r—~MESON DECAY INTO THREE ELECTRONS

The term with |ggi|?+ |ga1|? is very large for A\
or Az at or near 3, which corresponds to one of the elec-
trons coming out in the same direction are the positron.
This behavior of the energy spectrum of pairs coming
from internal conversion when the real photon decay is
allowed is also well known.? However, in view of the
fact that |gg1|2+ | gar|? is very small or zero, this term
is probably unimportant.
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We conclude that present information about u — 3e
does not give such sensitive restrictions on the ey form
factors as other measurements, such as u+p— e+p.
However, they are consistent with the vanishing of all
such form factors, and future searches for u— 3e may
be sensitive enough to lower the limits on the form
factors to those values predicted by the intermediate
boson theory.
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The final-state interactions in 7 and 7’ decays of X+ mesons are
studied by means of a Mandelstam representation. It is assumed
that only the S-wave pion-pion scattering amplitude is large
enough to have an appreciable imaginary part. Coupled, linear,
singular, integral equations are found for the amplitudes describing
K*+n — 7+ in the physical and unphysical regions. From the
solutions to these equations the = and 7/ decay matrix elements
may be constructed. In an approximation the equations are solved
in terms of pion-pion phase shifts. Comparison with experiment
is made using Chew and Mandelstam’s solution of the corre-

1. INTRODUCTION

N a recent analysis of 900 7+ decays of K+ mesons,
K+ — gt+at+47—, it was found that the =~ energy
spectrum differs significantly from that predicted from
the density of states alone.! The minimum pion wave-
length in this process is about one pion Compton
wavelength. If the weak interaction proceeds in some
way through the heavy fermion pairs and has a range
determined by the intermediate mass, one would expect
very little dependence upon the pion momenta in the
matrix element, because the pion wavelength is large
compared to the radius of interaction. Hence the ob-
served deviation from a constant matrix element is some
evidence for final-state interactions which extend the
spatial region of interaction for the outgoing pions. This
is an attractive possibility in view of the current
interest in pion-pion interactions. The system of three
low-energy pions should be an ideal analyzer for such
effects.
Thomas and Holladay? have investigated the effect of
an attractive, 7'= 2, pion-pion interaction in = decay by

* This work was supported in part by the U. S. Atomic Energy
Commission and in part by the Research Committee of the Uni-
versity of Wisconsin with funds provided by the Wisconsin Alumni
Research Foundation.

1S. McKenna, S. Natali, M. O’Connell, J. Tietge, and N. C.
Varshneya, Nuovo cimento 10, 763 (1958).

( ;%) S. Thomas and W. G. Holladay, Phys. Rev. 115, 1329
1 .

sponding nonlinear equations for =—= scattering. Consistency
with experiment is found for values of the coupling constant im-
plying repulsive 7'=0 and T'=2 phase shifts. Independently of the
approximation the equations show that the implications in = and 7/
decay of the rule, AT =4%, 3, are identical with those of the AT =%
rule. Hence the energy spectra in 7’ decay cannot be a critical test
of the AT=4% rule. Also, independently of the approximation, it is
shown that the decay matrix element cannot be expanded in a
series of integral powers of the pion kinetic energies.

using Watson’s final-state interaction formalism.? This
method is suited to discussion of the final-state scat-
tering of a single pair of particles. It is applicable to the
problem of 7+ decay with a 7'=2, v— force because the
state of two 7t is pure 7'=2 and the other pairs, ==,
are predominantly 7=0 in the .S wave. If, however,
there are strong 7=0 pion-pion effects, then a formula-
tion is required which is capable of dealing simultane-
ously with interactions between various pairs. The
Mandelstam representation can serve as the basis for
such an analysis, just as an ordinary single variable
dispersion relation can be used to discuss a single final-
state interaction.

In the present work Mandelstam representations are
assumed for the 7 and 7’ decay amplitudes.® It is as-
sumed that only the S-wave pion-pion scattering ampli-
tudes are large (have an imaginary part). Linear integral
equations are obtained for the 747 — =+ scattering
amplitudes in the physical and unphysical regions.
These equations involve the pion-pion S-wave phase
shifts. From the solutions the Mandelstam representa-
tions for 7 and 7’ decays may be constructed. In general,
two new parameters are needed to characterize 7 decay.
The AT =1, % rule can be applied to yield a simpler set
of equations with only one parameter, which, if solved,

3 Also, A. N. Mitra has investigated the effects of a T'=2 pion-
pion resonance in the 7 decay [Nuclear Phys. 6, 404 (1958)].

