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Theory of Vacancy Annealing in Impure Metals*
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The general equations for the annealing of vacancies in metals containing impurities to which the vacancies
can be attached have been solved on an analog computer for a wide variety of parameters. The computer
results show that some simplifying assumptions may be made which permit the general equations to be solved
analytically. It is shown that for many physically interesting cases of vacancy migration the decay curve is
exponential, and the decay constant is related to, but not equal to, the rate constant for vacancy migration.
It is further shown that only experiments performed on zone-refined metals can give the correct vacancy
migration energy, and that impurity contents as low as 10 can seriously acct the results. Experimental
methods and calculations are discussed which can be used to measure the binding energy of vacancies to
impurities in metals prepared by controlled doping.

INTRODUCTION

HE annealing of vacancies in quenched, cold-
worked, and irradiated metals is now a rather

standard method for the measurement of the activation
energy for their mobility. It is well established that
vacancies can become bound to some impurity atoms,
but no theoretical analysis has been made of the effect
of this binding on the annealing kinetics. For instance,
the purity of the metal required to yield accurate data
is not known, but the investigators feel that the metal
should be quite pure. Several annealing curves have
shown deviations from exponential, and it is not known
if this can be caused by impurity binding.

Modern theories of impurity di6usion in metals
require that vacancies be bound to the impurities to
form a "Johnson molecule. " Calculations have been
made of this binding energy' 4 and the results have
been checked against measured diffusion coeKcients.
Agreement has been rather poor in many cases casting
some doubt on the calculations. However, there are
other factors, in addition to vacancy-impurity binding,
which can acct the diGusion of impurities, ' ' and the
existence of these possibilities implies that diffusion
measurements are not a fair test of the validity of
binding energy calculations. One of the natural results
of a theory of vacancy annealing in the presence of
impurities will be the suggestion of a more direct type
of experiment by which the binding energy of impurities
to vacancies can be determined.

The problem of vacancy-impurity interaction is
treated in the most simple form by solving the corre-

*This work was supported in part by the U. S. Atomic Energy
Commission.

f Supported by a U. S. Secretary of the Army Fellowship.
Permanent address: Pitman-Dunn Laboratories, Frankford
Arsenal, Philadelphia, Pennsylvania.'¹F. Mott and H. Jones, The Theory of the Properties of
Metals and Alloys (Dover Publications, Inc. , New York, 1958),
p. 88.

2 D. Lazarus, Phys. Rev. 93, 973 (1954).
3 F. J. Blatt, Phys. Rev. 99, 600 (1955).
4 L. C. R. Alfred and N. H. March, Phys. Rev. 103, 877 (1956};

Phil Mag. 46, 759 (1955).
~A. Ascoli and A. C. Damask, Bull. Am. Phys. Soc. 5, 182

(1960).

sponding differential equations on the analog computer
(Electronic Associates, Incorporated, Type 31R) at
Brookhaven National Laboratory, It is realized that
divacancies' can form which can alter the kinetics and
that the formation of trivacancies' and larger clusters
probably supply an increased number of sinks for the
removal of the vacancies. This general problem, which
is obviously much more complex, is currently being
studied, and the results will be published in a later
paper. However, it is believed that as long as the
vacancy concentration is low, clusters of vacancies can
be ignored. This is indicated by experiments which show
that significant deviations from exponential decay
usually occur for high-temperature quenches where the
initial concentration of vacancies is high.

It will be shown that, regardless of the impurity con-
centration, an exponential decay almost always occurs.
However, the rate constant of this decay is only partly
related to the activation energy of vacancy mobility.
Even metals of 10 ' impurity content can yield false
values for vacancy migration energy, and only zone-
refined metals of purity of at least 10 7 can guarantee
a true value. This requirement of extremely high
purity has been anticipated in the experiments on
aluminum by DeSorbo and Turnbull. '

THEORY

The two reactions in the annealing of vacancies to
sinks in the presence of impurities to which they can
be bound are:

