
FORBUSH DECREASE OF HEA VY NUCLEI IN COSM IC RAYS

change in the energy spectrum. The exponent of the
integral energy spectrum of S nuclei, obtained in this
experiment, over the range of energies from 0.23 to
9 Bev/nucleon is 1.78&0.24; this is, within limits of
experimental error, consistent with the values 1.54
~0.16' and 1.60~0.15" obtained in other experiments
for energy intervals above 1.5 Bev/nucleon. Similarly,
in the experiments of McDonald, ' " for o, particles of
energy between 0.28 and 0.9 Bev/nucleon, the exponent
in the integral energy spectrum is 1.5 (as calculated by

'R. Cester, A. Debenedetti, C. M. Garelli, B. Quassiati,
L. Tallone, and M. Vigone, Nuovo cimento 7, 371 (1958).

'e P. L. Jain, E.Lohrmann, and M. W. Teucher, Phys. Rev. 115,
654 (1959)."F. B. McDonald, Phys. Rev. 104, 1723 (1956).

us from his data) for the March 13, 1956 fhght and
1.4&0.2 for the July 7, 1955 flight.

We conclude, therefore, that there is evidence for a
large Forbush type of decrease in the intensity of the
heavy nuclei (Z&~6) of the primary cosmic radiation;
unfortunately, one can say very little about the energy
dependence of the decrease.
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Relativistic, fixed momentum-transfer dispersion relations are derived (but not proved) for pion scattering
from Z and h. particles and the processes m+3. ~~x+Z. Separate equations for the S- and P-wave amplitudes
are obtained under the assumptions that high-energy processes and baryon recoil may be neglected. The
P-wave equations are identical to those derived from Chew-Low theory for these processes. A brief discussion
is given of the behavior of the P-wave amplitudes under the assumption of global symmetry. It is pointed
out that the production of X—E pairs may play an important role in both the S- and P-wave equations.

sr+F-+ tr+F,
E+E-+ z.+F,
E+E~z+E,

(1a)

(1b)

(1c)

where the symbol F denotes either a Z or a A. hyperon.
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I. INTRODUCTION

' 'N recent years relativistic dispersion relations have
~ ~ become a useful tool in the theoretical investigation
of the pion-nucleon interaction. Dispersion relations
have also been applied to E meson-nucleon scattering, '
and there is every reason to believe that the dispersion
approach to the strong interactions involving strange
particles will become more and more useful as the
experimental data concerning these interactions becomes
more and more abundant.

VVe consider here the possible usefulness of the
dispersion approach to the following three types of
interactions involving systems of strangeness minus
one:

There is much evidence that the E—E—I' interaction
is somewhat weaker than the pion-nucleon interaction.
Qn the other hand, the binding of A. particles in nuclei
is most easily explained by the hypothesis that the
sr —Z —A interaction is comparable to the pion-nucleon
interaction. Hence it is probable that the pion-hyperon
interactions are somewhat stronger than the K—I'—X
interactions. Thus the relationships among the three
processes, (1a) through (1c), are analogous to those
among the following three processes: (a) pion-nucleon
scattering, (b) photopion production from nucleons,
and (c) photon-nucleon scattering. However, there are
two important points of difference between the (E,sr)
processes t Eq. (1)j and the corresponding (yp.)
processes mentioned above (besides the obvious
differences in mass, charge, and spin). First, the Z
interactions are not really weak as are the electro-
magnetic interactions. This nonweakness complicates
the relations between the amplitudes for the three
processes. For example, the m —F scattering amplitudes
may be affected appreciably by the E—F'—X interac-
tions. ' The second point of difference is that in the
reactions of Eq. (1) the total rest mass of the particles

' R. H. Dalitz and S.F.Tuan, Phys. Rev. Letters 2, 425 (1959).



594 R. H. CAPPS AN D M. NAUENBERG

II. THE DISPERSION RELATIONS

We assume that the strong interactions are charge
independent, and make the usual isotopic spin assign-
ments. It is further assumed that the Z and h. are spin ~~

particles of the same parity. For each diferent angular
momentum and parity state there are five different
pion-hyperon scattering amplitudes, corresponding to
x—Z scattering in states of total isotopic spin 2, 1,
and 0, x—h. scattering in the state I= j., and the
reaction s+h. —+ s.+Z in the state I= i. These ampli-
tudes are denoted by the symbols M2, Mjz, Mo, M~,
and M&z+, respectively. In order that the crossing
relations be expressible in simple form, it is convenient
to work with the following 6ve combinations of the
isotopic spin amplitudes,

M&'&= (7/12)Ms+srMtr, +rsMp,

M"'= (5/12)Ms —s'Mtg —~sMp,

M &"= —,'Ms+-s'Mrs,

M&4) =M,+,

Mi@=M

rsvp/V2.

(2)

o Michael Nauenberg, Phys. Rev. Letters 2, 351 (1959).
D. Amati, A. Stanghellini, and S. Vitale, Nuovo cimento

(to be publj~ed).

in the strong channel (or—F channel) is less than the
total rest mass of the particles in the other channel.
Because of this fact, the dispersion relations for
processes (1b) and (1c)necessarily involve an important
and bothersome unphysical region.

