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Nuclear Magnetic Resonance in Antiferromagnetic MnF, under Hydrostatic Pressure*
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The nuclear magnetic resonance frequency of the F nucleus in antiferromagnetic MnF2, in zero external
Geld, has been measured as a function of pressure at 4.2'K, 20.4'K, and 35.7'K using a new type very
high frequency variable frequency spectrometer. From these measurements we have deduced the pressure
dependence of the hyperfine coupling constant (A) between the manganese electrons and the fluorine
nucleus, and the pressure dependence of the Ne'el temperature. This deduction gives (1/A) (dA/dP) =+ (1.9
&0.1)X10 '/(kg/cm') and (1/T~) (dTtr/dP) =+(4 4&0.3)X10 '/(kg/cm'). We have also measured the
compressibility of MnF&. The magnitude and pressure dependence of A is explained using the theories of
Mukherji and Das, and Marshall and Stuart, which permit a calculation of the dependence of A on the
interatomic distances, starting from the Hartree-Fock self-consistent field wave functions for Mn'+ and
F with the Mn~+ wave functions properly adjusted to bring it into agreement with neutron scattering
form factor measurements. The theory is in very good agreement with the experimental results.

I. INTRODUCTION
'
ANGANOUS fluoride, MnF2, is a nearly ionic

- - crystal. On forming the crystal lattice, in first
approximation the manganese atoms become doubly
ionized, magnetic Mn'+ ions with the configuration
'5;, while the fluorine atoms become singly charged,
nonmagnetic F ions in the closed shell configuration
Pp. The magnetic moments on the Mn sites are re-

sponsible for the paramagnetism of MnF2 at tempera-
tures above the Noel temperature T~. Below T~, the
superexchange interaction' and anisotropy fields' pro-
duce an antiferromagnetic ordering of the Mn'+ spins.

Figure 1 shows the position of the F and Mn'+ ions
in the tetragonal unit cell as determined' by x-ray
diGraction. The lengths of the axes of the unit cell in A
are' a=4.8734, c=3.3099, and the F and Mn'+ ions are
located, resPectively at &(N,N, O); &(sr+I, s

r—I, ss)

and (0,0,0); (sr, s,—',) with 1=0.305. The magnetic ions
are located on two interpenetrating sublattices A and
8, one of which is formed by the corner ions, the other
is formed by the body centered ions. Neutron di6raction
studies4 show that below T'~ the spins in sublattice A
are aligned antiparallel to those in 8, and that the
direction of spin alignment is along the c axis. Also
these studies determined the degree of spin alignment
or the magnetization of a sublattice JtrI(T) as a function
of the temperature. There are two nonequivalent
fluorine sites a and b. Although every fluorine sees an
arrangement of 3 nearest neighbor Mn'+ ions at the
distances shown in Fig. 2, the plane of the 4 ions
rotates 90' around the c axis going from one fluorine

site to the other. In the antiferromagnetic region the
spin alignment of neighbors is as shown in Fig. 2 for
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one type fluorine site, and is the reverse for the other
fluorine site.

:Clearly, the spin alignment of the magnetic ions will
produce at the Quorine sites a strong field whose
magnitude will be proportional to the sublattice
magnetization M(T). In the hope of securing infor-
mation on 3I(T), Bloembergen and Poulis' searched
for the F"nuclear resonance in MnF2, but were unable
to detect it because the spin relaxation time was too
short for the equipment they used. Shulman and
Jaccarino, however, succeeded in 6nding this resonance
first in the paramagnetic region' ' and soon after in the
antiferromagnetic region. They confirmed that the
field at each fluorine site was proportional to the
sublattice magnetization M(T). However, they dis-
covered that the magnitude of this field was much

Fio. 1. The unit cell of MnF2. The black shaded spheres
represent the fluorine ions, and the gray shaded ones the manga-
nese ions. a=4.873A, c=3.310A, and I=0.305.