E1
a+I =C,

E2

E3
v —+ sinks,

where ~, I, and C are the concentration (atomic frac-
tion) of vacancies, unbound impurities and vacancy-
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impurity complexes, respectively, and the E's are the
corresponding rate constants. The physical meaning of
Eq. (2) is that vacancies disappear by migration to a
fixed number of sinks (for example, dislocations). The
differential equations for these reactions can be written
as (after the substitution I=Ip —C)

Substitution into Eq. (5) gives

(1 KIp+- id'&= K—,dt.
ii(1+King)')

Integration gives

dC/dt= KiIpv KiC—ii KpC—,

dv/dt= —KiIplf+KiCs+KpC —Kpii&

(3) EIp (1+K ~
lni&+ KIp In—

i i+A =—Kpt, (9)
1yKv E v

where Ip is the total impurity concentration, which is
a constant for any given experiment. Experimentally,
for example by resistivity methods, ' the total vacancy
concentration, i.e., the sum of C plus v, i.s the measured
quantity. Thus the pertinent quantity to be calculated
is Jlt=C+i&, which from Eqs. (3) and (4) is described
by the di6erential equation

dlV/dt= d(C+ii)/dt = —Kpi. (5)

(6)

or

~ It is assumed throughout that the electrical resistivity of a
bound vacancy is the same as a free one.

Equations (3) and (4) form a set of nonlinear coupled
differential equations which when solved will describe
the complete annealing behavior of the system. The
equilibrium concentration of vacancies at the annealing
temperature is negligibly small, and hence e and C
approach zero as time approaches infinity. (The equi-
libriurn concentration is easily included, if desired, by
a simple change in variables. )

These equations were solved on the analog computer
for a wide variety of parameters (initial vacancy con-
centration, impurity concentration, and binding energy)
and the details of these calculations will be discussed in
the next section. The erst general result of interest from
the machine calculation was the ending that the number
of complexes, C, increased very rapidly during the early
stage of the annealing. During this same transient
period the concentration of free vacancies decreased
rapidly. After these fast transients, C and e decayed
steadily. The physical basis for this behavior is as
follows: The equilibrium concentration of complexes
at the annealing temperature is much larger than that
at the quench temperature. The fast transient is there-
fore the establishment of the new equilibrium and is
largely governed by the jump rate of the vacancies (see
Appendix I). The rapid elimination of these transient
conditions suggested that an analytic approximation
could be used for the bulk of the decay curve. Equilib-
rium for the first reaction, Eq. (1), implies that

(10)

into Eq. (5) and integration gives

where

IC,
C+v=X=B~ 1+—Ip ~e x',

K, )

( Ki
1+ Ip i. —

K, ) (12)

Equations (11) and (12) can also be derived from Eq.
(9) with the approximation that Ki&(1 and v(10—'.
(This latter approximation allows one to neglect KIp
with respect to (KIp lnv(. )

Two things are immediately evident from Eq. (12).
First, E, is a composite of all the rate constants and
the impurity concentration and will therefore, in general,
not obey a simple Arrhenius equation even though the
decay curves are purely exponential. Secondly, the pre-
exponential term contains two of the rate constants and
is therefore temperature dependent. It is therefore
obvious that the determination of activation energy
by a change of annealing temperature and calculation
of the slope ratio is an unsatisfactory method.

It is also clear from Eq. (12) that the effective rate
constant decreases with increasing impurity concentra-
tion, The physical basis for this behavior may be de-
scribed as follows. The vacancies, in their random mi-
gration toward sinks, encounter impurity atoms at
which they become trapped temporarily, i.e., the com-
plexes must dissociate to furnish free vacancies for

where A is the constant of integration. Equation (9)
gives e as a function of time. The value of C correspond-
ing to any value of i& can be calculated from Eq. (7) and
thereby C+i& can be determined as a function of time.

