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Lattice Anharmonicity and Optical Absorption in Polar Crystals: I. The Linear Chain
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A calculation of the optical absorption spectrum of an anharmonic one-dimensional lattice of alternating
positively and negatively charged particles of difrerent masses is carried out using two different approaches:
the recent theory of Born and Huang, and ordinary second-order time-dependent perturbation theory.
Closed-form expressions for the absorption spectrum are obtained for both low and high temperatures. lt
is found that subsidiary absorption peaks may be expected at frequencies other than the dispersion frequency
~~. At high temperatures the 'absorption at cog varies as T or T ~ depending on how certain thermal
averages are carried out. Predictions based on these results are made regarding which features of the present
spectra can be expected to persist for three-dimensional lattices,

r. rm'RODUCnom negatively charged particles of diferent masses. They
showed that in this model the e8ect of these anharmonic
terms is to damp the infinitely sharp absorption at the
dispersion frequency, to provide a continuous absorp-
tion at frequencies diferent from the dispersion fre-
quency, and to provide subsidiary or secondary maxima
in the spectra. An analogous calculation was carried
out for a three-dimensional lattice' and the results,
though more complex, were qualitatively similar. More
recently a calculation along the lines of Born and
Blackman's treatment was carried out by Neuberger'
for the case of sodium chloride. Using Kellermann's'
model for the harmonic part of the crystal Hamiltonian
and a simple expression for the anharmonic potential
energy, he obtained the optical constants as functions
of the frequency of the incident radiation, leaving the
anharmonic force constant as an adjustable parameter.
His results at a given temperature are in qualitative
agreement with experiment. '

As opposed to these purely classical calculations an
elaborate quantum mechanical treatment of infrared
absorption in MgO was carried out by Barnes, Brattain,
and Seitz. ' Objecting to the use of a central force
interaction potential in the work of Born and Blackman,
they assumed a general potential of interaction whose
properties were restricted only by symmetry con-
ditions. Furthermore, rather than attempting to
calculate the complete absorption spectrum, they
restricted themselves to a determination of the fre-
quencies at which strong absorption would be expected
to occur. Their results showed that in addition to these
sharp absorption lines there should exist a continuous
absorption spectrum. Their method of calculation did
not allow for the possibility of damping of absorption
at the dispersion frequency and is unrealistic in this
respect.

' 'T is well known' that in the harmonic approximation
~ - the absorption spectrum of a cubic crystal of the
sodium chloride type consists of an infinitely sharp line
(viz. , a 8 function) at the dispersion frequency, which
is the frequency of the transverse mode of zero wave
vector in the optical branch (the dispersion oscillator).
These results are contradicted by experimental evidence
which shows that strong absorption at the dispersion
frequency is superimposed ori a continuous background
of absorption which shows subsidiary maxima. Since
the calculations of Pauli' in 1925, this discrepancy has
been attributed to the neglect of the anharmonic terms
in the expansion of the lattice potential energy in
powers of the displacements of the ions from their
equilibrium positions /see, however, Rosenstock and
Lax and Burstein4$. Pauli studied a linear chain of
alternating positively and negatively charged particles
of equal mass. He obtained a dispersion formula of the
form

CO
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where e(&o) is the frequency-dependent dielectric
constant, eo and e„are the limiting values of the
dielectric constant at low and high frequencies, re-
spectively, co& is the dispersion frequency, and p is a
damping constant which is independent of the fre-
quency. Although such a dispersion formula predicts a
continuous absorption with a maximum at the dis-

persion frequency, it does not predict any subsidiary
maxima.

Pauli's work was extended by Born and Blackman'
who studied a linear chain of alternating positively and
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Born and Huang" have recently presented a new
treatment of anharmonic optical absorption in complex
lattices. It is a quantum mechanical treatment which
is based on a modification of time-dependent per-
turbation theory due to Keisskopf and signer. "The
Born-Huang approach is applied in the present paper
to the calculation of the absorption spectrum of one
particular nontrivial model: a linear chain of alternating
positively and negatively charged particles with dif-
ferent masses and nearest-neighbor interactions only.
The choice of this model was based on the following
considerations: The various calculations which enter
into the determination of the absorption spectrum can
all be carried out in closed form, which simplifies the
discussion of which features of the present spectrum
can be expected to persist for a three-dimensional
lattice. Furthermore, this model has been studied
extensively in the past, and our results can be compared
directly with those of earlier investigations.

The Born-Huang treatment, however, is not free
from objections. For example, if one carries out an
ordinary second-order time-dependent perturbation
calculation of the absorption one finds" that in second
order certain intermediate states which enter into the
calculation are ignored in the treatment of Born and
Huang. " One can, however, develop the Born-Huang
treatment in a systematic manner and show that their
use of signer-%eisskopf time-dependent perturbation

theory is equivalent to summing a selected subclass of
diagrams to all orders in the perturbation parameter.
Using such a treatment one can estimate the importance
of the intermediate states neglected by Born and
Huang. These remarks serve to illustrate the fact that
at the present time no completely satisfactory theory
of optical absorption in anharmonic lattices exists. The
present calculations are presented as being illustrative
of what is in most ways the most satisfactory theory
to date, and a more fundamental approach to this
entire problem will be presented in a paper now in
preparation.

In order to make the foregoing arguments quan-
titative, and to make this paper self-contained, we
present a brief resume of the Born-Huang theory in
Appendix A. The result of their theory of primary
importance to the present calculation is their expression
for the partial dielectric susceptibility due to the jth
optical mode of zero wave vector in the state with
quantum number e'(0; j). The general expression for
the elements of this tensor is quite lengthy
[B-H(46.41)j, but it simplifies in a number of special
cases. It is these particular cases to which we restrict
ourselves in the rest of this paper. The expressions for
the dielectric susceptibility and their regions of appli-
cability are given below:

(i) the low-temperature limit (7=0'K)

1 [M (0; 1)J'
a'((o) = ——

tod co+1'y+r(Cod eo) odd+to
(1.2a)

(ii) the wings of the absorption region" (to&2tod and &o—tod))damping constants y)

1 [M(0 1)g' 2eod
8 Q)= ——

V~ 2Q) (f Q)g —Q)

4oxodyo(0) y+r(ted —eo) y+r(ted+to)
+ (1.2b)

COg CO COg MGag OP

'Y—t (—&d—to) 'Y+t (cod+ed) y+r (ted eo) y-r (—cod+&)
+is'(0; 1)

40 GO («—~)'

(iii) the center of the dispersion region (&o=tod)

e'(0; 1)(y &(0)—y+t(0))1 [M(0; 1)]' 1
a'(co) = —— +&

2 „ I2,(0)+ (0) ( (0)+ (0))( (0)+ (0)). t

(1.2c)

In these equations Q) is the frequency of the incident
radiation; the superscript 1 refers to the optical branch
of the frequency spectrum of our one-dimensional
lattice; co& is the dispersion frequency, in the present
case the maximum frequency of the optical branch;

' M. Born and K. Huang, Dyrlamical Theory of Crystal Lattices
(Oxford University Press, New York, 1954), p. 341.

"V.Weisskopf and E. Wigner, Z. Physik 63, 54 (1930);65, 18
(&930),

"W. Heitier, Quantam Theory of Radhateort (Oxford University
Press, New York, 1954), 3rd ed. , p. 138 ff.

"We are indebted to M. Lax for this remark. It is gone into in
more detail in Sec. VI of this paper.

'4 This expression corrects a misprint in B-H(47.10).

e, is the volume of a unit cell; M (0; 1) is a coeKcient
in the expansion of the electric moment of the lattice;
and n'(0; 1) is the harmonic oscillator quantum number
of the dispersion oscillator in its initial state.

In order that the quantities tt'(td) shall have the
proper dimensions, we shall assume that our system
consists of a collection of parallel independent linear
chains arranged so that the atoms form a sodium
chloride type cubic lattice. The unit cell volume v,
can then be taken to be 2uo' where co is the spacing
between nearest-neighbor particles in the 1attice.

The quantities yo(eo), yd r(&o) appearing in Eq. (1.2)
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are damping constants of the type obtained by Pauli,
Eq. (1.1), except that in the present case they are
frequency dependent. They are defined in terms of
matrix elements of the anharmonic part of the Hamil-
tonian, H, by

7l 1
vo(~) =—»m & l(u'l&~ Io) I', (1 3a)

PP Eco +Q Q(g (~p)

where the symbol P&„&" means that the summation
is over all final states e' which have transition fre-
quencies, o/=o/6 —o/„, in the interval (o/, I+ho/). The
subscript on the y refers to the initial state with respect
to which the transition frequency is defined. Similarly
we have that

a'(io) =a i a/o/, — (1.4)

where u is the real part and 0 is the conductivity. The
latter in turn is related to the absorption coeKcient
2/(66) by16,16

2) (o/) = (42r/22c) o (ie), (1.5)

where n is the refractive index of the crystal, and c is
the speed of light. In Eq. (1.5) we have assumed that
the refractive index is equal to the square root of the
dielectric constant and that the eBective electric field
is equal to the average microscopic electric field. It is
the calculation of 2/(o/) that will occupy us in the re-
mainder of this paper.

