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There is presented a particularly simple transformation of the Schwarzschild metric into new coordinates,
whereby the "spherical singularity" is removed and the maximal singularity-free extension is clearly
exhibited.

with

d(o =de +Sill 8 dy .

Kasner, Lemaitre, Einstein and Rosen, Robertson,
Synge, Ehlers, Finkelstein, and Fronsdal have shown'
that the singularities at r=0 and r=2m* are very
different in character (Table I). Their conclusion —that
there is no real singularity at r=2m*—can be demon-
strated by a choice of coordinates seemingly simpler and
more explicit than any introduced so far to this end.
One way to find it is to seek a spherically symmetric
coordinate system in which radial light rays everywhere
have the slope dx'/dx'= &1:

ds'= f'(—dv'+du')+r'duP (3)

Identifying (3) with (1) and requiring f to depend on
r alone and to remain finite and nonzero for I=v=0,
one finds the following essentially unique equations of
transformation between the exterior of the "spherical
singularity, " r) 2m*, and the quadrant n) ~e~ in the
plane of the new variables (Table II).

The new coordinates give an analytic extension, 8,
of that limited region of space-time, 2, which is

described without singularity by the Schwarzschild

coordinates with r&2m~. The metric in the extended

region joins on smoothly and without singularity to
the metric at the boundary of 2 at r=2m~. That this
extension is possible was already indicated by the fact
that the curvature invariants of the Schwarzschild

metric are perfectly finite and well behaved at r =2m*.

HE well-known Schwarzschild expression' for
the metric around a center of mass m(g) or

m~= (Gm/c') (cm) is

ds' = —(1 2m*/r) d—T'+ (1 2m /r) —'dr'+ r'dko' (1)

The extended space, b, moreover, is the maximlm
singularity-free extension of Z that is at all possible, for
the following reason: As may be seen by direct examina-
tion of the geodesics (perhaps most simply carried out
mainly in the familiar r, T coordinates, with special
attention to geodesics on which r=2m* either isolatedly
or everywhere), every geodesic, followed in whichever
direction, either runs into the "barrier" of intrinsic
singularities at r=0 (e' —u'=1), or is continuable
infinitely with respect to its ". natural length. " (This is
measured in terms of the number of parallel transfers
of an infinitesimal tangent vector, is determined only
up to an arbitrary scale factor, and not only accords
with the proper time or distance along time-like
or space-like geodesics but is defined even for nu1l

geodesics. ) But it is obvious that if there were a trans-
formation (no matter how wiM at the boundary)
between 8 and a subregion 8' of a still further singular-
ity-free extension 5, there would have to be one
geodesic (to say the least) running from 8' into S—h',
in contradiction to the aforementioned property.

The maximal extension h has a eon-Euclidean

topology (Fig. 1) and therefore falls into the class of

topologies considered by Einstein and Rosen, Wheeler,
and Misner and Wheeler. ' It is remarkable that it
presents just such a "bridge" between two otherwise
Euclidean spaces as Einstein and Rosen sought to
obtain by modifying the field equations. It may also
be interpreted as describing the "throat of a wormhole"

in the sense of Wheeler, connecting two distant regions
in ore Euclidean space —in the limit when this separa-
tion of the wormhole mouths is very large compared to
the circumference of the throat. The length of the
wormhole connection may of course be exceedingly

TABLE I. Singularities in Schwarzschild metric, real and apparent.
*This work was reported in abbreviated form by J. A. Wheeler

on behalf of the author at the Royaumont Conference on Rela-
tivistic Theories of Gravitation, June, 1959.
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Kl. 189 (1916).' E. Kasner, Am. J. Math. 43, 130 (1921); G. Lemaitre, Ann.
soc. sci. Bruxelles AS3, 51 (1933); A. Einstein and ¹ Rosen,
Phys. Rev. 48, 73 (1935); H. P. Robertson, lecture in Toronto,
1939 (unpublished), cited by J. L. Synge; J. L. Synge, Proc. Roy.
Irish. Acad. ASS, 83 (1950); J. Ehlers, thesis, Hamburg, 195
(unpublished); D. Finkelstein, Phys. Rev. 110, 965 {1958);
Fronsdal, Phys. Rev. 116, 778 (1959).
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TaaLK II. Relation of new coordinates to Schwarzschild coordinates.

