PHYSICAL REVIEW VOLUME

120,

OCTOBER 15, 1960

NUMBER 2

Measurement of Quantum Mechanical Operatoré

Huziairo ArAkT* AND Mutsuo M. YANAsef
Palmer Physical Laboratory, Princeton University, Princeton, New Jersey

(Received May 17, 1960)

The limitation on the measurement of an operator imposed by the presence of a conservation law is
studied. It is shown that an operator which does not commute with a conserved (additive) quantity cannot
be measured exactly (in the sense of von Neumann). It is also shown for a simple case that an approximate

measurement of such an operator is possible to any desired accuracy.

1. INTRODUCTION

T was pointed out by Wigner! that the presence of a
conservation law puts a limitation on the measure-
ment of an operator which does not commute with the
conserved quantity. The limitation is such that the
measurement of such an operator is only approximately
possible. An approximate measurement can be done by a
measuring apparatus which is large enough in the sense
that the apparatus should be a superposition of suffi-
ciently many states with different quantum numbers of
the conserved quantity. He has proved these statements
for a simple case where the x component of the spin of a
spin one-half particle is measured, the z component of
the angular momentum being the conserved quantity.
The aim of this paper is to present a proof of the above
statement for the general case.

In Sec. 2, we will prove that an exact measurement of
an operator M which does not commute with a con-
served operator L, is impossible. In Sec. 3, we will prove
that an approximate measurement of the operator M is
possible if L, has discrete eigenvalues and is bounded in
the Hilbert space of the measured object.

2. IMPOSSIBILITY OF AN EXACT MEASUREMENT OF
AN OPERATOR WHICH DOES NOT COMMUTE
WITH A CONSERVED QUANTITY

Suppose we measure a self-adjoint operator M for a
system represented by a Hilbert space £;. Assume that
M has discrete eigenvalues p and corresponding eigen-
vectors ¢,, which are orthonormal and complete in §;,

Moup=udup, (2.1)
(¢MP)¢I"P') = O Bpp. (2.2)

The measuring apparatus is represented by a Hilbert
space §,. Then a state of the combined system of the
measured object and the measuring apparatus is repre-
sented by a unit vector in ;® ..

According to von Neumann,? the measurement of the
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operator M in a state ¢ is accomplished by choosing an
apparatus in a state £ (fixed normalized state inde-
pendent of ¢) in O, such that the combined system, if it
is in the state ¢,,® £ before the measurement, goes over
after a finite time ¢ into

U(t) (¢up® E) = Zp’ Dup @Xpppr,

where U (#) is a unitary operator describing the time-
development of the combined system. In order to be
able to distinguish the different measured values of the
operator M in terms of states of measuring apparatus
after the measurement, we require

(Xupp”,Xu’p’p"’)=0, if lﬁé#'-

(2.3)

(2.4)

We note that, because we are not measuring the de-
generacy parameter p, we have to allow the possibility
that the measuring object remains in any linear combi-
nation of ¢,,, with fixed u but with arbitrary p.?

‘We now assume the existence of a universal con-
servation law for a self-adjoint operator L which is
additive in the sense that

L=L,@1+1® L, (2.5)

where L; and L, are self-adjoint operators in §; and O,
respectively. Actually this additivity will be used only
before and after the measurement, when the two sys-
tems are separated. By universal, we mean that, what-
ever measuring apparatus we take, U(f) commutes
with L,

[U@®),L]=0. (2.6)
Our claim is that (2.3) is impossible unless
[L,M]=0. 2.7

For the proof, we first note that, because of the
unitarity of U(f) and the conservation law (2.6), we

3 For any state of the measured object, we can write

U(t) (¢®f) =Eup ¢up®xw (¢),

where X, (¢) depends on ¢. The Eqs. (2.3) and (2.4) give the most
general form of the above equation satisfying (1) the distinguish-
ability of the measured result,

(X#P(¢),X#’ﬂ' (¢)) =0; if I-Wél-‘ly

and (2) the requirement that the probability of an eigenvalue u in
the state ¢, as measured by the state of the measuring apparatus
after the measurement, should give the conventionally postulated

value,
2K @)E=Z, | (Pupd) 2
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have

(¢M’p’® § L(¢M® E) )
=(U®)(¢wr®8), U()L($4,RE))
= (U(t) (¢u’p’® E)y LU(t) (¢ﬂp® £)
= (Z o’ ¢#'p”’®xu’p’p”’; L Zp" ¢up”®Xﬂpp" .