' N. Bloembergen and N. J. Poulis, Physica 16, 915 (1950).
R. G. Shulman and V. Jaccarino, Phys. Rev. 103, 1126 (1956).' R. G. Shulman and V. Jaccarino, Phys. Rev. 108, 1219 (1957).' V. Jaccarino and R. G. Shulman, Phys. Rev. 107, 1196 (1957).
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larger than that to be expected from the dipole field of
the Mn'+ ions. As in the work of Tinkham'' on the
electron spin resonance of the manganese ion in ZnF2,
they found' that the nondipolar parts of the shifts of
the observed F" lines could be accounted for by means
of a tensor hyperfine interaction between the time
average spin (S,) of the manganese neighbors, and the
nuclear spin I of the fluorine in the form I P; A; (S;).
In order to explain the presence of this hyperfine
interaction tensor they proposed that the nominally
paired spins on the Auorines were slightly unpaired
because of an admixture of covalent bonding into the
purely ionic configuration.

By studies of the temperature dependence of the F"
resonance frequency in the antiferromagnetic region,
Jaccarino" and Walker were able to obtain extremely
accurate measurements of the temperature dependence
of the sublattice magnetization 3'(T). Furthermore,
Jaccarino et al. found" that below Tiy the nuclear
resonance could not be observed in precipitated powders
of MnF2. In order to determine if this resulted from a
distribution of large internal strains in each of the
crystallites Jaccarino et al." subjected a single crystal
of MnF2 to a uniaxial stress and showed that the
resonance frequency was indeed a strong function of
the stress.

In previous papers we have shown the usefulness of
high-pressure measurements in elucidating in detail the
electric field gradients in nonconducting crystals, " and

the hyperfine interaction between the conduction elec-
trons and the nuclei in the alkali metals and copper. "
High-pressure experiments are a powerful aid to the
theory because they provide a means of continually
varying the lattice parameters which stand on an equal
footing with the temperature in the theoretical descrip-
tion of the state of the solid. Thus, soon after Jaccarino
and Shulman's observation of the nuclear resonance in
antiferromagnetic MnF2, the present study was begun
in the hope of gaining some insight into the detailed
nature of the coupling between the magnetic electrons
and the Quorine nuclei. The antiferromagnetic region
is especially suitable for these measurements because
of the narrowness of the resonance line (Av 50 kc/sec),
compared to the zero field resonance frequency (v 160
Mc/sec).

From measurements of the pressure dependence of
the resonance frequency at 4.2'K, 20.4'K, and 35.7'K,
we have deduced the pressure dependence of the Neel
temperature T~, and the hyperfine interaction constant
A. By combining this with our measurements of the
compressibility of MnF&, we can determine the de-
pendence of these quantities on the lattice parameters.
Finally, we apply the theory of Mukherji and Das,"
and W. Marshall and R. N. Stuart' to the calculation
of the magnitude and pressure dependence of the
hyperdne interaction constant. This theory represents
a new theoretical treatment of the unpairing of spins
on the fluorine and enables a straightforward calcu-
lation of the degree of this unpairing for all (n, l)
groups in the Quorine ion. Agreement of this theory
with the experimental results is most satisfactory.

M

FIG. 2. The arrangement of nearest neighbor Mn'+ ions around
a fluorine nucleus. The arrows represent the magnitude and
relative orientation of the time averaged magnetic moment of
the Mn2+ ions. A second type fluorine site sees the same con6gu-
ration as above except that the direction of the Mn spins are
reversed.
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II. EXPERIMENTAL METHODS AND RESULTS

l. Experimental Methods

The present experiment requires: a sensitive spec-
trometer capable of reproducing faithfully the line
shape of the nuclear resonance in the difficult frequency
region around 160 Mc/sec, while the sample is inside a
high pressure bomb which is maintained at a rather
low temperature (4.2'K ~& T &&36'K), a considerable
distance (80—90 cm) from the spectrometer. Thus the
experimental arrangement consists of three interrelated
parts: (1) spectrometer, (2) high-pressure bomb and
gas press, and (3) low-temperature system.

