BLEACHING AND RECOVERY OF F CENTERS IN KCI

where ¢ is the number of excitons, 7, is the exciton
lifetime, and e is the minimum energy to produce an
exciton. If it is assumed that the collisions between
excitons and trapping centers obey classical kinetic
theory, the number of free electrons during x raying is
given by

n=1,00,(No—N)g, (6)

where 7, is the lifetime of a conduction electron, ¢ is
the cross section for ionization of a trapping center by
an exciton, and v, is the thermal velocity of the exciton.
Substitution of Eq. (5) into Eq. (6) gives the depend-
ence required by Eq. (4).

For a numerical estimate, ¢ may be taken as 10 ev,
74 as the optical exciton lifetime of 10~8 second, and o
as 1071 sq cm. The mean lifetime of a conduction
electron against trapping by an F center has been
calculated by Redfield* as 7)X 107 sec at 200°K. If it
is assumed that this is the predominant process estab-
lishing a steady-state electron concentration at 300°K,

1 A, G. Redfield, Phys. Rev. 94, 537 (1954).
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7 can be taken as 10~9 sec. Finally, v, from the exciton
effective mass'® is about 107 cm/sec. Substitution of
these quantities gives a value for #» of ~1028(dE/ds)
(No—N). This may be compared to the experimental
recovery rate if a value is assumed for £/, the rate-
constant for the reaction between free electrons and
negative-ion vacancies. Again from kinetic theory, for
a capture cross section of 107 sq cm and an electron
velocity of 107 cm/sec, £’ equals 10~7 cc per electron-sec.
Thus, (k/F’) equals ~10~%. Although the agreement
is fortuitous, these calculations show that an exciton
transfer mechanism is consistent with the observed
recovery process.

A final point is that the energy required to recover
F centers is independent of the extent of optical
bleaching. This suggests that the recovered F centers
are isolated and not clustered, which is consistent with
the conclusion of Konitzer and Markham! that ‘the
F center is in a perfect lattice, no matter how it ismade.”

15 W, R. Heller and A. Marcus, Phys. Rev. 84, 809 (1951).
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Expressions for the attenuation ag and a, of plane dilatational
and shear sound waves are obtained by solving the Boltzmann
transport equation for the electron distribution function f without
assuming the existence of a relaxation time r for the collision term
in this equation. Instead the collision integral is considered to
arise explicitly from the interaction of electrons with thermal
phonons and impurities. Making the usual “ideal metal” assump-
tions, it is found that the attenuation in general depends on a set
of effective relaxation times =13 which are associated with the
various terms in the expansion of f in a series of spherical har-
monics Y1 (6,0); the 72y are independent of the subscript M,
and hence the same set {7} determines both a4 and ;. Explicit
expressions for 7z, are derived.

For the case in which all the 7, equal to one another and equal
to 7 say, the analytical expressions for aq and . obtained here are

INTRODUCTION

ELOW about 20°K, the attenuation of ultrasonic
waves in metals arises primarily from their inter-
action with the conduction electrons. Pippard! gave an
extensive kinelic treatment of this phenomenon in
terms of the free-electron model of a metal. His basic
idea is that the steady-state distribution of the elec-
trons, determined under the combined influence of the
electric field set up by the sound wave passing through
the metal and the collisions of the electrons with lattice

1 A. B. Pippard, Phil. Mag. 41, 1104 (1955).

the same as those of Pippard. However, usually 77, are not equal
to one another. It is then found that when A>>! (\ is the wave-
length of the sound wave and / a mean free path of the electrons),
+ in Pippard’s expressions must be replaced by =, and, contrary
to what is usually assumed, a would not be in general proportional
to the electrical conductivity ¢ (o « 7;). When A<, the attenua-
tion, with one exception, is independent of {1} and is the same
as that given by Pippard. For A~i, and 71 not equal to one
another, & may be calculated numerically if the ratios r1/7, are
known; the results of one such calculation show that the devia-
tions from Pippard’s analytical expressions are at most about
20%, provided 7 in the latter is identified as 7..

Lastly, the possible influence of electron-electron collisions on
attenuation is briefly discussed.

vibrations and other defects in the metal, is not identical
with that which the electrons would have if they were
locally in thermal equilibrium. Hence there is a dis-
sipation of sound energy into heat energy. Steinberg,?
using Pippard’s model, formulated the problem in terms
of the Boltzmann transport equation. In both these
treatments the existence of a relaxation time 7 for
collisions is assumed. In the Boltzmann formulation
this assumption is expressed by the equation

[9f/34Jeon=—(f—F)/7, (1)

2 M. S. Steinberg, Phys. Rev. 111, 425 (1958).
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where the term on the left-hand side is the collision in-
tegral in the transport equation, f is the distribution
function of the electrons, and f is the distribution func-
tion which the electrons would have in the presence of
the sound wave if they were locally in thermal
equilibrium.

As a next step, it is clearly desirable to ask, firstly, as
to what extent Eq. (1) is valid and, secondly, as to
what value (or values, if different) of 7 should be used
in the various expressions for the attenuation of plane
dilatational and shear sound waves. Theanswers to these
questions naturally depend on the form of the inter-
actions that give rise to the collision integral. Paren-
thetically, it may be mentioned that the comparison of
theoretical results with experimental data is generally
made by assuming that the = for the attenuation prob-
lem is the same as that appearing in the expression for
the electrical conductivity of a metal.

In this paper we consider the collision integral to
arise explicitly from the interaction of electrons (1) with
thermal phonons or lattice vibrations and (2) with any
impurities present in the metal, and obtain the relevant
solutions of the transport equation which determine the
attenuation of plane dilatational and shear sound waves.
We make a number of simplifying assumptions and
approximations. Principal among these are the use of
the free-electron model for the metal, and of the colli-
sion integral derived by Bloch? for the electron-phonon
interaction. We also make all the other usual assump-
tions on which the celebrated Bloch-Griineisen formula
for the electrical conductivity of a metal is derived.*

The starting point of this investigation is the ex-
pansion of fin a series of spherical harmonics ¥ 7 (6, ¢).
Our results are then most conveniently expressed by
formally introducing a set of effective® relaxation times
71 Which are associated with the various terms in this
expansion. For the assumptions mentioned above, the
7o are found to be independent of the subscript M.
The determination of attenuation entails the solving
of an infinite set of linear algebraic equations, and
analytical expressions for the attenuation are obtained
in this paper for the following three cases: (1) when the
wavelength A of the sound wave is much larger than a
mean free path / of the electrons; (2) when A<!; and
(3) when there is no restriction on A but all 71
(L=1,2,3,---) are equal to one another. When 7, are
not all equal, as is usually the case, and when A~/ one
has to obtain the attenuation numerically. This can
be done if the ratios 71/7; are known, and the results
of one such calculation are discussed in Sec. 6.