It is our intention in this paper to give an example
of the application of the Born-Huang theory to a
particular model which can be discussed rather com-

pletely, and at the same time to present a critique of
the theory itself. In Sec. II we carry out a normal
coordinate transformation of the Hamiltonian of ~the

anharmonic crystal interacting with an external
electromagnetic field. The transformed Hamiltonian is

y~, (o/~)= —lim Q [(s~Hg(W1)[', (1.3b)
PP + Q(g)p (s)

where the state ~ 1 refers to the state obtained from the
initial state 0 by changing the quantum number of the
dispersion oscillator by ~1.The states s are all states
other than the states 0, ~i, and the transition fre-
quency or+ is defined by or+&—or, where the energies
of the states +1 and s are Aio+1 and Ao/, .

The dielectric susceptibility can be written as"

then reduced according to a prescription of Born and
Huang, and is made the basis of the calculation of the
damping constants in Sec. III. The absorption co-
eKcients at low and high temperatures are calculated
in Secs. IV and V, respectively. In Sec. VI a second-
order perturbation calculation of the absorption
spectrum is carried out. Finally, in Sec. VII we discuss
the results of these calculations with a view to making
predictions for the three-dimensional. case and com-
paring them with experiment.

II. THE PERTURBED HAMILTONIAN

We consider a linear chain of 2)V ions in which the
even-numbered lattice points are occupied by ions of
mass M2 while the odd-numbered lattice points are
occupied by ions of mass 3f& where with no loss of
generality we assume that 3f»312. The charge on the
12th ion is given by (—1)"+'e.

If we expand the potential energy of this lattice to
cubic terms in the displacements of the ions from their
equilibrium positions and assume only nearest-neighbor
interactions, the total Hamiltonian for the lattice in
the presence of an external electric field E is

H=-2' p (Mru2„+12+M2u2„2)

e
+ P (u2n u2n 1) + (u—2n u2n+1)

2 n=l

N
+- Z (u2.-u2.-1)'- (u2.-u2 +1)'

Q a=s
N

eE Q—(u2„—u2„+,). (2.1)
n=1

In this expression the first two terms represent the
kinetic and potential energy of&the lattice in the usual
harmonic approximation, the third term is the anhar-
monic energy, while the last term represents the
electric energy, where e is the magnitude of the elec-
tronic charge.

'We impose the Born-von Karman cyclic boundary
condition on the displacements:

u2n+N u2nq u2n+1+N u2n+1 (2 2)

We now introduce the following normal coordinate
transformation:

where

N/2 2

ii — Q Q enissn/Ne(2N
~
k ~ j)Q(k ~ j)

(g'~2) & 2=—N/2+1 /-1

N/8 2

Q enik(2n+1)/Ne(222+1
~

k. ~)Q(k.j)
(+351)» 2 N/2+I j 1

e(2n~ k; 1)=coscrs, e(222~ k; 2) =sinrr/„

e(222+1~k) 1)=-sinn/„e(222+1~k; 2) =cosct/„

(2.3)

(2.4a)

"F. Seitz, Modeni I'//60ry 0f Sokts (McGraw-Hi)i Book Company, Inc. , New York, 1940), p. 631.
"M. Lax, J. Chem. Phys. 20, 1'H2 (1952).
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mk
tan2~~ ——$2(M&M2)&/(M~ —M2)j cos—.

E
When we substitute Eq. (2.3) and Eq. (2.4) into Eq. (2.1), we obtain

(2.4b)

&~=l 2 2 (IQ(k; j) I'+~'(k; j) IQ(k; j) I')+ — 2 2 &(k+k'+k")C(kk k"; jj'j")
k j 6+)V»'~" ill"

XQ(k; j)Q(k'; j')Q(k"; j")+EL'VP M(0; j)Q(0; j), (2.5)

where
u 2~k~ ''

GP(k; 1)= |Ml+M2+
~

Ml +M2 +2M1M2 cos
M)M2 l N)

(2.6a)

(a'(k; 2) =
3fgag

2mk~ &

M&+M2 —
I M,'+M, '+2M yr, cos

N)
(2.6b)

(Mg) &

~(2~jk; j) ~(2e+1~k; j)
4 (kk'k"; jj'j")=2iP Im

(M2) l
g
—erik/N

) (2.7)

M(0; j) =. —e
l(2ml0 j) 'e(2n+1I0' j)

1

(M,)-: (M,)-:
(2.8)

A(k+k'+k") =1 if k+k'+k"=0, aN,'
(2 9)=0 otherwise.

The normal mode frequencies oP(k; 1) occupy the
optical band while the frequencies &o'(k; 2) occupy the
acoustic band. We note from Eq. (2.8) and Eq. (2.4)
that

M(0i 1)= —e(1/My+1/M2)&, M(0; 2) =0, (2.10)

so that the external electric 6eld interacts only with
that normal mode whose frequency is the largest in
the optical band. This normal mode will be referred
to in what follows as the dispersion oscillator. It is
characterized by the indices (0; 1).

%e now turn to a more careful discussion of the
anharmonic term in the Hamiltonian. In their treat-
ment of optical absorption in ionic lattices, Born and
Huang replace the exact anharmonic Hamiltonian by
a "reduced" Hamiltonian which contains only terms
proportional to the dispersion oscillator normal
coordinate:

Q(0; 1) Q C (0 k' —k'; 1j'j")

XQ(k'; j)Q(-k; j'). (2.»)

The physical motivation for this choice for the
reduced anharmonic Hamiltonian is that since only
the mode (0; 1) interacts directly with the external
field, the other vibrational modes act as a viscous
medium which dissipates the energy of the mode (0; 1)

which is excited by the 6eld. The eGect of the terms
not containing Q(0; 1) is to modify somewhat the
nature of the dissipating oscillators, and for a 6rst
approximation they are neglected. Of the remaining
terms only the terms linear in Q(0; 1) are retained
since terms quadratic or cubic in Q(0; 1) give contri-
butions of O(N ') and O(N ') compared with the
linear terms. There is in addition a considerable
mathematical simplification introduced by the adoption
of the reduced anharmonic Hamiltonian, viz. , the
elimination of the "umklapp" processes Lthe terms in

Eq. (2.9) for which k+k'+k"=AN].
Since for the calculation of the absorption coefficient

we will need the matrix elements of H~" between
harmonic oscillator wave functions belonging to the
unperturbed Hamiltonian, we rewrite Eq. (2.11) in a
more suitable form for this purpose. In Eq. (2.11) the
summations over k', j', j" are over only those values
for which (k', j') and (—k', j") do not equal (0; 1).
This means that

Q(0; 1)4(000; 122)Q'(0 2)

1
+ Q(0; 1) P (C (0 k —k; 111)Q(k; 1)Q(—k; 1)

2+N

+C (0 k —k; 112)Q (k; 1)Q (—k; 2)

+4(0 k —k 121)Q(k; 2)Q(—k; 1)

+C (0 k —k; 122)Q(k; 2)Q( —k; 2)). (2.12)
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However, as we will show below, for all k

C'(0 k —k; 111)=C (0 k —k; 122) =0,
(2.13)

C (0 k —k; 121)= —C (0 k —k; 112).

Hence we obtain

Hg"' —— Q(0 1) Q C(0k —k 112)

XLQ(k 1)Q(—k; 2) —Q(k; 2)Q(—k; 1)j (2.14)

Q(0; 1) Q C (0 k —k; 112)

XQ(k; 1)Q(—k; 2), (2.15)

where we have replaced the summation index k by —k
in the second term of Eq. (2.14) and have used the
symmetry property C(kk'k"; jj'j")=C(kk"k'; pp'"J')
in writing Eq. (2.15). In what follows we drop the
restriction k&0 on the sum, as retaining this term
aGects our Anal answer only by the addition of a term
of O(E ').

The calculation of the matrix elements of H~" is

simplified by expressing Q(k; j) in terms of real normal
coordinates. Instead of this, however, we write H~"~
in terms of auxiliary coordinates

Q(k; j)=a+( k; j)+a (—k; j), (2.16)

which are related to real normal coordinates q(k; j)

of which is the dispersion oscillator. Ke deQne the
transition for a particular transition by

&initial &finalq (2.20)

where the or's are dered in terms of the energies of
the corresponding states. Thus we have that

~= ~&initial ~final

is the negative of the change in the energy of the
system due to the transition.

The coeKcients C(kk'k"; jj'j") are given by Eq.
(2.7). U we expand the product, retain only the
imaginary part, set k=0 and k"= —k', we obtain

t' . ~kl e(2~IO;j)
C(Ok —k; jj'j")=2~PI »n—

I

(MiM2) i

e(26 1lk' j')e(2rsl k' j")
X—

(Mq) z

e(2' I k; j')e(2e —11 —k; j")
(M2) l

ark) e(2e 1I0' j)
+2iPI sin—I—

(MiM2)'
—
e(2~1k; j')e(2~ —1I —k; j")

X
(Mi) ~

I
a+(—k; j)=-

2

q( —k; j)
1+iq( k; j)—

, (u(k; j)
(2.17)

e(2e —11k; j')e(2el —k; j")
(2.22)

1 q(k; j)
a-(k j)=- — —~q(k;j) .

2 (o(k; j)
The reason for making this transformation is that in
view of Eq. (2.17) the matrix elements of a+ and a
between harmonic oscillator wave functions whose

arguments are the q(k; j) have the simple form

From this expression and Kq. (2.4) we readily obtain

C (0 k —k; 111)=C (0 k —k; 122) =0,

C (0 k —k; 112)= —C (0 k —k; 121)
(2.23)

(Mi+M2) I ~k
= —2' sln—.

