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A general formula for the transition rate of the muon capture
reaction, y~+(4,Z) — v+ (4, Z—1), where the final nuclear state
has definite spin and parity, is given in terms of the total and
orbital angular momenta of the emitted neutrino and of the spins
of the initial and final nuclear states. The induced pseudoscalar
interaction and the interaction due to the assumption of conserved
vector current are taken into account, together with the vector
and axial vector interactions. The forbiddenness of the muon
capture reaction is defined in a manner analogous to the theory of
the beta decay. The spin and parity changes can assume the values
O+, 14), (0—,1—,2-), [#(—)* n+1 (—)*] for the allowed,
first forbidden, and nth (2> 2) forbidden transitions, respectively.
(4 and — mean the parity change ‘“no” and “yes”.) For these
transitions, the number of reduced nuclear matrix elements in-
volved is nine, sixteen, and fourteen, respectively. The transition
rate of muon capture reaction is reduced by a factor of 103, ap-

proximately, for a two-unit increase of the forbiddenness, if the
atomic number and the energy of neutrino are constant. The
contribution from the higher order transition to the lower one is
less than 0.1% in the medium and light nuclei. Explicit formulas
for the transition rate are given for the allowed, first forbidden and
nth forbidden transitions. They are related to the corresponding
formulas of beta decay. Our formalism was applied to the calcula-
tion of the partial muon capture rate by C2 ending in the ground
state of B! The numerical analysis indicates that measurement of
this capture rate can determine whether the conserved vector
current interaction term exists in nature only if the coupling
constant of the induced pseudoscalar interaction and the nuclear
wave functions are well known. The transition rates are given in
Table V and Fig. 1, for the j-j coupling shell model and harmonic
oscillator wave functions. They are 9-139, smaller than those
given by Fujii and Primakoff.

1. INTRODUCTION

N the past three years, remarkable progress has been
achieved in the study of beta decay, both theo-
retically and experimentally. The basic question of the
types of interaction has been settled in favor of V-4
interaction, with C4=~ —1.2Cy, Cy=Cy’,and C,~C,'}
It has also been shown that the V-4 interaction is
generally acceptable for the weak processes involving
elementary particles.>~> Among these weak processes,
muon capture by an atomic nucleus and beta decay are
of particular interest, as they involve no strange par-
ticles. Nevertheless, both theory and experiment in-
volving the muon capture reaction are not yet well
established compared with those of beta decay. One of
the reasons is the complexicity of the muon capture re-
action, where the released energy is quite large (of the
order of 100 Mev). This energy will excite many nuclear
levels of the daughter nucleus. Therefore, the partial
transition rate between the definite nuclear states is
difficult to measure experimentally, while that of beta
decay is quite easy. On the other hand, the total capture
rate, which is much easier to obtain experimentally, is
rather insensitive to the type of interaction, because the
character of the elementary process is masked by nuclear
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1 For example, see the review article by C. S. Wu, Revs. Modern
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effects. The theoretical and experimental status at
present has been reviewed by Primakoff.

Since, however, the par‘ial transition rate between
two definite nuclear states in the muon capture reaction
depends strongly on the type of the interaction, it is
worthwhile to develop a general formalism for this
problem, in anticipation of future experiments. One such
attempt among many is by Primakoff and one of the
present authors (A.F.).” Assuming the lepton bare-
nucleon coupling to be V-4, they derived an effective
Hamiltonian. The nuclear matrix elements were esti-
mated by using a specific nuclear model. Since they
worked out only special cases of spin and parity changes
(C2— B®, Li® — He$, and He? — H?), their treatment
is somewhat less general with respect to the angular
momenta of the leptons and the spins of nuclear states.
Furthermore, they neglected some nuclear matrix ele-
ments and all cross terms between the remaining nuclear
matrix elements.

The purpose of the present paper is to present a
general formalism for the partial transition rate of muon
capture between definite nuclear states. This formalism
is completely analogous to that of beta decay, and leads
to the theory of orbital electron capture, if we replace
the muon by an electron. Since our calculation is com-
pletely in the spherical representation, the relations
among nuclear spins and lepton angular momenta are
very clear.

In Sec. 2, the interaction Hamiltonian of the muon
capture reaction is discussed. The induced pseudoscalar

- H. Primakoff, Revs. Modern Phys. 31, 802 (1959).
7 A. Fujii and H. Primakoff, Nuovo cimento 12, 327 (1959). L.
Wolfenstein, Bull. Am. Phys. Soc. 4, 81 (1959).
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ALLOWED AND FORBIDDEN TRANSITIONS IN MUON CAPTURE

interaction and the interaction due to the assumption of
conserved vector current are both taken into account.
In Sec. 3, the nuclear part of the interaction Hamiltonian
is transformed into a nonrelativistic form while the
lepton part is still kept relativistic. In Sec. 4, all matrix
elements of the muon capture reaction are evaluated,
where the muon is absorbed by the nucleus from a given
orbital state, a neutrino of given total and orbital angu-
lar momenta is emitted, and the nucleus changes from
one state of given spin and parity to another state.
Using the result of Sec. 4, a general formula for the
transition probability is given in Sec. 5. This formula is
also applicable to the orbital electron capture rate,
which will be investigated in a future paper. In nature,
the muon is mostly absorbed from the K orbit of the
p-mesonic atom. The transition rate for this case is given
in the approximation aZ<1, in Sec. 6. In Sec. 7, we dis-
cuss the definition of forbiddenness in the muon capture
reaction, which is the same as that in the theory of beta
decay. We further classify all possible reduced nuclear
matrix elements according to forbiddenness. This classi-
fication is somewhat different from that of the theory of
beta decay. The former focuses its attention on the rank
of the tensor, the latter on the orbital angular mo-
mentum of the lepton system. In this way, the contri-
bution of the (z-2)th forbiddeness to the #th one is less
than 0.19, in both cases.® The transition rate is reduced
by a factor of 10° in the muon capture, assuming the
level distance between the initial and final nuclear
states and the atomic number to be constant, and by a
factor of 10%in the beta decay. In Sec. 8, explicit formu-
las for the transition rate are given for the allowed, first
forbidden, and nth forbidden transitions. In Sec. 9, the
muon capture rate is related to the transition rate of
beta decay. In Sec. 10, our formalism is applied to muon
capture by C¥2. The j-j coupling shell model and the
harmonic oscillator functions are adopted, for the esti-
mation of the nuclear matrix elements, as was done by
Fujii and Primakoff.” Qur theory gives a 9-139, de-
crease in the transition rate compared with theirs. The
numerical analysis indicates that the measurement of
the muon capture rate between the ground states of C*?
and B sheds light on the assumption of the conserved
vector current, provided our knowledge of the induced
pseudoscalar coupling constant, Cp, and the nuclear
wave functions is fairly accurate. In Appendix, the re-
duced nuclear matrix elements for muon capture by C2?
are evaluated. The reader who is not too interested in
mathematical detail may skip Secs. 3-6 entirely.
Although we adopt the muon wave functions (G, and
F_,) for a point nucleus in Secs. 6-8, the general results
in Secs. 4 and 5 hold with modified G_; and F_, for a real
nucleus. Explicit calculation for this is being made.