Hence, as the necessary condition for the conserva-
tion law for the operator L, we can write

(¢n’p’® £> L(¢up® E) )
= (Zp"' ¢M'P"'®XM'P'P”'7 L Za” ¢‘up”®Xupp”)- (2.8b)

Using the additivity of L, (2.5), we obtain
(Puw i ®E, L($0,Q8))
— Gurw L) (6,0 o) (6, L)
= 5 [wn i) Koy Ko
+ G buor) Koo, LX) 1.

o''p
Because of the orthogonalities, (2.2) and (2.4), we
finally obtain

(¢Il'p')Ll¢#P) = 07

(2.8a)

(2.8¢c)

i py, (2.9a)
or

(¢#'P')L1¢MP) = 5##’ (¢u’p';L1¢np)' (2'9b)

We are now ready to prove that L; commutes with M.
For this purpose we decompose M into projection
operators

M=Zu vPu; Pupppr=0uxdu - (2.10)
To prove the commutativity of L; and M, (2.7), it is
sufficient to prove the commutativity of L, and P,

P,L,—L,P,=0. (2.11)

From the self-adjoint nature of P,, (2.9b) and (2.10),
we see that

(¢u'p’:PﬂLl¢'n”p”) = 0OppOurur (¢’M’p’aL1§b#”ﬂ”)1
(¢n’p’;L1Pn¢/-l”ﬂ") = 5##"5#':1” (¢#’p’;L1¢#”p”)a

which manifestly demonstrate (2.11). Thus we have
succeeded in proving that (2.3)-(2.6) imply (2.7).4

4If L. is unbounded, the above proof does not exclude the
possibility that one can measure M, even if M does not commute
with L;, by a measuring apparatus (f or X,,,/) in a state which is
outside the domain of L, because (2.8) would then be meaningless.

However, even if L, is unbounded, as long as L, is bounded, we
can modify the above argument in the following way. We introduce
unitary operators

V(S)=exp(LS); Vi(S)=exp(iL;S),
Because of the additivity, (2.5),
V(S)=V1(S)®Va(S). (ii)
Then, by the conservation law (2.6), we have

(¢l&’p'®£) V(S)(d)#l!@g))
= (Epur ¢“rp'u®xulplpru, V(S)(Z,n ¢“P"®Xﬂﬂp"))'

Jj=1,2. @

(iif)
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Although we have assumed in the above proof that M
has a discrete spectrum, the conclusion holds for any
self-adjoint operator M. Namely, suppose

M= f wdP ()

is a spectral decomposition of M. If M can be measured
exactly, P(u) for each u can obviously be measured
exactly. Since the projection operator P(u) has a
discrete eigenvalue 1 or 0, the above proof tells us that
P(u) for each u commutes with L;, which in turn im-
plies (2.7).

3. POSSIBILITY OF AN APPROXIMATE
MEASUREMENT

In this section we will discuss the problem of whether
the operator M, which does not commute with the con-
served operator L; of the preceding section, can be
measured approximately. We will prove that this is
possible if L has a discrete spectrum and L, has only a
finite number of eigenvalues.

We may assume that the eigenvalues of L, are®0, =1,
#+2, - - -41. We decompose L’s into projection operators

L=3"\AP(N), (3.1a)
L= \AP;(A), i=1,2. (3.1b)

The additivity, (2.5), implies
PMN)= X Pi(N)P:(A—X). (3.2)

V<t

As a first step of our proof, we state the following
Lemma which will be proved at the end of this section.

Lemma. Given two sets of vectors ¥,* and ¥,/ in a
Hilbert space 9=9:1® 9, satisfying

Wo',P(N¥5')= (Fo’,P(N)¥5/), 3.3)

for every A, then there exists a Hilbert space ;' con-

By the orthogonality, (2.2),

(¢M'P'®E) Ve (S) (¢MP®£))
= Surprr @Kt prprrry ValS) (v bupr @Fispprt))
=0 (for us%py’)
Combining the two equations above and using the additivity, (ii),
we obtain for uu’,
(¢u'p’®£» F(S) (¢up®g))
=, o @K prprprrry F(S)(Zprr dupr @F o))y, (V)

(@iv)

where
F(S)=(1/iS)[V1(S)—1]1®V2(S). (vi)
Since F(S) — Ly, as S — 0, we obtain
(¢p’p’®£, L (¢l‘ﬂ®£))
= (Ep”’ Dot @K yrprprrry Ly (zp” ¢uﬂ"®xwp"))- (Vii)

Because of the orthogonality, (2.4), we finally obtain (2.9a) from
which we conclude (2.11) as before.