Despite these 4'&erences between the processes of
Eq. (1) and the corresponding (p,s) processes, we
believe that much can be learned from the analogy.
It is likely that the strong ~—F interaction leads to
one or more resonances in the x—I' scattering ampli-
tude similar to the low-energy pion-nucleon resonance,
and if such resonances exist, they will certainly be felt
in the inelastic processes

X+X +or+ Y. —

Because of the interconnections among the amplitudes
for processes (1a) through (ic), it is worthwhile to
derive the dispersion relations for pion-hyperon scatter-
ing, even though this process is not directly observable.
In this paper we write down (without proof) these
pion-hyperon dispersion relations for 6xed, arbitrary
values of the momentum transfer. In Sec. III we
derive approximate equations for the S- and P-wave
amplitudes by neglecting various recoil terms and
high-energy processes in the dispersion relations. The
P-wave equations are analogous to the Chew-Low
equations for pion-nucleon scattering; these have
previously been discussed by one of the authors, 3 and
by Amati, Stanghellini, and Vitale. A brief discussion
is given of the effects of the X—E channel on the
location of possible resonances in the m —Y system.

The amplitudes M&"& are simply related to amplitudes
for scattering in states of particular pion and hyperon
charge, i.e.,

M&»= r[M(~+Z+ ~ ~+Z+)+ M(~-Z+ ~-Z+)]
= -,'[M (s.tZ+; ortZ+)+M (s sZ+; s.sZ+)], (3a)

M&'&=-,'[M(or+Z+ or+Z+) —M(or-Z+ or-Z+)]
',i [M-(ortZ+; s.sZ+) —M (s.sZ+; ortZ+)], (3b)

M&@=M(sPZ+ ~oZ+)

M'4'=-'[M(7r+A or+4)+M(or-A s-A)]
,'[M(~-,X; ~,X)yM(~~; ~~)],

(3c)

(3d)

Mls) [M(s+Zo. or+go) M(or
—Zo s' go)]

',i[M—(s&Zo s.Qo) —M(s.sZo; s.&Ao)], (3e)

where M(il; u) is the amplitude for the production of
the state P from the state n. The states st, us, and oro

are de6ned by the equations, or+=2 &(ort+krs) and
7P 7f 30

The method of derivation of the dispersion relations
to be used here is essentially the same as that used for
other meson reactions by Capps and Takeda' and by
Jin'; hence only a brief sketch of the derivation is
given. As in references 5 and 6 no attempt is made to
prove the relations. The derivation makes use of
Heisenberg picture matrix elements of the pion current
operators, J~, J2, and J3, these operators are dered
by the equations

( '-u')4' (x)=-J (x)

where P is the pion Geld operator for pions of charge
state n in the Heisenberg picture. The form of J (x)
depends on the nature of the interaction; we assume the
pion-hyperon interaction Ha~i&tonian density B to
be of the form,

H(x) =Gs[Z(x)iygk(x)] y(x)+H.c.
—G.[Z()X v X(*)] ijl(*), (&)

where ys is anti-Hermitian, X and A(x) are the Geld

operators for the Z and h. particles, and the dot and
cross refer to scalar and vector products in charge
space of the isotopic spin vectors X, Z(x), and P. The
constants lrs and c are taken equal to one. (The global
symmetry model corresponds to the choice' Gz'=G&'—14 in this equation. ) The current J (x) may be
computed by the method of Low, and is given by

Jt(x) = —Gg(ZrjygA)+H. c.+iGs(ZsiyoZs
—XsiypZs)+his'pt —XiIl'pr, (6)

with similar equations for Js(x) and Js(x). The last
two terms result from renormalizations associated
with the pion mass and the pion-pion interaction,
respectively.

' R. H. Capps and Gyo Takeda, Phys. Rev. 103, 1877 (1956).
o Y. S. Jin, Nuovo cimento 12, 455 (1959).
r Murray Gell-Mann, Phys. R~ev. 106, 1296 (1957).
o F. E. Low, Phys. Rev. 97, 1392 (1955).



RELATIVISTIC PION —HYPERON DISPERSION RELATIONS 595

k= qo)hq '+vk„
(~2 tcs qs+ 62 o)2 gsq-2) $

(7a)

(7b)

where v is a unit vector perpendicular to q. The perpen-
dicular momentum k& is defined for nonphysical
energies by analytic continuation in the upper half
co plane. For real values of co in the unphysical region
o)'&(ps+q' —P)/(1 —Pq ') k, is imaginary, but k,
satisles the relation kc*(—o))= —kc(o)) for all real o).

It may be shown by well-known methods that the
amplitude for the reaction )r +F,~s.t&+Fs, as a
function of q, o) and v, the initial spin state f„and the
6nal spin state fs, may be expressed in terms of the
commutators of the meson current operators, i.e.,

M(Fs)rt&, F,)r: co,q, v f')„f,)
's

=i2rr'(E;E//r&s, mg)i I &Ecx e—'s*

X (A(q, f's) le(t) Ljet(lx), &.(—lx)]
—~(t)P~t(-:x) &-(—l*)]l&.(—q f.)) (8)

where kx is the four-dimensional scalar product k x
o)t, ))(t) is unity for t)—0 and zero for t &0, and it, and

i4 represent the Heisenberg state vectors of the initial
and 6nal baryon. The normalization is that of reference
5. The term involving )&&) is energy independent and will
not enter into the dispersion relations if the proper
subtractions are made; hence we will consistently
disregard this term. 'e Equation (8) def&nes the "causal"
amplitude for real values of the momentum-transfer
and arbitrary values of the energy co in the upper half
complex plane. The dispersion relations result from the

' These equations are equivalent to Eq. (2.5) of reference 6.
'o A discussion of this term is given for the analogous case of

pion nuclear scattering by M. L. Goldberger, Phys. Rev. 99,
9/9 (1955).

The four momenta of the initial pion, initial hyperon,
final pion, and final hyperon are denoted by the
symbols, k,= (k;,o),), p,= (p;,E,), k/

——(kf,o)/) and p/= (p/, E/), respectively. We write the dispersion
relations in the Breit-I.orentz system, de6ned as the
system in which the three momenta of the initial and
6nal hyperon are equal and opposite. We denote -', the
three momentum-transfer by q, and the average
meson energy and three-momentum by o) and k, i.e.,

q= p/= —p'= l(k —k/),

cd=-,'(c0,+ o)/), k=-', (k,+k/).