A comment on the method of calculating the attenua-
tion may be usefully made here. Pippard calculated the
attenuation by essentially calculating the Joule heat
associated with the steady-state electronic current. In

3 F. Bloch, Z. Physik 59, 208 (1930).

4 See, for example, A. H. Wilson, The Theory of Metals (Cam-
bridge University Press, New York, 1954), 2nd. ed., Chap. 9.

5 See comments following Eq. (30).
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this method it is the electrons which irreversibly lose
some of their energy to the thermal energy of the
metal, the sound wave somehow supplying to the
electrons an equivalent amount of energy at the same
rate. Steinberg, on the other hand, set up the equations
of motions for wave propagation in the metal by adding
to the elastic stress tensor a kinetic stress tensor associ-
ated with the steady-state distribution function f. In
this paper, we set up the equations of motion for the
ions by considering somewhat more explicitly the forces
on the ions which arise from the electron-ion interaction.
We assume that the total force on the ions is composed
of (a) the force due to the electric field set up by the
sound wave, (b) the force due to the transfer of mo-
mentum to the ions in electron-ion collisions, and
finally (c) an elastic restoring force independent of the
electron-ion interaction. If the 7, are all equal to one
another [case (3) above], the results on attenuation by
our method are, of course, identical with those obtained
by Pippard and Steinberg.

In Sec. 2 of this paper the problem is formulated in
terms of the Boltzmann equation and the method of
calculating the attenuation is described. In Sec. 3 the
collision integrals due to electron-phonon and electron-
impurity interactions are analyzed and explicit expres-
sions for 7z are derived. The relevant solutions of the
transport equation are obtained in Sec. 4 and the
various expressions for the attenuation in Sec. S.
Finally, the results are discussed in Sec. 6; here the
possible influence of electron-electron collisions on
attenuation is also briefly discussed.

2. BASIC EQUATIONS

Let an ultrasonic wave of wavelength A in the metal
be characterized by a displacement s and particle
velocity u; for a plane wave travelling in the positive
z direction,

s=g§oe!Wtk2)  gs/dt=n, (2)
where k=2r/A. For a dilational wave s and u are
parallel to the z axis. For a shear wave we shall take s
and u to be along the x axis.

In the presence of a sound wave a certain electric
field F is set up in the metal. The stationary distribution
f for the electrons will then be determined by the
Boltzmann transport equation:

of eF of
—+v-grad.f+—-grad,f= [‘] ) ®)
ot m 9

coll

where v is the velocity of an electron, and e and  its
charge and mass, respectively. In terms of f the elec-
tronic current density J. and the number of electrons
N per unit volume are given by (% is Planck’s constant)

J= (2::3)fvf(.v)dv; N=2h—”:3ff(v)dv. 4)
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Integrating (3) over all v, one obtains
aN af
—4(1/e) divJe=f[—] dv=0. ©)
at a¢ coll

In (5) the second equality arises from the fact that the
number density of electrons does not change due to
collisions. Equation (5) is just the equation of continuity.

Next one relates F to the total current density J=1J,
—Ngeu by Maxwell’s electromagnetic equations (in

Gaussian units) :
ou\ oF
Oe—‘) + _—} ’ (6)
at a2

where Ny is the number density of electrons in the un-
disturbed metal, and where we have neglected—as we
shall do throughout this paper—powers of # higher
than the first. If the collision term in Eq. (3) is known,
Egs. (2) to (6) are sufficient to determine completely f
and F in terms of the particle velocity u associated
with the sound wave.

In accordance with the remarks made in the Intro-
duction, the equations of motion for wave propagation
in the z direction may be written as

curl curlF= — c“z[

9% a’s
p—=pﬂ—-‘NoeF+L, 7
o

where p is the density of the metal. The first term on
the right-hand side of (7) arises from the elastic restor-
ing force and 8 is the square of the velocity of the wave
arising from this force, i.e., in absence of the electron-ion
interaction or the terms —NeF and I.; the second
term — NoeF is the force per unit volume on the ions
due to the electric field F set up by the wave, and finally
I, is the momentum imparted to the ions per unit time
per unit volume by the electrons in collisions with the
ions; I, is given by

-GG e

The last two terms in (7) lead to a force which is out
of phase with the displacements of the ions and hence
are responsible for the attenuation of the wave.

On substituting (2) into (7) and putting k= k;—1iks,
one can obtain the velocity V=w/k1, and the intensity
attenuation « in nepers/cm as 2k,. When &»/k1<<1, as is
the case in the problem considered here, we may pro-
ceed as follows: Let w?/k?=Z=7Z+1Z,, where Z; and
Z, are real. Then, if powers of (ks/k;) higher than the
second are neglected, it may be shown that

a~(w/V?)2Z,, (9a)

and

Ve Z,[14-302/4k2]. (9b)
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3. ANALYSIS OF THE COLLISION INTEGRALS
AND AN INTEGRATION OF THE
BOLTZMANN EQUATION

For convenience, we first introduce the following
symbols, etc.:

The wave vector of an electron will be denoted by K,
and its energy by Ex. In the free electron approximation
(h=h/2x), WK=mv, Ex=%2|K|2/2m. The values of v,
K, and E at the Fermi surface will be denoted by v,, K,

and E,, respectively. vy and N, are related by
mvo=h(3N/8m)%. (10)

fo, the thermal equilibrium distribution function for the
electrons in an undisturbed metal, and f are given by

fo(K)= {exp[ (Ex— Eo)/«T]+1}7, (11)
F(K)= [exp[(—:i:’; K—?; Z—EO—EI) / KT]+1 }—1,
(12)

where E; is introduced in (12) to include the changes
in the number density of the electrons associated with
the passage of a dilatational wave. (E;=0 for shear
waves.)