5 The proof holds without this specification but notations be-
come complicated, especially in dividing various regions of values
of A
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taining . and a unitary operator U on $'=9:10D,
such that (1) a self-adjoint operator L,’ (representing
the conserved quantity in $,') is defined on .’
coinciding with L, on §s, (2) U commutes with the
conserved quantity L’ on &', L'=L,®1+1QL,, and

3) V.JS=Uv,". (3.4)

If the set of the indices « is finite, ;" can be taken to
be @2.

This Lemma is used in the following way. We will
construct states £, X,,, ¥, and 7,, satisfying

(XnmXﬂ’p') =0,
(an;"lﬂ’p’) = 0;
”¢®"7Mp”2< €

("lnp:"ht’p’) =0,

i usy, (3.5)

for any u, p, &', ¢, (3.6

for (u,0)# (W',p")

in such a way that the two sets of vectors

‘I’ai=¢#p®£, ‘I’af=¢up®xup+¢®"l#m a= (#7P); (3-8)

fulfill (3.3). If we succeed in constructing such states,
then by the Lemma, there exists a unitary operator U
in ©’ which conserves L’ and for which (3.4) holds.
This implies, for any normalized state ¢ in O,

3.7

U= (¢‘nm¢) (¢’IUJ®XMP) +n(4), (3.9)
7)(¢)=Z (¢um¢) (‘p@ﬂﬂp): (3-10)

and, due to (3.7),
[In@)P<e 3.11)

Thus if we choose the setup of a measurement in such a
way that the Hilbert space of the measuring instrument
is §.’, the initial state of the instrument is £, and the
time development of the combined system of the
measured object and the measuring apparatus in a
certain time interval ¢ is described by U(f)=U, then
we can measure the operator M in terms of the states
X,, of the measuring apparatus after the measurement
within the inaccuracy representing by 7(¢). This inaccu-
racy can be made as small as one desires by making e
small enough. Because we are only concerned with the
effect of the conservation law of L, we have assumed in
the above argument that, if U is a unitary operator
commuting with the conserved quantity, then there
always exists an experimental setup whose time de-
velopment in a certain time period is described by U.
There may be many other conditions on U in addition to
that it commutes with Z. Hence, our argument does not
assure that a system exists whose Hamiltonian leads
to U.

We now give an explicit construction of states &, X,,,
¢ and 7,,. For this purpose we denote by Da the
subspace of £, which is spanned by eigenvectors of L,
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with an eigenvalue X. ¢ is taken to be a normalized
eigenstate of L; with the eigenvalue 0,

Ly=0, @¥=1. (3.12)
£, X4, and 7, are given by
E= Z)\ E)\y XMI’:ZX X;tp)\; ﬂup=Zx Nuphy (313)

where £, X,,», and 7., are vectors in Han to be specified
below.

£\ is any state in g, with the norm given by

(&r,60) =0, for |A|>N, (3.14a)
=N+, for |ASN. (3.14b)

N is any integer satisfying
N>2l/e—3%. (3.15)

The X,,\ are any states in s, orthogonal to each other
and with the norm given by

(X#P)\)XM’P'X) = 0; for
= (2N+1)0uw 8,0,
for |\ <N—2L

I\|[>N—2, (3.16a)

(3.16b)

The orthogonal complement of the set {Xun|u,p vary-
ing} in a will be denoted by Da.

7uer are taken from a7 and defined in the following
way

(1) For |[\|>N+lor [A\|<N-3,

Nuor=0. (3.17a)
(II) For N+I>|A|>N—-1}8
(Muprswr72)
=(2N+1)7 n;q ($upsPr(N ) ). (3.17b)
NN

(IIT) For N—I>|A|>N—3l, n are any states in
a7 orthogonal to each other and with the norm
given by

(nﬂp)\mn’p’)‘) = (2N + 1)—1 (¢M:Q>\¢up)5ﬂn’5pp” (3 -17C)
where Q) is a projection operator given by
= X P (3.18)
Wig?
IN=N|SN -2

Note that (¢.,,0rdw) is non-negative (between 0 and 1).