8 Although the beta-ray spectrum in B2 — C!2 varies about 109,
in the whole energy region, the effect in its f value is about 0.15%,.
This is due to the cancellation of the energy integral of K Lo+ N,.
In most beta decays, this effect is less than 0.01%,.
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2. INTERACTION HAMILTONIAN FOR MUON
CAPTURE REACTION

We assume the lepton bare-nucleon coupling is via
vector and axial vector interactions of the Fermi-type.
Thus, the most general interaction Hamiltonian density
for the reaction, u=4p — v+, is®

H= \1-/,,5(’,1,0 12
with

VZRe=m\[Cv @) +Cv' irrvsdu)]
Firays[Ca(Bvivaysdn) +Ca’ (@uivagu) ]
+'Y5[CP (‘pv’Yb‘l’u) —Cp' (‘pﬂb#)]
+o kp[CM 14 p(‘;ﬂ:')'?\'/’n) +Cu 'P p('pvi'Yk'YB‘pu)]; (1)
=y, and on=mr,—vml.

The dagger and asterisk mean the Hamiltonian conju-
gate and complex conjugate, hereafter. Here the sub-
script, #, p, », and p stand for the neutron, proton,
neutrino, and muon, respectively. In the fourth line of
Eq. (1), the differential operators p,, [—iV, —d/dt],
act on the lepton covariants, but not on ¢,. The first,
the second and the third lines represent the vector, axial
vector and the induced scalar interactions, respectively.
The fourth line is the interaction, which is introduced by
the assumption of the conserved vector current.’41 As-
suming the time reversal invariance of Eq. (1), we can
choose all coupling constants C; and C/ to be real. The
relative strength of C; and C/ is not specified in the
above, but the fact that the helicity of the neutrino is
almost completely left handed concludes!

C:=Cy/. 2)

We assume that the relation also holds in muon capture
reactions. Comparison between the “weak current’” and
electromagnetic current gives?

Cu=Cv(up—ua)/2M, pp—u,=3.706. 3)

Here p, and p, are the anomalous magnetic moments of
the proton and neutron in nuclear magnetons, and M
is the nucleon mass. By the dispersion-theoretical ap-
proach, Goldberger and Treiman® obtained the relation

Cp=8C.. @

The experiments on the beta decay of the neutron and
nuclear 0-0 transitions give!

Ca=—1.21Cy. ®)

(1;;\;;[). L. Goldberger and S. B. Treiman, Phys. Rev. 111, 354

10 We note here that the interaction due to the assumption of
conserved vector current is automatically taken into account in
the theory of the elementary particles given by S. Sakata, Progr.
Theoret. Phys. (Kyoto) 16, 686 (1956), where fundamental par-
ticles are assumed to be proton, neutron, and lambda only. There,
the pion is considered as a bound state of the nucleon-antinucleon
system. Thus, the detection of Cy term becomes of twofold
importance, namely for verification of Sakata model of elementary
particles and for that of the Feynman-Gell-Mann interaction of
beta decay. One of the authors (M.M.) would like to express his
sincere thanks to Dr. S. Okubo, University of Naples, Italy, for a
stimulating discussion.
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We adopt the following representation of the Dirac
matrices, which is common in the theory of beta
decay .12

0 —io -1 0
Y:——iﬁa:(. ), 'Y4=_B=( )’
ic¢ O 0 1

. 01
75=7172'y;;'y4=—ia1a2a3=(1 0), (6)

(=G =G

Here 1 and o are the two by two unit and Pauli matrices.
Using Eqs. (2)-(6), the Hamiltonian density becomes

H= '/’nTH‘Pm
with

H=Cy[1-L(1)—a-L(e)]
+Calo-L(e)—s- L(vs) J+CrBys- L(Bys)
+(Cv/2M) (up— pa) [ —iBo-pX L(w)

+Be-pL(1)—ife-pL(e)] (7)

Here the lepton covariants are abbreviated as

Le)=¢,![(1+v5)/V2]ey,, etc. (8)
Therefore,

L(e)=L(0), and L(1)=L(ys). ©)

In the theory of beta decay, the interaction Hamil-
tonian is expanded in the multipole order of the emitted
electron-neutrino system, and the whole calculation is
relativistic. The nuclear matrix elements (i.e., the
nucleon part of this expansion) are also left in relativistic
form, as phenomenological parameters which may be
determined by experimental data, e.g., by the shape of
the electron spectrum. On the other hand, we know only
the transition rate in the muon capture reaction, but not
the spectral resolution of the neutrino. Therefore, we
cannot leave the nuclear matrix elements as phenomeno-
logical parameters. (The situation is the same in calcula-
tion of the f value of beta decay.) For this purpose, it
is necessary to reduce all the relativistic nuclear matrix
elements (namely, the momentum-type matrix ele-
ments) into nonrelativistic forms. We thus transform,
first, the nuclear part of the interaction Hamiltonian,
Eq. (7), into nonrelativistic form leaving the relativistic
lepton part, whose evaluation is very easy. In the entire
calculation of the muon capture rate, Eq. (11) below is
expanded in the multipole order of the emitted neutrino
in a way analogous to that of the theory of beta decay.

( u E) J. Konopinski and G. E. Uhlenbeck, Phys. Rev. 60, 308
1941).

12 M. Yamada and M. Morita, Progr. Theoret. Phys. (Kyoto)
8, 431 (1952).
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3. NONRELATIVISTIC REDUCTION OF
NUCLEON OPERATORS

The interaction Hamiltonian density, Eq. (7), in-
volves odd and even operators. We transform these
operators into equivalent even operators by the Foldy-
Wouthuysen transformation modified by Rose and
Osborn.®* We replace the relativistic nucleon wave

function
v
¢=( ) by ¢=
n

where # and v are large and small components of the
Dirac spinor, corresponding to the eigenvalue —1 and
—+1 of B, respectively.

The transformed interaction Hamiltonian is given
byl4

1 .
—_——C pu
2M , (10)

u

H=u,Hu,,

with
H=Cvy1-L(1)4+C40-L(o)

+(Cv/2M)[2L(e) - p+p-L(e)+ioc-pX L(e)]

+(Ca/2M)[2L(vs)op+a-pL(vs)]

—(Cp/2M)e-pL(Bys)

+ (up—un) (Cv/2M)[i0-pX L(e)]. (11)

In Eq. (11), all terms of order (p/2M)? are omitted. The
differential operators p standing on the left of the lepton
covariants act only on them, but not on #,. Equation
(11) is equivalent to Eq. (4) of Fujii and Primakoff,’
since the nonrelativistic muon wave function obeys the

relation
L(‘Ya)=L(ﬁ‘Ys)- (12)

4. THE SPHERICAL COMPONENTS OF THE
MATRIX ELEMENTS

Throughout this paper, we adopt the units =c=m,
=1. The free neutrino state is specified by its linear
momentum q and the direction of spin m==+%. Ex-
panding the plane wave neutrino in the normalized
spherical spinor x,,'®

(g, m; 1) =223 0 5 u—mm| ju) Y =", (13)
with

_'ifux—x
Y= ( "), (14)
8xX—xp
ge=7"4j1(qr), fi=m"18i(qr), (15)
Xew=2m (L3 p—m' | ju) ¥ =" (F)y™ . (16)

M. E. Rose and R. K. Osborn, Phys. Rev. 93, 1315 (1954).

* We have opposite sign for the axial vector and the pseudo-
scalar interactions compared with the results given in Table I of
reference 13.

