-level
plots for some levels and multiple-level plots for others
turned out to be a better approach. Many repetitions
in the analyses are avoidable by first removing the ex-
tensive wings of recognizable s-wave levels. If, in the
course of analysis, additional s-wave levels are de-

tected, these levels are combined with other s-wave
levels for a final check. Then pertinent analyses up to
that point are repeated. Assignments were made to the
highest values of J that are consistent with the data.
Fortunately, the many tedious calculations needed were

performed by the Applied Mathematics Division on the
IBM-704 and GEORGE computers. $)Vote added ie
Proof The tab. ulated values of I'„and E„in Table I are

the values for which the computer program gave a best
fit to the experimental points, the best fi.t being deter-
mined by visual comparison. The equations on which

the program is based are given in reference 4, p. 182
where Eq. (3) is used for single-level plots and Eq. (2)
for multiple-level plots. The variation of the width F„
with energy is included in accordance with I'„=2P&p&
so that the wings of the levels may be extended as far
as needed. The quantity P& is the penetrability factor
given by I's x, I'——r x'/(x——'+1), etc. , with x=R/K.
Considerable thought has been given the problem of
correlating the two types of data obtained by fiat- and
self-detection and the neutron energy spread in an effort
to obtain an analytical method for determining the cor-
rect value of J for narrow levels. This method is quite
involved and when completed will constitute a separate
paper. However, in its approximate form, applicable
only at the peaks of levels, it has been applied to the
narrow levels in the present work and agrees with the
J-value assignments. In applying the method, correc-
tions were made for the wings of nearby levels. ]

TABLE I. Summary of the levels of Nas4 (from 330—630 kev) derived from neutron reactions with Na~'. The parameters J, p„,
and I are probable values obtained as a best fit to the data. The sample thickness used for self-detection measurements at the peaks
of the resonances is given by N, . The sample thickness for flat detection is the same as JV, for the wide resonances and up to 50% more
for the narrow ones.

No.
+r

(kev)
r„

(kev)

E,
(1024

atoms/cm') No. (kev)

E,1'„(10'4
(kev) atoms/cm')

68
69
70
71
72
73

/5
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99

100
101
102
103

352.6
355.9
359.7
362.0
363.8
368.0
372.2
375.0
378.9
382.7
384.7
388.8
391.2
393.6
397.9
400.5
403.0
405.8
411.2
414.6
417.0
419.1
421.6
426.5
428.4
430.4
432.2
436.5
439.0
443.0
446.2
449.6
451.2
456.6
459.7
463.2

1 1
1 1
2 2
2 2
2 2
1 1
2 1
2 1
2 1
3 3(2)
2 1
3 3(2)
3 3(2)
3 3(2)
4 2
4 2
4 2(3)
2 0
2 2
3 3(2)
2 3 (2)
3 3(2)
2 0
1 3 (2)
2 3
2 3
2 3
3 3
3 3(2)
3 2(3)

3(2)
4 2 (3)
2 0
2 3 (2)
2 3(2)
2 2(3)

1.6
1.5
0.9
1.0
0.8
1.6
0.9
1.5
1.6
0.9
1.5
1.4
0.7
0.8
1.3
1.4
1.1.

3.0
1.5
0.9
1.2
0.9
1.9
0.9
0.6
0.7
0.9
0.7
1.1
1.3
1.2
1.9
3.7
0.8
0.6
1.1

0.127
0.127
0.127
0.127
0.127
0,127
0.127
0.127
0.095
0.095
0.095
0.064
0.064
0.064
0.064
0.095
0.095
0.095
0.095
0.095
0.127
0.127
0.127
0.127
0.127
0.127
0.127
0.127
0.127
0.127
0.095
0.064
0.095
0.095
0.127
0.127

104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
126A
127
128
129
130
131
132
133
134
135
136
137

465.7
471.5
476.5
481.3
487.2
493.9
511.0
530.3
532.7
535.4
538,8
545.0
549.9
552.8
557.0
561.2
564.8
568.3
570.4
575.3
578.7
582.9
586.6
590.0
592.8
595.3
601.0
605.0
608.3
611,3
615.2
618.8
621,0
623.0
626.2