We now show that £, X,,, ¢, and 7,, thus constructed
have the desired properties. £ is normalized due to
(3.14). (3.5) and (3.6) are trivially satisfied by our

6 This means that ,,\ is defined by

mun=QN+1)* 2
Vi<t
=TSN
where we have made an isometric linear mapping of 91 into Han"
and ¢,, and P;(\") thus mapped are called ¢,,® and P{®(\).

PiO (N )™
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choice. To prove (3.3), we rewrite (3.3) using (3.2):
Z (([),,,,Pl(}\l)qS,, o’ )(E; on\ )\I)g)

i<

= Z (¢np;P1(>")¢u’p')(Xnm P2(>‘_>‘,)Xn’p’)

Vi<t

+ @up, PN 1rpr),  (3.19)

where we have also used (3.12). By (3.13), this is
equivalent to

Z (¢MP;P1(>\I)¢M’A>’)

Vi<
X[”EX—NIP (Xup A=\ Kot p? )\—)\'):l

= (nﬂp)\’ﬂu’p’)\)- (320)

We divide the range of A into 4 parts and prove (3.20)
separately for A in each of these 4 regions.

(I) I |[A|>N+4+!, then |[A—=XN|>N and (3.20) is
trivially satisfied because all terms vanish.

(I1) If N+i>|A|>N—1, then |A—N|>N—2i, and
hence the term containing X still vanishes. Due to
(3.14b), the left-hand side of (3.20) becomes

Z (¢pp,P1(>\’)¢’# o’ )”E)\‘)\'IP

s —QN+D)

INV]<t
IA=NTSN

(¢up;P1()\l)¢‘u'p' );

which is equal to the right-hand side of (3.20) calculated
by (3.17b).

(III) f N—I>|\|>N—-3l, then |[A=X'|<N and
hence [|&-n|? is always (2N+41)~L By the orthogo-
nality, (2.2), the definition (3.16b) and the equation

2 Piv)=1, (3.21)

Vi<t
the left-hand side of (3.20) becomes
Z (¢up;Pl()")¢n P’ )[(2N+1)-—1 (Xﬂp,k—)\’;Xn’n’.)\—)\'):l

Vi<

=(2N+ 1)~16#I"6Pﬂ' I>\§<l (¢’nmPIO\')¢MP)

X El - (2N+ 1) (Xup,)\—l’;XM'p',X—)\')]'

Because of (3.16b), the inside of the square bracket of
(3.22) vanishes for |A—X\’|<N—2! and is unity for
~ |A=X\’|>N—2I. Thus, due to (3.17¢c) and (3.18), (3.22)
is equal to the right-hand side of (3.20).
(IV) If N—3I>|\A|, then |[A—N|<N—2I and the
left-hand side of (3.20) becomes

Z (d’umpl()‘)d’#’p’)(l_6##’5”’)-

V<t

(3.22)

Because of (3.21) and the orthogonality, (2.2), this
expression vanishes and hence is equal to the right-hand
side of (3.20) which also vanishes due to (3.17a). This
completes the proof of (3.4).
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Finally, we will prove (3.7). Since ¢ is normalized,
“‘/’®77#p” is equal to ||n,||. By (3.13), we have

(77#9177#’17’) = Z)\ ("Iup)\,"?u’p’)\)-
By (3.20), we get

; (ﬂ#ph"lnp'h’)

= )\Z}\’ (¢I‘ﬂ)P1()\/)¢l"P')[”E)\")‘IIP—”XI‘Pv)‘—)"Hzal‘I‘IBPP':]

i<t
? (¢MP;P1(>‘I)¢n’p’)[”EX”L- ”Xup >\”26w'6ﬂp ]
<t

By (3.21) and (2.2),
Z (¢M;P1()\l)¢n’p

V<t

’)=5uu'lm"

By (3.14) and (3.16)
2oLl = X [P1= 422N+ 1)
Combining these, and using (3.15), we obtain

[y @fll?= <e.