The direction of K will be specified by the polar
angles (0,¢); we take the direction of propagation of
the sound wave (z axis) as the polar axis and measure
the azimuthal angle ¢ from the z-x plane. For conveni-
ence the spherical harmonics ¥ 75 (8, ¢) will be defined as

Via(0,0)=Pr¥(cosd) cosMe for 0KM<LL,
and
Yiu(0,0)=PrlM (cos) sinM ¢ for —L<M<O,

where Pp¥(cosf) are the associated Legendre poly-
nomials. The expansion of fin spherical harmonics will
be written as
afo
f=fo—u—3 Cou(K)Yu(8,0),

0Fx LM

(13)

where the summation, in general, is over all integral
values of L, including zero, and over all M such that
— LML L. The coefficients in a similar expansmn
for f will be denoted by ¢ ru(K). To the first power in
u, the only nonzero Cra are Cio=mv and Coo=E:/u
for the dilatational waves and Cyy;=mw for the shear
waves. We shall also write (13) in the form

afo
f=f—u— 2 cLue(K)Y L2 (6, 0), (14)
aEx LM
with
cLu(K)=Cru(K)— Cru(K). (15)
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3.1. Electron-Phonon Interaction

The Bloch collision integral is discussed in detail in
Wilson* and is given by [Wilson, Eq. (9.33.6)]

5L,

5 lo|
-—— %
Onadloh o« vq

——E)qu(K)(l —f(K+aq))] XQ(Ex— Exiq+hvq)
+[m’—qf(K+q)(1_‘f(K))“ (9 +1)1(K)
X (1= f(K+a))JQ(Fx— Exyq—hvq)},

where q is the wave vector of a phonon of frequency »q
(=wo| q|/2%, wo being an average velocity of sound)
and energy hvy, € is the Sommerfeld-Bethe electron-
phonon interaction constant, U is the volume of the
crystal under consideration, M, is the mass of an atom,
1, the number density of atoms, and 97, is the phonon
distribution function.

in(xt/% ®
Q(x =§—(—l—/—)—, f+ Q(x)dx=nh.

X, —

{LO+1) f(K+q) (1 - f(K))

(16)

(17)

Q(x) acts as a kind of § function differing from zero only
when x=0. Finally the summation in (16) is over all
values of q, lying within a sphere of radius go= (67%,)%
(Debye spectrum for phonons).

The collision integral (16) vanishes if we substitute
into it for f(K) and 91,, respectively, the corresponding
thermal equilibrium distribution functions, namely,
fo(K) from (11) and 919, where

N o= "[exp(hvy/«T)— 1T (18)

The collision integral also vanishes for f(K)= f(K) and
=N, where

No={exp[(hvq—hq-u)/xT]—1}"1 (19)

However, the collision integral (16) does not vanish if
we set f(K)= f(K) and 91,= 9t,%. This shows that when
the electron gas is at rest, f(K) and 97, relax due to
collisions towards fo(K) and 9t,°; on the other hand,
when the electron gas contained in a macroscopic ele-
ment of volume possesses a mass motion (as in the
presence of an impressed sound wave), we may assume
that f(K) relaxes due to collisions towards f(K), pro-
vided we assume also that 97, relaxes towards N,. We
note that the phonon gas represented by N, also has a
finite macroscopic momentum ; this is not unreasonable
since the sound wave passing through a metal, imparts
momentum to an element of the metal as a whole.®

It will be realized that the above argument is, by no means,
rigorous, since we have assumed that the collision integral itself
is not modified due to the impressed sound wave and that the
collision events can he considered, to some extent at least, localized

BHATIA AND R. A.
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Now in order to determine the steady-state distribu-
tion function f(K) from (16) and the transport Eq. (3),
we should, to be consistent, write similar equations for
9, and solve the two transport equations simultane-
ously for f(K) and 91, Instead of doing this, for
simplicity we shall determine f(K) by setting” in (16)
9q=N,. Let us now substitute into (16) 9%,=N, and
for f(K) from (14), and simplify the resulting expression
by using the condition that (16) vanishes for f= f and
9q=DN,. The remaining expression is proportional to #
and, in addition, contains higher powers of # through
its dependence on f(K) and N,. Since we neglect powers
of « higher than the first, we may replace f(K) and N,
by fo(K) and 91,9, respectively. Finally, we substitute
for 9t from (18), remember that 9,°=91_¢° and re-
place the summation over q by an integral (for this step
see Wilson,* p. 259). We then obtain for the collision
integral (16) the expression

1.

Cu lq? 1
8t n M kT L3t f v exp(ve/kT)—1
XA{fo(Ex)[1— fo(Ex+q) JO(Ex— Ex1qthvq)
+fo(Exyo)[1— fo(Ex) JQ(Ex— Exq—hvq)}
X{cru(|K+a)) Y 2ac(0',0") —crae( | K|) V221(6,0)}
X ¢*dq sinddédw, (20)

where (3,w) are the polar coordinates of q with K as the
polar axis and (¢',¢’) are the polar coordinates of
K+q in the frame of reference in which the polar co-
ordinates of K are (8,¢). With K as the polar axis, the
polar coordinates of K+4q may be written as (u,w).
Now in (20), Yz (#',¢") is the only term which depends
on the azimuthw and it can be readily integrated over
@ by using the group-theoretic properties of the three-
dimensional rotation group. The result is

2w
[ Vin (0,0 dw=20Y 1) Vin(@,0). (1)
0

The integration over § is carried out by using (17) and

in space and time, even though the collision probabilities in (16)
are calculated quantum mechanically. These interrelated ques-
tions have been discussed by Holstein ['T. Holstein, Phys. Rev.
113, 479 (1959) 7. He has shown that when the interaction between
the thermal phonons and the impressed sound wave is taken into
account, the collision integral (16) is so modified that it vanishes
for f=fand 9q=9T4". To the first power in %, Holstein’s collision
integral leads to the same results as the procedure adopted in
this paper.

7 We note that in solving the electrical conductivity problem,
one sets IMq=9Iqin (16). The error involved in such a procedure
is not appreciable so long as one is not considering second order
phenomena like the thermoelectric power; see, for example, J. M.
Ziman, [Electrons and Phonons (Oxford University Press, New
York, 1960), Sec. 9.13.
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is analogous to the corresponding step in Wilson,* p. 261.
Using (21) and integrating (20) over § and w, one
obtains®

af afo\ Gm)t s T\?
G G ()
y f+ T 2da(e+1)
_e/r |1—e#| (em241)
X {54 Cezm(m) —cra(nt2)Vio(w) 1Y Lu(6,90)},
(22)
(23)

=u SiuViu(d,0),
LM

where 2=hv,/xT, n= (Ex— Eq)/«T, k®=hwoqo, and

dr \14Mx® D g\ ¥
() S —ri(s), e
3n, 3282 E, N,

kTz\ % kTz D ;T\2
cosu=(1+—~) [1+——~~——(——) 22]. (25)
Ex 2Ex FEx\0

We next substitute (13) into the left-hand side of
Eq. (3), note (a) that our considerations apply only to
isotropic metals (i.e., for which the electrical conduc-
tivity tensor is a scalar) so that F|ju, and (b) that
du/dt=1wu, and du/dz= —iku, and equate the resulting
expression® to the right-hand side of (23). One then ob-
tains for Cru(Ex) the integral equation

dfo
~( aEK){ (ieo— k0T 10(0,))
X[ Cou(Ex) Y Lu (6, <p):]—-—Y1MI(0,<p)

LM

and

= Z gLIll YLM (0) (P)7 (26)
LM

where we have to put M'=0 for the dilatational waves
and M’=1 for the shear waves.