32 NI, jN ! Khuriffand S4B. Treiman have also considered this
problem (Phys. Rev. to be published).
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should give 7 and 7’ spectra free of new parameters. The
implications of AT=% and AT =%, § are identical in our
approach. In an approximation these equations have
been solved in terms of pion-pion phase shifts and
integrals over pion-pion phase shifts. The phases them-
selves are obtained from nonlinear integral equations
which follow from the same approach to the =—w
problem.* These equations (for large S waves) have been
solved® by Chew, Mandelstam, and Noyes, and we have
used their solutions in analyzing our results.

2. THE MANDELSTAM REPRESENTATION

We begin by considering the problem of r+r— 7+
scattering. The variables si, s2, and s3 are defined by
drawing all three pion momenta inward (Fig. 1).

s1=— (patp3)?,
se=— (p1+p3)% )
s3=— (p1+p2)%

The three pions are referred to as i, 72, and m3. The
assignment of charge will be deferred until the next
section. For the procéss 74m; — w4, the variables
s1, S9, and s3 are expressed in terms of the initial three
momentum, ¢’, the final momentum, ¢, and a scattering
angle, 6, in the center-of-mass coordinate system,

s3=4(g*+n?),
s2= (M &%/2)— (u*/2)—2¢*+2qq’ cosb,

s1= (M x*/2)— (u%/2) —2¢*—2qq’ cosb,
with
2(g+p)t= (¢ D) (¢*+ M D 2

Here Mk is the mass of K+ and p is the pion mass. We
shall take, for the moment, M x=3p. This will simplify
the contributions to the unphysical region. It will
eventually be argued that the r-decay matrix element
does not vary strongly with the K-meson mass. For
Mk =3u the physical region extends to ¢=(3u?)%. Be-
tween g= (3p2)? and ¢=0, ¢’ is imaginary.

The amplitude 4 (s15s53) for the reaction 7+4m; — m;
42 (with s; the energy variable) is given by,

(7r11r2 out | w3T lIl)

) A (51,52,53)
=i (2m)%* (pr+ps— pr—po)——  (3)

(wrw1w9ws)?

4¢G. F, Chew and S. Mandelstam, University of California
Radiation Laboratory Report UCRL-8728 (unpublished).

3 G. F. Chew, S. Mandelstam, and H. P. Noyes, University
of California Radiation Laboratory Report UCRL-9001 (un-
published).
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The continuation of this function A (s1,52,s3) to all
values of s;, §3, and s3, constrained by the condition
S1+5ot53=3u’+M g*~12p?, provides amplitudes for
other channels of 747 — w4 scattering and also for =
decay. Since s1, 53, and s3 stand for energies of two-pion
systems in their center-of-mass system, we expect the
analytic structure to be the same as for #— scattering.*
In the case of each s the lowest mass intermediate state
is that of two pions. We write therefore,

A (51,52,53)
dsl’f

1 f°°
w? @w?

@u)?
1 = * pas(se’,s3")

+— f dsy f d53'~——,——~
L @p)? (52— 59) (55'—s3)

@n)?

1 © 0
+— f dss

7% Yo 2m?

Iy p12(st’,s3")
Sg ——————————
(Sl’—Sl)(Sz'—S2)

ds.! P13(S1',53')
S1

4)

(ss/=s2) (s —s1)
This representation may be rearranged to give

A (51,53,53)

P12 (81',5‘2’)

1 1 l'
=— fdsl’ dez’
71'2 (S]_,—S]_)l 311+S21+33—3M2—MK2

-|-fd , p13(s1’,85") ]
S
s 5y 53— 32— M g?