2
2
2

2
2
2
3
3
3
2
2
2
2
3
3
3
3
3
3
2
3
3
1

4
3

3

3
4

3

0
3(2)
2
3(2)
3
3
3
3
3
3 .
0
3
2
2
3(2)
2(3)
2(3)
3(2)
3 (2)
2
2
2(3)
2 (3)
2
3
3
2
3

3
3
3

2

0.70
0.70
1.3
0.75
1.1
0.75
1.0
0.75
1.0
1.1
4.5
0.6
1.4
1.4
0.8
1.3
1.3
0.6
0.9
1.5
2.0
1.6
1.6
1.6
1.2
1.3
3.5
1.7
1.0
1.7
1.1
1.7
0,8
0.8
2.7

0.127
0.127
0.127
0.127
0.127
0.127
0.127
0.127
0.127
0.127
0.127
0.127
0.095
0.127
0.095
0.095
0.095
0.127
0.127
0.095
0.127
0.127
0.095

0.095
0.095
0.076
0.095
0.095
0.095
0.095
0.095
0.095
0.095
0.095
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D. Analyses of the Resoonance Levels
from 350—445 kev
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F G. 11. Neutron total cross section of sodium from 525—577
kev. The self-detection data are shown by solid circles; Aa-
detection data by open circles. Curve (A) shows the multiple-leve
plot of the s-wave levels.

region. A larger value of t is expected for No. 115 than
for Nos. 116 and 117 for two reasons: (a) The width
of No. 115 is much smaller than the widths of the other
two; and (b) the depth and shape of the wide minimum
between Nos. 115 and 116do not indicate mutual inter-
ference between this pair of levels. The widths of the
levels appear to be too small for p-wave levels in this
region. Therefore, the value of l is taken to be 3 for
No. 115 and 2 for Nos. 116and 117.The plots shown by
dashed lines in Fig. 12 appear to agree with these
assignments. Because of the depths of the various
minima and apparent widths of the remainder of the
levels in this region, the value of / is taken to be 3 for
Nos, 118, 121, and 122 and 2 for the others. The various
single- and multiple-level plots for these levels are
shown by dashed curves in Fig. 12 and appear to agree
with the assignments.

No. 114 being the nearest one. The plots shown by
dashed curves were obtained by use of the parameters
listed in Table I. Because of the relatively large level
spacings, only single-level plots are shown.

G. Analyses of the Resonance Levels
from 525—577 kev

The data for this region are shown in Fig. 11. One
large s-wave level, peak No. 114, is the predominant
one. The analysis of this level has already been given
and the multiple-level plot is shown by curve (A). By
subtracting this curve from the data one obtains the
two parts of curve (A) in Fig. 12. Because of the neu-
tron energy spread and the relative widths and heights
of the peaks in Fig. 12, the value of J is taken to be 3
f r Nos. 111 112 and 113. An f-wave multiple-level

I.plot is shown in Fig. 12 for the widths listed in Table
The value of J is taken to be 2 for peaks Nos. 115, 116,
and 117 and 3 for the remainder of the peaks in this

H. Analyses of the Resonance Levels
from 577—630 kev

No peak in this group (Fig. 13) appears to exhibit
a pronounced dip on its low-energy side nor the asym-
metrical shape characteristic of an s-wave level. One,
then, concludes that all of these levels are attributable
to d- or f-wave levels. The high-energy wing of the s-
wave level, peak No. 114, does, however, extend into
this region and provides a background upon which the
group sits. This background includes the potential
scattering and is represented by curve (A) in Fig. 13.
It is convenient to begin the analyses of this group
with peak No. 129 because it is apparently the widest
one and its wings are su%ciently well defined to obtain
a width of 3.5 kev for a value of J=4. The single-level
plot for /= 2 is shown by curve (B) in Fig. 13. By sub-
tracting curve (A) Land that part of curve (B) due to
the resonance contribution of peak No. 129] from the
data, , one obtains the two parts of curve (A) in Fig. 14.
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curves.
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FIG. '13. Neutron total cross section of sodium from 576—630
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circles the data by flat detection. Curve (A) is a multiple-leve
plot of the s-wave levels plus the potential scattering. Curve (8)
is a single-level plot of the d-wave level No. 129 plus the potential
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FIG. 15. Distribution of the angular momenta among the
resonance levels of Na". Experimentally determined points are
shown by solid circles. The experimental points for APS are shown
by open circles (see reference 4). The curves are plots of Eq. (1)
for values of cr = 1.58, 1.73, and 1.80.