We define the quantity 8 by the equation

)8=-'(Er—E )=-'L(m/'+q') —(m'+q') ]
where m; and mf are the masses of the initial and 6nal
hyperons. This energy diGerence vanishes, of course,
for the elastic processes. The average pion momentum
k is related to co and q by the equations'

D=im (E;E//m, mf)i dcx e cs L2)t(t) —1]

XQ (q,i ) IPet(lx), ~-(—'x)]lc'( —
q, i'.)), (»)

iA=ir& (E,E///rl, mg)i ~ dcx e cs*

XQ~(q, f s) II:~et(sx), ~-(—sx)]14-(—q, f')) (9b)

The casual amplitude may be written as a sum of
spin independent and spin dependent amplitudes in
the Breit system, i.e.,

M= M&v (o),q') I+2iMe(o), q') &r qXkc, . (10)

where it is implied that the matrix elements in spin
space of the unit operator I and Pauli spin operator cr

are to be taken. The form of Eq. (10) follows from the
invariance of the amplitude to three-dimensional
rotations and reflections Lnote from Eqs. (7) that the
scalars k' and it q are functions of the energy and of q'].

A. Dispersion Relations fox the Elastic
Scattering Amplitudes

In this section we treat the elastic scattering process
involved in the amplitudes M"' through M&'&, LEqs.
(Ba) through (3d)]; the more complicated a+4 ~ s.+Z
process M&'& is treated in Sec.IIB.The subscripts cr and P
in Eq. (8) are chosen to refer to pions in the states 1, 2, or
3; hence the current operators J and Jp are Hermitian.
We derive the crossing relation by making use of the
Hermitian property of the operator iLJ (rsx), Je(—srx)].
For any amplitude in which the initial and 6nal
hyperons are the same, it may be shown from Eq. (8)
that the crossing relation is

M ('lrt&) s)):o))q)v)le)f &))

=M()rt), s. .'—o), —q, v, f's, f ) (11).
This equation implies that the amplitudes M'") de6ned
in Eqs. (3a) through (3d) satisfy the simple crossing
relations,

M&"&*(o),q, vf'„f's)=egM&"&(—co, —q, v, is, i,), (12)

where
~q=1 for ) =1, 3, or 4,

e),= —1 for X=2.

From Eq. (12) and the relation k(o)) = —k*(—o)) it is
seen that the spin-independent and spin-dependent

assumption that this amplitude, divided by a suitable
polynomial in the energy, is analytic and bounded in
the upper half energy plane.

In the usual manner we define the dispersive and
absorptive parts of M (D and A) by writing the step
function )&(t) as a sum of an odd and an even function,
c.e.,
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amplitudes defined in Eq. (10) satisfy the relations

M~~"&*(co q') = e&,M~&"& (—a),q'),

Ms&"'*(~,q') = —ejf s&"(—~,q') (13)

It may be shown that the dispersive parts (D) of the
spin-independent and spin-dependent amplitudes are
real, and the absorptive parts (iA) are imaginary; the
proof of this is identical to that in reference 5 and will
not be given here.

The form of the dispersion relations depends upon
the behavior of the amplitude SAN or Mz as the energy
approaches infinity along the real axis. If the integral
J""I&I'd~ exists, where n is any real energy, one may
derive relations of the "unsubtracted" type. For each
amplitude that satisfies the symmetry condition
M*(co)=M(—cu) one integrates the function m'3f(&o')/

(&P—&o') around a contour including the real ~' axis
and a semicircle of infinite radius in the upper-half co

plane; for each amplitude that satisfies the condition
M*(cu) = —M( —co), one integrates the function coM(~')/
(co"—oP) around the same contour. The results of such
a procedure are

1 1" ( 1 eg

D~(&(~q) —P
I

+
7I 'I 0 (CO CO 07 +(d)

XAx~"&(a)', q')da)', (14a)

XAso'&(~', q')d~', (14b)

where the symbol I' denotes the principal part of the
integral. We assume that the spin-dependent amplitudes
satisfy these unsubtracted relations. However, it is
unlit. ely that all the spin-independent amplitudes are
convergent enough to satisfy equations of this type, so
that some subtraction procedure must be performed in
order to derive correct dispersion relations. One
possible subtraction procedure is that used in reference
5, and results in a dispersion relation for D~(coq, q')

D~(a&2, q'). An—alternate procedure is to derive
equations for D&(ar, qP) —D&(~,q,'); if this procedure
is used one may simply subtract two equations of the
type, Eq. (14a), to obtain the result. For simplicity
we will write only the unsubtracted dispersion relations
in this section; in the discussion of applications (Sec.
III), the modifications resulting from appropriate
subtraction procedures are described.

The contributions to the dispersion relations from
the unphysical region co( (p'+q') & are more complicated
than in the pion-nucleon scattering case. The unphysical
region may be investigated by expanding the products
of current operators in Eq. (9b) in terms of intermediate
states. There are two types of terms from the unphysical
region. First, there is the contribution to the dispersion
integral from intermediate continuum states; the lower

limit co of this contribution is determined by the
intermediate states of type h.+z, and is given by the
formula

(u.= (mg' m—,2+2gmJ, 2q—')/(2E, ), (15)

where m; is the mass of the initial (or final) hyperon.
The value of the absorptive amplitude in this unphysical
continuum region must be determined by analytic
continuation in the upper half energy plane from the
physical region. The unphysical continuum vanishes
only for m —A elastic scattering when g'=0.