!5 M. E. Rose, Elementary Theory of Angular Momentum (John
Wiley & Sons, Inc., New York, 1957), Chap. IX.
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Here 7:(gr)’s are spherical Bessel functions, ¥;™’s are
the spin wave functions of two dimension, and Sy is the
sign of x. The total and orbital angular momentum, j
and /, of the neutrino for a particular value of & is given
by

1

=« and j=Il—% for «>0,

l=—k—1 and j=I+3% for «<0. (7)

For example, k=—1, 1, —2, and 2 corresponding to s3,
P31, P3, and dj, respectively. Here summation over «
means the sum over all possible values of j and I. In the
above, subscripts, ! and [ of the spherical Bessel func-
tions denote the orbital angular momenta corresponding
to k and —«, respectively. § and 7 are the unit vectors in
the direction of the neutrino momentum and space
coordinate, respectively. The normalization of ¥, is such
that

f A, w5 (e, m, 3 Ddr=bmmd((—q), (18)

where the integral extends over whole space.

The bound state wave function of the muon is ex-
pressed in the same way as that of the neutrino, but it
has only a single value of corresponding to a definite
orbit. Namely,

—'iF kX —x
‘/’ﬂ(Krp' 5 l') =§[/ﬂl(m = ( ”) ’

(19)
GxXxn

G, and F, being the radial wave functions of the bound
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state. Explicit forms of these wave functions for a point
nucleus are given, e.g., by Bethe and Salpeter,® for 1s;,
251, 2p3, and 2p3. In the lowest state 1s;

w= d:%:

G_1=(2Z/a,)}

XL(A47)/2T (2y+1) L2/ 0(2Zr/ a0) ",
Foy=—[(1-7)/(14+7)PG-1 with y=[1—(aZ)*]8.
Here a, is the Bohr radius of the u-mesonic atom and Z
is the atomic number of the nucleus. If we assume oZ (a
fine structure constant) to be very small, they become

G-1=2(aZm,’)te—2Zmi'r
F_1=0, with m,/=m[14 (m,/AM)TL (21)
Here m, is the muon mass. The m,’ is the muon reduced

mass in the parent u-mesonic atom. The normalization
for ¢, is such that

k=-1,

(20)

f‘/’li("” B3 Ok, 15 1)AT =80 (22)
Using these lepton wave functions, we evaluate the
spherical component of the interaction Hamiltonian

defined by
(k| H| ") = @u®, Hiparr®). (23)

Calculation of the spherical component of each term in
Eq. (11) can be performed by a method similar to that
developed by Rose and his collaborator,315:17 Takebe,!8
and others. Here we give the results only.

1- (o 1] 6'p) = (=)0 40 (55" — e’ |9 1 — 1) Dow ~#(P)[8GerSovu (k") — feF erSowu(— 1, —&') 0w, (24)

with
Dovu () = (4m) AV #=2(7).

(25)

o (KIJI 4 l k)= (= )ptitiH 3] (.7.7’ “I‘ll,l % #,"#)Qlwulv"(r‘y“)[gKGK’Slvu(K,",) — fiF e S1ou(—k, _"I)], (26)

with

D1 (o) =2 (10 —m m—p+p' |y’ —p) ¥, =4 (A YD1 (0).

(27)

Here ¥ ;™ and ), are the spherical and solid harmonics defined in reference.® In Egs. (24) and (26), Sos, and Siow

are given by

17 v
Siou(k)=[2(20+1) 2V +1)(254+1)(27/4+1) T} ('00|20) | § 7 =| for k=0 and 1, (28)
1ok
with
I U v
jj u =2f:(2f+I)W(l’j'%k,%f)W(J%vl’,lf)W(J'J"vk,uf)- (29)
I

16 H. A. Bethe and E. E. Salpeter, Quantum Mechanics of One- and Two-Electron Atoms (Academic Press Inc., New York, 1959),

p. 69.

17 1. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 729 (1953).

18 H, Takebe, Progr. Theoret. Phys. (Kyoto) 12, 561 (1954).

1 They arelgiven, e.g., by A. R. Edmonds, Angular M
1957), p. 124.

in Quantum Mechanics (Princeton University Press, Princeton,
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Here %, v, and # are the resultant spin, orbital, and total angular momentum of the neutrino-muon system, re-
spectively.

(k| @[K'p’) - p=(—)rHiHH ﬁ\—"’u(jj’ —p i [ b —p)iLfGeStou(—t, )+ gF e S1ouk, —k') D1ou®~#(7,p).  (30)
Here the definition of $)1,.**(#,p) is similar to Eq. (27).
P (ku| a|dp") =3} (= )rti+r+ %(]’J" —uu' | ' —p)
X{[(v+1)/(20+3) 1o vs1 ¥ # (041 D1 — [0/ 20— 1) 18D o1 o#"~#(#)801 D}
XL GerS1ou(—t, &)+ gFerSiulk, —x')],  (31)
D+=-ii-—f, D_=i+i1-. (32)
ar r ar r
i0-pX (kp| a|'p) = 6}(—)w+i+i+t % (77—’ |0 ' — 1)
XL+1D)W (11w, 1v4+1)D1 041 o #(7,0) De— oW (1 1w v, 1 v— 1)1 51 *~#(7,0)D_]
XL GerS1ou(—k, K')+8eF eS10u(k, —)].  (33)

with?

(k| vs) p Yo p= (= )WtV 3 (55" —pu' | w0 p'—p)

X@Ovu“’—"(f) [fox’SOvu ( K, K,)+ngx'SOvu(K, _K’)]“ N pavu- (34)
( s
O P\ ku
B

Y5

x'“,) =3 (= )RS5 — ' |w ' —p)

X{L+1)/ 2v+1) D1 o112 o #(#,0)Ds—[v/ (20+1) 11 o1 ¥ #(#,0)D_}
X Efox’SOvu(_ K, K’)ingx'SOvu(Ky - Kl)jsvuc (35)

As is well known, the transition rate for the C/*C,’ term is exactly the same as that for the C;*C; term. Therefore,
we shall not give here the spherical components for C;’ terms.

5. TRANSITION RATE

To illustrate the method of calculation, let us consider the matrix element of the reaction, y=+p — v+, induced
by the main even part of the axial vector interaction. By Egs. (11), (13), (19), and (26),

M.E.=C Af (uptous) (W, oy,)dr

=Ca 2 (uptous)i'(l 5 u—mm| j p)Yir="*(q) (k| o|x’p’)

=Ca 2 27 p—mm|j RV (Q) (=) (G5 —p p' |y —p)

kg vu

Xful’@l"u“,—“(fjo)[gKGK’Slvu(KyK’)—fog'Slpu(—K, _‘K,)]‘undl'. (36)

The matrix element for the reaction, u=+(4,Z) — v+ (4, Z—1), is obtained from the above equation assuming
that every dressed nucleon in a nucleus does not perturb the other. We introduce the subscript s labeling the
nucleons and the operator r_* which transform the sth nucleon from proton to neutron state. The wave functions
of the neutron and proton in Eq. (36) are replaced by those of the initial and final nucleus, whose total and magnetic
quantum numbers are represented by J:M; and J ;M ;. Thus

4
M.E.=C4fUJ,-”ff > ot UsMidridrs- - -dra. 37D

=1

* The subscripts of D are inverted compared with those in Eq. (47) of reference 13, because our D, (D_) increases (decreases)
the order of the spherical Bessel function by one unit.
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TaBLE I. C® and M. in Eq. (40). M, ® is defined by

611

A
fUJ/M«’T 2 Byr_tUsiMidrdry- - -drva= (Jiu M; Mj—-M;'lJ/M;)S’ﬁW("),
=1

where E, is given in the table. In the last line, 4 and — signs refer to =7 and 8, respectively.