which for Na'4 is 3.2. This leads to 7.= 2 Mev, which is
close to the value' found for Al".

The level density p(U) is given by Bloch" in the form

(U)=LU(96 )'j ' pr (2U/»)'], (3)

where 6 is the average level spacing of the nucleons in
the nucleus. From the present measurements, the experi-
mentally determined density of all levels is p(U) = 239
Mev '. For a mean value of U= 7.3 Mev and the value
of 0-= 1.8 obtained from the distribution of the angular
momenta, one obtains a value of 8= 0.40 Mev compared
with an expected theoretical value" of about 0.50 Mev.

6. DISTRIBUTION IN THE SIZE OF
THE NEUTRON WIDTHS

The reduced widths obtained from the neutron widths
of the levels by the relation' p'=I'„/(2P&) were found
to Quctuate violently among the levels of Xa'4 in a
manner similar to the Quctuations of the reduced
widths' of AP'. It is expected that the reduced widths
will obey the Porter-Thomas' distribution x '* (exp —x/2)
or possibly an exponential distribution e ', where the

X~ l00

quantity x=y'/(y'), is evaluated for a given J and
parity and y' and (y'), refer to a particular J and
parity. In Fig. 16 the number of levels per interval Dx
is plotted as a function of x for the present data for all
of the levels of Na'4 up to 630 kev. The straight line
shown in the 6gure is an exponential plot drawn for
c= 120, where c is the value of the proportionality con-
stant in the equation y= c exp( —x) and y is the number
of levels per interval Ax. Figure 17 shows a plot of the
same data for a Porter- Thomas distribution. The
present data, then, appear to agree equally well with
the exponential and Porter-Thomas distributions. It is
important in nuclear theory and to nuclear engineering
to know which of the two distributions, the one given
by Porter and Thomas' or the simpler exponential one,
is more likely to be correct. Theoretical analyses' show
that the Porter-Thomas distribution is more reasonable
on theoretical grounds and assign to the exponential
distribution a small probability of being the correct one.
A more accurate evaluation of the parameters of the
levels. may indicate a preference for one of the
distributions.

/. DISTRIBUTION OF THE LEVEL SPACINGS

The fluctuation of individual level spacings relative
to the mean has received considerable attention during
recent years. (See reference 4 for a list of references to
the original papers. ) The simplest assumption, namely
that levels occur completely at random, would lead to
an exponential distribution

Ã=k exp( —g),

where g =S/D. The quantity S represents the individual
level spacing and D the average level spacing. The
quantity N is the number of spacings per unit interval
AS and k the total number of spacings. However, it was
pointed out by Kigner4 that, if one assumes a random
distribution of the Hamiltonian matrix elements, then
the levels of the same spin and parity repel each other.
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FIG. 16. Exponential distribution of the reduced
neutron widths of Na'4.

"A. A. Ross, Phys. Rev. 108, 720 (1957).
Fxo. 1"j. Porter-Thomas distribution of the reduced

neutron widths of Na'4.
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Fxo. 19. Distribution of the nuclear energy levels of Al".
Curve (A) was obtained from Eq. (7) (times a factor of 1.8) for
a value of 5=0.50 Mev and curve (8) for 8 =0.60 Mev. The arrow
indicates the binding energy, 7.723 Mev.