1 1 I' p23(s2,s3")
+-— fdszl fd53,
w2 (Sz’—Sg)l. 82I+83'+81—3M2—MK2

pia(se,51)
+fd51l ! ’ 2 2]
So 51 +s53—3u— Mg

p13(s1’,s5")

1 1 I'
+_ fds;;' fd.ﬁl
w? (53'—83)[ s ss - sa—3pP— M &?

pas(se’,s3")

+fd52, ]. (5)
53’+32,+51_"3M2_MK2

From the region of nonvanishing p determined by
Mandelstam* we see that the functions p(x,y) vanish
unless x+y>36u% For small s, therefore, the typical
inside integral of (5),

P(xry)
I(x,s)=fdy )
x+y+s—3u?— M x?

should be nearly independent of s. Applying this argu-
ment to each term in (5) we arrive at the approximate
form,®

6 A representation similar to (6) has been used by M. Gourdin
and A. Martin (CERN preprint) and has been attributed by them
to M. Cini and S. Fubini.
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1 p° . ay(s)
A(31,52,53)=*f ds’ i

™ Y4 S’—Sl

1 ® (2 (S’) 1
+- f ds’ +-

TV §'—sy T-

f RPN

’
u? S —383

This simplification in the case of pion-pion scattering
leads to exactly the Chew-Mandelstam nonlinear inte-
gral equations for S-wave dominant amplitudes (that is,
the equations in which the imaginary part is taken as
pure S-wave). Chew and Mandelstam® have shown that
within a wide range of pion-pion coupling constants
consistent solutions with a small P wave exist.

Now defining, for the process 74— w142

+1
A (1, 52, s3+1€)d(cosh), ©)

-1

A(2)1
s\@°)=—
2

we see that (in spite of the fact that s; and s, become
complex in the region 4u?<s3<16u?),

ImA,(¢*) =os[4(¢"+1)] ®)

for all ¢>>0. Similar expressions relate o1 and o2 to the
other two S-wave scattering amplitudes. Therefore,
knowledge of the S-wave amplitudes for the three
processes, Ti+m — wetws, 71w — mitws, and
T1+m3 — mi+ms, is sufficient for construction of the
single-variable Mandelstam relation (6).

In the physical region, ¢*>3u?, the S-wave unitarity
condition including only 27 intermediate states is,

ImA s (T1T3,1l"17|'2)
=[¢/(@+ DX Au(rms2m)tt 2mymyma),  (9)

where ¢, is the S-wave pion-pion scattering amplitude.
The sum is to be extended over all intermediate charge
states. g is the pion momentum in the intermediate and
final two-pion states. For an intermediate and final
state of definite total isotopic spin, 7', we have

to=[(¢+1)/¢ L2 sindr(g).

To show the applicability of this unitarity condition
also in the unphysical region, ¢®<3, we consider the
quantity,

(0| K (0) | mor in)
K
 (2w)t

where K (0) is some operator such that (0| K (0) | 2x)>0.
From standard methods it follows that

Im(0| K (0) | 737 in)
=[7/(20)*] X 8*(pn—pr— 1)
X(O|K(0)[n)n|Js(0)|7), (10)

where J; is the current associated with ms. For
— (p++p3)? less than the four m-meson threshold the

f e-iv-2di(0) T (K (0)T5(x)) | 7),
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only intermediate states are those of two pions. The
operator K may be chosen to connect with a two-pion
state of any particular angular momentum or isotopic
spin.

We note that (0] K(0)|27 out)r,; has the phase
exp[ —i6rs(g)]. If we require Im{(0| K (0)|ms7 in) to be
real, we find from (10) that (27 out|rsJ3(0)|7) has the
phase, exp[487.(g)]. This implies the conditions (9).

3. «¥ AND «'* DECAY

For 7 and 7' decays, m and m, will be taken as the
identical pions and 3 as the odd pion. Thus for the 7+-
decay representation the process, 7-ws— mitwe, is
7t+at — at+at. Then o3(s’) is determined from
ImA,(rtrt,ntat). The weight functions ¢, and o, are
identical by the Bose principle and are both equal to the
imaginary part of A (77— ,wtx~). In the unitarity con-
dition for A,(vtw—,mtnx~) one encounters the inter-
mediate amplitude A4,(7t7r—,7°r%). This must be de-
termined from a separate dispersion relation for 7’

decay.
Setting o1=09=0, o3=p, We write
$3—So p(s’)
AT(SJ,Sz,S:;):)\Jr de,
T (s"—s3)(s'—50)
a(s’)

