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Rf Hall Effect in a Superconductor
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The rf Hall Geld in a superconductor is calculated for the applied dc magnetic Geld and the rf electric
Geld both parallel to the metal surface. A two-Quid model and specular reflection boundary conditions are
used to solve the transport problem in the limits of the classical and the extreme anomalous skin sects.
It is found in both limits that the rf Hall eGect is nonzero. The magnitude of the Hall angle in superconduct-
ing tin is estimated.

INTRODUCTION

'HE usual static experiment with crossed electric
and magnetic fields can not give rise to a Hall

6eld in a superconductor. The infinite static conductiv-
ity associated with the superconducting electrons
implies that no macroscopic electric field exists inside
the superconductor. However, since high-frequency
electric fields can penetrate the superconductor, an rf
Hall measurement may be possible.

An unsuccessful search for a low-frequency (80—800
cps) Hall field was made by Lewis. ' He looked for the
ac Hall voltage between the pole and equator of a
superconducting vanadium prolate spheroid when an
ac longitudinal magnetic Geld was applied. He concluded
that the absence of a Hall eRect indicated a failure of
the two-Quid model of superconductivity. ' '

Although no measurements have been reported on
a microwave Hall eRect in superconductors, such an
experiment on normal metals has been carried out by
Cooke. '' In the Cooke experiment the dc magnetic
field is perpendicular to and the rf electric field is
parallel to the metal surface. Because of demagnetiza-
tion eRects in a superconductor, the dc magnetic field

at the surface is approximately parallel to the surface.
Therefore, it is suggested that for the superconducting
case, both the dc magnetic and the rf electric field be
applied in the plane parallel to the surface. Then, if any
Hall Geld exists, it would be directed normal to the
surface.

An actual microwave experiment is limited to the
study of the Hall field at the surface of the metal. The
measurement consists of external excitation of one

cavity mode which the Hall field then couples to an
orthogonal mode. ' The strength of the coupling can be
related to the Hall angle 8~ defined by

tangier ——E,(0)/E. (0),

interest to inquire whether the microwave Hall eRect in
a superconductor is large enough to be observed.

In this paper, the rf Hall field E, is calculated for
the applied dc magnetic field Hp and the rf electric
field E, both parallel to the surface. A two-Quid model
and specular reQection boundary conditions are used
to solve the transport problem in the limits of the
classical and extreme anomalous skin eRects. For
comparison, the result is given for a normal metal
under conditions of the extreme anomalous limit.
The calculation of E, is limited to the term linear in Hp.

SUPERCONDUCTING HALL FIELD

The surface of the superconductor is considered to
be a Qat plate in the xy plane with the s direction normal
to the surface and extending into the superconductor.
The dc magnetic field Hp is taken to be parallel to the

y axis and to have a spatial variation Ho(s). The rf
electric field has components in the x and y directions.

A two-Quid model calculation for the surface imped-
ance of a superconductor in a magnetic field with this

geometry has been given previously. ' The superconduct-
ing electron current is related to the 6elds by the
London equations while the normal electron current is
found by solution of the Boltzmann equation for a
magnetic field with spatial s dependence. Since the
solution of the Soltzmann equation involves an
iterative technique, the presentation is limited to a
Hall 6eld linear in Hp.

It is found that for the rf electric 6eld parallel to Hp,
the magnetic field does not couple to components of E
perpendicular to Hp. Thus a Hall field is found only for
the E, component. The Fourier transform for the
Hall 6eld is given in I by

2ic' rEco.'(0) t
" q'dq'

sr E.,(ilq) „q's+X '
in which 2 is the direction into the superconductor,
E,(0) is the Hall field evaluated at the surface (z=0)
and E,(0) is the applied rf electric field at s= 0. It is of

XL .(ilq, itq')I', (q—q'), (2)
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in which oo.= eHs(rit*c) ' and r= t/ss r(1+ioir) i, — —

with m*, vp, and r being the eRective mass, the Fermi
velocity and the relaxation time for the normal electrons
in the superconducting state. The functions E„, I.„
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I', are given in I as

2
~
1+tq-

E„(t)=——2t—ln (3a)

Hall Geld at the surf ace which implies the accumulation
of a surface charge.