Fxo. 20. Distribution of the nuclear energy levels of Na".
Curve (A) was obtained from Eq. (7) (times a factor of 1.8) for a
value of b=0.50 Mev and curve (B) for 0=0.60 Mev. The arrow
indicates the binding energy, 6.956 Mev.

included the bound levels. Then, in order to relate the
number of virtual levels to the number of bound levels,
one needs an expression for the total number of levels

up to a given excitation energy U. The total number of
levels in the energy interval from U& to U2 is given by
the expression

X(U) = p(U)dU, (6)

where p(U) is the density of all levels in the energy
interval. The theoretical number of levels, then, de-
pends on the form of p(U). It is well known that p(U)
has an essentially exponential behavior and a number of
expressions have been given for it. Here, the expression
given by Bloch, Eq. (2) of the present paper, will be
used. The integral, Eq. (6), then reduces to the form

1V(U) = 2C inn+ax+ —+ +, (7)
2X21 3X3I

where g= U*', C=Lo(96vr)'*] ', and +=sL2/(3&)]**. The
number of levels up to the excitation energy U, then,
depends on the constant 0-, which is proportional to the
nuclear temperature (assumed to be constant for each
nucleus), and on 5, the average level spacing of the in-
dividual nucleons in the nucleus. Because of the first
term in Eq. (7), the summation over the levels cannot
begin with the ground level, whose excitation energy is
U=O, but instead must begin with some excited level.
It was found that for a value of 5=0.50 Mev and a
value of U as low as 0.10 kev, the value of S from
Eq. (7) is a small negative number. By making this
small correction for the lower limit, Eq. (7) should then
reQect the distribution of all of the nuclear levels
above the ground level for the proper values of 5 and 0-.

If all of the bound levels of a nucleus were known up to
say 5 Mev, a family of curves obtained from Eq. (7)
would indicate the proper values of o. and 8 for each

nucleus. Apparently, the number of levels that have
been resolved for any one nucleus is insufficient for an
evaluation of 0. and 8, but approximate values of these
two constants for Na" and AP' have been determined
from the distribution of the angular momenta.

Only about 20 of the bound levels" of Na" appear
to have been resolved and this is really too few to be of
much use for this purpose. However, approximately 100
bound levels" are known for Al". This is the largest
number of bound levels known for any odd-odd nucleus
in this region and is therefore the most suitable nucleus
for a check of Eq. (7). Figure 19 shows the number of
bound levels of AP' plotted against U, which is expressed
in the center-of-mass system. A plot of Eq. (7) for
values of 8 of 0.50 or 0.60 Mev falls below the plot of
the bound levels of AP' and plots for smaller values of
8 show steeper curves. It was found that a reasonable
fit to the data, up to about 4 Mev, for 8=0.50 Mev
occurs if Eq. (7) is multiplied by the constant 1.8. This
plot is shown by curve (A) in Fig. 19. A similar plot is
shown by curve (B) for 5=0.60 Mev. If curve (A)
represents the correct distribution, it is evident that
many of the bound levels above 4 Mev are still unre-
solved. Erickson" has shown that the number of levels
up to an excitation energy U is the product of the
nuclear temperature r and the density of levels, 1V(U)
= rp(U). By use of this relation, the point shown by a
solid circle in Fig. 19 was obtained from the neutron
resonances. 4 This, then, suggests that the distribution
of the nuclear levels is given by some such curve as
(A) in Fig. 19. Figure 20 shows a similar plot of the 20
nuclear levels of Na'4. The trend of the levels up to
about 2.5 Mev indicates that a value of 0.50 Mev for
5 may also be about right for Na". The value of E(U)
calculated from Erickson's expression'~ from the level
density of the neutron resonances and the nuclear

"P.M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683
(1957)."T.Erickson, Nuclear Phys. 11, 481 (1959).
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temperature is shown by the solid circle in Fig. 20 and
seems to further indicate that the value of 8 is about
0.50 Mev. This value of cV(U) is somewhat above curve
(A), but it is believed that the value of the nuclear
temperature used is too large.