Equations (7) and (9) were found to fit all of the
curves obtained in the machine calculations. Somewhat
surprisingly, however, many of the decay curves (the
change of I&I with time) were found to be simply ex-
ponential in time which implies that the ratio of C to v

remained constant. This constancy of C/i& arises from
a further approximation in Eq. (6), namely C((Ip. This
latter approximation is valid over a wide range of the
physically interesting parameters. Substitution of
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FIG. 4. Computer-produced curve for the case 8=0.35, I0=10 ',
and T, = 1000'C. Circles are points calculated from Kcl. (9).
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as read from these curves. The important point de-
monstrated is that a good exponential plot of vacancy
annealing data does not mean that the activation
energy thereby determined is the activation energy of
motion of the vacancy.

The approximation which applies in the above cases
is that the number of complexes is small compared to
the number of impurities. It is therefore expected that
this approximation will become invalid at higher
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FIG. 3. Semilogarithmic plots of computer-produced curves of
the same type as in Fig. 2 showing decrease of E with time in
cases where exponential approximation is invalid.
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FIG. 2. Semilogarithmic plots of curves of the type shown in
Fig. 2 for the decrease of X with time. All curves in this 6gure are
straight lines.

vacancy concentration, i.e., higher quench tempera-
tures, high binding energies, and low impurity concen-
trations. This deviation from linearity is shown by the
examples of Fig. 3.These curves show how the deviation
from linearity increases with quench temperature. For
this high binding energy even the lowest curve,
T~=600'C, is not quite linear. For these curves the
more complete solution of Eq. (9) must be applied. An
example of the validity of this analysis is shown in Fig. 4.
This is the original machine drawn curve from which
the upper curve of Fig. 3 was plotted. The constant A
of Eq. (9) was evaluated at the first (early time) point
on the curve to avoid transient effects, and the succeed-
ing points were calculated from the same equation. It
is seen that the equilibrium solution fits the general
solution with excellent accuracy. The curvature of
the examples of Fig. 3 diminishes with increasing time
since the vacancies are being removed and the condition
approaches the approximation of Eq. (10). This be-
havior of a rather fast early decay followed by expon-
ential behavior has been observed experimentally in
quenched samples, "" although divacancy formation
may cause some of the early variation (Appendix II).
A similar early fast decay has been observed during the
annealing of copper irradiated at low temperature. "It
is possible that interstitials interact with impurities in
this case; the formal theory of this interaction is
identical to the vacancy-impurity interaction discussed
here. According to the present theory, deviations from
pure exponential behavior due to the presence of im-

purities are expected to be predominant for /ozv im-

purity concentrations.
Even if the early parts of annealing curves are

avoided, difhculties in analysis still arise. As was pre-

i3 F. J. Bradshaw and S. Pearson, Phil. Mag. 1, 812 (1956); 2,
379 (1957).
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'~ G. Airoldi, G. L. Bacchella, and K. Germagnoli, Phys. Rev.
Letters 2, 145 (1959)."J.E. Bauerle and J. S. Koehler, Phys. Rev. 107, 1493 (1957),
see Fig. 7.
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Am. Phys. Soc. 4, 135 (1959).
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viously stated, Eq. (11) will not obey an Arrhenius law.
It is of interest to calculate the temperature dependence
of Eq. (12) for some selected parameters to show what
may be expected experimentally. All variations will, of
course, occur within the two limiting slopes of E~ and
Esr+B. These two limits are shown in Fig. 5 by curves
1 and 5. The limiting case of Esr+B cannot be attained
with a binding energy lower than 0.35 for an impurity
concentration as low as 10 '. Conversely, if the binding
energy is 0.2 ev, 10 ' impurity concentration will begin
to cause deviation from the E~ limiting slope in the
lower temperature region. This means that if the binding
energies of the impurities in a metal are not known,
the measurement of vacancy migration energy cannot
be guaranteed to be correct even with an impurity
concentration of 10 '. Although not shown in this
figure, a binding energy of 0.35 will correspond to a
slope larger than E~ for an impurity concentration as
low as 10 '. This may well be an extreme case, but the
general picture given by this 6gure is that any measure-
ments on metals less pure than zone-refining processes
permit will contain a probable error of a considerable
fraction of the unknown binding energy. An example
of the nonlinearity of this Arrhenius plot is evident in
curves 3 and 4. The change in slope with temperature
is visually evident in curve 3 and is calculated and
labeled on curve 4. It is evident from this analysis that
the inRuence of impurities is emphasized by low-
temperature annealing runs.