We now note that 97 [see the expression within in
the square bracket of (28)7] are different from zero only
for values of Ex such that |Ex—E,|~«Tz<«0;
we, therefore, write Cry(Ex) in the form Cry(Ex)
=Cru(Eo)+dru(Ex—Eo), and assume that in this
small neighborhood of Eo, dru(Ex—E)<KCru(Ey).
Then integrating (26) over Ex, we obtain to zero

8 The limits of integration =0/7 in (22) are on the assumption
that N¢>0.257,. When N¢<0.25%,, the limits of integration be-
come =+ (0/T) (4N o/n4) (E/Eo)}.

9 It has been assumed here that changes, if any, in the tempera-
ture of the electron gas can be neglected. We note that the attenua-
tion per wavelength resulting from heat flow (either among the
electrons or between the electrons and the lattice) is at most of
the order [(Cp/Cy)—1] or 1077 at liquid helium temperatures;
here Cp and Cy are the specific heats at constant pressure and
constant volume, respectively.
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order in «T/E, the following equation for Cpu(Eo):

(iw— ikvoylu(a, (P) )I:LZM CLM (ED) I/LM (07 ‘P)]

amn Crar(Eo)— Crar(Eo)
——Y e (0,0)=—2" )

u LM TL

27

where we have used (15) to eliminate c¢zu(Eo), and
where

U fmN\} 1 T\ o+
) Sy
TL 2Ey/ A2\B®/ J_,
f+e/T Z2dz(1—'YLo([J,))I- 1 1
o |1—e—|(e—1)ler+1 erret1
+terr z3dz(1 Vio(u))
-G2) w6) [ @
2Ey/ AW\ O oIT ]l—e“] (er—1)

The prime on the summation sign on the right-hand
side of (27) implies that the term L=0 is to be excluded
from this sum. This is because the integral S dodE
vanishes, as it should [see, Eq. (5)]. Finally, since

kT2/EyS 1072, the expression (25) for cosy may be
approximated to

cosu~[1— (D/E,)(T/©)%]. (30)

It will be observed that Eq. (27) determines Cra(Ex)
at Ex=E, only. This is, however, sufficient to deter-
mine J, and hence attenuation. It should be mentioned
that in -order to completely justify the step leading to
Eq. (27) from Eq. (26), one must still verify that
dLM(EK—Eo)<<CLM(Eo) for |EK—E0| SKTZ< «®. We
shall not take up the verification of this inequality here;
but we mention that one may convince oneself of its
validity by noting that all the integrals 9z, are of the
same form and that for the conductivity problem, for
which the collision integral is just (22) with all ¢,»=0
except cio, it has been found to be true at all tempera-
tures.® Finally we remark that the 7., as defined in
(29), may be formally regarded as a set of effective
relaxation times; for example, when the expression for
71 from (29) is substituted for 7 in the expression
o= (Ne*/m)r for the electrical conductivity one ob-
tains just the Bloch-Griineisen formula. (Note that 7,
are undefined as a function of the energy Ex of an
electron and hence are not the relaxation times in the
usual sense of the term.)

] (28)

Evaluation of 71,

To evluate 7, from (29), we note that Yro(u) is
identical with the hypergeometric series’* F(L+1, —L;

1 See, for example, W. Ehrenberg, Electric Conduction in Semi-
conductors and Metals (Oxford University Press, New York, 1958),
p- 168; also reference 4, pp. 278, 310.

uE’T. Whittaker and G. N. Watson, A Course of Modern
Analysis (Cambridge University Press, New York, 1940), 4th ed.,

p. 312
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1; 3 (1—cosu)). Hence (29) may be immediately written as

@) SR Epemar EQT

where

Q) [

(LA+1)(LA+2)- - (LA+r)L(L=1)(L—2)- - - (L—r+1)
X , (1)
(r)22r
zZr+3dZ 32
(=1 (1—e2) G2

At very low temperatures, 7/0<«1, the integrals (32)
become independent of 7" and the series in (31) is in
increasing powers of (7/0)2 Hence for sufficiently low
temperatures all but the first term in the series may be
ignored. One then has

r/ri=3L(L+1), T«<O. (33)

Using the table of integrals for Js.y3(©/7) given in
Wilson? (p. 337), one finds that for L=2 expression (33)
is correct to within 109, for T/©<1/20; and for L
up to 6 it is correct to within 109, for T/® <1/40. For
larger L, the approximation (33) for 71/7. is a good one
only at still lower temperatures. Because of this, it is
of interest to obtain here the values of 7i/7z in the
high-temperature limit 7>>@ (although the attenua-
tion of sound waves due to electrons is negligible at
these temperatures). Noting that for 7>>0, the factor
[exp(z)—1][1—exp(—2)] in (29) may be replaced by
z% and transforming the integration variable from z to
cosu, we may obtain from (29)

cos™1(1 —D/FEo)
r1/70=2(Eo/ DY’ f (1= Y 1o(u))

Xsinpdu. (34)

Since D/E¢~1, for simplicity we evaluate (34) at
D/Ey=1. One then has 7;/7.=2 for all even L. For
L=3 and 5, 71/7.="7/4 and 17/8, respectively; and as
L—> «, 71/71,— 2. Therefore, whereas 71/7, changes
in the whole temperature range by only about 509,
the variation of 71/7; with temperature for larger L is
much greater.

3.2 Electron-Impurity Scattering

The collision integral due to the scattering of elec-
trons by the impurities may be written in the form
[Wilson, Eq. (9.4.1)]

[%]—;L — [ sk

XQ(Ex—Ex) (K'|AV|K)[%aK".  (35)

The factor Q(Ex— Ex/) in (35) ensures that the colli-
sions of electrons with impurities are elastic. Now, since
the momentum of the electrons is not conserved in

collisions and since the right-hand side of (35) is ob-
tained on the assumption that impurities are at rest,
expression (35) vanishes for f= f,, but not for the dis-
tribution function f(K) which represents electrons with
a mean momentum #u per electron. Since in the pres-
ence of a sound wave impurities also move with a
velocity u, we consider the scattering of electrons from
states K; — K/, where 2K; and 2K, are the momentum
of the electrons in the reference frame in which im-
purities are at rest and thus kewristically modify the
collision integral by making the replacement:

Q(Ex— Ex) (K'[AV[K)[* —
Q(Exi—Ex")|(K/|AV] Ky

Since %#K;=/K—mu, ZK,'=%K'—mu, the collision in-
tegral so obtained vanishes for f=f.