H c® B

1 Cv Voo M3 (7,)[2GurSovu (') = feF crSovu(— K, —')Jou

2 —Ca 91,,“"1‘”‘(?.,(r.)[g.‘G.'Suu(x,x’)—f‘F,‘,Sl,,,,(—x, —K’)J

3 _CV/M i[fox'Slvu(—K, K’)+E:F:'Slvu('<; -K’)]g)laqu—M"(fl,Pn)

4 —V3Cv/2M {L@+1)/(20+3)1D0 v11 M Mi(7)8041 wDi— [0/ 20—1) 1o o1 w5 (74)80—. uD_}
x[fox'Slvu(_K; K’)+ngl'Shm("; _K,)]

5 —GPCy (I tup—pa)/ M [@HIIW AL 40,10 1)Ds og1 M Mi(F0,0) Dyt (11 19, l0— 1)D; oy HrHi(Fo,00)D_]
X[fo.'Suu(—K, ",)+gan'Slw (", -",)]

6 CA/M invuM’—M‘ (;a)UxGx’SOW(—"‘: K,)+ngx'SOvu(K, "K,)_lc'u'l?'

7 —CA_/ZVEM} {L@+1)/2v+1)1D1 o1 M7 Mi(7,,04) D —[v/ 20+1)1D1 o1 M7 Mi(74,0,)D_}

8 CP/Z\BM X[fox’Souu(—K; "I)ﬂ:ngx’SOvu(K, —K’)]avu

Furthermore, we define the reduced nuclear matrix element by using the Wigner-Eckert theory,!”

A
f U"-"M/T Z {91”““1—“(?0700) [:gKGl'Sl’vu(K;KI) - fox'Slvu(_ Ky, — K/)]} T_’UJiMidl'ldrg s dl‘A

s=1

E(Jiu M,’M,—M!Jf Mf)mvu- (38)

The reduced nuclear matrix element 3),. does not depend on the magnetic quantum number and it is, in principle,
calculable if one knows the nuclear wave functions of the initial and final states, by the defining Eq. (38).

ME.=3% 2 (3 u—mm|j m)V =@ (=) 405 —pp'|up'—p) (T s ' — | T 1M 1)CaDo.

Kp vu

Generalizing the argument to the Hamiltonian density
of Eq. (11), the matrix element is obtained by replacing
CAEUavu by

Zi C(i)wzvu(i)-

Here C® and IN,.® are given in Table I. The super-
script (7) specifies the individual term in Eq. (11). We
now sum over all magnetic quantum numbers, integrate
over q, and average over the initial substates in the
absolute square of the matrix element. The result is

(|M.E.|%av

=[Q/+1)@2JA+DT | de, Y ¥ |ME.|]?

mu’ MMy
=L@ 41)/25'+1) (2] +1)]
XL XL X COCOLT Mo L M) (40)

ok u

Since the subscript # of the nuclear matrix element
indicates the rank of the tensor, we have no cross term
between two J’s with different #. The orthonormality
of the x,, brings the sum over «, which specifies j and /
of the neutrino simultaneously, outside of the absolute
square. On the other hand, there are some cross terms
among I’s with different v. By the definition of Pe,.(?,
the parity changes of the nuclear states is (—)* for
i=1,2and (—)"* fori=3,4, - - -, 8. Consequently, two
matrix elements interfere with each other, if v—v'=even

(39)

and ¢ and ¢’ are in the same group, or v—1'=o0dd and ¢
and 7’ are in different groups.

The transition rate of the muon capture reaction from
a particular nuclear state, J;, to another one, J is given
by

W= 2n(| M.E.|%)avg’dg/dE;, (41)

with
dq/dE;=[1—g(m,+AM)™], (42)

and
g= (my—Wo)[1—3m,(m,+AM)™]. (43)

Here W, is the energy difference between the initial and
final nuclear states plus one electron mass.

In this section, we did not specify any particular value
of «’ for the bound muon. This means that our formula
applies to the capture rate of the muon from any orbit
of the p-mesonic atom, or to the capture rate from two
or more orbits, if necessary. However, the muon in the
higher orbits goes down to the K orbit (x'=—1) by
electromagnetic transitions before being captured by the
nucleus. Consequently, the muon capture takes place
from the K orbit. The general results in Secs. 4 and 5
hold with more realistic muon wave functions than Eq.
(20) or (21). We can take the finite size and the rela-
tivistic effects on the muon wave function into account,
with modified G_; and F_, for a real nucleus.?

2 These effects would be of order of «Z, which is 4.49, in C2,
After this work was completed, a paper by Flamend and Ford,
Phys. Rev. 116, 159 (1959), has been called to our attention.

They showed, in fact, these effects for muon capture in C* to be
—6% correction in the capture rate.
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6. MUON CAPTURE RATE FROM K ORBIT of the muon are given by

G_1=2(aZm, )le~2%m'r and F_;=0. (44)
Using the results in Secs. 4 and 5, the muon capture rate
is given by

The muon quantum number is «’= —1 for the K orbit
(1s3). We assume the nuclear charge to be not so large,
aZ<1. In this approximation, the radial wave functions

W=4P(aZm,)[ (2] 1)/ 2T+ 1) J[1—g(mu+A M) ], (45)

with
P=3 3 |CyIM[07 4]S0u(k)d1u—CaML1 ! 4]S1u(k)— (Ca/ M)IN[1 L v 151 (—x)

+34(Crg/2M){L(IH1)/ (214-3) PIMLO 141 % + 021 o[/ 21— 1) PIMLO I—1 % — D011 o} S1a (—)
+ @) Cyg/M) A+ pp—p){ (D)W A 1l LI+ D)ML 1 0w+ THEW A 10l 11— D1 I~ 10 =T}

X S1' (= 1)+ (Ca/M)MLO Lo p1S0u’ (— )62+ ()1 (Ca—Cp) (¢/2M)

XALA+1)/ Q2D TIMLL IH4+-1 0+ T+ 2+ D) P 1—1 2 — T} Seu’ (—k)d1u] %

Here we use the following abbreviations:

Sku(K)=Skvu(K; - 1)
—[2Q/+ D)W @G 171, duss, for k=1 (47)

=[(27+1)/(2+1) 1w for k=0, (48)
and

Sii (—6)=SSku(—x), Se=sign of «. (49)

The reduced nuclear matrix elements are listed in
Table II.