By far the most serious experimental difficulty was
the vhf spectrometer. When this work was begun, no
spectrometer was available which was Qexible enough
to satisfy our needs. This difficulty was overcome by
the invention by one of us (T.K.), of a variable fre-
quency vhf spectrometer, which possesses high sensi-
tivity and good frequency stability. Figure 3 shows
this spectrometer. The 6J6 oscillator operates push-pull

'4 G. B. Benedek and T. Kushida, J. Phys. Chem. Solids 5,
241 (1958).

"A. Mukherji and T. P. Das, Phys. Rev. 111, 1479 i1958l.
"W. Marshall and R. N. Stuart (to be published).



G. B. BENEDEK AND T. KUSHI DA

B 50~ I50 v

A- Is

I.5k
V 'At"—

TUNED TQ

2 X IQ PF
EIUTTERFLY I~ ) 1

IP PF IQ PF

300 PF

CENT ER Pl

2XIO PF 5lk
BUTTERFI Y

00 250
pf

5lk

t . .

VIBRATING ~ I

CONDENSER
I

I
I

I
I

I

I
I

I I

TRANSMISSION
LINE &

2

" 200
JJ0

PA R AS IT I C
QS(:ILL ATIQN
SUPPRE SSOR

HIGH PRESSURE
CPM B

SAMPLE

FIG. 3. Circuit diagram of the vhf spectrometer.

as in the lower frequency spectrometer of Volkoff et al."
The oscillation frequency is determined by the resonant
circuit consisting of the grid butterQy condenser, the
sample coil, and the half wavelength transmission line.
Initially, without the X/2 transmission line, the spec-
trometer could be operated at 160 Mc/sec only with
two small condensers' in series with the several turn
sample coil. Also the coil had to be very close to the
grid circuit. At the suggestion of Bloembergen, a half
wavelength Lecher line" was inserted between the grid
circuit and the sample coil. This proposal succeeded
and allowed us to place the sample far from the spec-
trometer in the low-temperature bath. Furthermore, it
was found that by reducing the length of the trans-
mission line by the proper amount from the exact half
wavelength value, it was possible to remove entirely
the small series condensers. This considerably simplified
the problem of resonating the coil inside the high-
pressure bomb. A third advantage of the transmission
line is that it provides a means of tuning the spectrom-
eter by simply changing the length of the line. This is
accomplished by means of telescope-type construction

'7 6. Volkoff, H. Petch, and D. Smellie, Can. J. Phys. 30, 270
(&952).' M. R. Gabillard, Compt. rend. 237, 705 {1953)."A. Shimauchi, Sci. of Light (Tokyo) 6, 58 (1957).

of the transmission line. Tuning by this means is useful
since the tuning range of the grid butterRy condenser
is limited by the 10—15 pp,f stray capacity of the
electrical contacts through the high-pressure plug. The
overall tuning range of the spectrometer without
changing the sample coil was about 15 Mc/sec. Shul-
man, who is using this spectrometer, has observed that
tuning over a much wider range may be achieved by
using plug-in inductances at the spectrometer end of
the transmission line. The ability to use a several turn
sample coil at this frequency is due to the impedance
transforming action of the half wavelength transmission
line. The effective inductance of the sample coil as
viewed at the grid circuit is reduced so much by the
transmission line that a 5 turn sample coil may be
resonated at 160 Mc/sec with the grid butterfly
condenser. Typical dimensions of the sample coil are:
8 mm i.d. and 11 mm long. The tuning condenser range
is 2—10 ppf, while the transmission line is silver plated
and 85 cm long.

The oscillation level of the spectrometer may be
monitored with the grid current microammeter. This
level can be altered by adjusting the capacity of the
grid-plate coupling capacitors. Further control of the
oscillation level may be obtained by adjusting the plate
voltage. In order to obtain very low H& values inside
the coil the plate voltage may be reduced as low as 50
volts. The rf field inside the coil was measured by
observing the saturation of the Br ' resonance in
NaBr03, whose relaxation time can be altered by
changing the sample temperature. It was found that
the minimum value of II» obtainable with this spec-
trometer is about 30 milligauss. This rf field will
partially saturate the F" resonance in MnF2 at 4.2'K;
nevertheless, the high sensitivity of the spectrometer
produces an almost noise-free F"resonance signal on an
oscilloscope screen. It should be mentioned that the
grid current meter indicates relative values of the
oscillation level only if the plate voltage is kept con-
stant. The microammeter can read the same current
for two different plate voltages despite the fact that the
rf level does change. An accurate relat& e calibration of
the rf level in the coil was obtained using a one turn
pickup coil near the sample in conjunction with a
crystal diode and galvanometer.