MgMg IV

+1Ia+ I
v) =Z(A/2a&)&(v+1) &,

(r~ —1
I
a

I e)= r'(h/2(e) 4—&,

The three damping constants which appear in the
Born-Huang theory of optical absorption are de6ned bywhere v(k; j) is the quantum number associated with

the normal coordinate q(k; j) of frequency cu(k; j).
Transforming Hz"~ by substituting Kq. (2.17) into

Eq. (2.15), we obtain

x $ o

o(o)=—l' Z I( 'I& "'I»l'
A2 ~~ Dcv (~')

(3.1a)

(2.1g) IIL EVALUATION OF THE DAMPING CONSTANTS

La+(0; 1)+a-(0; 1)3

XP C(Ok —k; 112)La+(—k; 1)+a (k; 1)j

XLa~(k; 2)+a (—k; 2)). (2.19)

In this equation all terms are distinct. Each gives rise
to a distinct transition involving three oscillators, one

g 1
v+ (~A=—»m & l(e l&~*"I~j&l' (3 1b)

gP + Q~+ |s)

where the symbol P& i" means a summation over all

Anal states nz for which the transition frequency lies in
the interval (i0, cu+bu). We can rewrite these functions
in a more transparent form by introducing a function
F (&u) which is defined in such a way that F (&v)A&a is the
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number of transition frequencies in the Interval ancl.

(co, co+hco). Then Eqs. (3.1) can be rewritten as F.(co) (4Xco/n)L4co. 'cob2 —(co' —coo2)'$-&,
(3.10)

coo & co &cob+ co tt.

v, (0)=—F(0)j j(~'je *"!0&j'j--o,
h2

(3.2a)
Similarly we And

~+(~+)=—F(~+)Lj(~j&~"'!~j&j'j-=-~ (32b)
A'

co(k; 1)+co(k; 2) = (coo'+2co~b sin(m. k/E))&

coo(co{k~ 1)+co(k l 2) &cob+cob.

In a similar fashion we find

(3.5a)

co(k; 1)—co(k; 2)= /coo' —2co,cob sin(mk/E) j'*,
(3.5b)

cob—co,&co(k; 1)—co (k; 2) &coo.

For our one-dimensional problem F(co) can be found
exactly in closed form. In the present case it is only
necessary to know the distribution functions of

co(k; 1)+co(k; 2)
and

co(k; 1)—co(k; 2),

since these are the only combinations of co(k; 1) and
co(k; 2) which occur in the expressions for the tran-
sition frequencies obtained from Eq. (2.21).

These distribution functions can be determined as
follows. From. Eq. (2.6a) and Eq. (2.6b) we have that

co'(k; 1)= ~~coo'+xcoo2L1 —(4co 'cobm/cod )
Xsin'(s k/E) )& (3 3a)

co'(k; 2) =xcoo —,'coo'j 1—(4co cob/coo )
Xsin2(s k/&V) $&, (3.3b)

where we have introduced M '= 2y/M& and cob'= 2v/~2.
Thus we obtain

j co(k; 1)+co(k 2))'=coo2+2co.cob sin(ok/E), (3.4)

so that

P ( )= (4& / )L4 ' '—( "—')'j '
(3.11)

COy
—CO~+GO+GOg~

where Fs(co)dco is the number of normal modes with
co(k; 1)—co(k; 2) in the interval (co, co+dco).

With these results and the results of the preceding
section it is a straightforward calculation to obtain the
damping constants. We begin by obtaining p+&(coo —co)

at the absolute zero of temperature. This is a particu-
larly simple case since here ct(0; 1)=+1, while all
other e(k; j) are zero. The squares of the moduli of
the only nonvanishing matrix elements of Hg ~ to-
gether with their transition frequencies are found from
Eq. (2.19) to be

k'jC(0k —k; 112)j'

4%odco( —k; 1)co(k; 2)

—coo—Lco(—k; 1)+co(k; 2)),

A'jC(0 k —k; 112)j'

81Vcodco( —k; 1)co(k; 2)

coo—Lco (—k; 1)+co(k; 2)j.

(3.12a)

(3.12b)

V+~(~o—~) =
4Scog

Each of these terms must now be multiplied by s/k'
and summed over those values of k for which the
corresponding transition frequency lies between co&—co

and coo—co+hco. By Eq. (3.1b) and Eq. (3.2b) the
result of these operations is

Ke want to know how many normal modes there are,
for example, with co(k;1)+co(k; 2) in the interval
(co, co+dco). This is given by

F (co)dco= w(co) (d co/dco)dco, cc
=sk/X, (3.6)

where u (y) is the number of frequencies per unit wave ~h~r~
vector range. In the present case due to the two-fold
degeneracy of the frequencies it becomes

jC(ok —k;1») j'
X

co(k; 1)co(k; 2)
P~ (co—2coo)

(co 2 coo) coo

(py = sin

mh t !C(0k —k;112) j'
+ ' F (co), (3.13)

SXcoo co(k; 1)co(k; 2) o=b 2

w(y) =2K/~.

From Eq. (3.5a) we lnd that

sinq = (aP-coos/)2co~b,

(3 7)

(3.g)

GP cog

+2= sin

(3.14)

so that
d q/Au = 2coL4co,'co b2 —(co2—coo')'$-&,

If we substitute into Eq. (3.13) the expressions for
(3.9) C(0 k —k; 112) given in Eq. (2.23) and make use of
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Eq. (3.14) we obtain finally

7+1(res ru—)=Crodfi(x), 3&x&2+y
=Crud fs(x), 1&x&y
=0 otherwise,

where re =xMs, y(es ——a& +(os,

(3.15)
3

20—

(x—1)(x—2) (x—3)
f (*)=

i »—(x—1)'(x—3)sg&
(3.17)

C=2P'(Anil/oi. 'ops'rods) L (M,+M,)/MtsMss j, (3.16) I-

I-
V)z0 lP

x(x' —1)
(x) =

2$»- (x'-1)sjf
(3.18)

I.O

I

2.0 3.0

and »=4or, 'oiss/roq' Ap. lot of fi(x) and fs(x) is given
in Fig. 1. In this paper we assume the following values
for the various physical quantities:

O~r) = bros/k =250'K, Mi ——2Ms,
(3.19)

P=18&&10"erg/cm', n=9)&10s erg/cms

The values of C, y, and s are then 0.0383, 1.3939, and
8/9, respectively.

%e turn now to the case of the "wings" of the
absorption region. The derivation of Eq. (1.2b) is
based on the assumption that co&2'~. Therefore, in ob-
taining the damping constants 7+1(r0~+c0), y+t(o~~ —ro),

y 1(—add+id), y 1( roq re—), a—nd ys(0), which appear
in Eq. (1.2b), we can neglect all contributions which

Fin. 1. The damping constant 7+i(rag co) i—n units of Ccud plotted
as a function of co/cad at the absolute zero of temperature.

give rise to nonvanishing terms in the interval 0&co
&2~~. %e consider the nonvanishing contributions
outside this interval separately.

If we examine the nonvanishing matrix elements of
II&", Eq. (2.19), which contribute to &+1 (cod —re)

i these correspond to setting the dispersion oscillator
quantum number s(0; 1) equal to vs(0; 1)+1, where
v'(0; 1) is its value in the initial state), we find only
two whose transition frequencies are compatible with
the condition co& 2cvo.'

i us(0; 1)+2/i vs( —k; 1)+1jizs(k; 2)+1)
yet(id' —co) =AiC (0 k —k; 112) i' fs(ro)

2cesre( —k; 1)oi(k; 2)

for 3(vg&ce& 2(op+a). +cos,

L~(0; 1)+nLs'( —k; 1)+17Lz'(—k; 2)3
=tie(ok —k;112) i'f.( )

2oidre( —k; 1)rd( —k; 2) 0'2

(3.20)

for 2(dg+ros Cog&(0&36)g)

where

=0 otherwise,

sinai = (ro —roy) (ro —3(dg)/2(o, &os,

sings = (3(eg—r0) (co—cog)/2(o res,

(s'(0; 1)+2)(e'(—k; 1)+1)(v'(k; 2)+1)
(kT)s/ksrogro( —k; 1)ro(k; 2),

(s'(0; 1)+2)(s'(—k 1)+1)(s'(—k 2))3 (3.23)

(kT)'/k'repro( k; 1)ro(—k; 2)—.
ie(0k —k;112)i'

=4P'((M +M )/M 'Ms'1 sing, (3.22a)

In this limit we obtain anally

y+t(oid oi) =Crud' fs(rd) (—kT/huis)',

2cod+G)s (s~&oi&2Cdd+ros+r0~.
(3.24)

(re) = (3.22b)
f4re 'ross —P(ro —2(dd) s—rods)s} &

In the limit of high temperatures we need the fol-
lowing thermal averages:

Turning to y t(ao —ord) we find that the only non-
vanishing matrix elements which contribute to
y t(ro —re&) i these correspond to setting w(0; 1) equal
to s'(0; 1)—1j, and are compatible with the require-
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ment that M) 2Md, lead to

[e'(0; 1)—1]P'(k; 1)][vs (k; 2)+1]
y I(M —M~) =A!C'(0 k —k; 112)!'fp(M) for 2Mg+M p

—M, (M&3M',
2M~M (k; 1)M (k; 2)

[s'(0; 1)—1][so(k; 1)][&p(—k; 2)]
=&IC'(Ok —k 1») I'fp(M)

' '
for 3M &M&2M, +M,+M„

2M&M (k; 1)M (k; 2)

(3.25)

=0 otherwise,

where Using the data of Eq. (3.19), a plot, of
sing I= [Mg' —(M

—2M g)']/2M, M s,

stnps = [(M—2M~)'—M ~']/2M, M p.
(3.26)

is given in Fig. 2 for T=250'K.With the aid of the following high-temperature thermal
averages

P(0. 1) 1)(tcP(k. 1))(ss(k. 2)+1- (kT)'/ksM~(k; 1)M(k; 2)

v'(0. 1) 1)(sP(k. 1))(tt'( k. 2
(3.27)

(kT)s/O'MgM(k; 1)M(—k; 2),

30—

3
I

3
20—

~+

I

I

I

I

I

I

I

I

I

I

we obtain in this limit

'r—I(M Mcc) =CM(pfp(M) (kT/AMcc) q

2Ms+Me —M.&M& 2Md+M p+M, (3.28)
=0 otherwise.