In the expression for P, the summation over v dis-
appear, because the muon has zero orbital angular
momentum /'=0, and consequently »=/ or v={. Sum-
mation over # for a fixed « is necessary only for the
second, the third, and the fifth terms in Eq. (46). In
fact, this summation consists of only two terms because
of the triangular condition among the arguments of the
Racah coefficient in Si.(k) and Si.’(—«). Although
Eq. (46) looks complicated, the selection rule on the
spin and parity reduces the number of the nonvanishing
reduced nuclear matrix elements into manageable size.
This will be done for different forbiddenness in the next
section.

TaBLE II. Definition of reduced nuclear matrix elements in the
muon capture reaction,
4
SO E etmind U Midridrs - -dra
s=1
=MErwu] or Mriwus])(TiuM;Mi—M:|J; My),
where &, is given in the table.

mL ] @,
M0 w u] Julg 78)D0w™ M (75)8 wu
M1 wu] Ju(q76)D1wMrMi(75,0,)
MOwu+] [Fulgrs)teZm)/ps)juri(grs)1Dowa®Mi(75)0wu
Mlwux£]  [FulgrodEtaZ(m)/py)jes (g7)1D1w™ 1~ Mi(7,,0,)
ﬂn[o wu P:I 7']w(q fs)@ﬁwu(;:)o's‘ Pebwu
Wetl wu?] z_7w(q 7:)@11014(;:,1’3)

(46)

7. ALLOWED AND FORBIDDEN TRANSITIONS
IN MUON CAPTURE REACTION

In analogy to the theory of beta decay,">2 we define
the forbiddenness of muon capture reaction in the
following and discuss the connection with the forbidden-
ness of beta decay.

The reduced nuclear matrix elements are specified by
three numbers, & w %, and an additional symbol, 4 or
— or p. Their explicit forms are given in Table IT. We
list all possible reduced nuclear matrix elements ac-
cording to forbiddenness of the muon capture reaction
in Table ITI. The definition of the forbiddenness is ex-
actly the same as that in the theory of beta decay. It is
given in the second and third rows of Table III as parity
and spin changes between the initial and final nuclear
levels. On the other hand, the classification of the re-
duced nuclear matrix elements with respect to forbidden-
ness is somewhat different from that in the theory of
beta decay,12?? and the number of the nuclear matrix
elements belonging to a particular forbiddenness is con-
siderably large. It is 9, 16, and 14 for the allowed, first
forbidden and other transitions, respectively. The selec-
tion rule for the nuclear spin of the matrix element is
Ji+J>u>|J:—J ;| because the third number # repre-
sents the rank of the tensor. The parity change is given
by the second number », namely (—)* and (—)** for
Mewu] (or M[kwu=x]) and Mk w % p], respec-
tively, because the w represents the rank of the spherical
harmonics with the argument # and the additional
minus parity is required by the operator p. w is equal to
v for Mk wu]orIN[k w u pland vF 1 fordN[kw u £ .
Here v is the orbital angular momentum of the neutrino.
k represents the resultant spin of the neutrino-muon
system.

The above classification of the reduced nuclear matrix

elements is based on the tensorial rank of the nuclear

matrix elements and the property of the neutrino wave

2 M. Morita, Phys. Rev. 113, 1584 (1959); Nuclear Phys. 14,
106 (1959).
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TasLE ITI. Reduced nuclear matrix elements in the allowed and forbidden transitions of the muon capture reaction. They are classified
with three numbers, &, w, %, and additional symbols =% or p in each forbiddenness. Here # is the rank of the tensor. For a capture from
K orbit M[1 #+1 % —Jand M[1 »—1 » 4] will not appear, because of the selection rule. In the second row, the plus and minus indi-

cate no parity change and parity change, respectively.

Forbiddenness Allowed First Second Third Fourth nth

Parity change + - + — + (=)~

Spin change |J;—J| 0,1 0,1,2 2,3 3,4 4,5 n, (n+1)
Matrix elements

‘.D?EOuu], MO0 % % £ 0008 011 022 033 044 Onn

ML u+1 0], ML ut+1lu+] 121 };(2)“ 143 154 165 1(n+2)(n+1)

Mluu], M1luux] 111 122 133 144 1nn

M u—1u], M1u—1u—] 101 112 123 134 145 1n(n+1)

MO uwup] 011 800 033 044 055 0(n41)(n+1)

22

ML u+1up] 110 121 132 143 154 1n+1) n

M1 wup] 111 122 133 144 155 1(n+1)(n+1)

Ml u—1up] 101 112 123 134 1n—1)n

No. of matrix elements 9 16 14 14 14 14

a There are no M[000 +Jand M[110 +17.

function involved as an integrand, namely the spherical
Bessel function of the order w. The argument of the
spherical Bessel function j.,(gr) is roughly 1 or 2 at the
nuclear radius for light or medium nuclei. Consulting
the values of 7, (¢7)’s in the numerical tables of spherical
Bessel functions® in the range of gr=0—2, we conclude
that

Jut2(g) S (1071~1072) X ju(gr). (50)
This leads to
WMLk w+2 o' ]S 3X102M[ % w u ],
ML w+2 4 £])S3IXI072IM[kw u £,
MLew+2 4 p1S3IXI0MEwup]  (S1)

Here #' may or may not be equal to #. The above ap-
proximation may not hold in heavy nuclei because of the
large nuclear radius. Also the atomic number of the
nucleus becomes large, and consequently, the neglect of
F_, is not justified. Thus, the theory will be more com-
plicated, as seen in Sec. 5. For the nuclear matrix ele-
ments involving p, N[k w %], which represents the
relativistic correction, we have

(/MM kwu pl~(p/M)Mkwn],  (52)

with p/M~uv/c~107%, where the p and v are the nucleon
momentum and its velocity in the nucleus. Taking these
relative magnitudes of the nuclear matrix elements into
account, we obtain the classification shown in Table III.
Another relation for the nuclear matrix elements is

Mk wu—|=IN[kwu], (53)

because the second term in the integrand is very small
compared with the first (see Table IT). But [ % w u+ ]
is different from Y[ % w %] because the two terms in the
integrand (see also Table II) have almost the same
magnitude.

2 E.g., see National Bureau of Standards. Tables of Spherical
Bessel Functions (Columbia University Press, New York, 1947).

Since we have no cross term between two nuclear
matrix elements with different #’s, the contribution of
the (#+2)th forbiddenness to the #th forbiddenness is
very small and of the order of 0.19, or less. This means
that the daughter nucleus of the muon capture reaction
goes mostly to states which have |J;—J;| =0, 1 without
parity change, or |J;—J;| =0, 1, 2 with parity change,
in the low Z region.

So far we have assumed K orbit capture and neg-
lected the small component of the muon wave function
F_;. When more exact muon wave function is used, the
above classification into forbiddenness still holds. In the
theory of orbital electron capture or beta decay, the
quantum number &’ for the initial lepton state is not
restricted to —1 only. In the conventional theories of
beta decay™™'2 and orbital capture,?*? all quantities are
expanded in powers of (q-+p.) - r, which is of the order of
0.01. Therefore, the lowest term in this expansion is
always dominant and the higher terms are negligible.
However, if (q+p.)-r becomes of the order of 0.1, e.g.,
in the case of beta decays of B2 and N2, we must take
higher order terms, too.® This has been done by one of
the authors.?? The present formalism of muon capture
has a close analogy to the theory of beta decay with
higher order corrections, but the difference in the
classification of the reduced nuclear matrix elements is
shown in Table IV. As is seen there, the classification of
nuclear matrix elements in muon capture is made by the
third number # (the tensorial rank), in beta decay
theories by the second number w.