If we now substitute for f from (14) into the modified
collision integral, use the condition that it vanishes for
f=17, and then ignore powers of « higher than the first,
we obtain

Gl
ot con_:r;l;u dEx

XL [cmuzx) [0~ 10,07
X (Ex— ) |(K'| AV K) [szf]. (36)

We assume now that the matrix elements (K'| AV |K)
depend only on the angle between K and K’ and not
individually on the directions of K and K’ in the metal.
Then taking the polar coordinates of K’ as (u,w) with
K as the polar axis, and integrating (36) over Exs and
w with the help of Egs. (17) and (21), we may write
(36) in the form

[a—f]m”:’u(go*)LZM' cru(Ex) Y (6, <P)’ 37)

with 9Fx 71.(Ex)
TL(lEK)= (dEK)f [1=Y20()]

X (K'|AV|K)|? sinudu. (38)
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The integration of (37) over Ex is straightforward and
we thus see that for impurity scattering also Crar(Eo)
are determined by Eq. (27). Further, to the approxima-
tions made in this paper, when the electrons are scat-
tered by both phonons and impurities, one has only to
write for 1/71 in Eq. (27) the expression

11 1
—=—t (39)

N
7L AL TL(')

where 7. are given by (29) and 7.9[=7.9(E)]
are the effective relaxation times for the electron-
impurity scattering.

Evaluation of 7.,

We first rewrite (38) in a more convenient form. Let
the fraction of impurity atoms, all of the same kind,
be denoted by x, and let x<<1. We suppose the im-
purities to be distributed at random and we denote by
U(r) the difference in potential between the dissolved
and solvent atoms. Further let P(u) be the probability
that an electron (energy E,) in a unit volume (wave
functions Yx and yx- of the electron normalized to unit
volume) is scattered through an angle u per unit solid
angle per unit time. Then (38) for Ex=F, may be
written in the form

1

~=2m f [1—=Y1o(u) P (u) sinudu,  (40)

) 7.L(z)
with

2mm\ 2
P (ﬂ) = ”axvo( )
h2

The ratios 7:%/7.® would naturally depend on the
form of U(r).

As an example, we consider here U (r) to be a screened
Coulomb potential: U(7) « (') exp(—qr). Mott® has
shown that the potential of a polyvalent impurity dis-
solved in a monovalent metal is approximately of this
type. In the Born approximation P(u) is proportional
to [(1—cosu)+6%/(2K¢?) T2, and the ratios 71@/7,®
may be easily found to be given by

D Q' (3)—00'(3) . q
- D oa=1t—  (42)

2@ Q/(8)—Q0(3) 2K ¢
where Q1(3) is the Legendre function of degree L of
the second kind,® and Q’(3)=dQ(z)/d%. From (42)
we see that 7,(9/7.® depend on the range ! of the

potential and on the wave-number K, of the Fermi
electron. For L=2, using (42), one finds that 7;9/7,®

2

(41)

f\ﬁx'*U(r)tﬁKdr

12 See, for example N. F. Mott and H. Jones, The Theory of
Properties of Metals and Alloys (Oxford University Press, New
York, 1936 and Dover Publications, Inc., New York, 1959), p. 87.

13 See reference 11, pp. 318-320. The first three QL (3) are:

Qo(3)=3I[(3+1)(3—1)7], i(3)=230u(3)—1,
Q:(3)=3(33—1)Q(3)—33.
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monotonically decreases from the value 3 to unity as 3
increases from 1 to . For a polyvalent impurity dis-
solved in copper,” q'=0.55X10"% cm, and one has
3=1.87 and 7, /7,(P~14. A similar calculation for
a polyvalent impurity dissolved in silver or gold gives
719 /7,0>~1.37. We have not made a similar calcula-
tion for other values of L.

4. SOLUTIONS OF EQ. (27)

_ By rearranging the terms and remembering that
C11(Eo) =mu, for the shear waves and C1o(Eo) =muv, for
the dilatational waves, we may rewrite Eq. (27) in the
form

(iw - ’ik‘l)o Ylo (0, <p))C00

r 1 '
-+ ZI [iw*ikon1o<0, <p) +—]CLMYLM(0,<P)
LM TL
eF m
= (-———i——)‘quer(G,«J). (43)
U T1

For convenience, we suppress from now on the argu-
ment E, in Cr(Eo). Since in the absence of the sound
wave all Crayr=0, it follows from the orthogonality of
Vi (0,¢) and Vi (6,0) that the only nonzero Cr s are
Cyy for the shear waves and Cyr, for the dilatational
waves. Of these nonzero Cry, we have actually only to
determine C1; and Cio, as these coefficients determine
completely J. and hence F through the electromagnetic
Egs. (6).

4.1 Determination of C;; for Shear Waves

Using the identity

QLA1)Y10(0,0) V11 (6, 0)
= (L+ 1) YL—I,I (0,g0) +LYL+1.1 (97 (0),
and equating the coefficients of different spherical har-

monics on the two sides of (43), we obtain the following
infinite set of equations for Cr;: (L=1,2,3, ---).

Cri—ivi(br,1-1Cr—1,1+b1,241Cr41,1)
= (14dwr) 1A (11)d,1, (44)

where §1,1=1 for L=1 and is equal to zero otherwise,
and where

vi=kr(1+iorr) ™, l=vrz, (45)
br,z1=(L—1)/(2L—1),
bL,L+1= (L+ 2)/ (2L—|—3), (46)
and
A(r)=mv[1+oF/(Noeu)], 47
with
o= (NeX/m)r1. (48)

14 Values of 7! are taken from reference 12. It should be men-
tioned that the values of 71 /75 obtained here have a semi-
quantitative significance only, since the Born approximation for
P (u) for the short-range interaction under consideration (q/Ko~1)
is not a very good one.
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C)1 may be readily determined from Eqs. (44) for the
following three cases:

Case I: |1, |v2l, |73, efc., Much Less Than Unity's

Under these conditions Cii, Coy, Cary -+ form a
rapidly decreasing sequence. Hence putting Cr1=0 for
L2>4 into (44), we obtain for Ci; the expression

A(ry) 1 8 1
= [1—-7172+-—j‘}’1722’¥3+—’)’12722+' . ]
14-dwry S 175 25

(49)
Case II: |vi|, |72, elc., Much Greater Than Uniiy's

For this case Cy; is given by!®

Cu=3%74 (1) 1 +iwr) My . (50)
Case II1: All T1, Equal to One Another
Let ri=7y=13- - - =7 say, and y;=7y,="3- - - =7 say.

In this case an analytical solution of Egs. (44) is
possible for the whole range of values of [y|. Cr1 are
given by

B QL+1)A(r) f”f“ V11(0,0) Y 11(6,0)
LA D (e Jo 1=y Tu(8,0)

Xsinfdod o.