The second type contribution associated with the
unphysical region are the poles corresponding to the
single particle intermediate states Z and A.. The energy
co~ of a pole in the m —I"; scattering amplitude corre-
sponding to the intermediate hyperon I" is given by
the formula

at, = IQ;. I,
Q;,= (m„' mP—p' —2q'—)/(2E;) . (16)

The residues of the pole terms may be determined by
the method used in references 1, 5, and 6. These
residues depend on the Heisenberg picture matrix
elements of the pion current operator given in Eq. (6).
The symmetry properties of the meson current and of
the real baryon states under Lorentz transformations
and rotations in charge space may be used to show that
the residues may be calculated by using Born approxi-
mation and replacing the unrenormalized coupling
constants by renormalized ones.

If the Born approximation terms (real hyperon
terms) are evaluated in Eq. (14), and the absorption
integrals are cut o8 at the lower limit of the continuum,
the dispersion relations for the eight elastic amplitudes
may be written in the form

The Born approximation terms B~'"~ and 88&~~ are
given by the expressions,

( Qzz ) ( Qzg
&N"'=2Gz'I Iqzz+2a'I Iqzk,(~'—Qzz') & aP Qzg')—

ca i t' co
a~&'&= —laz'I -- I(&zz —-'G~'I IQz~

Qzz' J — (co' —Q 'i

XAs&"&(u', q')d~', (17a)

1 t'" ( 1
Ds'"'( q') =&s'"'(~,q')+ P

7I Ij i' GD N +Mi

XAs'"&(~', q')d~' (1&b)
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Bs&'& =Gz (Zzz,
(o& Qzz )

( f)sz
&z &4& =R') )Qsz,

to& Qgz )

&a&"=G~'~ ~Az.
(
( &A& Qgz

where the 0; are given by Eq. (16); The quantities Q
and R are the following functions of momentum
transfer and the particle masses,

Q*-=
E~+m, q''

m,z,—r,„+ (~,z,+r,„),
2m, s (E;+m,)'

E; =1/2nz;s,

I';„=-,' (m;s+&vs„'—p').

(19)

If only terms of lowest order in o&/nz;, q/m;, and
(m„—m, )/m; are considered, the expressions for Q
and R are simplified to the following forms,

Q;n=-,'L—(m;—rN )'+p'+2q']/m'
R;,= 1/(2', s).

(20)

We shall make no attempt to prove these relations,
or to determine for what range of momentum transfer
the relations are valid. Only small values of q' are
considered in deriving the 5- and P-wave equations
of Sec. III.

B. Dispersion Relations for the Inelastic
Amplitude M(')

The derivation of the crossing relation is more
complicated in the case of the inelastic amplitude M('&.

If one follows the procedure used to derive the crossing
relation, Eq. (11) of Sec. A, the result for the inelastic

amplitude M(~&Z', s.&') is

M*(xtZs; s sh. :o&,q, v,fz,fs)
=M (s &A; s sZs: —

o&,
—q, v, t s, f'z) . (21)

Since the order of the hyperons in this equation is
reversed, it is convenient to de6ne the amplitude M('")
which is the reversed amplitude to that of Eq. (3e), i.e.,

M&'"'=-'$M(s. +A s-+Z') —M(~ A z Z'))
=-', st M(s&A; ms'') —M(msA; s.,Z')).

The spin-independent and spin-dependent amplitudes

( f)zz ), ( f)zs
I4"&= —lGz'I l~zz —sG~'I l&zs,

(o& Qzz J (o& Qzs )
(lg)

( Qzz
P &»=Gzs~ [Qzz,

(o& Qzz )

for M&'& and M&' "& are defined by Eq. (10).The crossing
relation of Eq. (21), together with the relation k~*(o&)
=—k&(—a&) implies that Mz&s& and MB&s& satisfy the
equations

M&v&'&*(o& q') = —M&v&' "&(—o& q')

Ms&s&~ (o&,qs) =M s&s "& (—o&, qs).

(22a)

(22b)

Because 3f(5~ and M('"& refer to di6'erent processes,
a further symmetry property of the amplitude is
needed. We will derive the needed symmetry property
by investigating the behavior of the causal amplitude
under Wigner time reversal, working in a representation
in which the pions are in states of definite charge (+
or —) rather than in the linear combinations of these
states denoted by the indices 1 and 2. The behavior of
the pion held operators under time reversal is given by
the equation,

2'~+(1)2-'=~+( ~); -2'~ (1)2-'=-~*~-(-1),

where g is a complex number of unit magnitude, and T
is the Wigner time reversal operator that does rot
take a particle into its antiparticle or reQect the space
axes." Since the operators ' and p' are invariant
under time reversal, the time-reversal properties of the
current operators J~(x) are the same as those of
p~(x). These relations, together with .the property
J+(x)=$J (x)jt, imply that the matrix elements of
J~ satisfy the relation

(.l~+(1)1»=.*(b l~ (-1)I;)
where a" and b" are the time-reversed states to u and b.
If this equation is applied to the current operators in
Eq. (8), it may be shown that the causal amplitude
satis6es the following time-reversal property,

M (vr+Z'; v+3:o&,q, v, t'z, .f g)
=M (s ~h. ; s.+Z': &0, q, —v, fs", t'z"), (23)

where the upper signs go together, and the lower signs
go together. Equation (23) implies that M&v&'& and
MB(5) are identical to the corresponding reversed
amplitudes, i.e.,

M~&s& =M&v&"&, Ms&'& =Ms&' '&. (24)

Finally we combine Eqs. (22) and (24) to deduce the
following symmetry of the inelastic amplitudes:

M~&'&*(o& q') = —M&v&" (—o& q')

Ms "*(o&q )=Ms s (—o& q ) (»)
The procedure of reference 5 may be used to show that
D~(@ and Dg(@ are real, and iAN&'& and iAg&'& are
imaginary.