So—3So
- fds’
T (s"—s2) (s"—s0)

$1—So a(s")
+ f ds’ ,
T (s"—s1)(s'—50)

p'(s)

(11)
and

S3— o
A7 (51,59,53) =N+ f ds’

T (s"—s3) (s'—s0)

Sa— S0 a'(s")
+ fds’
™

(s"—59)(s'— 50)

$1— S0 ' (s")
+ f ds’ .
™ (s"—51)(s'—s0)

In the case of 7’ decay, s; stands for the energy in the
center-of-mass system of the two #° A subtraction has
been here inserted into the Mandelstam relation itself,
rather than into the partial wave dispersion relations as
in reference 4. This is essential since our aim is to discuss
the continuation to = decay by constructing the complete
Mandelstam relation. Solution of the S wave, 7 —
7+ problem will give only the densities p and . The
point so is chosen as the symmetrical point in pion-pion
scattering, s1=s=s3=%p2. It is of no importance that
this point does not obey the constraint between si, sq,
and s; in 7 decay. For any given 7 mass the function 4
is uniquely defined as an independent function of sy, sq,
and ss, if one demands the analytic properties in (6).
Equation (11) then results from defining X as 4 (so,50,50)-

(12)
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In determination of p, o, p’, ¢/, the S-wave amplitudes
of four processes will be used,

Ay(@)=A(r*atatet),, Imd(¢)=pl4(P+u)],
A5(¢)=A(rra=mta7),, Imds(¢)=o[4(¢*+u?) ],
As(P)=A(rta= 71", ImAs(g)=pTAHg+1)],
As(@)=A(rn%mt7%)s,  ImA(¢)=0"T4Hg*+u?) ]
Here ¢ is always the momentum in the two-pion system.
The unitarity conditions for the four amplitudes are
given from (9) in terms of pion-pion S-wave amplitudes
to(¢?) and 15(g?). They are
L@@/ @ Tl 4(g+p2) ]= Ao,
L@ +w2)/q Jol4(P+w)]
= A2 (3" 300"+ A5 (= 3"+ 34,
L(@+w)/¢ Lo T4(g*+1)]
= Ao (3ts" — 30"+ A3 (3t +301),
L1/ ¢ Jo'T4(gP+w?) J= A ta'.

From (12) we derive S-wave dispersion relations for
the various 4. When the angular integrations are per-
formed an amplitude is expressed in terms of a subtrac-
tion constant, an integral which gives a cut from ¢?=0
to ¢*>= o, and an integral which has singularities to the

left of the imaginary axis. These contributions can be
expressed in terms of functions R(p; ») and L(p; ») with

v= (),
—vy r® 4(y" 1) u2
R(p;n)=— f d(i[%

m;n-””’y(fi)[ ”[4((:':3“2] (15)

o HEPLO=3)/ 640
n .
V+ir—3[(v=3)/(+1) ]

The dispersion relations become,
A1(n)=N+R(p; »)+2L(o; v),
As(v)=MR(o; v)+L(p+0;»),
A3(@)=N=+R(p"; »)+2L(c"; ),
As(r)=N+R(o'; v)+L(o'+d'; 7).

Taken with the unitarity conditions, (14), these com-
prise a set of four coupled linear integral equations for
the four amplitudes 4.

(13)

(14)

(16)

4. AT RULES IN © AND ~’ DECAY

The AT=1 rule, which relates 7’ to 7 decay, would
reduce this set of four equations to two independent
equations. For our amplitudes, 4, the AT=% rule im-
plies the relations,

Ag=A1/2, As=As—A4,/2. (17

SAWYER AND K. C. WALI

Essentially equivalent relations have been given by
Weinberg.”

The four equations, (16), have been written down in
order to show that the implications of AT=1, % are the
same as those of AT=4%. To prove this we first note that
AT=%, § implies that A'=\/2. This follows from the
definitions of N as A7(so,50,50) and N as A7 (so,50,50).
When 4 is divided into a completely symmetric function
of the three variables plus a function of mixed symmetry
as in reference 7, one sees that the function of mixed
symmetry vanishes at the symmetric point. For the
completely symmetrical function we need only AT <% to
prove Asym™ =2A4sym” as in reference 7. Hence, \'=)\/2.