8. EXPLICIT FORMULAS FOR THE
MUON CAPTURE RATE
According to the definition discussed in the last sec-
tion, the muon capture rate will be given for each

% S, R. de Groot and H. A. Tolhoek, Physica 16, 456 (1950).
2 H. Brysk and M. E. Rose, Oak Ridge National Laboratory
Report ORNL-1830, 1955 (unpublished).
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TaBLE IV. Comparison of the theory of muon capture and that
of beta decay or orbital electron capture. The reduced nuclear
matrix elements are classified according to forbiddenness in each
theory. In the table, “the #th” means the nth forbidden transition,
etc. T means that the relevant nuclear matrix element is neglected,
being regarded as a small quantity. Two exceptions are mentioned
at the bottom of the table.

Theory of beta decay or
orbital electron capture

With higher Without
Theory of order higher order
Matrix elements muon capture correctionb correction

MO nn], MO~ the nth the nth the nth
ML wn—1], 972[1 nn 1 41 the (n—2)ths the nth o
ML nnl, M1 nn ] the nth the nth the nth
Minn+1], M1 nnt1 —] thenth the nth the nth
MOnnpl, the (n —1)tha the (n41)th fe
MAnn—1p] the (n —1)th  the (n+1)th T
Mlinnp] the (n —1)th  the (n+4+1)th
M1 nn+1p] the (n+1)th  the (n+1)th the (z+41)th

a M[110]and 9]3[0 00 p] are in the first forbidden transition.

b See reference 2

o M[110] and SREO 00 p] are in the first forbidden transition and
included.

forbiddenness. In the calculation of Eq. (46), we neglect
all terms of order (p/2M)? except for Cp?, which would
be large compared with the other coupling constants.
For J,7#0 the result depends on the assumption that the

M. MORITA AND A. FU]JII

hyperfine states of the u-mesonic atom are statistically
populated.?® This effect of the hyperfine splitting is
omitted. We also adopt the muon wave function, Eq.
(44), for the point nucleus in the approximation aZ<1,
which neglects the small component F_;.2* We abbrevi-
ateN[k w »] by [k w u] etc., to save space. This should
lead to no confusion. These nuclear matrix elements can
be evaluated from their definitions in Table III. Ex-
amples are shown for muon capture by C2 in the
Appendix.
The muon capture rate is given by

W=8Py(aZm, V[ (2T ;+1)/(2T+1)]
X[1—g(m,+AM)7]g%,  (54)
with
2P0= P,

and f=c=m.=1. (55)

Here m, and m,’ are the muon mass and its reduced
mass in the parent u-mesonic atom, respectively. The
neutrino momentum ¢ is given by Eq. (43). For a given
order of forbiddenness, only those reduced nuclear
matrix elements for which J;+J,;>u>|J;—J,| actu-
ally should be included. The P, for each forbiddenness
is:

I. Allowed Transition
Po=Cy?[00 0+1C4([1 0 1412 11)+Cy2g M[000][000 —]—2CsCrqM (14— p)
X(2101]-[121D 2101 —=]—-[121 4+ +3Ca(Ca—Cp)gM (10 1]+2[121])
X([101—-14+2[121+])—G)2CM[000][110 p]— (H}¥CLCvM(21[101]-[121][111p]

+2CM([10 10421210 1 1 p1+ (Crg/6M)>([10 1 — 42121 + )2

(56)

II. First Forbidden Transition

Po=Cy{0 1 1P4+3CA([(110P+H[1 1 1P+H[1 1 2P+[13 2P)+3Cv2 M [0117(2[011 —]4+[011+])
+F3@ICV M (At u,—p)[011J(—[1 11 =J+[1 11 +D+3(3)CaCrgM[1 1 1]
X[011=1-[0114+])—3CaCrgM(14p,—p){3[1 11111 =]+2[111+])
+iG3112]-2132])@3112 —]-21324+1)}+(1/15)Ca(Ca—Cr)gM{(2}[112]+3}[132])
X112 =J+3132+D+5[110J[110+1}—2Cyv*M[011]([101 p]+2:[121 p])
+3CACyM{(H111JQ101 p]—[121 p D+ B} (—3[112]+2[132])[122p]}
+@RCAMH{[110]000 p]+ (521 12]+3[132])[022 p]}

+(1/60) (Cpg/M)*{5[110 + P+ (2112 —]+3i[132+D3}.

7

III. The nth Forbidden Transition

Py=Cy[0 n n P+3C2([1 nnP+[1 nut+124[1 n4+2 n+-119)4 Cu+1)Cv?qM [0 n n]
X (1[0 7 + T+ (n+ D0 1 1 — T+ Ln(n+1)/3T@n-+1)Cr2gM= (14— )0 2 ]
X(—=[nr—=1+1nn+)+[nrmt+1)/3PCr+1)"CaCrgM [1nn]([0nn —]—[0nn+])
—3CACrgM 1y pe) (@171 0w} (n[1 11 = T4 (e DL 2 1+ Ty Q-3
X{(n+2)[1 7 n+1]— (- DL 042 0+ 1B (42 1m0+ 1 — = (b DI n+-2 b1 +73)
+12n+3)1Ca(Ca—Cp)gM{ (n+1)}[1 n n+11+ (n+2)}[1 n+2 n4-17}
X{nE D1 n0+1 — T+ (F 21 a2 n+-1 + 1) —2[32n+1) TACr M0 0 ]
X{n1 n—1n pl+ @+1){1 n4+1 5 p1}+ECCrM((2n+3)H— (n+2) 1 % n+1]
+ (1)1 2+2 11 #4121 p14+Cu+1)"1 n 2]{(n+ 1)1 n—1n pl—n[l n+1n p]})
+2[32n+3) T C2M Y (n+ 1)1 n n+1]4+ (n+2)Y[1 n4+2 n4+17}[0 n+1 n+1 p]

15 2n4-3)"U(Crg/ M)} (n+1) 1 nn+1 =]+ (n+2) 1 n+2 n+1 +7}2

(58)

% E. g., see, J. Bernstein, T. D. Lee, C. N. Yang, and H. Primakoff, Phys. Rev. 111, 313 (1958).
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9. BETA DECAY AS THE INVERSE PROCESS
OF MUON CAPTURE

The transition rate of beta decay from the state J; to
the state J;, considered as the inverse nuclear process of
the muon capture, can be expressed by

Ws= (8/) f PosF(Z, )

X(Wo—W)Y2WpdW[(2J:4+1)/(2T /+1)]. (59)
Here p., W, and W, are the electron momentum, its
energy and its maximum energy, respectively. F(Z,W)
is the Fermi function. Pyg is given by a formula familiar
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to Py given in the last section. It is called the correction
factor of the beta-ray spectrum, and can be expressed by
the already publishe formulas as follows:

167!'2Po,9= Z dLL(O)
L
=3 (=)(2L+1)"t1.® of references?®® (61)
L

of references?”2® (60)

=C[(27;4+1)/(2T +1)] of references®-32, (62)

Here, it should be noticed that the reduced nuclear
matrix element is defined in the transition J;— J; for
beta decay, while J; — J; for muon capture.