(1)

Integrating (51) for L=1, one obtains for Cy; the
expression

Cu=34(r) (I+ior) LA+ (1—g(v)—1], (52)
where
1t dx
g(m=1 '-—f =1—y"1tan™y. (53)
2J 3 1—iyx
In the limit |v|>>1, Eq. (52) reduces to
Cu=3%7A(r)(1+iwr) "y L (54)

4.2 Determination of Cy for Dilatational Waves

From Eq. (43), one readily obtains the following set
of equations for Cy:

. iwC()o'“ %ik'l)oCm = 0,
ClO_iYI(b10C00+b12C20) =4 (7'1) (1+iw’r1)_1,

15 One may readily convince oneself that in order that (49) and
(50) form a good approximation, it is sufficient that the first few
|vz| in the sequence 71, 2, vs, - - - satisfy these conditions.

16 Divide each of the equations in (44) by the respective vy,
appearing in it and write Ci; as a ratio of two determinants D; and
Dy: Cui= (A (r1)/kl)(D1/Ds). If one now expands D; and D; in
series in which successive terms contain the inverse of the products
of more and more +’s, one finds that the leading term in each of
these series is independent of y’s. Hence in the limit |yz| — «,
D1/D;ywould be independent of v’s and would have the same value
as for the case where all the vz, are equal to one another. Equation
(50) then follows by comparing the above expression for Ciy
with Eq. (54).

(55a)
(55b)
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and for L> 2

Cro—ive(br,1-1Cr—1,0+b2,241Cr11,0)=0, (55¢)
“where now
br,ry1=L/(2L—1), b 1= L+1)/(2L4+3). (56)

Equation (55a) may be seen to be equivalent to the
equation of continuity (5). Eliminating Coo between
(55a) and (55b), we obtain

Cro(1—Fivikvo/w) —i71b1:Co0= A (r1) (1-+iwr1)~. (55d)

Analytical expressions for Cig, by solving Egs. (55¢)
and (55d), are readily obtained for the three cases dis-
cussed in Sec. 4.1.

Case I : First Few |v1| Much Less Than Unity's
In this case Cyo is given by

Cro=A(r1) 1 +iwr)™

1 4 12 -1
X[l—-mk(vo/w)+—7172—~—7172273+- ‘ ] .
3 15 175
(7)
Case II: First Few |vi| Much Greater Than Unity'®
Cho for this case is given by (see footnote 16)
Cro=4 (Tl) (1—}—1'@71)*171"1[—-%1'/2 (vﬂ/w)’f'%ﬂ']*l- (58>

When the first few |v.]~1, one has to solve Egs.
(44) for C1; or Egs. (55c) and (55d) for C1o numerically.

Case III1: All 71, Equal to One Another

In this case Cyo is given by

()

Expression (59) is valid for all values of . For |v|>1,
(59) reduces to

Cro=A(7) At-dwr) vy [ —Fik (vo/w) +§ ]

(60)

5. EXPRESSIONS FOR THE ATTENUATION
5.1 Shear Waves

Writing C11=A B, where 4 is given by (47), and using
Egs. (4), (10), and (13), we obtain for J, the expression :

J.=(cF+Noen)B. (61)
Substituting (61) in (6) we obtain for F the expression

4riwNoeu(B—1)
R —— (62)
(k24 Bke)

where ko= (4mriwo/c?)? is the reciprocal of the classical
skin depth of the electromagnetic waves of frequency w.
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In (62) a term w?/c? has heen neglected in comparison
with 2.

Using Egs. (2), (8), (61), and (62) in the equations
of motion (7), one obtains, after some algebraic manipu-
lation, for Z=w?/k? the expression

iNyn(1=B)[ ki+#*
= t+ ]
[ B +22

(63)
pkiry

The attenuation and the velocity of shear waves
may now be readily calculated from (63) by using Egs.
(9) and different expressions for Cy11 or 4B obtained
in Sec. 4; the expressions for the attenuation for the
three cases discussed in Sec. 4 are given below. We note
that in this calculation it is sufficient to regard the &
appearing in (63) to be real; in what follows we denote
the real part of the wave number by % instead of k.

Case I: kli1

In this case Cyy is given by (49), and the inequalities
B |ke?| and F<|Bke?| are also satisfied. Hence the
expression within the square bracket of (63) may be
replaced by B~1. One then obtains for the attenuation
a, of the shear waves the expression

MUV gw?

8
a,=—————7-2[1—~k2l213+ . ]
35

(64)
50V

where V', is the velocity of the shear waves.

Case I1: kI;:>>1

Now C11 is given by (50) so that B=3x/(4kl;). We
have to subdivide this case into two:

ITa: When kI:>>1, but B2 | Bk |<< | ke?|, a is given by
4mvoNow )
- 3mpV '

IIb: When ki>>1, EZ>|ke|, wro>1; in this case
k2>| Bk¢?| also, and

'mNo

(65)

7]

(66)

o= .
oV

We note that the frequency w. at which 2= |Bk¢| is
given by, using (50), w.=2n(3V 2Noe/ (dmcv,))?. For
most metals (we/2m)~10° sec™™. Since (66) is valid only
for w>w,, this case is not experimentally realizable at
the present time. (It will be noticed that for high fre-
quencies the attenuation is determined by 71, whereas
at low frequencies it is determined by 73.)

Case I11: All 71 Equal to One Another

For this case the preceding cases (I) and (IIa) can
be combined together. Using for Cy; the expression from
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(52), we obtain for the attenuation

o ’mvoNo
—= G(kl), (67)
w pVg
where
+ ()50}
Gkl =— s (68a)
ki[1— go— go(RI)™]
and .
go=g(kl)=1— (k)= tan—'(l). (68b)

Here /=1vor. For kI>>1, (67) and (68) lead to the ex-
pression (65) for the attenuation; for kl<<1, the ex-
pression obtained from (67) and (68) is the same as
that obtained from (64) by putting in it r=711=72=13.
Finally the expression for the attenuation corresponding
to case (IIb) above is given by (66) with 7, replaced
by 7.

5.2 Dilatational Waves

Writing again C1p= 4 B, and using the same procedure
as outlined above for shear waves, we obtain for Z
the expression

gt (D L
oy \ B JU14iw/(r10,2B)

where w,?= (4re?No/m) is the square of the plasma fre-
quency and B4 is the square of the velocity of the dilata-
tional waves in the absence of the electron-ion inter-
action. For most metals w,~10' sec™; and it is easily
verified that the terms (w/7iw,?) and (w/71w2B) are
negligibly small compared to unity at the ultrasonic
frequencies currently available. Hence the expression
within the square brackets of (69) may be replaced by
unity. The various expressions for the attenuation corre-
sponding to different Cyo evaluated in Sec. 4 are then
given by the following:

Case I: k<1

4mve* IV ow? 9
ad=———"—7’2[1—-—kzlzla+' : ]
150V 3 35

(70)

where V4 is the velocity of the dilatational waves.