I-

(h

O
IO—

In calculating the thermal averages in Eq. (3.27) the
range of the dispersion oscillator vP(0; 1) was restricted
to sp(0; 1))1 in order that a state with a quantum
number —1 not be included. Thus

3.01.0 2.0

(ps(0. 1) 1) P (p 1)e &s~dlkT/Q e —~s+dI&T (3 29)
8=1 v~1

++d

FIG. 2. The danIping COnStant y+c(cocC —c0) in unitS Of CccccC platted
as a function of co/cog for eu) 2coq and a temperature of 250'K.

We see, comparing Eq. (3.24) and Eq. (3.28), that, to
this approximation, in the high-temperature limit

r+I (Mcc M) equalS r I (M —Md).

Turning to the remaining damping constants we And

that there are no nonvanishing contributions to
y~I(Mq+M), y I(—Ms —M), and yp(0) in the region
GD Q 2COg.

We turn finally to a consideration of the center of
the dispersion region. From Eq. (1.2c) we see that only

the damping constants yp(0), y+I(0), and y I(0) are

required in this case. These three damping constants
are given by

[tc(0; 1)+1]s(k;1)[p(k; 2)+1]
~(0) = g ~C(0 k —k;112)!

8Ã ~ MgM(k; 1)M(k; 2)

xA [s(0; 1)+1]p(k; 1)p(—k; 2)
+ P!C(Ok —k;112)~s

8X I MgM(k; 1)M(—k; 2)

xh ~p(0; 1)[s(—k; 1)+1][s(k;2)+1]
+ Q !4 (0 k —k; 112)i' -—

SX ~ M~( —k; 1)M(k; 2)

Th tc(0; 1)[tc(—k; 1)+1]II(—k; 2)
+ P )4 (0 k —k; 112)i' (3.30)

8S ~ MgM( —k; 1)M(—k; 2)

where the ftrst summation is over those values of k for which M(k; 1)—M (k; 2) = s&q,
' the second, M(k; 1)+M(-k; 2)

=My, the third, M( —k; 1)+M(k;2)=My, and the last, M( —k; 1)—M( —k;2)=-Mq, and where s(0; 1) equals
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e'(0; 1)+1 for p+, (0), ~'(0; 1) for &0(0), and s'(0; 1)—1 for y i(0). They can be expressed more compactly as

p„(0)=y(0; 1)+2]A+@(0;1)+1]B,
yo(0)=[a'(0 1)+1]A+[a'(0 1)]B

y i(0) =n'(0; 1)A+ [a'(0; 1)—1]B,
(3.31)

where
VA s(k; 1)[v(k; 2)+1] ~(k;1)v(-k;2)

IQ IC (0 k —k; 112)I' +Q IC (0 k —k; 112)I', (3.32a)
8E(og (o(k; 1)a)(k; 2) (a(k; 1)o)(-k; 2) I

'

[s(—k; 1)+1][e(k;2)+1]
Q I

4 (0 k —k; 112)
I

'
SlVcog cu(—k; 1)co(k; 2)

[v(—k; 1)+1]v(—k; 2)
I+Q IC(ok —k; 112)I', (3.32b)

k (v (-k; 1)co(-k; 2)

the first summation being over those values of k for which co(—k; 1)+co(k; 2) = co~, the second over those for which

~(—k; 1)—a&(—k; 2) =cuq Since o. &(k; 1)+co(k; 2) and &o(k; 1)—co(k; 2) can equal ~~ only at k=o, we have since

the first summation being over those values of k for which co(k; 1)—a&(k; 2) =cuq, the second over those for which
cv(k; 1)+(a(—k; 2) =cog,.

that

However, we find that

while as k —+ 0

P~((og) =Fp((vs) =4Ncod/1' crab,

(v(k; 1)(o(k; 2) =co cob sin(+k/N),

A =-',Clod lim e(0; 1)[s(k; 2)+1+iI(—k; 2)] sin(~k/N),

B=-',C~„»m [g(0; 1)+1][.(k; 2)+1yw( —k; 2)] sin(~k/N).

&&(k; 2)+w( —k; 2)+1}=&2it(k;2)+1}=coth[%co(k;2)/2kT],

(a'(k; 2) ~ ((v,'(ot,2/cod') sin'/(ok/N),

(3.33)

(3.34a)

(3.34b)

(3.3S)

(3.36)
so that

lim &v(k; 2)+1+v(—k; 2)}sin(sk/N) =lim sin(irk/N) coth[(h/2kT)(&o, cubi/cod) sin(7rk/V)]=2kTcod/A~~t„(3. 37)k~

in the high-temperature limit. Thus we obtain the result that

A =v(0; 1) (C(oj/fur. (og)kT,

B=[e(0; 1)+1](Co)d'/Ace, ub)kT,

so that the expressions for the therlna1 averages of the damping constants become

&y+i(0)}=2Cs &(kT/k)([vo(0. 1)+2]v (0' 1)+[iY"(0' 1)+1]'}
&7 (o)}=2C '(kT/&)&['(0 1)+1]'(o 1)+['(o 1)+1]'(o 1)}

&y i(0))=2Cs &(kT/h)&[i'(0; 1)]'+[~'(0;1)+1][i'(0;1)—1]}.

(3.38a)

(3.38b)

(3.39a)

(339b)

(3.39c)

In the limit of high temperatures the thermal aver-
ages are found to be

&[e'(0; 1)+2]v'(0; 1)+[v'(0; 1)+1]'}
4(kT/fiery)'

&2[a'(0; 1)+1]v'(0 1)) 4(kT/Md)' (3.40)

&[+(0; 1)]'+[ '(o; 1)+1][~(0'1)—1]}
-4(kT/fieg)',

so that to this approximation
(kT q'

h (0))=h (0))=&~- (o)&=8c ~'I —
I . (3.41)

&~,)

The explicit expressions for the damping constants in

this region, however, are of less interest than the

corresponding absorption coeKeient, which we evaluate
in Sec. V.

It is worth pointing out that in the evaluation of the

high-temperature thermal average of the last term in

Eq. (3.39c), the harmonic oscillator quantum number

u'(0; 1) can only assume the values vo(0; 1)~& 1 in order

that an initial state with a quantum number —I not

be inc1uded.
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LV. ABSORPTION COEFFICIENT AT
LOW TEMPERATURES

If we combine Eq. (1.2a), Eq. (1.4), and Eq. (1.5),
we Gnd that the absorption coefBcient at the absolute
zero of temperature is given as a function of the
frequency of the incident radiation by

4w 1 [M(0; 1)]'
n(~)=

~v+i(« —~)
(4.1)

(~d —~)'+&+i'(~~ —~)

If we use the definition co=mvq of Sec. III, together
with Eq. (3.18), we can rewrite Eq. (4.1) in the form

I-
LLI

g 0,5—
0
ta.
LLI
O 0.4—
z'
~ o~-l-
0
K
O~ oz—

I

I

I

I

I

I

I

I

I

I

I

I

!

I

I

where

Cxfi(x)
ri(to) =gp- , 3~&x~&3.3939;

(1 x)'+C—sfis (x)

Cxfs(x) (4 2)
Qp 1 ~& x~& 1.3939;

(1—x)'+C'fss(x)
™

=0 otherwise;

rio = (2'/rsv, aud) [M (0; 1)]'. (4.2a)

The absorption coeScient in units of gp is plotted as a
function of x in Fig. 3.

V. ABSORPTION COEFFICIENTS AT
HIGH TEMPERATURES

In this section we apply the results of Sec. III to the
calculation of the high-temperature expressions for the

I

0 2.0 3.0

Fro. 3. The absorption coeKcient g in units of g0 plotted as a
function of co/&oq at the absolute zero of temperature. The method
of Born and Huang was used to calculate q.