In construction, it is very important to arrange the
spectrometer components as symmetrically as possible
around both sides of the push-pull circuits to avoid
parasitic oscillations. Even with such precautions we
have observed that the transmission line permits a
parasitic oscillation of frequency much lower than that
desired. This parasitic corresponds to an in-phase
oscillation of both sides of the push-pull circuits instead
of 180' out-of-phase operation. This eGect can be
eliminated by placing between the shielding sheath of
the transmission line and the chassis a strongly Q-
damped coil which is roughly resonated with the stray
capacity to the parasitic oscillation frequency.
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Fio. 4. Block diagram of the audio modulation and detection system.

The modulation and detection scheme is shown in
I'ig. 4. The frequency of the spectrometer is swept by
rotating the shaft of the grid butterQy condenser with
a clock motor-gear box arrangement. An audio oscillator
at f = 140 cps drives an audio amplifier which provides
the current to drive a vibrating condenser in the
spectrometer which modulates the spectrometer fre-
quency at f . As the spectrometer frequency passes
through resonance the modulation of the nuclear
absorption produces a modulation of the oscillation
level which appears across the spectrometer plate
transformer. It was decided to detect the second deriva-
tive of the nuclear absorption line at 2f because the
vibrating condenser inevitably produces considerable
amplitude modulation of the rf carrier at f . Thus, the
audio signal passing out of the spectrometer passes
through a very sharp rejection filter at f before the
low noise audio pre-amplifier and the lock-in which was
tuned to 2f The refere. nce signal for the lock-in is
obtained from an audio frequency doubler generating
2f in phase coherence with the signal at f . A small
pickup signal at 2f was found which was produced by
second harmonic distortion of the input signal by the
vibrating condenser. This small pickup signal was
eliminated by introducing a pre-distorted modulation
signal into the vibrating condenser. This pre-distorted
signal contains components at 2f whose phase and
the amplitude may be adjusted so that output of the
spectrometer contains no second harmonic pick up.
The output of the lock-in, namely the second derivative
of the line is displayed on the recorder. Since we are
interested in the position of the line center, this second
derivative display was entirely satisfactory. The spec-
trometer frequency was measured by turning oG the
modulation and beating the spectrometer against a
very stable Gertsch FM-6 heterodyne frequency meter.

The high-pressure beryllium-copper bomb was similar
to that previously described" except that the pressure
transmitting medium, helium gas, was introduced
through a plug in one end of the bomb while the rf
signal was introduced through a symmetrical two

terminal plug on the other end. These plugs were sealed
with gold washers in place of the usual lead washers
because of the small thermal contraction of gold. The
pressure was generated by a gas press consisting of a
separator and an intensifier which was kindly loaned to
us by Professor W. Paul. The helium gas under pressure
was transmitted from the press to the BeCu bomb by
means of —,-in. o.d. , 0.025-in. i.d. stainless steel high-
pressure tubing. The maximum pressure used at each
temperature was limited in part by the freezing of
helium in the stainless steel tubing. The maximum
pressures employed were 100 kg/cm' at 4.2'K, 700
kg/cm' at 20.4'K, and 1000 kg/cm' at 35.7'K.