Moyt o) =0, for (u,p)= (u',p")

In the above construction, $a for |A| <N —3! should
have at least the dimension of §;. We need higher di-
mension for Yo with N—3I<|A|<N.7

Finally we will give a proof of our Lemma. For this
purpose, we denote the subspace of § spanned by
eigenvectors of L with eigenvalue A by 9», the subspace
spanned by P(\)¥,! with varying a by 9\, the sub-
space spanned by P(A\)¥,/ with varying « by $/, the
orthogonal complement of )% in Dy by Oa%s, and the
orthogonal complement of H)’ in Hx by Hi'1. Obviously

D= DD OO )= DA(DVDODVL). (3.23)
We will first show that
Urx(Ca CePMN T =30 C.PON)TS,  (3.24)

defines a unitary mapping Uy of §,¢ onto »/, where
{C.} is a set of arbitrary complex numbers. To see
this, we note that, due to (3.3), >« C.P(\)¥,¢ and

7In the above construction, the measuring apparatus is a
superposition of eigenstates of L; with different eigenvalues A
varying over the range of the order 1/e. However, if one counts the
number of equations to be satisfied, one finds a possibility of
constructing a similar measuring apparatus which is a superposi-
tion of eigenstates of L. with eigenvalues, near a certain large
value of the order 1/, but varying only over the range of the order
of the dimension of $1, provided that the latter is finite. Here we
will not pursue the problem of such minimization, but we will only
note that, if we do minimize the number of eigenvalues of Ls to be
used in the measuring apparatus, then X,, will be nearly strictly
determined and if that is the case, there is a fair chance that X,,
cannot be made macroscopically distinguishable any better
than ¢y,.
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>« CaP(\)¥/ converge, diverge, or vanish simul-
taneously. Hence, Uy is a one-to-one mapping of
onto §,/. Since this mapping is linear and, due to (3.3),
isometric, U, is a unitary mapping of §,? onto " as
was to be proved. This also proves that the dimensions
of Orf and Oy are the same.

If this dimension is finite, the dimensions of §r?; and
)1 are the same. Then there always exists a unitary
mapping Uy, of D', onto ;. Now we define an
operator U in .

U= ®\(Ur®U»y). (3.25)

Because of the unitarity of Uy and U,, and the de-
composition, (3.23), U is obviously unitary. For any

\I'e‘f),

where

U= (UxIhi4Un¥b), (3.26)

U=\ (Tai+T2iy), TaieDri, TrireDais, (3.27)

is a unique decomposition of ¥ according to the first
equation of (3.23). Since the subspace Hx of O spanned
by eigenvectors of L=L;®141® L, with the eigen-
value X is mapped onto itself by U, U commutes with L.
This completes the proof for the case where the di-
mension of 9»* and Py’ is finite.

If this dimension is infinite, then the dimensions of
Oriy and O, can be different. In such a case we in-
troduce a new Hilbert space £." (on which the con-
served quantity L," is defined) in such a way that the
dimension of 9,7 is at least the number of indices a
where §»" is the subspace of "=:1Q® D," spanned by
the eigenstates of L'=L;®14-1® L," with eigenvalues
A. Then since the dimension of 9,* and )/ does not
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exceed the cardinal number of the set of the indices «,
D=0, @O\ and HY =D)L DDA have the same
dimension. Hence, there always exists a unitary
mapping Ux, of O onto H".

We are now in the position to construct the Hilbert
space 9.’ and the unitary operator U for this case. 95’ is
taken to be 2D Dq". Lo’ on Oy’ is taken to be Ly @ Ly,
&' can be decomposed as

O'=OrA(DNBDO\T) = BA(DVDODNV). (3.28)
U is defined as unitary mapping
U= ®\(U D U,y). (3.29)

Instead of (3.26), (3.27), we have, for any Ve’
U =3\ (U\O\H U227,
\I’=Z)~ (\I/)‘i+‘1f)\i" , \I’)fﬁ@)\i, \I/)\“&SZ))\“.

Then by the same argument as in the previous case,
we can show the unitarity of U, and commutativity
with L', where L'iis defined as L'=L,®@1+1QL,".

We note that in our application of the Lemma, the
number of the indices « is the same as the dimension

of @1.

(3.30)
(3.31)
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