I.O

absorption coefBcient in the wings of the absorption
region and at the center of the dispersion region. In
the latter case we also present an alternative derivation
of the high-temperature absorption coeKcient which

we feel is more justified than that of Born and Huang.
The expression for a'(co) in the wings of the absorption

region is given by Eq. (1.2b). The only nonvanishing

damping constants in this region were shown in Sec.
III to be y+i(co —cod) and. y r (cv —&o~). Hence Eq. (1.2b)
can be rewritten as

M 6 24)(g~

(Mg CO)((vg —(o)'

1 [M(0; 1)) 2a&g y+i(&aq —u) —y i(&o—cog) y~i(« —ru)
a'(a) = —— +iv'(0 1) +i

8~ 26lg Mg M

(5.1)

so that in this case

ri(to) =rip (v (0i 1)[&+i(~.—co) —&-,(~—«))+y„(«—ro)), ~)2«.
QJg CO

(5.2)

To obtain the high-temperature form for this expression we need the thermal average (v'(0; 1)[y+i(cog—~)
—p i(co—az))) which is given explicitly by [see Eq. (3.20) and Eq. (3.25))

a)C(Ok —k;112) ls
('(o; 1)[v+ ( —)-v- ( — )])= fo( )

2«a) (—k; 1)ro (k; 2)

X [(vs(0; 1)[vs(0; 1)+2][v (—k; 1)+1][vs(k;2)+1]—ve(0; 1)[v'(0; 1)—1][v'(k; 1)][v'(—k; 2)])]

3(od, &ro&2«+(o,+rob, (5.3)

with a corresponding expression for the frequency range 2«+to& —«~&co &~3«. In Eq. (5.3), pi is defined by

sinai= (ao —a)g) (cv —3cvg)/2&v o)s. (5.4)
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Evaluating the thermal averages in the high-temperature limit we obtain

{v (0; 1)Pv (0; 1)+2jLv (—k; 1)+1jfv (k; 2)+1j)
ALoig+oi (—k; 1)+oi(k; 2)j1+

A4oogoi( —k; 1)oo(k; 2) 2kT

2(kT)4

Kith these results we find that

I eg+2oi(k; 1)+2oi (k; 2)g
(v (0; 1)I pyi(oig —oi) —p—a(oi —oig)$)= —I4(0 k k; 112) I'fo(o)i (kT)'

2 A'«'oP(ki 1)oi'(k 2)

AI ~(k;1)+~(—k 2))
{"(o;1)5"(o; 1)—13Lv'(k 1)jI:"(—k 2)j)-

A4oig'oo(k 1)oi(—k; 2) 2kT

(5 5)

2AP'f(3Ii+~&)/(~i'~o') jfo(&)$(2oi 3«)/& 'orb'j(kT/A&&)' (56)

Similarly we 6nd that Eq. (5.6) also holds in the high-temperature limit in the frequency range 2oid+(i0b
~&oi~&3m&&. Combining these results with Eq. (5.2) and Eq. (3.24), we obtain finally

(kT) o

~(~) =2n c fo(~) I I, 2~~+~b ~-&~&2«+~.+~b
((Q (dg) (Aoig)

(5.7)

The absorption coeKcient in units of iso is plotted as a function of x=o~/«at three temperatures in Fig. 4.
Turning now to the center of the dispersion region we see from Eq. (1.2c) that the absorption coefficient is given

by
«v'(0 1)I v-i(0) —7+i(0)1

(5.8)
7,(0)+~„(0) L~,(0)+7„(0)]L~,(0)+~,(0)g

At high temperatures we find, with the aid of Eq. (3.39), that

{v'(Oi 1)I'Y—i(0) y+i(0)3) 2C«s '(kT/A«)(v (Oi 1)Lv (Oi 1)+1Xv'(Oi 1) 13 C
v'(0' 1)j'

(5 9)
—4Lvo(0; 1)j'—v'(0; 1))

{yo(0)+y-i(0)) 2Coia '(kT/Aoo~)(3I v'(0; 1)]'+2v'(0; 1)+Lv'(0; 1)+11Lv'(0; 1)—1$)
(&o(0)+&+,(0)) 2'&„s—l(kT/A«){4Lvo(0. 1)~o+6vo(0. 1)+1

so that the expression for the absorption coefficient becomes

(A«) 1 (v(v+1) (v —1)—v' —4v' —v)-
~(~)=no(s'/2C) I 1+

~ kT i (4vo+6v+1) (3v'+2v+ (v+1) (v —1))
(5.10)

1,0—

O
0.5—

CL
K
O
V)
Kl

FIG. 4. The absorption coeKcient p in
units of g0 plotted as a function of co/cog for
co) 2coq at three temperatures. The method
of Born and Huang was used to calculate y.

l.0 2.0

/(0 it.

3.0
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%e have the following thermal averages

(4v'+6v+1) 8(kT/Ao)g)'

(v(v+1) (v —1)—v' —4v' —v) —2(k T/As& d)',

(3v'+2v+ (v+1) (v —1))~8(kT/))kod)'
and we obtain finally

3 s~ (O~g)')) o

n(~) =~o—
I

64 CKT)

(5.11)

(5.12)

Ke conclude this section with an alternative calculation of the absorption coeScient at the center of the dis-
persion region which we feel is more correct than the one just presented. It proceeds from the point of view that
experimentally one does not measure a damping constant directly, but instead measures the absorption coefIicient
and then introduces a damping constant through some theoretical expression, such as Eq. (1.1). We therefore
proceed to calculate 2)(o)) directly without the need for an explicit subsidiary calculation of the damping constants.

To calculate the thermal average of g(&o) we need the following average:

0 ~1

.o(0;1)[~,(0)—&+,(0)] ~(O;1)+1 .o(0;1)

~o(0)y~ (0) [~o(0)+~ (0)][~o(O)+~- (0)] ~o(0)+~+ (0) ~o(0)+~—(0)

Recalling Eq. (3.31) and Eq. (3.34), and defining D(k) by

we can rewrite Eq. (5.13) as

AP' Mg+3Io 2[k

~ 2(y~2 ~12~22
(5.14)

(A)=lim —([v'(0; 1)+1]/[2v (Oi 1)+3]"(k' 1)[v (k' 2)+v ( ki 2)+1]

+[2vo(0. 1)+1][vo( k 1)+1][vo(k.2)+vo( k. 2)+ 1])
—( '(0; 1)/[2 (0; 1)+1]'(k; 1)[ '(k; 2)+ '(—k; 2)+1]
+v'(0; 1)[v'(—k; 1)+1][v'(k;2)+v'( —k; 2)+1]
+ (1 all (0;1),o)[v'(0 ' 1) 1][vo( k. 1)+1][vo(k. 2)+vo( k. 2)+1])

1= lim —((A &)
—(A 2)). (5.15)k~ D

(A2) can be factored into
1 vo(0; 1)+1

(Ag) =

while (Ao) becomes

v'(0; 1)

(2; 2)+a~(—2; 2)+1)(4[st(0; 1)j +25 (0; 1)—1—il l, i ([t)(0; 1)j —1))
(A 2 1)(A22)

(5.16)

(5.17)

Ke consider first the factor

v (0;1)+1

where @=A00~/kT, and

(Ago) =
e-& (m+1)e—"*

4[v'(0 1)]'+6vo(0 1)+1 Z(o)g) ~~4m'+6m+1
(5.18)

g(~) —p V (n+$)O0ilkT~V 22)202jkT— —
nM

kT 1-
+-yo]

Ao) 2 ) kT j (kT)
(5.19)
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Now we can write

(~+1)e-"* 1 ) 1 1 y 1 AS AS

& (~+1)e "*I—
nM 4/2+6/+ 1 2+5 sM E I+a s+b) 2+5 ~m I+a 2+5 ~~ (e+b)

where

The value of the sum
a=l-4v'5, b=f+4v'5.

S(x)=Q, 0(a,
c+a

(5.21)

(5.22)

in the limit as x —+ 0 is obtained in Appendix 8 and is given by

5(x} —Inx+$c(a) —lna —ej+0(x Inn},

where &=0.5772 is Euler's constant, while c(a) is defined by

( 1 1)
c(a) = e—"( — ——~du.

~0 E1—e " I)
Vhth the aid of this result we find that

(5.23)

(5.24)

Acted

(Ai,)=— (1—a) —ln + (c(a) —Ina —e)+
(kT/5(up+ ', + . ) 2/5 -kT

—(1—b) —In + (c(b)—Inb —e)+
kT

1 h~e 1 ~h~~y '
ISGlg

~

+. ~ (a—b) ln + (1—a) (c(a) —lna —e)—(1—b)(c(b) —lnb —e)+.
2/5 kT 2&kTJ kT

Turning now to the average

(322) =
v'(0; 1) e—

& 1 ne-"
-+Z

4Leo(0; 1)g +2vo(0; 1)—1—b„o(o, ,) 0(geo(0 1)] —1) Z(cd„) 2 ~=i 4n~+2e 1—
we reduce it to

e-&* 1 1 p 1 1-+
Z((og) 2 2+5 =i Ee+c I+d&

where

4v 5 d= 4+4V5.
Since c(0 we rewrite this expression in the form

hcog 1 t'Acog) ' 1 1 ( d [c(
(~ )= —-I I+ -+- & e "*I +

kT 2 (kT] 2 2+5 n ahead e—(ci &

The value of the sum

S'(x)=P, 1&a&O,
AM yZ

—g

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

in the limit as x —+ 0 is obtained in Appendix 8 and is given by

5'(x) = —Inn+ c(a') —Ina' —e— +0(x Inx),
j.—c' (5.31)
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where a'=1 —tt. With the aid of this result, Eq. (5.29) becomes

1 ()2to)q') ' 1 1
(A22&= ——-~

~
+ -+

kT 2 EkT) 2 2+5

The last average we consider is

—(d+
~
c

~ ) Inx+d(c(d) —lnd —o)