When N'=)/2 is inserted into the integral equations
(16) and when the unitarity conditions (14) are invoked
it is possible to see that the substitutions,

A4ZA1/2, A3=A2"‘A1/2,

make the last two equations linearly dependent upon the
first two. Hence, if the four equations have unique
solutions (assuming particular behavior at infinity) and
if A’=X\/2 the solutions must be such that the relations,
(17), are satisfied. AT=%, % therefore implies the same
conclusions as does AT =3%. Henceforth we shall adopt
the relations (17) implied by the AT=1%, % rule.

5. THE RELATION TO PION-PION SCATTERING

Under the conditions (17) our equations become quite
similar in form to the nonlinear equations describing
pion-pion S-wave scattering. This is apparent if we
write the two independent equations in terms of the
combinations,

By=A;, By=34,—1A..
Equations (16) become (using 14),
By(v)=A+R(Bats'; v)+L(3Bats'+2Buldt; v),
Bo(v)=3N\+R(Bto'; v)+L(10/3Bats' +3Buoto" 5 v).

This structure reflects the fact that under the AT=1%
rule the K+ must decay into a state with 7=1 and
therefore the K* couples to the pions with exactly the
same coefficients as would #*. This enables us to define
our “T'=2" and “T'=0”" combinations of 7 and .

Equations (18) may be converted into nonsingular
integral equations by well-known methods.® However,
these equations are of little value unless one knows pion-
pion phase shifts accurately at all energies and is willing
to do extensive numerical work. Instead, we look for
further approximations.

The nonlinear equations for w— scattering* have
exactly the form of (18), but with B, replaced by ¢o, B2
by f5, and X replaced by —2\., A, being the coupling
constant of reference 4. The form of the function R is
identical in the two problems but the function L is

(18)

7S. Weinberg, Phys. Rev. Letters 4, 87 (1960).
8 R. Omnes, Nuovo cimento 8, 316 (1958).
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different. The function L(2¢; ») is given, e.g., for T=2,
in the case of 7 decay by

v—vo 1l /v+1
L(2¢;v)= —( ) f av'
y\y—3 v —w

X[lny +§V+§V[(V“3)/(”+1)]’J (19)
V' +5r—5[ (v—3)/(+1)]

v o\?
XE8B:0/0 ) +1B0 005 )
v+1
and in the case of m— scattering by

_ v—ryol p* dv Y o\?
L(2c;v)= —f ( )
T vJy V—w\r+1
V41 +

X[t (0)lat () +3t0(0)te! (') ] In—-
V41
(19D)

If L(p; ») were the same function of p and v as L(p; »)
then the solutions of Egs. (18) could be expressed in
terms of pion—pion solutions as

= =3 (/A

Bo= -3\ Aok (20)

We shall take these solutions as a basis for further
analysis. With given =—= phase shifts one may de-
termine whether L (p; ») is indeed a good approximation
to —2X\,L(p; ») when the relations (20) are assumed.
We have investigated this question using integrable
phase shifts and the results are discussed in the
Appendix.

These are the solutions we would have obtained had
we begun with-a K meson of mass u. That is, in our
approximation when the r-decay amplitude is expressed
in terms of the pion variables sy, s2, and s3 in the stand-
ard way, the weight functions are independent of the =
mass.

There is a diagrammatic interpretation that inde-
pendently suggests this result. Consider all diagrams of
the general form of Fig. 2, where one pair of pions
interacts locally. The contribution of this diagram is a
function only of the variable s3= — (14 p2)%. The sum
of such diagrams is of the form of Eq. (6). We note that
each such diagram depends only upon the center-of-
mass energy of some one pair of pions, and not upon the
7 mass.

Substituting (20) and the unitarity conditions (14)

~
v

T

F1c. 2. One type of 7-
decay diagram.
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into the subtracted representation (11) we find, in

terms of s;=4(v2+1)u2,
A7 (v1,v2,v3)
A Vi— Vo
2Ax T

s +300NIG) v\
' =) (¥ —w) ( ’—|—1)

X f 1%
0
Voa— Vo 0 %tg(v’)th(V’)+%t0(ﬂ’)toT(V’) V’ i
=+ f dv' ( )
T Jo V' =) (V' —w) '+1

vs—wvo * t(v")t1 (v') v\
S ()] e
T 0 V' =) (V' —wo) \¥'+1
For physical 7 decay the vy, vy, v3 are the three relative
pion squared momenta in the final state,

1= |pa—s|%/4, va=|p1—ps|?/4, vs=|p1—p:|¥/4.