The integration of Zq. (6) yields

r, (q) = ( q'c'—+oIs id,s —', (ii—doI-„'r)

XL4—(1+l'q')E„(ilq)5) '. (3c)

The parameters co, and co are related to the super-
conducting penetration depth X and to the normal
electron concentration E by

and
&s= &~ )

&„'=4zÃe'm*

(4a)

The inverse Fourier transform of Eq. (2) gives the Hall
Geld

or

00

E,(s) =—~ E, ,e—'z'dq,
2~

(s)

zc E '(0)M, r t dp(q+p)l' (p)
E,(s) = dqe

—'z'

(q+p) +)t-

ts(1—ts)
L.,(t, t') =— E„(t)
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(t t')L2—t' —t+t(t —t')'5
E„(t t'), —(3b)

2f

c'E.' (0)M,r
E (S)— e

—z/I

in which

E„(—ilp+ l/X) —-'„

I.„( itp+ l/)—i, l i).)=-;,
1'.(p)=——

L '(p' —k')5 '
(9)

k = (—)t
—S+IO~C—S—j(OOI Sre—

~) z (10)

with Re(k,) (0 and Im(k, ))0. Substitution of Eqs. (9)
into Zq. (8) yields upon integration

(s) — iE z(0)ie rk —le—z/Ieik zz
In the classical limit, the electric field E,(s) is given in
I as

(s) — iE z(0)k —
leiscz+ 8(II s) (12)

L...(—iip+ i/~, l/)t)
X dp I, (p)e'" (8)E„( iip+—i/) )

which can be evaluated in the limits of the classical skin
effect ( ~

lp ~, ~
l/),

~
&&1) and of the extreme anomalous

skin effect ([ lp(, ( l/X(, ))1).

CLASSICAL LIMIT

The expansions of E„, L„, 'and I', in Eq. (3) for
[lp, /, ft/~l&&1 -.

Lp+q5) ( ) which gives the result for the Hall angle

Since, physically, the Hall field is odd in s, Eq. (5)
implies that

(&)

Application of this symmetry condition to Zq. (2)
shows that E,(s) is either zero or discontinuous at s= 0.
The calculation presented here yields a discontinuous

tangII =oI.r (1+io&r) '. (13)
The result for the rf Hall angle of a superconductor in
the classical limit is the same as the static Hall angle
for semiconductors. ~ This result is physically not
unreasonable since the Hall field falls oG faster than
E (s) by approximately the factor e *iI. Thus the dc
magnetic Geld is effectively constant over the region
of the metal where the Hall Geld is appreciable. The
Hall Geld increases with decreasing v . However, in
the limit of long relaxation time, the calculation must
employ the anomalous skin eGect.

EXTREME ANOMALOUS LIMIT

The expansions of E„, L„„and I' in Zq. (3) for
f ip f, [ l/& l

»1 are

E,.(—ilp+ l/)t) 4/l (p+i/)t) 5
—'

L,.(—ilp+3/), , l/), )~~~pl'p'(p+i/) )5

I".(P)=-Pc-s Z ~'(P P.) I. (14)--
FIG. 1. Dimensionless plot of f(u) ~fz(u)+zf(u) vs u= X/8„.

~ W. Shockley, Electrons and Holes &s Ser iconductors (D. Van
Nostrand Company, Inc. , Princeton, New Jersey, 1950), Chap. 11.
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in which the function

f(u) = P 8; In( —«;)/ P e;«, ln( —«;)

=fI+&fs
(23)

Fro. 2. Plot of g(«) =qh(«)+tpo(«) vs «= T/T, for two values of
the parameter ap. Except for a scale factor (see text) the curves
represent the tangent of the Hall angle vs t.