1
+lcl I «I —lcl) —In(1 Ic~) —o — — + ~

. (5.32)
tc(

e-A~(1;2)/ar e—(m+n& h~(a;2)/r r

where we have used the fact that (o(k; 2) =co(—k; 2). The double sum

e—(m+n) a

&
—(nt+n) z

&
t (nt+—n) td-~ —

&
t-

m, nm ttt+I+1 m, n-o ~0 J o [1 c (t+n)—]2

is evaluated in the limit as x —+ 0 in Appendix 8 with the result that

e—Ace(k;2) fkT ( 5 q fiot(k; 2)(A)i)=(A21&=, +P+i P——
i +

LZ((o(k; 2))]' Ito)(k; 2) ( 12) kT

where the constant p is defined by

e" dQ
(1—e-n)2 I 212

(A)1&=(A21&=
e (k; 2)+(to( k. 2)+1 ZE(d(k' 2)]ZP(d( —k 2)] ~,n~ 222+22+1

(5.33)

(5.34)

(5.35)

(5.36)

Recalling Eq. (5.19) we obtain finally

(A 11) (A 21)
k(o(k;2) ( Ito)(k 2) 2~

+O
kT I, kT )

(5.37)

Combining the results of Eq. (5.25), Eq. (5.32), and Eq. (5.37), we find that in the high-temperature limit

where the constant 8 is given by

))t2(o (k; 2)toy
(Ai) —(A2) =(A 11)((A12)

—(A22)) 8, -

(kT)'
(5.38)

1
8= ——+ (1—t2) Lc((t) —Inc —o]—(1—b) (c(b)—Inb —o]—dLc(d) —Ind —o]

2 2/5
1—Icl c(1—lcl) —»(1—lcl) —o ——

Combining Eq. (5.15) and Eq. (5.38) we obtain

ot 2o)22 tIII12~ 2 o)(k. 2) $2o) 8 $2~ ~
(A) lim

ltp' M, +M2 sin{~k/1V) (kT)2 C &„(kT)2
(5 40)

Since
2)(o)d) = ioqoo)g(A&, (5.41)

we see that this method of evaluating t)(o)d) leads to an
absorption coeKcient at M~ which has a T ' dependence
on temperature in the high-temperature limit as con-
trasted with the 1 ' dependence predicted by Eq.
(5.12).

To evaluate the constant 8 we need the values of
c(a), c(b), etc. These quantities are evaluated by using
the result in Appendix 8, and substituting the values
into Eq. (5.39) we obtain 8=0.4790. Finally we can

write
(01)

1) (o)g) =0.239&—s'(
C ET

(5.42)

VI. ORDINARY SECOND ORDER TIME DEPENDENT
PERTURBATION THEORY OF THE

ABSORPTION COEFFICIENT

In this section we give a calculation of the absorption
coe%cient following the second-order time-dependent
perturbation theory described in Heitler. " The un-
perturbed states consist of the normal mode oscillators
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FIG. 5. The absorption coefBcient p in units of p0 plotted as a
function of co/cod at the absolute zero of temperature. The method
of Sarnes, Brattain, and Seitz divas used to calculate g.

in the harmonic approximation together with the
radiation 6eld. They are characterized by the quantum
numbers of the normal mode oscillators and the number
of photons present.

The perturbing term in the Hamiltonian is the sum
of LIg, the anharmonic contribution, and IIg, the
interaction term between the radiation and the lattice.

e;
Hg ——P p;A,

M;c
(6.1)

where A is the vector potential for the radiation and

y;, e;, and M; are the momentum, charge and mass of
the ith ion.

The second order transitions proceed from initial
state 0 to 6nal state s via certain intermediate states
which consist of two classes. The first class, labeled by
j, contains states coupled to the initial state by the
radiation interaction and to the final state by the
anharmonic interaction. The second class, labeled t,
contains states coupled to the initial state by the
anharmonic interaction and to the Anal state by the
radiation interaction. The intermediate states t are
ignored by Born and Huang except in calculating the
damping of the initial state 0.

The appropriate matrix elements for second-order
transitions can be written in the form

As in the preceding work with the Weisskopf-signer
method we consider only cubic anharmonic terms in the
Hamiltonian, and we further assume that these terms
are linear in the dispersion oscillator coordinate Q(0; 1).
The anharmonic terms in the Hamiltonian are then
given by Eq. (2.11) or by Eq. (2.19) after the trans-
formation to creation and annihilation operators. The
radiation-lattice interaction term Hz is given by

(reo boj) t' t' 1 (bob
—ro, )

C,p+=—P ~ P,*HgP;dr tP;*(P em;)Ppdr+ P —
I g,*(P e,tb~)Pbdr) Pb"'Hggodr, (6.2)

(bop bpj~ro) 4 ~ t (Q)p bog)

where the quantities P are zero order lattice wave
functions consisting of products of 2$ harmonic
oscillator wave functions of the 2S normal coordinates
q(k; j). The energies of the states 0, s, j, and t are
Acro, Ace„ken;, and Ace~, and the photon energy is ~.
The plus sign in Eq. (6.2) is used for absorption and
the minus sign for induced emission.

For a given initial state 0 the absorption coefficient
corrected for induced emission can be written as

4n-'(o

I Ciio+I 8(Coo (Oii+M)
Ãe,nkc —P I

Cso Is&(coo bo, —co)) (6.3)

where the sums are over all Anal states s. By carrying
out a thermal average of Eq. (6.3) over the initial states
0 one obtains an expression for the net absorption
coefIicient at a given temperature. It may be pointed
out that first-order transitions of the harmonic lattice
contribute a, 8-function absorption at the dispersion
frequency ruz which is not included in Eq. (6.3).

%e consider erst the case of absorption at the
absolute zero of temperature. One 6nds, after evaluating
the matrix elements C,o+ for our model, that there is
no induced emission correction and that the absorption

coeScient can be written as

=0 otherwise.

The quantities C, x, y, and s are defined in Sec. III and
qo in Sec. IV.

The absorption coefficient at the absolute zero of
temperature is plotted in units of qo as a function of
circular frequency in Fig. 5. There is a singularity at

with a frequency dependence (co—roz) '. In
addition there is a singularity at be=~, +bob with a
frequency dependence (&o,+bob —~) l. It may be noted
that there is no absorption at frequencies higher than
bpa+~b

Turning now to the absorption at high temperatures
we find after evaluating the matrix elements C,o+ and
carrying out the thermal averages that the net absorp-
tion coeKcient corrected for induced emission can be
written as

ti=tioC(kT/@bog)Lx/(x —1)'j/z —(x'—1)'$ &

for y'&~ a ~& y, (6.5)
=0 otherwise.
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The quantity y' is defined by y'~&=re& —a&„and it has
been assumed that kT))Ace~.

One notes from Eq. (6.5) that at high temperatures
there is a singularity in the absorption coefficient at co&

with frequency dependence (oi—co&) '. There are addi-
tional singularities at u& +&os and orb &u—, with frequency
dependences (oi,+res —o~) i and (o~ —o~s+te~) ', re-
spectively. The absorption coefficient increases as the
first power of the absolute temperature T at all fre-
quencies. This dependence is not valid, however, at the
dispersion frequency co& because damping is neglected.

VII. DISCUSSION

The calculations of the optical absorption spectrum
at low temperatures provide an interesting comparison
between the Born-Huang theory and the ordinary
second-order perturbation theory of anharmonic sects.
Both procedures lead to strong absorption near the
dispersion frequency ~& and subsidiary absorption near
&u, +&eh The. small absorption near 3o~s obtained with
the Born-Huang theory is not found with ordinary
perturbation theory. In the latter procedure, tran-
sitions leading to absorption near 3~~ involve second-
order matrix elements which vanish identically due to
exact cancellation of terms corresponding to inter-
mediate states j with those corresponding to inter-
mediate states t and consequently the absorption
near 3+q is spurious.

The inclusion of damping in the Born-Huang method
eliminates the singularity in the absorption at t0,+o~&
found in the ordinary perturbation calculations. How-
ever, at low temperatures the frequency dependence of
the Born-Huang damping constants produces a singu-
larity in absorption at co& having the same frequency
dependence as that found by ordinary perturbation
theory. The persistence of a singularity at co& may be a
consequence of the one-dimensional character of our
model. Nevertheless, it points up the fact that the use
of Weisskopf-Wigner perturbation theory does not
guarantee the elimination of singularities in the ab-
sorption spectrum. The (~—&us)

' singularity appears
to arise from the k dependence of the anharmonic
coefficient C(ok —k;112) rather than from the fre-
quency distribution function Fu(ao) or the normal mode
frequencies &o(k; 1) and cv(k; 2).

Rather diverse results have been obtained for the
temperature dependence of the absorption coe%cient
at high temperatures. The classical calculations of Born
and Blackman and of Neuberger can be expressed in
terms of a Lorentz line shape with a damping constant
that varies linearly with absolute temperature. This
result is in agreement with the quantum mechanical
second-order perturbation calculation given in the
present paper for frequencies away from ez. The regions
of absorption predicted by these two approaches are
also in agreement, namely, between cog and &o,+res at
low temperatures and between dies

—te, and te,+ces at
high temperatures.