DISCUSSION

The requirements for the study of vacancy migration
in impure metals can now be examined. In order to
obtain the energy for vacancy migration, zone-refined
metals must be used and caution must be exercised in
the subsequent handling of the material to prevent the
introduction of impurities. The guarantee of results
can perhaps be established by performing the same
experiment after a second zone refining to see if a
change has occurred. Once the vacancy migration
energy has been measured, binding energy experiments
can be done. This is achieved by making the same
measurements on a zone-refined specimen to which a
known amount of a single impurity has been added. It
was shown in Fig. 5 that in order to attain the Esr+B
slope with a low binding energy, impurity concentra-
tions considerably greater than 10 ' must be added.
This can lead to problems in the association of im-
purities and also to a breakdown of the present simple
theory. However, in order to obtain the value of 8,
the slope Esr+B need not be achieved. The binding
energy can be calculated immediately from any ex-
ponential decay curve by use of Eq. (12) once Esr is
accurately known.

For the purposes of computation the annealing data
should be taken in the range where an exponential
decay occurs. This is achieved by either low-tempera-
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FIG. 5. Plot of calculated IC. vs 1/T for selected parameters.

ture quenches or analysis of only the long-time portion
of the decay curve where Eq. (11) is expected to be
obeyed.
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APPENDIX I
The analog computer solutions have indicated that

the transient is fast compared to the steady decay of
the defects. Since the analog computer solutions were
obtained only at one annealing temperature, we examine
here the importance of the transient under more general
conditions.

From Eqs. (1), (2), and (12), of the text the ratio of
the transient rate, E&, to the steady decay rate, R„may
be written

Rg Krv(Ie —C)

K,(C+v)

Eg K,v(I p C)—
Ks(C+v)

(I-2)

This ratio, which should be large for a fast transient, is
small when K, is maximum, i.e., K.=Ks (a minimum
of binding). Thus,
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At t =0 C«v and C«IO and therefore Equation (5) of the text,

Eg) EgIp

E,&,=p

Using the values for E~ and E3 given in the text

(I-3)
dN/dt= —Epe (II-1)

shows immediately that dN/dt is always negative as
required by condition 1 above.

The second derivative is given by

4X10"Io
40, (I 4) O'N

dt'

d'v
= —E3-

dt

for n=10" and Ip 10 ' (w——hich is again the low limit
for the R~/R, ratio). Thus, the initial rate of approach
to equilibrium is much faster than the steady decay
for physically reasonable choices of the parameters,
and, the equilibrium of the reaction represented by
Eq. (1) is rapidly established, as already shown by
typical analog computer solutions.

APPENDIX II

Experiments reported in the literature to date indi-

cate that annealing of quenched-in defects has the
following characteristics:

1. The over-all defect concentration decreases mono-

tonically, i.e., dN/dt is always negative.
2. In most cases the second derivative, dpN/dP, is

positive. For quenches from high temperature, decay
curves with an inQection point have also been observed.
The latter would imply a second derivative that is

negative at t=0.

The annealing equations for the vacancy-impurity
mechanism are examined for these characteristics in

this Appendix.

EpL E&v(Ip —C)+K2C Kpp j. —(II-2)

At t=0, Io, and C are related by the equilibrium
condition at the quench temperature, i.e.,

C ICj' —6gB/kTq

w(Ip —C) Ep'
(II-3)

dt'

pE, K,/E,
=EpEpl —~p+ -o—Co l. (II-4)

&Ep Eg'/Ep'

Since T,)T„ex p(B /kT. ,) (expB/kT, and, therefore,
El /E2 (El/Ep. Thus, (E&/E&)/(Ej'/E&') )1 and,
therefore, d'N/dtP is always positive.

Thus, the vacancy-impurity mechanism cannot ex-
plain those decay curves which show an inQection point.
The in6ection point very probably arises from the
presence of quenched in divacancies. We plan to
examine the kinetics of annealing in the presence of
divacancies by the techniques discussed in this paper.