Since the amplitude M&(" satisfies the odd symmetry
condition, the unsubtracted dispersion relations for this
amplitude are those of Eqs. (14) with eq

———1. The
lower limit of the unphysical continuum is again

"These equations are equivalent to Eq. (1) of T. D. Lee,
R. Oehme, and C.¹Yang, Phys. Rev. 106, 340 (1957).
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ppp' ——[II'!,
II'= (EzB ,'p' q'—)/—E.— (2't)

The calculation of the Born term is done in the same
manner as that discussed in Sec. II A. The resulting
dispersion relations for the mA ~~ wZ process are

D&&P& (p&,q ) = —G&Gz(p&/(p& —II'P))Q'

determined by intermediate states of the type A+s,
and corresponds to the energy value

pp
'=

(mj&tl. Eg—8 q')—/E. (26)

We use here the symbols E~ and E~ to represent the
hyperon energies, rather than E; and Ef, so that the
formulas are valid for the amplitude M&' "& as well as
for M&@. The symbol E denotes the average of E~ and

Only the real Z state contributes to the Born approxi-
mation term. The energy at which the Born approxima-
tion pole occurs is given by

obtained easily by evaluating the two scalars, (p;—py)'
and —(k;+k~) (p;+pf) in the two systems. The resulting
relations are

qp —P=', (—&p,p+p&;, ,p&f, ,—k;, kt, ,), (31)

4ppE= 2W '—m z—mt' —2p' —4(q' —b') (32)

where the index c denotes a center-of-mass system
variable, and 8', is the total energy in the center-of-mass
system. The separation of the center-of-mass amplitude
into spin-independent and spin-dependent parts is of
the form

M.=MN,„,( „p&cos8,)+i ok;, ,)&k f„,M8„(p,&cos8,). (33)

In general the relation between M~, , and M8, , and the
corresponding Breit system amplitudes, PKq. (10)), is
quite complicated. For similicity, however, we will
make the no-recoil approximation by assuming that
m = -', (mq+mz) is large compared with p&, q and
(mz —mz). The relationship between q' and 8„Kq.(31),
is not changed in this approximation, but the other
relations between the Breit system and center-of-mass
system quantities are given by the following simple
equations:

2 r" p&'As&'&(p&' q')dp&'
PJ... Q7 GO

D &'&
(p& q') = —GgGzLQ'/(p&' —0")]R'

(28b)

= p& +h, p&f,
=pp —h, (34a)

q&&k=-,'(k,„&&k,„), (34b)

(34c)

If only terms of lowest order in p&/m, q/m, and

(mz —mq)/m are considered Lwhere m=-,'(mz+mq)],
the expressions for Q' and R' are quite simple, i.e.,

Q'=-,'Q' ——', (mz —mg)'+2q']/m'
R'= 1/(2m'). (29)

Only this no-recoil limit is used in the applications. For
completeness we write down the general expressions
for Q' and R', however:

1 (—2Z/(t —q') (t—q'+2EzE)+q'E']

2Emzmg ( mz'+ t+mzE

q'(mz'+ t+mzE) q

2Z
R'= -', (m+E)/mzmgZ,

where l and 2 are de6ned by the equations,

l= 8'—-'p, '
2Z= (Ez+mz)&(Eg+mg)&.

IIL APPROXIMATE EQUATIONS FOR
8 AND P WAVES

A. The Static Aypro~~ation

The relations between the Breit system and center-of-
mass system values of the particle momenta may be

(34d)

Furthermore, the quantity 8 is now given simply by
8=p(my —m, ). The center-of-mass differential cross
section for unpolarized initial hyperons is related to
the scattering amplitude by the equation

do = (!M~„!'+sin'8! Ms„!').

In the no-recoil approximation, as is seen from Kqs.
(20) and (29), the Born approximation term in the
spin independent amplitude is linear in q (or in cos8,),
while the spin-dependent Born term is independent of
q'. Thus the Born term contributes only to the S and
P waves. We make the further approximation of
considering only S and P waves in all terms of the
dispersion relations. This approximation, together with
the no-recoil approximation, will be termed the static
approximation. Inelastic processes, such as the process
pr+ F~X+X, are Not neglected in this approximation.

B. Static P-Wave Equations

In this section all quantities will refer to the center-
of-mass system, so the index c will be dropped. If only
S and I' waves are present, Kq. (33) may be written

M= Tp(p&)+k; AT&~(p&)+pe kg)&h'yT&8(p&), (35)

where To, T~~, and T~a are the amplitudes for S wave,
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spin-independent I' wave, and spin-dependent I' wave.
If we denote by T; the I'-wave amplitudes correspond-
ing to states of total angular momentum j, the T; are
given by

3 (TIN+ 7 IS) 2 $ 3 (7 IN 22 IS) (36)

In order to exhibit the normalization of the amplitudes,
we de6ne the matrix R=(S—1)/2i, where S is the
unitary scattering matrix Li.e., R =exp(i8 ) sinh ].
The relation between the amplitudes T, and the,
corresponding matrix elements R; of R are

(28)
(2,4)
(tz, —',)
(i~,-'. )
(o,2)
(o,4)
(lit, —,')
(1A,g)
(1XIi,—,')
(1m.p, )

TABLE I. Values Of X;.