The low-temperature system, into which the bomb
and X/2 transmission line extends, is a double Dewar
with a glass inner Dewar centered inside a stainless
steel outer Dewar. This system maintained a single
charge of liquid helium or liquid hydrogen without a
change in the bomb temperature over an entire run,
a period typically of 6 hours. The run at 35.7'K was
carried out with liquid helium as a coolant in the inner
Dewar. The height of the bomb above the helium was
adjusted till its temperature was near 35.7'K. This
temperature was measured using a Leeds and Northrup
No. 8164 platinum resistance thermometer placed inside
a copper block which was intimately attached to the
side of the bomb. The spectrometer frequency was set
slightly below the resonance frequency at 35.7'K and
the bomb temperature was allowed to drift slowly up
through the resonance. Thus, temperature sweeping of
the line was employed and temperature markers were
placed on the recorder chart along with the constant
value of the spectrometer frequency. This process was
repeated with the spectrometer frequency set slightly
above the resonance frequency at 35.7'K, and repeated
again for a decrease in the bomb temperature which
was accomplished by lowering the bomb closer to the
helium level. By carrying out this process at each
pressure the resonance frequency for any temperature
near 35.7'K could be determined as a function of
pressure. This somewhat laborious procedure eliminated
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the need for a complex temperature control for the
bomb. Such a system would have had to keep the
temperature constant to about 5)&10 ' K to eliminate
the eGects of the strong temperature dependence of v.

Ke have also carried out measurements of the frac-
tional change in length of the u and c axes of MnF2
under hydrostatic pressure by means of the rather crude
method of strain gauges glued to the sample. We are
aware of the problems of adequate bonding and change
in gauge constant under pressure which are inherent in
this method. To help eliminate the uncertainties pro-
duced by these factors, we measured the change in
strain gauge resistance, as the sample was subjected
to hydrostatic pressure, simultaneously for the MnF2
sample and for a sample of pure aluminum whose

compressibility is well known. In this way we could
determine the compressibility of MnF2 relative to
aluminum, and also determine the gauge constant under

hydrostatic pressure. The measurements were repeated
twice with two different sets of gauges, and the results,
though they showed hysteresis e8ects, were in large
measure consistent. The results presented in the next
section represent our estimates for (1/u)(8a/Bp) and
(1/c)(Bc/Bp) at room temperature along with a con-
servative estimate of the error involved. Clearly, an
independent, more accurate measurement of these
quantities using for example an ultrasonic echo method
would be most desirable.

2. Experimental Results

Figures 5, 6, and 7 show the F" resonance frequency
as a function of pressure at 4.2'K, 20.4'K, and 35.7'K.
Over the pressure range studied u is a linear function of
pressure so that we may express these results as shown
in the Table I below.

The strain gauge measurements of the compressi-
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FrG. 6. The pressure dependence
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bility yield the following for the fractional change in
length of the a and c axes:

tance r;&, we carry out the sum j only over the three
nearest Mn'+ neighbors. The second term represents
the dipole-dipole interaction between the Quorine
nuclear moment g~Psri~ and the electronic magnetic
moments tr;= —Pg S, of all the manganese ions in the
lattice. The g tensor of the manganese is isotropic with
g=2.002 so that pg S,=pgS, . Furthermore, since the
characteristic frequency of spin reorientation of the
Mn'+ ions is much higher than the nuclear Larmor
frequency, we may replace S; by (S;) in computing the
energy levels of Eq. (1). The time averaged spin (S,)
in turn is related to the sublattice magnetization M(T)
via (S,)= —(ss)/M(T)/M„7f1; where M„ is the sub-
lattice magnetization for complete spin alignment or
infinite anisotropy field, 8, is a unit vector in the
direction of M, which, in the antiferromagnetic region,
points along the c axis for ions in one sublattice and in
the opposite direction for those in the other. From Eq.
(1) it follows that the fluorine nuclei in sites u and b

see the same magnitude of local field. In passing from
the a to the b sites, the direction of the local field, which
is parallel to the c axis reverses. Thus the resonance
fre uency (v) for nuclei in either site is given by

1 Bc
= —(0.45+0.03) )& 10 '/(kg/cm'),

g BI'

1 cjc t +0.02'= —
! 0.31 !X 10 /(kg/cm').

c BI' & —0.07)