Presumably, it may be too stringent a requirement to
expect a plot (such as Figs. 19 and 20) of the 6rst few
nuclear levels of a nucleus to obey Eq. (7). However,
plots have been made for the known levels of many
nuclei and they all show that curves similar to the ones
shown in Figs. 19 and 20 are followed surprisingly well.
Families of curves were also plotted for a few values of
b. From these plots and the curves for various values
of 5 (not shown) a number of other trends were ob-
served: (a) The larger values of 8 are associated with
nuclei which have small nuclear level densities. (b) The
value of 5 appears to be large for light nuclei (there
being fewer levels for these nuclei) and decreases as
one goes to .heavier nuclei but shows peaks in the
neighborhood of magic numbers and then decreases
sharply again above these numbers. The value of 5

appears to be the largest for even-even nuclei. (c) The
distribution of the levels of the even-even nuclei may
be given by Eq. (7) for a suitable choice of 5 and of 0.

without multiplying the equation by a constant factor.
If a multiplicative constant is needed, it is probably
less than unity. (d) The distribution of the levels of the
odd-even and even-odd nuclei apparently can be given
by Eq. (7) if 0. and 5 are suitably chosen. (e) For the
odd-odd levels, apparently Eq. (7) must be multiplied

by a constant of the order of the value of 0.. A more
detailed study on the basis of the presently known
levels is expected to confirm these trends. The larger
values of 6 for the lighter nuclei seem to agree with the
trend for the theoretical values. "The infiuence of the
shell structure on the level density of a highly excited
nucleus has been studied theoretically by Rosenzweig. "
This study indicates trends similar to the ones stated
above, particularly the trend noted in (b).

10. DISCUSSION

The results show that the large level density of Xa24

continues on up as far as the present measurements
were made. The large levels previously reported in
this region by Stelson and Preston' were found to be
composed of many levels. This accounts for the large
widths which these experimenters reported for these
levels. The large s-wave level near 540 kev reported by
these authors was confirmed to be an s-wave level
having a value of J=2 but it has a width of only 4.5
kev. It is the widest s-wave level found in Na'4 and is
the widest level in the region from 350 to 630 kev. A
number of narrow levels occur in or near the rpinimum
of this s-wave level and many levels occur in its high-
energy wing. Because of the profusion of levels with

narrow widths, all of the levels in this region were
studied by self-detection in order to determine better
values of the parameters of the levels. The various
figures show the highest peak values obtained and the
lowest minima between peaks. Xo really good value
of the neutron energy spread could be obtained because
no well-isolated narrow level occurred to enable one to
study the energy spread of the neutrons. However, as
discussed in Sec. 2, some fair estimates could be made
and these estimates indicate that the energy spread is
about 1 kev or a little less for the lithium targets used.
Consequently, only a few of the levels were resolved to
peak heights very near their true values. Because of
this, the parameters determined for many of the levels
may diRer somewhat from their true values and this in
turn would produce irregularities in the distribution
of the angular momenta, level spacings, and neutron
widths. However, since no really serious irregularities
occurred in these distributions, the parameters of most
of the levels are probably reasonably close to their
true values.

Values of the strength functions obtained for the s-
and P-wave levels are comparable' with those obtained
for AP' and are in accord with the predictions of the
theory. "The unusually high values for d- and f-wave
levels were discussed in Sec. 8.

The potential scattering was assumed to be given by
the expression

o.„=P~ (21+1)4n4' sin'8~&

for reasons given in Sec. 4(B). This value was also used
in the analyses of the levels in the energy region up to
350 kev. The results obtained in all of the analyses up
to 630 kev indicate that this value of the potential
scattering must be near the true value.

The material included in Sec. 9 indicates that a much
higher percentage of the virtual levels are being re-
solved by the present techniques than are resolved in
the region of the bound levels. Previously, it was not
known whether or not the neutron energy spread in
this energy region might possibly preclude the resolution
of levels as narrow as the ones observed. Also, it was not
known if the shielding of the counting equipment was
sufficient to maintain an acceptable background. By
making measurements with neutrons at 0' with respect
to the direction of the proton beam and using thin
lithium targets, one can, as the present results show,
resolve (at least partially) many narrow levels. The
background was found to be quite small as compared
with the counting rate. Lately, it has also been found
that measurements can be extended to even higher
energies.