XjI

2f~'—f~'
2f~-'
f~'
2'fd—
0
0
0
0

g .II

2fz
fz'—

2fz
VfQ—4'2'
0
3f3'—
0

3v2f3fz

g .III

0
0
0
0
0—9f~'
0
0

2v2f3 fz
~&f3fz

T,=R,
i
k;i-&i kgb

—
&. (37)

It is seen from comparing Eqs. (33), (34d), and (35)
that

TIs(&a) =Ms(a),
so that in the no-recoil approximation, the spin-
dependent equations are the equations for T&z. Further-
more, as seen from Eqs. (31), (33), (34c) and (35),
the spin-independent I' amplitude is given by,

TIN(~) = 3(a/aq3)—M-N((o, q').

Since a derivative with respect to q' is taken, one
electively uses a dispersion relation for the diGerence
MN(co, qI') —MN(co, q3'). This subtraction improves the
convergence at high energy, and we assume no further
subtraction is necessary. Hence we may simply differen-
tiate the equations LEqs. (17a) and (28a)J for the
spin-independent amplitudes with respect to q' and
make the static approximation in order to derive the
static equations for TiN.

The Born approximation terms and the unphysical
continuum contributions are simplified in the no-recoil
limit. The limits of integration in Eqs. (17) and (28)
become co =p (for z —A scattering), a&,=p —6 (for
z —Z SCattering), and Id, '= p—316, Where d, iS the maSS
difference h=mz —m1, . The quantities Q of Eqs. (16)
and (27) are Qzz=Qqq ——0; Qz3 ———B„Q~z——d, and
O'= 136. The no-recoil forms of the quantities Q and R
are given in Eqs. (20) and (29).

The equations that result from the procedure
described above are the static I'-wave equations for
x—V scattering. These equations may also be derived
fron Chew-Low theory. ' 4%e shall write the equations
in terms of the amplitudes corresponding to fixed

. values of the total isotopic spin, rather than the
amplitudes with simple symmetry properties that were
used in Sec. II.The amplitudes T; are those of Eqs. (36)
and (37), where now j indicates both total angular
momentum, isotopic spin, and whether Z's or h.'s are
involved. There are ten E-wave amplitudes, correspond-
ing to j= (2,-', ), (2,—',), (1Z,—',), (1Z,-,'), (0,-', ), (0,—',),
(1k/33) (1A,I3), (1ZAp33) and (1ZA/13), where the second
index denotes the angular momentum, and the first
index refers to the appropriate one of the five processes
discussed at the beginning of Sec. II. In order that the
equations for the processes Z~Z, A. -+A, and A~X

may easily be combined, we write all the equations in
terms of the energy variable co~, i.e., the center-of-mass
energy of the pion accompanying a Z particle. The
center-of-mass energy of the pion in the process
z+1l.—+ z.+A is related to coz by the equation &oz ——cuz

+6, and the average pion energy a& in the process
n+h. ~ 1r+Z is given by co =—', (a»+co+) = raz+-', A. The
static I'-wave equations are:

( g,I X.II g .III g,IV

Rex;(~z) =
3y' E(oz—5 (uz cuz+6 (oz+2d, )

1
+ P dMz

7l p

lmT;((uz')

(A, I ImT, (a)z') A, 11 ImT;(a)z')
+&I +

~z +~z ~z +~z+~
A '" ImT;(a)z') )+',

coz +Id z+26

The X;, expressed in terms of the coupling constants
f3=G311/2tn and fz=Gzi1/2m, are given in Table I.
The elements of the matrix A;; are nonzero only if
i and j refer to Z —m elastic scattering processes; the
nonzero elements are given by

(2,3) (2,3) (» 3) (»,3) (o,3) (0,3)

2 3

1 5A'=—
18 20

10

10 20

40 —10 —24

—12 2 4

8 —2 ~

The finite elements of A;;" and A;;"' correspond only
to the process z.+h. -+ x+Z, and to z-—A scattering,
respectively. These elements are given by

(1',—,') (1ZA,—3,) (1X,—,') (1~,—,')
1( -1 -2 q ir 1 2

AIII
3& —4 1 ) 34 4 —1
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It should be pointed out that the integrand in Eq. (38)
was expanded to lowest order in (oz'/m, so that this
equation is valid only if the contribution of ImT;(&oz )
can be neglected for (ox'/m& 1.

In the case of global symmetry (fz' fats
——f')——, if we

neglect the Z —A. mass difference 6, the x—F' E-wave
equations for isotopic spin 2 and 0 reduce to the x—S
E-wave equations for isotopic spin ~ and —,', respectively,
r.e.,

1 X, 1
Re T;((oz) =- + Pd(—oz'

3P My 7l 4p

t
ImT, ((o2') Q, A, , ImT, ((oz') )x)

' +
E cog' —(og 672 +(Oz j

where

the energy variable and have set k;=ky=k. For the
isotopic spin 2 and 0 states 3;(el) is a real function of oo

below the threshold for single x-meson production. If
we neglect the contribution of the XS channel as well

as m-meson production, the E-wave equation becomes
an integral equation for (), ((o). We shall seek an approxi-
mate solution by substituting

1m' (oo) =Irl(lb (o) os)—, (42)

under the integral in Eq. (38), where X; and (o; are
adjustable parameters and j denotes a state in which
there may be a resonance. Note that );must be positive
since ImT;(oo) is positive in the physical region. If we
assume that the contribution to the dispersion integrals
of the other channels (the A;; terms) is small, we get

R T()= ()/( —), (43)
I+X .II+X .III

X(2, 1)——4f', X(2, ;)——X(o, I) ———2f2,

X(o.1)=—8f'

and the matrix A is given by,

(2 2) (2,2) (o,2) (o,2)

2 2

8 —1 —2

(39)

(4o)

1 ( ((o,—6) cv, ((d,+6) )
e, ((o) =

~
X +X"—yx'"

3(tls E (OO
—6) (O ((O+6) j

j.
+l(I— X;, (44)