The Weisskopf-Wigner calculations given in this
paper lead to a different temperature dependence of
the absorption coefficient from that discussed in the
preceding paragraph. At the dispersion frequency co&

the absorption coeKcient according to the Weisskopf-
Wigner method varies with absolute temperature as
Z ', if the Born-Huang procedure for carrying out
thermal averages is followed, or as T ' if the absorption
coeKcient is averaged over initial states. The dis-
crepancy arises from the fact that Born and Huang
take the thermal average of a quotient to be the
quotient of the thermal averages. This leads to a
fortuitious cancelling of the T ' terms. We feel that it
is preferable to carry out thermal averages directly
over the absorption coeKcient and that the T ' de-
pendence is the more reliable result.

For frequencies co&2cod both our calculations using
the Weisskopf-Wigner theory and those of Born and
Huang give absorption proportional to T '. One is
forced to be rather suspicious of this result because the
intermediate states t are omitted in these calculations,
and their inclusion leads to zero absorption for co&2cug

as shown by the ordinary second-order perturbation
theory results. The omission of the states t also casts
doubt on the Weisskopf-Wigner temperature de-
pendence of absorption at co&, especially since this
dependence disagrees with the result from classical
theory which should be valid at high temperatures.

Only quite recently have experimental data become
available concerning the temperature dependence of
the lattice vibration absorption of crystals. Heilmann"
has studied the infrared reQectivity of lithium Quoride
at various elevated temperatures and has analyzed his
results in terms of a damped Lorentz oscillator. At the
higher temperatures the damping constant varied as
T'. However, the highest temperature used by Heilmann
corresponds only to a value of kT/Puu& of about two, so
that he was not really in the high-temperature range in
the sense of this paper.

A study of the infrared reQectivity of sodium chloride
in the lattice vibration region has recently been made
by Hass" in this laboratory. A range of temperatures
up to 1000'K was employed corresponding to values
of kT/Acus up to about four. The reQectivity at the
dispersion frequency co~ was fitted using a damped
Lorentz oscillator. The temperature dependence of
the damping constant is most closely fitted by a T' law.

The experimental data presently available appear
to be consistent with the theoretical result that the
absorption coefficient at the dispersion frequency should.
vary as T '. lt is, however, too early to draw any firm
conclusions about agreement of theory and experiment.
The theoretical treatment given in this paper has
considered only cubic anharmonic terms and. has
neglected the higher-order terms. At high temperatures,
especially, one might expect the high-order terms to

i7 G. Heilmann, Z. Physik 152, 368 (1958).
"M. Hass (to be published).
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make important contributions to the absorption. This
point remains to be investigated. In addition the role
of charge deformation' has not been entirely clarified.

Although the model considered in this paper is one-
dimensional, most of the gross features of the results,
such as the temperature dependence of absorption,
should persist in a three-dimensional model. A more
realistic frequency dependence of absorption near the
dispersion frequency at low temperatures may be
expected from a three-dimensional calculation. The
existence of additional branches of vibrational fre-
quencies may lead to new absorption. For further
discussion of one- and three-dimensional models see
the papers of Blackman. ' '

The assumption that the important anharmonic
terms are linear in the dispersion oscillator coordinate
Q(0; 1) has been discussed by Born and Huang. Rather
peculiar results are obtained if all cubic anharmonic
terms are retained. In the ordinary second-order per-
turbation theory the absorption coeScient turns out
to be proportional to E, the number of unit cells in the
crystal, while in the Weisskopf-Wigner approach the
damping constants are proportional to E. Both results
are physically unacceptable and bear some resemblance

to the di6iculties in calculating extensive and intensive
properties mentioned by Van Hove. "For a discussion
of this problem see the recent paper of Brout."
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APPENDIX A

We present here a brief discussion of the Born-Huang
theory from a standpoint somewhat different from
theirs, in order to clarify the approximations made in
their theory. The problem we must solve is the following
one. We Grst require the solutions of the perturbed
Schrodinger equation for our system

(Ho+Hi)@=i A84/Bt, (A.1)

where Ho is the harmonic part of the total Hamiltonian

Ho=-'Z Z {Q*(k;j)e(k; j)+ '(k' j)Q*(k' j)Q(k' j)) (A.2)

while B& is the sum of the anharmonic potential energy and the term describing the interaction of the lattice with

the external radiation:

H&= P P C'(kk'k"; jj'j")Q(k; j)Q(k'; j')Q(k"; j")+gSP Q(0; j)M(0; j) (Ee '"'+E-*e'"') (A.3)
6+X»'~" 8't" j

=),&H&+g&(H&e i+H&'hei t)

where X~ and ) 2 are perturbation expansion parameters
which can be set equal to unity at the end of the
calculation.

The induced electric moment due to the dispersion
oscillator (0; j) is the expectation value of the electric
moment operator

+EM(0; j)Q(0; j).
If we form the expectation value of this operator using
the perturbed wave function C and divide this result
by the total volume of the crystal, Ee„we obtain the
dielectric polarization

P'(t) = (1/»".)M(0; j)&c IQ(o; j) IC& (A ~)

LBorn and Huang actually average this expression over
all initial times to obtain the dielectric polarization
P&'(t) due to the oscillator (0; j).j The coefficients of
the terms linear in the external Geld in the expression
for P'(t) give a e&', the partial dielectric susceptibility
due to the dispersion oscillator (0; j).

It is well known that the solution to Eq. (A.1) can
be expressed in terms of the solutions f„(t) of the un-
perturbed problem

Hpg„(t) =i7i8$ (t)/Bt, (A.6)

(A.4)

C'=P a„(tg„(t).
The coefficients a„(t) satisfy the equations

(A.7)

da„(t) 1
P (iiIH&Ie')a„(t)e""" ""'&', (A.8)

dt iA ~'

P„(t)=e '""'y has =E (A.10)

As long as we retain only cubic anharmonic terms
and neglect the quartic and higher-order terms, the
perturbation Hamiltonian has no diagonal matrix
elements. It is furthermore clear from Eq. (A.3) that
the matrix elements of the separate contributions to H»

'9 L. Van Hove, Massachusetts Institute of Technology Tech-
nical Report No. 11, Solid State and Molecular Theory Group,
Massachusetts Institute of Technology, Cambridge, 1959
(unpublished).

~ R. Brout, Phys. Rev. 107, 664 (1957).

where the matrix elements of the perturbation Hamil-
tonian are evaluated between the time-independent
solutions to Eq. (A.6), P, defined by

(A.9)
so that
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are completely independent of each other. That is, no
two states e and e' coupled by Hz or Hz* are coupled
by H&, and vice versa. We further make the assumption
that at time t =0 our system is in a definite unperturbed
state which we denote by m= 0, so that we have

ap(0) =1, (A.11a)

a. (h) =~.o+—P &nla~ln'&
ik ~'

pt
&& a„(ti)e'&". ""&ttdh-(A.12)

We now proceed to solve this integral equation for
ap(t) by iteration, remembering that

We obtain

&nlrb,

ln&—=0. (A.13)

(Xi) '
ao(h) =1il —

l p &ol&~ln'&&n'l&~lo)
).sV f-

t tt

X I'dh, dh ei(too ott~ ') tl+t(~n' too)-to+. . . (A 14)

where the erst-order term vanishes as a consequence
of Eq. (A.13). Following Van Hove" and Brout and
Prigogine, "we retain in lowest order only those terms
in the expansion, Eq. (A.14), which are of 0((&&Pt)").
It is not too dificult to show that only those terms in
the iteration expansion contribute to this approxi-
mation for which every second intermediate state is
the same as the initial and final states. The non-
vanishing terms form an exponential series which is
summed to yield

where
(h)

—e
—iocaot—oot (A.15)

yp=xP —P l(n'ltit&gl0)['&)(odp —&d„),
$2 ~i

(A.16a)

~~o=~P—Z l&n'l&~I0&lsPI I, (A.16b), (
A2 et (&do &dtt' j

a„(0)=0, n/0. (A.11b)

With these conditions it is possible to solve for ap(t)
in the following way. Following Born and Huang we
assume that we can regard the electric field as in-
finitesimal in determining ap(t), at least to lowest order.
Then we find on integrating both sides of Eq. (A.8)
from 0 to t, and recalling the initial conditions (A.11),
that

where P(1/x) means the principal part of 1/g. If, as
Born and Huang do, we neglect the frequency shift
6&do, the expression (A.15) for ap(t) is identical with
theirs LB-H(46.24)j. We notice that ap(t) is of O(&&i').

To obtain the coefficients a„(t), n/0, we proceed as
follows. We rewrite Eq. (A.8) as

da„(t) 1
=—(nlH) l0&ap(t)e'&"" "'&'

Ck ik

+—Q (n l Hi l
n')a„(t) e"".—""&' (A.17)

ik,"'
n'go

and we see immediately that a (t) is of 00&). The states
which are coupled to the initial state through Hg and
Hz* are called by Born and Huang "the states &j."
The states which are coupled to the initial state through
H~ we have called "the states t." All other states we

call "the states s." This terminology differs from that
of Born and Huang who label all states other than the
states 0, &j as "the states s." Integrating both sides
of Eq. (A.17) from 0 to t, using Eq. (A.15), we obtain

~i((art—(ap) t—ypt

a„(t)=—(n

ling

l0)
iA i (&d„idp)

—Vp—
2

g&(can—(ap—o)) t—ypt

+—(n l8'itl 0)
zA z(&d„—&do

—cd) —yp

gi(tan —tap+(a) t—ypt

+—(n[a *lo
iA s(&dn &do+id) yo

Xg pt
+—P (nlHgln& a„(t,)e'&" ""'&"dhi-

zA s J,
e' &0

+—P (n

lpga

ln') a„(ti)e'&"" "' & "dti
iA ~Jp

n'+0

+—P (nlHs*ln') ' a (t,)e'("--" '+"'"dt, . (A.18)
iran . Jo

n' go

We now solve these equations by iteration. In solving
for az, (t) we retain only terms of the type &&s('APt)".