The symbol p; is a root of the equation.

ps+pX '—s8 '=0, (15)

~'=(P' P) '(P P—s) ', — (17)

with i=x, y, z and i4 j4k/i. The integration of
Eq. (6) yields a nonvanishing Hall Geld at the surface

3

E,(0)=a2X'E, '(0)oI,es ' g 6; ln( —«,), (18)

in which the roots p; are related to «; by

«g= sXP«y

in which 5„ is the skin depth in the extreme anomalous
limits

= (-xM pp e 'UIp )
and

u = upton(1 —t4)
—l, (25)

t'3m'oIlVpe') &

!up ——),p!
0 m*t pc' ) (26)

The temperature dependence of the Hall angle can then
be written as

is plotted in Fig. 1 against the dimensionless parameter
u=)j/ti„. The sign of Eq. (22) is determined from the
Hall angle in the normal state (u ~ ~),

tangrrIv ——(V3pr/2)pp. b vs '(1 i/V—3). (24)

The relation, lim f(u) = (1+«3/2u has been used
in deriving Eq. (24).

The result for the Hall angle as given by Eq. (22) is
not valid near u=0 (i.e., near T=O'K), since the
expansions of Eq. (14) neglect important contributions
near p=O when one of the roots of Eq. (15) approaches
zero. Physically, as I —+ O'K the normal electron
concentration X approaches zero; thus, the skin depth
b„becomes very large. In this limit, the conditions of
the anomalous skin e6ect are no longer satisfied; the
metal becomes more "classical, " and the Hall angle
increases (see Fig. 1). The Hall angle increases as the
skin depth increases until the limiting value of 8„=!l!
is reached. A cuto6 is also obtained mathematically
at u=X/l, by treating the integral of Eq. (8) in two
parts 0~ 1/t and 1/l —+ po and by substituting ap-
propriate expansions in the two regions.

In order to present the variation of the Hall angle
with temperature, the Gorter-Casimir model is intro-
duced. The parameter e is related to the reduced
temperature 3 by

The component of the electric Geld E,(s) at the surface
1s froQl I

( pre
tane~=! ! ay(t),

t 3%cXprr«vg )
in which the function

(27)

E,(0)=—(cs/4IrioI) Z«E,'(0)+ «) (oI,s),

where Zo is the zero-6eld surface impedance

(20) Zo!0

4(t) =4 (t)+t4 (t) =— fE pt"'(1 —«') 'j (28)
(1—t4) &

3

Zo= —8oI)te s P 6,«, ln( —«;). (21)

tan81r = rr1pp, x vIp f(u), — (22)

o J. Reuter and E. Sondheimer, Proc. Roy. Soc. (London)
A195. 336 (1948).

The result for the Hall angle in the extreme anom-
alous limit is

is plotted in Fig. 2 vs t for up ——0.16 (free electron mass)
and for up

——2.17 (light mass carrier). These values for
no were determined in studies of the Geld variation of
the surface impedance of superconducting tin.~ The
numerical value for tan8~ in superconducting tin at 1
kMcps in a 6eld of 100 gauss is 4)&10~ for F0=0.16
and 2 for up ——2.17. Provided that the conditions of

~ M. S. Dresselhaus and G. Dresselhaus, Phys. Rev. I,etters 4,
401 (1960).
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the extreme anomalous skin eGect are satis6ed, the mag-
nitude of the Hall eGect is not sensitive to frequency.

The two Quid model predicts an rf Hall eGect to be
observable in a superconductor. If a Hall field should

be detected experimentally, Hall measurements would

provide a useful tool for the study of the band structure
of superconductors.
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Optical transmission and reflection measurements were made on a single crystal of CdSe (crystal class
Cs,) with light polarized parallel and perpendicular to the c axis. The absorption coeflicients, pr and p~~, were
determined and are presented as functions of incident photon energy, at room temperature. The selection
rule, p~&p&&, expected for all solids in the crystal classes C» and Cfs, where n =3, 4, or 6, is very well obeyed
in CdSe. The absorption coeKcients are not simple functions of the photon energy, but are nearly exponential
and almost follow Urbach's rule.