3p'

where Xl is defined by Eq. (39). Since ImT; is zero in
this approximation for all energies satisfying the
inequality co/~;, we may write for such energies

Re(1/T;) =1/ReT;= ((o;—(o)/e;((o). (45)

- 16

The ~—F E-wave equations for isotopic spin 1 can
then be written as linear combinations of the isotopic
spin 2 and 0 equation of the same total angular momen-
tum, i.e.,

Tlz —
2 T2+ 2 To&

Tlh OT2+sToy

Tlz)(=~2(s T2—
2 To)

Both the Z —A mass splitting and the presence of
additional Emeson channels modify the x—F equations
relative to the m —Ã equations. However, we do not
think that the static equations (with multiple meson
production neglected) contain sufficient information
to calculate the corrections to global symmetry caused
by these eGects. Instead we will And an approximate
solution in the case of global symmetry, similar in
nature to the solution obte'~ed for x —Ã scattering in
the effective range approximation of Chew and Low."
According to our normalization, Eq. (37), the Pwave-
amplitude T;((o) can be written in the form

T, ((o) = e"~' sinb;/ks.

We consider here only m —Z scattering for which k;= k&

and co=cog, hence we have dropped the subscript Z on

~ G. F. Chem', M. L. Goldberger, F. E. Lour, and Y. Namb&,
Phys. Rev. 106, 1337 (1957).

The approximate amplitude described by Eqs. (42)
and (43) does not satisfy the unitarity condition
implied by the reality of the phase shift 8;. We shall

improve our approximation by Qnding the amplitude
that does satisfy the unitarity condition and, in
addition, satisfies Eq. (45). It is seen from Eq. (41)
that the unitary condition may be written in the form

ImT;((o) =
k'+ {ReL1/T, ((o)$}2

(46)

and

k'e;(o))
e"I(") sinb, ((o) =

((o,—(o)—ikse, ((o)

k'e, (~)
ImT, (~) =~e;(~) I

—
~. (48)

&2I ((o—(o )2+Pkse (oo)12j
In order that Eq. (48) for ImT, (&o) be consistent with

the delta function approximation which we used under
the integral, we want k'e;((o) to be as small as possible.
This implies that e;((o) must be small for large (o. It is

seen from Eqs. (44) and (40) that this condition may
be achieved for the state j= (2,—',) if we choose

&(2.1)
—(1/3~') X(2, 1)=0.

The amplitude defined by Eqs. (45) and (46) is the
familiar resonance type amplitude, and may be ex-

pressed in the form
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For the other three states j= (2,-,'), (O, os), and (0,-',),
X;—(1/3ru') X;)0,

so that the delta function approximation is not as well
justified for these states.

It has been pointed out by Chew, Goldberger, Low,
and Nambu, " in their discussion of pion-nucleon
scattering that Eq. (47) is an approximate solution of
the dispersion relation at low energies for an arbitrary
value of the resonance energy co;. The position of the
resonance is determined by the high-energy contribution
to the integral, about which nothing is known. In the
m —EP-wave equation, this contribution is summarized

by a cutoG or, in the integral and is related to the
position of the resonance by or .„=f'&o; Beca.use of
the presence of the additional X-meson channels in
x —F scattering, it is unlikely that the same cutoff
co, can be applied to the ~—F equations. Even if we
make such an assumption, it is not true that we can
neglect the contribution of the KE channel under the
integral. In order to illustrate, e this statement we assume
that the Z and A parities are the same, and that the
intrinsic E parity is odd (relative to the XF pair), so
that a P state x—F system corresponds to a P state
X—X system. The hydrogen bubble chamber experi-
ments at Berkeley" show that the elastic and inelastic
E=proton cross sections at 400 Mev/c far exceed the
maximum for S waves. Assuming that the cross
sections for l& 2 are small at this energy, we find that
the P-wave cross section for m —F production must be
greater than 13 millibarns. This energy corresponds to
about 270 Mev/c pion momentum in the center of mass
of the m —Z system and, by detailed balance, 13 mb
shouM also be the approximate minimum P-wave
cross section for the process ~+F+E+N. S'u—ch a
cross section leads to an appreciable modification of
the unitarity condition LEq. (46)j and may make a
large contribution to the dispersion integral.

On the other hand, it is probable that the eGect of
pion production is small. Single pion production by
pions on nucleons is only about -', mb at 220 Mev/c
center-of-mass momentum and is usually neglected in
the pion-nucleon dispersion relations. Hence we assume
the corresponding efFect is small in the pion-hyperon
dispersion relations.

If the intrinsic E parity is even, so that the Pg x—F
system corresponds to the S-state K—S system, the
eGect of the X—E channel on the m —F P'-wave
amplitudes is likely to be even more important than in
the odd parity case. Such an effect has been discussed

by Dalitz and Tuan. ~

We have emphasized that the production of x—F
states by P-wave X—N pairs must be large for lab E
momenta in the range 300 to 400 Mev/c. The centei'-of-
mass diGerential cross sections measured at Berkeley

"Proceedings of the Ninth Annual Conference on High-Energy
Physics at Kiev (to be published).

for the processes E +P~Z++rr and E +—P~Z-
+rr+ at lab E momenta of about 400 Mev/c appear to
be smaller at 90' than in the forward or backward
directions. " If we again assume that the E' parity is
odd, this may be taken as crude evidence for the
presence of an appreciable Pg state, since the angular
distribution corresponding to such a state is of the
form 3 cos'8+1. It is not unlikely that this P-wave
pion-hyperon production is associated with a resonance
in the pi-hyperon scattering.