This choice is dictated both by the fact that in forming
the expectation value (C lQ(0; j) lC& we wish to retain
only terms linear in the external field, and ap(t) is of
OP.o), and by the fact that in these calculations we
consistently ignore radiation damping. The result of
this calculation is that for states ~j which couple to
the state 0 through H~ and Hg*,

a .(h) — pet(ttyt too tt) t pot e y+t—'t t-ttot+—ttj——
2X /

I't (&d~; id p td)+S'yp— —
(&jlH)p*l0)

l
ei(ar+t ruo+u) t got —e—o'+it——tora+it & (A 1 9)

(&dy; &do+id)+s'yo—

"L.Van Hove, Physica 21, 517 (1955)."R. Brout and I. Prigogine, Physica 22, 621 (1956l.
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y~ =Xp—p I &ajl8'zlzz'&I'b(ides —co„),
e' &0

1 ( 1

'h'; 5 My&' CO&& )
n' &0

(A.20a)

(A.20b)

We can solve Eq. (A.18) for the coefficient a, (t) in the same way, only in this case we retain terms of the type
lil(l~l t) . The 1'eslllt ls

where

(tla~lo)
o ft'i — Csi(cup-ruoii pot ~

—yet —idun—i5
zrz z(cubi mo) —yo

(A.21)

vi= —Z l«l&~l~')I'&(~i —~;),
52 n'

(A.22a)

I' 1

$2 ~r (G1i Gl
m' &0

(A.22b)

xpx, &ol a,
I t&&~l a~ I+j)&+~ I @~I

o
a,~(t)a, (t)- (A.23)

C(~i—~o) —zvo5C(~+; —~0—~)+zvo5C(~. —~o—~)+zv05

apart from factors which involve products of differences of complex exponential functions of time. The imaginary
part of this product (retaining only terms linear in the damping constants) is the sum of terms of the form

&pl~z&0 I
&~

I t&&~ I
&~ I+j&&+j I &s I ohio

ei*(t)a, (t)-
C(~ —~0)'+go'5C(~g; —~o—~)'+go'5C(~, —~o—~)'+go'5

(A.24)

Finally, the equations for the coefhcients a, (t) are obtained from Eq. (A.18) by suppressing the first three terms
on the right-hand side of this equation,

' and it is seen that i4(t) is of O(X ). Since Q(0; j) has nonvanishing matrix
elements between the states s and t, and since ai(t) is of O(hi), we keep only terms of O(Xiliz(lw, pt) ").The result for
a, (t) is cumbersome and will not be given here.

However, the result of this calculation shows that a typical term in the product ai (t)iz, (t) has the following
schematic form:

If all frequency differences appearing in the denomi-
nators are large compared with the damping constants,
the order of such a term is

ai*(t)a, (t) =O(Xg9zyp) =O(Xi9 z), (A.25)

in view of Eq. (A.16a). However, if one of the frequency
differences is small or vanishes, the order of this term is

a,*(t)iz,(t) =O(zpliz/yo) =O(4). (A 26)

We now compare these qualitative results with those
for the product ao*(t)a~;(t). A typical term in this
product has the schematic form

l.&~jl~ Io)
izp*(t)a~;(t) ', (A.27)

(G)yt 6)p M) +z+p

so that the imaginary part of this expression is of the
form

& z&~jl&~lobo
up*(t) a~;(t) . (A.28)

(Ccly~'
—

Cdo —M) +Pp
"Approximations have been made in obtaining Kqs. (A.19)

and (A.20) which eliminate the dependence of y~; on ru but which
do not aGect the argument presented in this appendix.

In the case that the frequency difference in the de-
nominator becomes small or vanishes, the order of this
term is

izo*(t)ay~(t) =O(Xz/&0) =O(Xz/Xi ). (A.29)

On the other hand, when the frequency diGerence in
the denominator is large compared to the damping
constant, the order of this term is

ao*(t)izing'(t) =O(4yo) =O()izXP). (A.30)

Comparing the results expressed by Eqs. (A.26) and
(A.30), we see that in the frequency range where one
of the frequency differences in the denominator of Eq.
(A.24) vanishes, but the frequency difference in Eq.
(A.28) does not, the term ai*(t)a, (t) contributes more
importantly than the term ao*(t)a~(t).

The treatment of Born and Huang neglects all con-
tributions of the form ai*(t)a.(t). From the foregoing
discussion one sees that under certain conditions such
an approximation may lead to some error.

APPENDIX 3
In this Appendix we obtain the leading terms in the

asymptotic expansions of the sum
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S(x)=P — --, a&0,
&~ zz+(z

and of the integral
dt

I(x)= (: '
J [1+g—(z+t)]z

in the limit as x ~0+.
I. We rewrite the sum (8.1) as

(8.2)

S'(x) = P — 0&a&1, (8.9)

(8 1)
result and Eq. (8,4) we obtain 6nally

S(x)= » *L—inux —e+c(a)+(a—))x
—($(z'—-'(z+ 1/24) x'+

= —lnx+Lc((z) —~—ln(z| —ax lnx+O(x). (8.8)

This result can be used to obtain the asymptotic form
of the sum

oo

S(x)—P» es-»—(n+a& td]
n=o J 0

dt

in the limit as x —+ 0. Rewriting this sum as

S'(x) = —-+P
e—et

e
—(x+t)

(8.3)
where

8 ~-& I—8

With a change of variable x+1=I we are led to
0(Q =1—0,

and applying Eq. (8.8) we obtain 6nally
dQ

* (*)= ( *)= '

J, I
(8.4) S (x) = —lnx+ c((z )—ln(z —e—

1

8

We see that for x 0 the main contribution to the
integral comes from the neighborhood of N=O. Ke thus
expand the denominator of the ivtegrand in a power
series in I to obtain

F((z; x) = (1+-,'zz+P, N'+ )dzz
u

+O(x lnx). (8.11)

The integral for the constant c((z) defined by Eq.
(8.6) is evaluated in the following way. We make a
change of variable e "=x to rewrite Eq. (8.6) as"

1 1 q
c(u) = x.—

~
+ ~dx

&1—x lnx&

= —Ei(—(zx)+ e I"(-',+—,', zz+ . )dl
0

1
= In(z —+((z)+—, (8.12)

"(-'+—' +. )d (8 5)

where —Ei(—») is the exponential integral. Denoting
by c((z) the integral

where 0'(x) =d/dx in(x!). The function 0'(x) is tabu-
lated by Jahnke and Emde.

II. The derivation of the asymptotic expansion for
I(x) proceeds in a somewhat similar fashion. With a
change of variable we find that

c((z) = I e—"(-,'+—,', zz+ )dzz e
—*I(x)=G(x)= " e—"

J (1-e-")'
(8.13)

zz ) dzz

I. i—e-- ) ~'

expanding the exponential in the second integral of
Eq. (8.4) and integrating term by term, we find

Again it is the small-I region of the integrand which
(8 6) contributes dominantly to the integral for x 0 so that

expanding the denominator in powers of I we obtain

!"e—"p 5
G(x) =

i
1+1+—zz'+ idN

F((J; x) = Ei( ax)+c(a)—,'x- —-
+1(2~—h)x'+ (8 7)

The exponential integral Ei( ») has the —follow—ing
asymptotic expansion for s —& 0 ":

—Ei(—») = —ln» —e+»——,'»'+

where z=ln7 is Euler's constant 0.5772 . With this

~ Erdelyi, Magnus, Oberhettinger, and Tricomi, Higher
Trawscendeetal Functions (McGraw-Hill Book Company, Inc. ,
New York, 1953), Vol. II, p. 143.

"e" f(I e—tc

dzz+ dl

(5 zz

+~ e "( —+—+ ~ ~ )du
Jo &12 12 j

(5 1
e "~ —+—I+. ~dl. (8.14)

~5 W. Grobner and N. Hofreiter, Integraltafel (Springer-Verlag,
Wien and Innsbruch, 1958), Vol. II, p. 90.
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H we introduce the well-known auxiliary integrals" we obtain

e ' e
+W i(s),

8

G()=~ (*)+~- (*)+p8.15a
p*(5 1

(
—-u+

~

du. (8.17)

(8.15b)
Since it is readily verified that

and denote the constant defined by the third integral in

Eq. (8.14) by p,

(5 1
p= .--I —+ )

y g(x) = Ei(—x) =——1nx—e+x—x'+O(x'),

as x-+ 0, in view of Kq. (8.15b) we see that

P 2(x) = 1+x1nx —(1—e)x——',x'+O(x'), (8.18)

as x~0. With these results the small-x expansion for
G(x) becomes

u du

~Jo & (1—e-")' ) u'

'6 M. Born and K. Huang, see reference 10, p. 389.

(8.19)G(x) = 1/x+ (p —1)+—,', x+O(x')
(8.16)

so that 6nally

I(x)=1/x+p+ (p —5/12)x+O(x'). (8.20)