The fluorescence of the single crystal has been measured at 77'K. It is peaked at 920 mp, and it is slightly
polarized perpendicular to the c axis. The results are similar to what has been obtained for hexagonal AS.

I. INTRODUCTION

ECENTLY, there have been extensive studies
concerning the anisotropic behavior of the funda-

mental optical absorption processes in crystals possess-
ing a unique direction. CdS has been studied by Dutton,
Thomas and Hopfield' and by Gross and Razbirin. '
Piper, Marple, and Johnson, 4 Lempicki, s and Keller and
Pettit have studied ZnS. Thomas has reported on ZnO
and Casella and Keller' have reported on tetragonal
BaTiO3. For all of these materials it was found that
at the absorption edge, light polarized perpendicular
to the c axis is more strongly absorbed than light
polarized parallel to the c axis. Hop6eld' has given a
theoretical treatment for ZnO and Wheeler' has
treated CdS using the exciton picture, Birman" and
Casella" independently proposed an explanation of the

' D. Dutton, Phys. Rev. 112, 785 (1958);J. Phys. Chem. Solids
6, 101 (1958).

s D. G. Thomas and J. J. Hop6eld, Phys. Rev. 116, 573 (1959).
'E. F. Gross and B. S. Razbirin, J. Tech, Phys. U.S.S.R. 27,

2173 (195'?) Ltranslation: Soviet Phys. (Tech. Phys. ) 2, 2014
(1957)g.

4 W. %.Piper, D. T. F. Marple, and P. D. Johnson, Phys. Rev.
110, 323 (1958); W. W. Piper, P. D. Johnson, and D. T. F.
Marple, J. Phys. Chem. Solids 8, 457 (1959).' A. Lempicki, Phys. Rev. Letters 2, 155 (1959).

'S. P. Keller and G. D. Pettit, Phys. Rev. 115, 526 (1959).
r D. G. Thomas, Bull. Am. Phys. Soc. 4, 154 (1959).' R. C. Casella and S. P. Keller, Phys. Rev. 116, 1469 (1959).

. J. Hop6eld, Bull. Am. Phys. Soc. 4, 154 (1959)."R.G. Wheeler, Phys. Rev. Letters 2, 463 (1959)."J.L. Birman, Phys. Rev. Letters 2, 1.57 (1959); Phys. Rev.
115, 1493 (1959)."R. C. Casella, Phys. Rev. 114, 1514 (1959).

CdS and ZnS data by invoking interband transitions.
The selection rule follows whether we assume an
exciton model or direct interband transitions. There
have also been attempts to apply the selection rules to
Quorescent emissions resulting from transitions,
involving deep lying states. 5 6 ""

Birman" has based his derivation of the selection
rule, p&&pll, where p, is the absorption coeBRcient, on
explicit assumptions regarding the detailed symmetries
of the valence and conduction bands of ZnS. Casella"
has noted that, at the absorption edge, the selection rule
follows independently of the symmetries of the bands,
provided only that they be different. Both of these
treatments are pertinent to and are borne out by the
data of the previous workers. Birman's model is more
amenable to a physical interpretation in that there is
deduced from it two closely spaced valence bands
derived from a spin-orbit interaction. The double
valence band model has aGorded an interpretation for
measurements of the photoconductivity in CdS" and
ZnS,"using polarized light.

The material CdSe has the wurtzite structure and it
allows for the testing of the applicability of the above
concepts to another compound in the crystal class C6,.
Transmission measurements were made and it has been
determined that the selection rule is fairly well obeyed

'3D. M. Warschauer and D. C. Reynolds, Phys. Rev. Letters
3, 370 (1959).' R. L. Kelly and W. J. Fredericks, Phys. Rev. Letters 2, 389
(1959).

'~ G. Cheroff, R. C. Enck, and S. P. Keller, Phys. Rev. 116, 1091
(&959).