Case I1: kl;>>1

For this case Cj is given by (58); the attenuation is

independent of the 7z and is given by
TV ow

. (71)
6pV 4

ag=

This expression for o4 is valid for all values of k/,:>>1,
irrespective of whether wr; is less or greater than unity.
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Case I11: All 1. Equal to One Another
By substituting (59) into (69), we may obtain

ca_rmollo ., 72
:;'— dez d( )r ( )

where
Ga(kl)=[3kl(1—go)(go)™"— (RI)™]. (73)

Expression (72) for agq is valid for all values of kl. It
reduces to (71) for k>>1, and to (70) for k/;<<1, when
the substitution 7=71=7y=r1; etc., is made in (70).

It will be observed that for wr>>1, the attenuation
of dilatational and shear waves, given, respectively, by
(71) and (66), have different qualitative behaviors as
regards to their dependence on w and 7; further (66)
is smaller than (71) by at least a factor (V/v)=~ 1072
Strictly speaking our treatment is invalid for wr>>1,
since here (following Pippard and Steinberg) the strain
field of the impressed sound wave is regarded as classi-
cal. In the free-electron approximation a quantum
mechanical calculation for the attenuation'’ of dilata-
tional waves gives just the expression (71) ; for quantized
shear waves, the attenuation is zero since these waves
do not interact with the electrons in the free-electron
approximation.®

A comment on the velocity of the dilatational waves
is also necessary here. In terms of Z the velocity Vg
is given by (9b). For every case discussed in the pre-
ceding paragraphs, we have for V4 an expression of the
form

dezﬁd‘[‘%(m‘l)oz]vo/p)'i- @(demNo/p). (74)

The last term, which is of the order 10~°V 2, is associ-
ated with the attenuation and is frequency dependent.
The second term has a simple interpretation since
3mv®Ny is just the bulk modulus K. of the electron
gas; we note that K./p is of the same order of magni-
tude as B4. The experimentally observed velocity is, of
course, that given by (74) and not just 8% which is in
contrast to the case of shear waves where V 2>~83,.

Finally we mention that for the case all 7, equal to
one another, (Case IIT above), the results obtained here
are identical with those obtained by Pippard' and
Steinberg.? These results have been included here to
facilitate comparison of our results with theirs and with
experimental data.

6. DISCUSSION

The results on attenuation obtained in this paper
possess certain features which are missed in the more

17 See, for example, R. W. Morse, Progress in Cryogenics (Hey-
wood, London, 1959), Vol. I, pp. 219 fi.

18Tt may be of interest here to mention that the first and
second terms in the numerators within the square brackets of
both (63) and (69) arise, respectively, from the electric force
—NoeF and the impulsive force I in the equations of motion (7).
In all cases for the dilatational waves and shear waves, except the
case IIb, (wr1>3>1), for shear waves, the attenuation arises solely
from the electric force term; in the case IIb, however, it is the
term I which determines attenuation.
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phenomenological treatments of the problem where one
assumes the existence of a single relaxation time in
accordance with Eq. (1). Some of these features are
discussed below.

6.1 kLK1

In this case the attenuation of dilatational waves! is
given by (70) and is proportional to the effective re-
laxation time 7,. In the temperature region in which
both the electron-phonon and electron-impurity scat-
terings are significant, 7, is in general, not proportional
to 71. Hence the attenuation aq4 also as a rule will not
be proportional to the electrical conductivity o. Neglect-
ing the E%,l; terms, etc., compared to unity in (70)
and making use of (39) and (48), we may write for
a4/, the expression

ag 72 (11P) (7)1

So 7'1— (r2®)— 14 (7'2“))_1’

(75)

where

S=dmdt/ (15V Fe2). (76)

"Let now T, denote the temperature at which 7,(®

=79, 1e., at which the electrical resistance due to
impurities equals that due to the electron-phonon inter-
action. Taking 71 =37,® and 7:?=147,9, as ob-
tained in Sec. 3, one then sees from (75) that for 7T,
aq/Se~0.71, and for T>T,, aq/Sc~0.33. A plot of
aq/Sc against T/T, is given in Fig. 1, which has been
drawn for 7<<0, so that 71(» < -5, We note that most
of the variation of ay/Se with T is confined to the tem-
perature region 0.57,< 7'< 1.57%.

It will be realized that the numerical values in the
above example cannot be taken too literally, since they
are based on the values of 71/7, for the specific electron-
phonon and electron-impurity interactions, and also
since P(u) for the latter has been calculated in the Born
approximation (see reference 14). Nevertheless, one
may expect that, in general, 71(®/7,(» would be suffi-
ciently different from 7,/7,(® to make the deviations
from proportionality of « to o experimentally observ-
able. Experimental measurements on aluminum by
Filson?® and Lax? and on silver by Lax,? however, show
that « is proportional to o. The reason for this dis-
crepancy is not known. It would be of interest to have
experimental measurements of a and ¢ on specimens
having different and varying amounts of impurities.

19 The discussion for shear waves is similar since the attenuation
of both these types of waves is determined by the same set of 7r.
We add that, as pointed out by Pippard (reference 1, p. 1110) in
metals in which the electrons occupy more than one Brillouin
zone, there may occur for dilatational waves an additional relaxa-
tion effect (and hence attenuation) due to a periodic transfer of
electrons from one zone to another. This effect is not considered
in our work and has yet not been experimentally observed.

20 D, H. Filson, Phys. Rev. 115, 1516 (1959).

21 E, Lax, Phys. Rev. 115, 1591 (1959).

2 E, Lax, Technical Report No. XVII, Office of Naval Re-
search, December, 1959 (unpublished).
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Fie. 1. Typical variation of «/Se against T/To in the tem-
perature region where T<<Debye temperature ©. S is a constant
given by (76), and T) is the temperature at which the electrical
resistance due to electron-phonon interaction equals that due to
the impurities in the specimen.

As regards the absolute magnitude of the attenuation,
Filson® and Lax®"? find that if one uses 7, in expression
(70) for attenuation, dexp/cineor is about 1.5 for alumi-
num and 1.8 for silver. On the other hand, if we use 7,
in (70), as one should, then dexp/atneor is even larger
since according to the calculations of Sec. 3 79<7:. In
connection with these discrepancies between theory and
experiment, we make here the following two comments:

First, the reason why the values of both 7,®/7(®
and 7,(9/7, given in Sec. 3 are less than unity is that
for the particular electron-phonon and electron-
impurity interactions chosen, the scattering or P(u) is
predominantly in the forward directions. As may be
verified by using (40), if the scattering were relatively
more in the backward directions or if there were a
minimum in P(u) around p=90° then 75/71 would be
greater than unity. Such a situation, for example, can
arise for the electron-phonon interaction if the “Um-
klapp” processes (ignored in the calculation of Sec. 3)
contribute significantly to the collision integral at the
temperature under consideration, since for these proc-
esses the scattering is predominantly in the backward
directions.?® At room temperature the “Umklapp”
processes contribute to ¢ as much as 809, ; and, although
their relative contribution decreases with decreasing
temperatures, there seem to be both experimental
evidence and theoretical arguments to indicate that
they continue to contribute significantly down to very
low temperatures.* A further discussion on this point
will not be given here, since it is rather involved, and
also because there exist other effects, like those due to
deviation of Fermi surface from spherical shape, which
may be of comparable magnitude and which have not
been considered in this paper.