The pion-pion scattering equations may be used once
more to express the integrals in (21) in terms of 7—
phase shifts at the momenta »;, subtraction constants,
and left-hand cut integrals. These left-hand cut contri-
butions are real. We obtain, finally,
—L@N)/AJA7 (v1,v2y75)

= +tta(vs) 5Lt (v1) +t2(v2)]

+3Lto(r)+to(v2) 14 (7/6)[L2(v) +I2(2) ]
+3lLo(v1)+Lo(v2) 15012 (va)+210(vs)],  (22)
where

1 p> Y4+1\1
Iz,o(V)=—f dV’( S ) Sin252,0(1/’)
m™ Yy 14
1 [ vo— v’ v
X 1+ ln(lJ. )]
v'—vol_ v v4+1

A similar expression for 7’ decay follows from (17).

6. NUMERICAL RESULTS

Chew and Mandelstam® have numerically solved
the S-wave dominant pion-pion equations. We have
used their solutions for A,=-—0.1, 4+0.1, 4+0.3 in
order to analyze our Eq. (22). The integrals, I (which
are nonsingular) have been expanded to first order
in » and have been evaluated using Gauss’ three-
point technique, the points being read directly off
the curves of reference 5. To evaluate the {(v) terms
a linear fit to the curves of reference 5 was made
for the quantities, [»/(v+1)7]? cotd(»). Then the ¢(»)
=[(v+1)/v]? exp[id(v)] sind(») were expanded in
powers of (v)} with terms to order » retained. The re-
sulting =— and =+ energy spectra in 7 decay were calcu-
lated and the results were compared with the spectra
predicted on the basis of a constant matrix element.



1434 R. F.

NS —

04 .
m Ae=
02 @ \v=3 ]
3 \e=—.1
1 1 ) 1
25 . 50 75 0

F16. 3. The n~ distribution in 7+ decay as a function of energy
€ (in units of the maximum =~ energy). The experimental points
are from reference 1. The curves are theoretical curves for indi-
cated values of A,.

Defining the ratios of the #*, 7~ spectra predicted
from (22) to the density of states spectra as 7, _(w), we
plot the results for 7_(w) for A,=—0.1, 4+0.1, 4+0.3 in
Fig. 3. The experimental points are taken from refer-
ence 1.

The two repulsive values of A, 0.1 and 0.3, are seen
to give a 7_(w) which increases with energy through
most of the range of w, in qualitative agreement with
experiment. A,=0.3 is a better fit to the data. The
scattering lengths for N,=0.3 are about ¢,= —0.48u7,
A= '—O.Sﬂ_l.

The spectrum ratio, 74(w), is plotted in Fig. 4 for
Ar=0.1and \,=0.3. It decreases with increasing energy,
also in agreement with experiment.

The attractive value A,=—0.1 gives = and z*
spectra sloping violently the wrong way.

The energy spectrum for the 7+ in 7’ decay has been
calculated for A,=0.1 and A,=0.3 and shows a decrease
(Fig. 5) with increasing 7 energy, compared to the
density of states prediction. This is qualitatively in
accord with Weinberg’s prediction?; however, the curva-
ture of the plots for r(w) are not compatible with
Weinberg’s analysis. Unfortunately, there are not
enough experimental points near the high-energy end of
the 7~ spectrum to check the markedly curved aspect of
our 7(w) in that region.