III. THEORY

I. Analysis of the Temperature and Pressure
Dependence of the Resonance Frequency

The zero field nuclear resonance of the O'" fluorine
nucleus results from transitions between the energy
levels of the Hamiltonian~:

Xs——II, Q A,"S;

t'3r;s(r;s Cp S;) gp S,)
+g~P~Is ~l —,I (1)

r;,' )

(2)hv= (Ar„v+Ag;v) ss/M(T)/M„j,

Az» ——(2A„'—A

q
The first term denotes the hyperfine interaction between
the fluorine nuclear spin Is and the neighboring manga-
nese electron spins S;. Since the hyperfine interaction where
tensor A; is a strongly decreasing function of the dis-

TAnLE I. The frequency (v) and pressure dependence (dv/dP)
of the zero 6eld nuclear resonance in antiferromagnetic MnF2 at
three temperatures.

(3r,s(r;s f1,)
Aaiv= g~PrrgP 2!

n , i
r, ss)

(4)

T
'K

4.2
20.4
35.7

.(P=O)
kc/sec

159 970
156 135
142 315

(av/aP)
kc cm'

sec kg

0.30 ~0.015
0.345&0.006
0.457~0.01

In Eq. (4) the sum over neighbor spins should be
conducted about the Quorine possessing type I Mn
neighbors with magnetic moments pointing up. Lump-
ing together the hyperfine and dipolar interactions we
may finally write:

hv =A ss(M(T)/M„]. -
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f Bv) f Bvy (Bv& (+I —
I(BT) v EBT)., (Ba) r, (BT) ~

( Bc ) (Bv) (Bu )+I —
I I I +I —

I I I (6)
& Bc) r .„&BT) &Bu) r ..k BT)

Measurements" of the thermal expansion coeKcients
of MnF2 show that in the temperature range 4'K~& T
~&40'K, (Ba/BT)p is negligibly small. We will also
neglect (Bu/BT) and write:

where

(Bv ) f Bv)
I D —B(T)3,

E BT) .„,„(BT)

c(Bv/Bc) gr„, ~(1/ )c(BC/BT)
B(T)=

(Bv/BT) v

represents the fractional error involved in neglecting
the effect of the thermal expansion. The magnitude of
8 may be estimated roughly by setting

Bv Bv BP
c— 3V
Bc BP BU

A calculation of b using our measurements of (Bv/BE)
and V(BP/BV) combined with the thermal expansion
measurements shows that 8 is only of the order of 1%
at 20'K and 35.7'K. At O'K the absence of thermal
expansion data is serious, since the magnitude of 8

depends in detail on the manner in which (1/c) (Bc/BT)
goes to zero because (Bv/BT) decreases rapidly as
the temperature is lowered. If we assume a relatively
slow linear variation of (Bc/BT) with temperature
below 10'K, 8 is of the order of several percent at
O'K. On the basis of these considerations, we will as-
sume as did Jaccarino, " that the temperature depend-

"D.F. Gibbons, Phys. Rev. 115, 11.94 (1959).

a. The Tempera/ure Dependence of v

The temperature dependence of the resonance fre-
quency arises primarily out of the explicit temperature
dependence of the sublattice magnetization M(T).
However, v is a function of temperature also through
a possible exp/i cA temperature dependence of the
interaction constant A, and through the ~mp/ici/
temperature dependence of A and M(T) produced by.
the thermal expansion. Since A can be expected" to
depend on the temperature through the temperature
dependence of the mean-squared amplitude of lattice
vibration, we will assume that A is a negligibly weak
exp/i' function of the temperature over the tempera-
ture range encompassed by our experiments. The
imp//c// temperature dependence of v can be estimated
from our data as follows: since v=v(a, c,u, T), the
temperature dependence of v at constant pressure is
given by

ence of the resonance frequency at constant pressure
(1/v)(Bv/BT)r is very nearly the same as the explicit
temperature dependence of the sublattice magnetization
(8 lnM/BT), „,.

b. The Pressure Dependence of v

The pressure dependence of the resonance frequency
comes from pressure produced changes in A and in M.
From Eq. (5) we have