The transition rates of muon capture and beta decay
the relation,

Weg Wo
f PogF (Z, W) (Wo— W)W p AW
1

For the allowed transition, we have

We= (2r*) 7 f(Z,Wo)[CvDE(1)+C2M(0) L (27 41)/ (27 /41)]

sl 1) rer( )]

= (8/m) f(Z,Wo)(Cv*[0 0 018 +3C42[1 0 1] (27 4-1)/ (2T ;41)],

W w(@Zmy PP 1—q(m,+AM)™] 727 44+1 )2

(63)
27 :+1

(64)

(65)

(66)

in the notation of references 27 to 30, of references 31 and 32, and of the present work, respectively. Therefore, the
muon capture rate is given in terms of the beta decay transition rate as®

7 (aZmy/ ) Pog’[1—g(mu+AM)™] (ZJ 1y (67)
"1(Z,W o) (Cv?[0 0 0]#-+3C[1 0 175) 2J,-+1) ’
with
Po=[Eq. (56)],
and
[£0 RIL 2T+ 1)/ (2T A1) 1= (k0] with g=m,'=0)

for both =0 and 1. Here f(Z,W,) is the integrated [101 —J=— @)t [(1—2\)e 4
Fermi function. —{5— O+ (4/35N3 ]=—0.135, (69)

10. EXAMPLE: MUON CAPTURE RATE BY C:

We calculate the muon capture rate in the transition
from the ground state of C®2 to that of B2 Since the
spin and parity changes are 0; — 1, this is an allowed
transition. The relevant nuclear matrix elements are
[101],[101 -7, [121], 12147, [0115], and
[111 p]. The transition rate W is given in terms of the
well known transition rate of the beta decay B2 — C2,
The nuclear matrix elements are evaluated for the j-5
coupling shell model with the harmonic oscillator wave
functions. The detailed calculation of the reduced
matrix elements is given in the appendix. The results are

[101]=— @) [A—BN)e

— (1= 462" ]=—0.138, (68)

2 Square terms of the interactions, see M. Yamada and M.
Morita, Progr. Theoret. Phys. (Kyoto) 8, 431 (1952).

28 Cross terms among interactions, M. Morita, Progr. Theoret.
Phys. (Kyoto) 10, 363 (1953), and Y. Kato and M. Morita, Progr.
’(I’llé%osr;et. Phys. (Kyoto) 13, 276 (1955) with errata, ibid. 14, 174

2 M. Morita, Progr. Theoret. Phys. (Kyoto) 14, 27 (1955) and
15, 445 (1956).

3% M. Morita and R. S. Morita, Phys. Rev. 109, 2048 (1958).

3 Square terms of the interactions, see E. J. Konopinski and
G. E. Uhlenbeck, Phys. Rev. 60, 308 (1941). There is a misprint,
in Cay, the second line of the page 315. $K3(2L,+M,) should be
read as 3K2(2L,+M,).

# Cross terms among interactions, see A. M. Smith, Phys. Rev.
82, 955 (1951). ‘

38 This is apparently different from Eq. (10) of reference 7, in the
power of the statistical weight of spins. This comes, however, from
the difference of the definition in the reduced nuclear matrix
elements. Taking this into account, our Eq. (63) for the allowed
transition is equal to Eq. (10) of reference 7.
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-

o

L E

F16. 1. Calculated transition rate

for the muon capture reaction be-
tween the ground states of C!2 and
B2 versus Cp/Ca. Cp and C4 are

the coupling constants of the
induced pseudoscalar and axial
vector interactions. In the figure,
Exp. I and II refer to the experi-
mental data b and ¢ given in
Table V.

EXP. O

w(c'%»8'3) IN UNITS OF 10° SEC
(¢4 ~
0
7
Q,k\

1
o]
(o]
o]

=)
N
Py

[121]=@)}@m) (e

— (I —(2/35)M2} ]=0.00482, (70)
[121+]=@*@m)"[ire
4 (=3 (1/14)X2 ]=0.00584, (71)
[011p]=(3)}(g/2m)[F(1—TeN)e*
—{1—2\ 4 (1/14)22} ]=0.00575M, (72)
[111p]=(3)}(g/2m) 5
— {3 =2+ (1/70)A2) ]=0.003014, (73)
with
A=%p’¢’=¢"/a,
and
¢=(8/3)aZm)’ (wa)~t= (8/3)aZ(m,'/q) \/m)}. (74)

Here p is the root mean square value of the nuclear
radius. We use the following experimental values’:

p=2.52X10"% cm,

g=91.4 Mev/c, 75)
Wp=33.15sec? for B2— C¥
f(Z,W)=35.625X105 for B2— C2
For the coupling constants, we assume’
C4f=—1.21Cv5,
Cy=0.972Cv*, (76)
C4=0.999C 45.

Here the coupling constants with the superscript 8 refer
to beta decay.

Using Egs. (56), (67), and (68)—-(76), the muon cap-
ture rate by C' is calculated for different assumptions
regarding conserved vector current (see also Fig. 1):
I. (up—pa) term included.

W=6.284-0.00481[ (Cp/C4)—21.2T.  (77)

32 40

II. (up—ms) term omitted.

W=4.8440.00481[ (Cp/C)—21.2T.  (78)

Here W are given in units of 10% sec.
Our calculation should coincide with that of Primakoff®
and Fujii and Primakoff,” if we replace in Eq. (56):
[101~] by [101],
(12147 by [121],
[011p] and [111p] by zero,

((101]2#12172 by ((101P+[121P).

(79)

TaBLE V. Theoretical and experimental transition rates for the
muon capture reaction between the ground states of C2 and B2,

The last column gives the ratio of our value to that of Fujii and
Primakoft.»

w(C2 — B2) in 108 sec™?

Present Fujii and
Cp/Ca  (up—pn) terms work Primakoff Ratio
8 included 7.12 7.86 0.91
8 omitted 5.68 6.34 0.90
-8 included 10.39 11.80 0.88
-8 omitted 8.95 10.25 0.87
9.05£0.95
9.18+0.5¢
Experiments 6.6 +1.1d
6.8 1.5
5.9 +1.5¢

s See references 6 and 7.

b F. B. Harrison, H. V. Argo, H. B. Kruse, and A. D. McGuire, Gatlin-
burg Conference on Weak Interactions, Gatlinburg, Tennessee, October,
1958 (unpublished), paper S4.

©J. O. Burgman, J. Fischer, E. Leontic, A. Lundby, R. Meunier, J. P.
Stroot, and J. D. Teja, Phys. Rev. Letters 1, 469 (1958).

4 J. G. Fetkovich, T. H. Fields, and R. L. McIlwain, Bull. Am. Phys.
Soc. 4, 81 (1959).

eW. A. Love, S. Marder, I. Nadelhaft, R. T, Siegel, and A. E. Taylor,
Bull. Am. Phys. Soc. 4, 81 (1959).

tT. N. K. Godfrey, Ph.D. thesis, Princeton University, 1954 (unpub-
lished) and Phys. Rev. 92, 512 (1953).
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This hasalso been checked in the numerical calculation.3
Our values for the muon capture rate are 9-13%, less
than those of references 6 and 7 (see Table V).