Second, we mention that in an “effective mass”
approximation in which the Fermi surface is spherical
but the energy of an electron is given by #2| K|2/2m*,

28 See, for example, Fig. 113 of reference 7 or Tables IT to Vina
paper b A. B. Bhatia and K. S. Krishnan, Proc. Roy. Soc.

(London) 194, 185 (1948).
2 See reference 7, p. 370.
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where m™* is the effective mass of an electron, the various
expressions for the attenuation given in Sec. 5 have to
be modified as follows: First eliminate the Fermi ve-
locity v from these expressions by means of (10), and
then replace any m appearing explicitly in these ex-
pressions by m*. Thus, for example, in expressions (64)
and (70) for a; and a4 for k1,1, the factor mv¢? outside
the square brackets is to be replaced by (3Noh3/8w)}
X (1/m*). When the factor mv, is eliminated from ex-
pressions (65) and (71) for a; and «q for kl;>>1; the
resulting expressions become independent of the effec-
tive mass parameter.?®* We see also that the factor .S in
(76) is independent of m* and thus the effective-mass
approximation cannot account for the observed magni-
tude of attenuation in silver and aluminum. (Note that
7 also contain m*—but the ratios 7.®/7,(®» or
7.9/7,¢% are independent of m*. The dependence of
71 and 712 on m* may be found in reference 4 and
will not be given here.)

Electron-Electron Collisions

It is well known that in the free electron approxima-
tion the interelectronic collisions do not contribute to
the electrical resistance of a metal. However, they would
influence the attenuation of sound waves. For a
degenerate Fermi gas the relaxation time r5°° for inter-
electronic collisions is proportional to 72. Hence,
writing (7o) 1= (7)1 (7,D) 14 (72%¢)7Y, we see
that when k/;<<1 and 70, ¢! will depend on tempera-
ture in the manner

al=ait eI HapT0. (77)
Thus there exists the possibility of determining 7%
from the attenuation measurements. A rough theo-
retical estimate of 7,°° shows that the last two terms in
(77) should be of the same order of magnitude. at about
3°K in copper.

6.2 Attenuation over a Wide Range of
Frequencies of Sound Waves

Mason?® has compared Pippard’s analytical expres-
sion for a; with experimental results on tin over a wide
range of values of kI, as follows: Assuming that r=7;
in (72) and using the values of 71 from the electrical
conductivity measurements, he multiplies (72) by a

25 Recently Blount [E. I. Blount, Phys. Rev. 114, 418 (1959)]
has obtained attenuation [assuming Eq. (1) for the collision in-
tegral] in such a way that his expressions contain not only m*
but also an interaction parameter A (=1 in the free-electron
approximation) for the direct interaction between electrons and
the impressed sound wave. If we take this latter interaction to be
the same as that between longitudinal thermal phonons of long
wavelengths and electrons, then in the spherical band approxima-
tion |4 | =m*/m. If we substitute this value of 4 and vo= (h/m*)
X (3No/8r)t in Blount’s expressions, the effective-mass depend-
ence of his expressions becomes identical with that given above.

26 W. P. Mason, Physical Acoustics and the Properties of Solids
(D. Van Nostrand Company, Inc., Princeton, New Jersey, 1958),
p- 329.
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F16. 2. Attenuation as a function of kl;. Here k=2r/(wave-
length of sound wave) and Jo=wvo72, a mean free path of the elec-
trons. ——— Numerical calculations of this paper using for r1/71
the values from Eq. (33). —— Pippard’s analytical expression
(72) with r=7,.

normalization factor 9Mp such that the theoretical
values of attenuation agree with experiment for k/;<<1.
He then finds that the theoretical limiting value~of
aq/w for kI;>>1 is only about 409, of the observed value.
If we make a similar comparison with the theoretical
results of this paper, we would have to multiply our
expressions by a factor 9 pX (71/72) to obtain numerical
agreement with experiment for k/,<<1; and hence our
limiting value of as/w for k;>>1 would be /7, times
greater than Pippard’s. Since as a rule 7,>7,, we see
that experimental results on tin are in better agreement
if 7 in Pippard’s expression is identified as 7, rather than
71. It should be mentioned that in view of the rather
idealized assumptions made in this paper, our con-
siderations hardly apply to tin, and it would be desirable
to have measurements over a wide frequency range on
some of the alkali and noble metals, particularly in
view of the results already discussed for silver and
aluminum for the case %;<1.

We have seen above that if we identify = appearing
in Pippard’s analytical expression (72) as 7, then for
both kl,<<1 and kI;>>1, (72) reduces to the expressions
obtained in this paper. For the intermediate values of
kls, however, the attenuation calculated from our Egs.
(55) will in general be different than that calculated
from (72), if the various 7. appearing in (55) are dif-
ferent from one another. As an example, we have
calculated numerically the attenuation for dilatational
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I16. 3. 1:°t/l; as a function of kls, —— based on the numerical
calculations of this paper. ——— Pippard; (l.°ff=/, for all kl; in

this case by definition). For explanation of /»°ff see text.

waves for several values of kl; assuming that the im-
purity scattering can be neglected and that the ratios
71/71 are given by (33). The results of these calculations
are shown in Fig. 2, where a4/w is plotted against kl,. A
plot of a4/w as obtained from Pippard’s expression (72)
with 7=r7; is also given. We note that the maximum
difference between the two curves is about 209,

A more sensitive way to compare the results given in
Fig. 2 would be as follows.?” Take the numerically calcu-
lated value (or the experimental value) of aq/w at a
given frequency and equate it to (72). This would de-
termine a value of £/, and hence of /;. We designate this
value of /, as an effective /, at this frequency and denote
it by ,°%. Doing this at several frequencies would give
a value of p°!f at each frequency. Now plot I°t/l,
against w or kl,. (Note that l,°=/, for kl,<<1.) Such a
plot based on the numerical calculations outlined in
the preceding paragraph is given in Fig. 3. If all the 7,
were equal to one another, one would just obtain for
1%/l a horizontal straight line of ordinate unity. It
should be mentioned that a comparison such as above
would be meaningful only if the experimental data on
attenuation (after allowing for the background attenua-
tion due to causes other than the interaction of sound
waves with electrons) is accurate to within a few percent.

27 This procedure is reminiscent of the manner in which the
experimental data on specific heats Cy is compared with theories;
here instead of plotting Cy against 7', one plots an effective Debye
© against 7.