C. S-Wave Equations

In this section we obtain the dispersion relations for
the S-wave amplitudes in the static limit, using a
generalization of the method applied by Oehme'4 to
the pion-nucleon scattering problem. The S-wave
amplitude jo is defined by Eq. (35). The normalization
of the S amplitudes is different from that of the P
amplitudes, /see Eq. (32)j, i.e.,

jo——Ro [k;f
—

&
[ kr [-&.

As a erst step in deriving the static equations for
jo, we consider the relativistic amplitude 3I &o"&( c,oq)
in the Breit-Lorentz system, where Mp&"' is defined in
terms of the spin-independent amplitude by the
equation,

Mo&"& (er, qs) =$1 q'(8/—c)q')+-', ( ' p'+—8')8/Bq'$
XMrv&"r (~,q'). (49)

Since 3f& is an analytic function of q2 in the upper half
of the w plane for all values of q', it is clear that ~p is
also an analytic function of ~. The crossing relations for
PIp&"& are identical to those for 3f~&"~. If Mp diverges no
more rapidly than linearly at high energy, we Qlay
derive dispersion relations of the subtracted type by
integrating the function

~o'"'(or') L(or'+or)+ +(co' co)j/L(er" oo') (oo"—ere') 3

around the contour including the real or axis and a
semicircle of infinite radius in the upper half & plane.
The symbol o)p represents any constant energy. The
quantities are then expressed in terms of center-of-mass
variables, and the static limit is taken. In this limit,
Eqs. (31) and (34c) may be used to show that Mo&"&

is independent of q' and is equal to the S-wave amplitude
Tp~&. The Born approximation terms vanish if one
follows this procedure, and the results may be written
in the form,

Rejo+r (er) —Rejo " (coo)

2(or' —~o')
I

" er'd~' Im jo'"'(~')
P

J ~12 ~2 ~12 ~ 2

(for )%, =1, 3, or 4), (50a)

&4 Reiuhard Oehme, Phys. Rev. 102, 1174 (1956). See Eq. (29)
of this reference.
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or

Re Tp&"& (&o)
——ReTp&" & (&o)

400

2&o(co'—cop') t
" &fp&' ImTp"& (&o')

P i

GO GP 6) GO

(for X =2 or 5). (50b)

All quantities refer to the center-of-mass system and
the energy variable refers to the average of the initial
and Anal meson energies. The constant energy coo may
be chosen for convenience.

The S-wave dispersion relations may be written in
terms of the amplitudes for particular isotopic spin
states if use is made of Eqs. (2). If it is desired to
relate the different S-wave processes at the same total
energy, one may express the energies in terms of the
energy co+ of a pion accompanying a Z particle. As in
Sec. III B, the relations are: or=~~ for x—Z scattering,
&o=&os+6 for s.—A scattering, and &o=&oq+srh for the
processes sr+A~+sr+Z. For all processes the lower
limit co of the dispersion integral is that energy at
which co& is equal to p —A.

For many considerations it is convenient to choose the
reference energy eo() to be equal to p, or some other low

energy, so that the Tp&"& (&op) are essentially the scatter-

ing lengths for S-wave scattering. These scattering
lengths cannot be determined from the subtracted type
dispersion relations, of course. If one assumes that the
odd amplitudes M~(') and 3fN('~ approach zero as the
energy gets large, one may derive unsubtracted relations
which, in the static approximation, express Tp&'&(tt)

and Tp&" (tt) in terms of the coupling constant terms
and S- and P-wave dispersion integrals. "Our present
knowledge of the low-energy m —I' processes is insufB-
cient to estimate any of the scattering lengths in this
manner.

In this paper we shall not attempt to relate the
S-wave equations to any experimental data in order to
investigate the possible behaviors of the x—F ampli-
tudes. Further study is being given to this problem.
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~~ A similar procedure for the pion-nucleon scattering case is
discussed in reference 12. See Eqs. (3.22) to (3.26) of this reference
and the discussion following these equations.
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The possibility of distinguishing the pion structure-dependent radiation from the conventional inner
bremsstrahlung radiation in the radiative decay of pions into electrons is discussed. Calculation of the
photon energy spectrum and angular correlation shows that evidence for pion structure would be obtained
jtf any photons of energy less that 70 Mev were detected in 180' coincidence with m-decay electrons. The
probability of such events per unit solid angle is &0.2X10 7 relative to ordinary m —+ p+u decay, if the
assumption of a conserved vector current is made to relate the rate of radiative decay through the weak
V-interaction to the rate of m —+ 2y decay.

I. INTRODUCTION

HE universal V-A form of the Fermi interaction
has in recent years been suggested by the evi-

dence in P and tt decay. The other weak interactions
are then, in principle, consequences of strong couplings
together with the universal Fermi interaction. In the
decay of x mesons into electrons, where the momentum
transfer is large, evidence on the decay mechanism can
be obtained, "in principle, by observing the associated
radiative decay or ~ e+v+y. In this paper we amplify

*This work was performed under the auspices of the U. S.
Atomic Energy Commission.' V. G. Vaks and B.L. IoGe, Nuovo cimento 10, 342 (1958).

s K. Huang and F. E. Low, Phys. Rev. 109, 1400 (195g).

the calculation by Vaks and IoGe' and discuss the
possibility of distinguishing structure-dependent effects
from less interesting structure-independent effects. We
supplement the electron spectrum already presented"
by calculating the photon spectrum, which may be
more easily observed experimentally.

The diagrams for the radiative decay are given in
Fig. 1. Diagrams (a) and (b), when delned in a gauge-
invariant way, give rise to the inner bremsstrahlung by
a decelerated or accelerated charge or magnetic moment.
The matrix element for this is proportional to eorms/Qk,

' S. A. Bludman and M. A. Ruderman, Phys. Rev. 101, 910
(19S6).