New coordinates in terms of Schwarzschild coordinates
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Fzo. 1. Two interpretations of
the 3-dimensional "maximally ex-
tended Schwarzschild metric" at
the time T=O. Above: A connec-
tion or bridge in the sense of
Einstein. and Rosen between two
otherwise Euclidean spaces. Be-
low: A wormhole in the sense of
%heeler connecting two regions in
one Euclidean space, in the limiting
case where these regions are ex-
tremely far apart compared to the
dimensions of the throat of the
wormhole.
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FIG. 2. Corresponding regions of the (r,T) and (zz,v) planes. In the latter, curves of constant r are hyperbolas asymptotzc to the lznes
r =2m* while T is constant on straight lines through the origin. The exterior of the singular sphere, r&2m~, corresponds to the region
~v~ &zz (the hatched areas). The whole line r=2m* in the (r,T) plane corresponds to the origin zz=v=0, while two one-dimensional

families of ideal limit points with r ~ 2zzzv and T ~ & ~ correspond to the remaining boundary points zz= j v ) )
In the (N, v) plane the metric is entirely regular not only in the hatched area but in the entire area between the two branches of the

hyperbola r =O. This comprises two images of the exterior of the spherical singularity and two of its interior. (The expressions in Table
I arevas snt eng - an qua ranI 1 d h ht-h d drant zz) ~v). To obtain formulas valid in the left-hand quadrant replace zz and v by their negativesI and r 2m* —1 b its ne ative every-everywhere. To obtain formulas valid in the upper or lower quadrant replace I by &v, e by &I, an r/ m — y i s g
where. Note that the formula for r and the Gnal formula for T remain invariant under these substitutions. ) The purely radial (d8 =d y =O)

ll d 1' ' 1' d t 45' The points with r=2m* have no local topological distinction, but still a global one: if a test
particle crosses r =2m* into the interior (where r is time-like and T space-like), it can never get back out but must inevita y i e
irremovable singularity r=0 (curvature invariants in6nite). This circumstance guarantees that one cannot violate ordinary causality
in the "main universe" by sending signals via the wormhole electively faster than light.
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short comp@red to the distance between the wormhole
mouths in the approximating Euclidean space. However,
as seen in I ig. 2, it is impossible to send a signal through
the throat in such a way as to contradict the principle

of causality; in effect the throat "pinches o8" the light
ray before it can get through. This pinch-o8 eGect
presents fundamental issues of principle which require
further investigation.
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A vertex closely related to the Bethe-Salpeter amplitude is discussed in the one meson exchange approxi-
mation by dispersion theory methods. Both scalar and spinor cases are treated. The relation between
anomalous thresholds and the Schrodinger equation is discussed in some detail. It is shown that dispersion
methods can be used to determine bound state parameters. An estimate is made of the asymptotic (D S)—
ratio fo'r the deuteron.

l. INTRODUCTION

' 'T has been customary in the field-theoretic discus-
sions of bound states to introduce the multiparticle

amplitudes of Gell-Mann and. I ow' and Schwinger. '
In the case of the two-particle bound state, which we
shall call a deuteron for definiteness, the relevant
amplitude is

&air(P P)l".(P))ID) (& ')
This type of amplitude and the integral equation

that it satisfies' have been used in discussions of the
relativistic corrections to the binding energies' and to
the electromagnetic structure' of bound states. The
amplitude in which the deuteron has been replaced by
a scattering state has been used in deriving, from field

theory, the interparticle potential to be used in a
Schrodinger equation discussion of nucleon-nucleon
scattering. ' This latter problem has not been satis-
factorily solved, due in part to the ambiguities con-
cerning the treatment of the relative time dependence
of the amplitudes.

The Fourier transform of the two-particle amplitude
depends on two variables, the center-of-mass and
relative momentum. Wick' and Cutkosky' have dis-
cussed the analytic structure of this amplitude in terms
of both variables and were able to solve the problem of
two scalar particles interacting via massless mesons in
the ladder approximation. The problem of scalar
nucleon and antinucleon system and massless mesons

*Supported in part by the Air Force Once of Scientihc Re-
search, Air Research and Development Command.
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has been solved by Okubo and Feldman. ' It has proven
very dificult to extend this approach to more realistic
problems, although Wanders" has given a discussion
in the ladder approximation of the case with mesons
of finite mass.

We would like to point out that many of the prop-
erties of the bound state can be examined in terms of
an amplitude much simpler than (1.1). This new type
of amplitude allows the use of the powerful methods of
dispersion theory. In order to apply this approach to a
large class of 'problems it is necessary to know how to
handle dispersion theory in the presence of anomalous
thresholds. This problem has been recently clarified by
the work of Mandelstam and Nambu and Blanken-
becler. "" The spinor amplitude which we wish to
consider is

(&If.(o) ID),

where f~(0) is the proton current operator. This vertex
is a function of only one variable and satis6es a dis-
persion relation in that variable. It will be shown that
if one considers an unsubtracted dispersion relation
for this amplitude, then the deuteron parameters are
determined in terms of the masses and interactions of
the neutron and proton. Renormalization eGects are
easily dealt with. Thus, this work complements the
recent, work of Haag 13 Nishijima 14 and Zimmermanis
on the bound-state problem,

This vertex will be shown to be very simply related
to the Schrodinger wave function. The work of refer-
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