As is seen in Fig. 1, the same transition rate often
arises from more than one set of parameters. The
inaccuracy involved in the nuclear wave functions brings
a further complication.?
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APPENDIX. EVALUATION OF REDUCED NUCLEAR
MATRIX ELEMENTS IN MUON CAPTURE BY C®2

By definition, Eq. (38), the reduced nuclear matrix
elements, [171], etc., in the muon capture by C* are

([171], etc.)(010 M|1 M)

= f Ut(B®)

8
>< Z e—aZm,"Ta(bsT__’U(Clz)drldr2' : 'drS' (AI)

s=1

Here &, is given in Table IT. We assume the j—j coupling
shell model and the harmonic oscillator wave functions.
The four nucleons in the 1s shell are assumed to be inert
during the ground state to ground state transition. As is
given in reference 7, the nuclear wave function of C* in
the standard notation is

# M. E. Rose and R. H. Good, Jr., Ann. Phys. 9, 211 (1960).
They gave a formula for the angular distribution of recoils from
muon capture in 0 — J transitions. Equation (20) in their paper is
consistent with our Py’s, if we adopt the assumption Eq. (79),
except for its fourth line. Without this assumption, a formula has
been given by D. Greenberg and one of the present authors
(M.M.), the second part of the present paper.

35 Using our nuclear wave functions of C and B2, Egs. (A2) and
(A3), the transition rate, Eq. (65), of beta decay B2 — C? is
calculated, Wg theory =159 sec’. This is 4.8 times larger than its
experimental value, Eq. (75). This inaccuracy of wave functions
is almost cancelled in the ratio of W Wpg, as is seen in Fig. 1. It is,
however, difficult to estimate the limit of error due to the crudeness
of nuclear wave functions. L. Wolfenstein, Nuovo cimento 13, 319
(1959) did a similar calculation of the muon capture rate in C*?
which has been called to our attention after completion of our
work. The result agrees with ours. There, the errors involved in
the calculated transition rates due to the inaccuracy of the nuclear
wave functions are estimated as roughly 20-30%,.
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U,, oo,o(clz)
=ENX X G§m-—m|00)
m r3=+}
X273W3,3™73(2,3,- - - 8) X5 (1) oy 7(1). (A2)
The nuclear wave function of B is
Uy, M-1(BY)
=ENX X er(3imM—m|1 M)
P m
XWi,™3(2,3,- - - 8) XM (1) ey H(1). (A3)

Here P means the replacement of a memberin (2,3, - -,8)
by 1. ep is the sign due to this permutation.

Inserting (A2) and (A3) into (Al) and integrating
over the 3X (8—1) dimensions, the result is

([121], etc)
=2 (=G imM—m|1 M)

XfX%M—mTe—aZm#'KIJX;_mdL (A4)
Here

Xjm=¢ L (15 m—pu|j myYmr(#). (AS)

The ¢ is the oscillator potential wave function in the 1p
state,

¢=Nrexp(—ar?/2) with N2=(8/3)rla}. (A6)
Inserting (A5) into (A4), we have, e.g., for [111p]:
[1115]

=X T (<) m M —m{ 1))

XA1M M=M'|1 M)A 3 M—m—pp|s M—m)

XA 5 —m—p'u'|§ —m)
X f [T 2 ms(2)8 T () omnT 201 (7)

XD (W) Vi (7) ¢ 1rPdrdQ.  (AT)

Summing over all magnetic quantum numbers except

for M, (A7) becomes

[111p]=—3 71.2-4.3(21+1)(1100|10)
l
XWA111,ID)W(1313,31)

X f e—=amirjy(qr) (Dp)r*dr, (AS)
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with
d 1
De=@i(=—-),
p=o, "7 (A9)
1=0,
a 2
Do=—(—+—).
dr r
Similarly,

[011p]=3 «1-34(21+1)(?100|10)
l
XWE134L,350F

X f o7ty (qr) (Dig)rdr. (A10)

M. MORITA AND A. FUJII

[171]=—="1.3[3(2+ 1)

111
X@100[10) |3 1 %
1 1 1
2 2

XJ ¢Ze—a2mﬂ'rjl(qr)72dr. (All)

Integrating over radial coordinate, we have the results
given in (68)-(73) of Sec. 10.
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Application of Dispersion Relations to K,; and K,; Decays*{
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The decay modes, K.s and K, are studied by means of a dispersion relation. It is assumed that the funda-
mental couplings involved are the strong pion and K-meson couplings to the baryons and a weak four-field
coupling connecting nucleon, hyperon, and the lepton pair. The baryon-antibaryon pair contribution to
the absorptive part of the decay amplitude is expressed in terms of the imaginary part of the pion propagator
in the same approximation. The decay rate is determined in terms of the various coupling constants and
the quantity Z which renormalizes the pion propagator. Comparison with experiment is made for the case
g.2/gx?=15. The results are consistent with a hyperon leptonic decay coupling constant an order of magni-

tude less than the beta-decay strength.

1. INTRODUCTION

T is not known whether four-Fermi forms are
appropriate to represent the fundamental weak
interactions. However, many authors! have suggested
various weak couplings of the form Lweax=2MNJ,J, where
J,. consists of vector and axial-vector combinations of
various baryon and lepton pairs. So far evidence for a
universal coupling constant is found only in the strange-
ness conserving decays; present data on hyperon decays
into a nucleon plus leptons indicate that if nucleon-
hyperon terms are present in J,, they are present in a
reduced amount.?
Aside from the leptonic hyperon decays the most
direct evidence bearing on the strangeness noncon-
serving ‘“current” comes from the K+ — pyt-4», K+ — put

* Supported in part by the University of Wisconsin Com-
mittee with funds provided by the Wisconsin Alumni Research
Foundation.

t A portion of this work carried out at CERN while the author
was a National Science Foundation postdoctoral fellow.

1R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193
(1958); S. Okubo et al., Phys. Rev. 112, 665 (1958); J. Schwinger,
Ann. Phys. 2, 407 (1957).

2J. Leitner et al., Phys. Rev. Letters 3, 186 (1959); F. S.
Crawford ef al., Phys. Rev. Letters.1, 377 (1958); J. Orear et dl.,
Phys. Rev. Letters 1, 380 (1958).

+»+7° and K+ — et+v+7° decay modes, and the
similar K~ decay modes. The partial lifetimes for these
processes are fairly well known, and if it were possible
to connect them to the strength of a strangeness
violating Fermi interaction one would have an indica-
tion of the consistency of such a form.

In a perturbation calculation the divergence problem
renders this connection impossible. Either one must
choose a numerical value for a cutoff or one must
introduce counter-terms in the form of fundamental K
decay couplings for each process. Nevertheless there is
some hope that another calculation procedure could
avoid this problem; that in this case the divergence is
really a consequence of the perturbation expansion.

Recently Goldberger and Treiman® have used a
dispersion relation approach to the similar problem of
7 — u+v decay. An answer for the decay rate was
obtained in terms of the pi-nucleon and mu capture
coupling constants. The same method is applicable to
the K — p+v mode,* except that here the coupling
constants involved are unknown.

( 3M. L. Goldberger and S. B. Treiman, Phys. Rev. 110, 1178
1958).

4 B. Sakita, Phys. Rev. 114, 1650 (1959). C. H. Albright, Phys.
Rev. 115, 750 (1959).