Weinberg” has analyzed the effect of the AT=4% rule
in the 7 and 7’ decay energy spectra on the basis of a
development of the matrix elements in a power series in
the invariants. He takes the invariants essentially to be
the individual pion kinetic energies. They can as well be
taken as our three »’s, being the squares of the pion
relative momenta. Weinberg takes the first two terms in
an expansion of the matrix element in integral powers of
P2, p2%, ps? and shows that they lead to a linear form for
74+.—(w) (up to relativistic corrections). Our deviation
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from this linear form is due to the presence of terms in
| A|? which cannot be so expanded. These terms arise
from the fact that (v)~%exp[<6(»)]sind(») is an even
function of »? only insofar as it is real. There are imagi-
nary terms of the form ¢»? in an expansion. Since we
have several phases entering (22), when we form |4 |2
and expand for small »’s we find terms of the form, e.g.,

(v1w2)t= (|p2—ps| [P1—Ds| )%

This kind of term is not expansible in powers of p2,
p?, ps? and this effect is seen to be a somewhat im-
portant one in our analysis.

It is probably true in general that matrix elements
leading to three-particle states with strong interactions
cannot be expanded in integral powers of the invariants,
Do Ps. In this problem we may see this property without
making our approximation of neglecting the dependence
upon the mass by looking back to the Mandelstam
representation (12). For si, so, s3 in the physical region
(as in 7 decay) each integral may be expressed as a sum
of subtraction terms, an amplitude 4,(v;) for 74—
7+ at the momentum, (»,)}, and a real contribution
from left-hand cuts. Since the amplitudes 4(»;) have
the pion-pion phases we obtain, as in (22) a sum of
terms with various pion-pion phases plus some real
terms. The threshold behavior of the phases alone
invalidates Weinberg’s expansion.

7. CONCLUSION

We have seen how Chew and Mandelstam’s S-wave-
dominant equations may serve as a basis for predicting
the pion energy spectra in 7 and 7’ decay, under the
assumption that final-state interactions are responsible
for the shapes of these spectra. Linear integral equations
have been derived for functions from which the 7 and +’
decay matrix elements may be constructed.
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FiG. 4. The n* energy distribution in 7+ decay. The experimental
points are from reference 1. The curves are theoretical ones for
indicated values of \,. )
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" Under the rather drastic assumptions we have made APPENDIX

in approximating the solution of the integral equations,
it would seem that a repulsive S-wave force is required
to explain the observed features of the r+-decay spec-
trum. Since we are using the Chew-Mandelstam ap-
proach to 7 decay we must take seriously the similar
equations for m—= scattering. For this reason we may
not take arbitrary phase shifts, but must take the ones
from reference 5. Thus we cannot duplicate Thomas and
Holladay’s result? for an attractive 7'=2 force, because
this is seen to imply an attractive 7'=0 force of greater
strength.

From the original equations, without approximation,
we have derived some results. We have shown that the
implications of AT=%, 2 are identical to those of
AT=3%. This is in spite of the fact that the matrix
element deviates markedly from a constant. (A con-
stant matrix element picks out the 7'=1 or 7'=3 final
states and makes AT =% unobservable.)

The qualitative explanation for this result is that one
may imagine a matrix element in the absence of final
state interactions which is a constant. AT=4%, 3 then
implies a pure 7=1 final state. The 7—= coupling is
now turned on and may induce some momentum de-
pendence in the matrix element; but it preserves the
T=1 nature of the final state. Unfortunately this means
that the spectrum in 7’ decay, like the branching ratio,
cannot be a critical test for AT=4%.

The other result of our equations which is independent
of approximation is that the matrix element may not be
expanded in integral powers of the invariants as is
assumed in reference 7.
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The integrals in (19a) and (19b) have been performed,
using (20), for a particular #(») corresponding to a
scattering length approximation to the phase shift
[omitting the relativistic factor (v+1)¥]

t()tt(v)=d?/ (a*v+1).
The results for 0<v<3 are

20/NLG) 2(”“)% i
" V_V v—3/ 1—wea?

1 14ar voi+r
X (— In (»)¥ In ),
a atar* voi4r*
with
v\?} v—3\}
~ON+CH) |
2 v+1
and

_ 2 a? 1 1+ae(14»)}
L(y)= (— In:
a 1+a

V0%+(1+1')%
— (o) In——— ).
(Vo) I Y1 )

We have examined these results for values of ¢ between
0.2 and 1 in units of the pion Compton wavelength. In
the region 1<»<3 there is in every case a 209, to 309,
difference between — 2\ AL (») and L(»). In the region
0<»<1 the discrepancy is much larger and depends on
the value of a. We conclude that the approximation
leading to (20), while crude, does not neglect altogether
the contributions from L(»).