The differential neutron cross-section measurements
made by Lane and Monahan" in the vicinity of the

' N. Rosenzweig, Phys. Rev. 108, 817 (1957). "R.O. Lane and J. E. Monahan, Phys. Rev. 118, 533 (1960).
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large peaks of Na" reported by Stelson and Preston'
indicate: (a) appreciable interference of levels of
opposite parity; (b) the presence of s-wave levels in
the region around 400 kev; (c) a dominant s-wave de-
pendence near 450 kev; and (d) a strong s-wave level
around 540 kev. The present data together with the
results obtained by the analyses are consistent with
these indications. Each large level reported by Stelson
and Preston' was found to consist of a number of levels
of opposite parity. Two s-wave levels do occur near 400
kev and the dominant level near 450 kev appears to be
an s-wave level. The widest s-wave level found in Na'4

is located near 540 kev.
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The nuclear reactions C"(p,n)N" and C' (p,y0)N'~, for protons of less than 1.6 Mev involve the inter-
ference of two adjacent states having the same spin and parity (-,'+) but different isotopic spin (7=-,'and —',).
By taking properly into account the effect of other, more distant —,'+ levels on the cross section near the
interfering pair of levels, we are able to fit well the (P,n) cross section from the neutron threshold up to a pro-
ton energy of 1.6 Mev and to obtain reliable estimates for the reduced width amplitudes of the interfering
pair, as well as for the physically significant phases of the amplitudes. Since the neutron decay of the T= —,

state is "forbidden, " the neutron reduced widths of the close-lying pair lead to a direct measure 4% of the
isotopic spin impurity of the pair. The results found in the cross section analysis are compared to shell model
calculations based on the N" wave functions of Halbert and French, and reasonably satisfactory agreement
cs found.

I. INTRODUCTION

~ 'HE nuclear reactions C"(p,rs)N" and C"(p,ys)N",
for proton energies of less than 1.6 Mev, have

several unusual features of importance for nuclear
structure. The (p, rt) reaction cross section has been
measured at several laboratories' ' while the (p,ys)
results are given by Bartholomew et al. ' The C"+p

$ Supported in part by the U. S. Atomic Energy Commission
and by Atomic Energy of Canada Limited.

* On leave from the University of Rochester, National Science
Foundation Senior Postdoctoral Fellow at Utrecht, 1959—1960.

g Present address: Physics Department, University of Syracuse,
Syracuse, New York.

$ This work was begun while E. Vogt was visiting the Physics
Department of the University of Rochester, 1958—1959.

' G. A. Bartholomew, F. Brown, H. E. Gove, A, E. Litherland,
and E. B. Paul, Can. J. Phys. 33, 441 (1955).' R. M. Sanders, Phys. Rev. 104, 1434 (1956).' J. H. Gibbons and R. L. Macklin, Phys. Rev. 114, 571 (1959).
The authors are grateful to Dr. Gibbons and Dr. Macldin for
sending their results before publication.

cross sections are shown on Fig. 1 along with a diagram
of the levels of N" which lie at or near the energy
reached by C'4+p. The information on the compound
states of N" has been found from a variety of reactions
as summarized by Ajzenberg-Selove and Iauritsen. '
Although we shall consider the effects due to other
states in describing the Cr4(p, rs)Nr4 reaction, our in-
terest will focus on the two adjacent —',+ states at
excitation energies of 11.438 and 11.610 Mev in N".
These states are known to have isotopic spin T= ~ and
T=23, respectively. ' The latter level is therefore for-
bidden to decay to the ground state of N" by neutron
emission.

As we shall see below, the two adjacent ra+ states

4F. Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1
(1959).' G. A. Bartholomew, A. E. Litherland, E. B, Paul, and H. E.
Gove, Can. J. Phys. 34, 147 (1956).