I +I I ~

1 ( Bv ) (8 lnA ) (8 lnMq

vEBP)r ( BP )r & BP )r (10)

As shown above, we may replace (8 1nM/BT)r~ by
(8 lnv/BT)v which is known from Iaccarino's measure-

"P.W. Anderson, Phys. Rev. 86, 694 (1952)."R. Kubo, Phys. Rev. 87, 568 (1952)."J.C. Fisher, J. Chem. Phys. Solids 10, 44 (1959).
2 F. Eever) Phys. Rev. 87, 608 (1.952).
25 F. M. Johnson and A. M. Nethercot, Jr., Phys. Rev. 114,

705 (1959).

In harmony with the discussion above, we will regard
(8 lnA/BE)r as a constant independent of the temper-
ature T. The pressure dependence of M, (8 1nM/BP)r,
arises out of the dependence of M on the three param-
eters: (1) M(0), the sublattice magnetization at O'K;
(2) T~ the anisotropy temperature, and (3) T~ the
Neel temperature.

The spin wave theory" for the antiferromagnetic
ground state indicates that M(0)/M„ is very close to
unity, although estimates range from 0.97" to 0.987."
The quantity M(0) /jM„ is determined primarily by the
lattice symmetry and is independent of the size of the
unit cell. We shall regard it as independent of the
pressure despite the anisotropic compressibility of
MnF2. At O'K, M is very nearly equal to M(0); thus
our assumption that M(0)/M„ is independent of pres-
sure immediately leads to the result that (8 lnA/BE)
= (8 lnv/BP)4. 2 x.

The anisotropy temperature T& arises primarily out
of the dipole-dipole interaction, '4 and can be expected
to be an appreciable function of the pressure. However,
the magnetization M(T) is a rather weak function of
T~. In fact, if we regard Eisele and Keffer's theoretical
expression' as a good approximation" for M(T), it can
be shown at 20'K and 40'K that a reasonable pressure
dependence of T~ will produce a negligible pressure
dependence of M(T).

Thus, we may regard M(T) as a function of pressure
only through T~. Furthermore, it is consistent with
the theory' to assume a functional dependence of the
general form M=M(T/T~). From this functional
dependence of M on 1~, it follows that one may write

f 8 1nM) T f 8 lnM) f BTx)t

BP ), T„( BT ) r~ E BP ) g
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ments. ""We may also regard (1/T~)(BT~/BP)p
as independent of the temperature as we did for
(81nA/BP). Hence, we finally find the pressure de-
pendence of v at temperature T is given by

(8 lnv) cj lnA

& aP), aP

T t'8 lnv) BT~

T~( BT ) ~BP

c. The Magnitude of T~ and A

In addition to the pressure dependence of A and T~
there is also experimental data on the magnitude of TN
and A.

T~68'K.
From Eq. (5) we see that (2)A is equal to the splitting
(hv„) of the energy levels of the fluorine nucleus in the
case of complete spin alignment of each sublattice
(M=M„). Complete spin alignment is not attained
even at T=0 E., but 2 can be estimated fairly well
from the resonance frequency at O'K by means of a
theoretical estimate for M(0)/M„. If we use Fisher's'o
value of M(0)/M„=0. 987 we find A =21.63X10 4

cm '. Of course 3 may be expressed in terms of the
physically significant magnetic field (II„), which is
produced at the Quorine nucleus by complete sublattice

TAaLE II. Experimental data required for the evaluation of
8 1nA/BP and (BT~/BP) from Eq. (12).

8 lnv
X10'

BP
(kg/cm') '

4.2
20.4
35.7

1.9 ~0.1
2.21~0.04
3.21+0.06

—0.075&0.15—3.2 &0.03—8.5 &0.08

Equation (12) involves only two unknowns: (c) 1nA/BP)
and 8T~/BP. Once these are known from measurements
of 8 lnv/M' at two different temperatures, we can use
Eq. (12) to predict 8 lnv/BP at a third temperature,
thereby enabling a check of the validity of Eq. (12).
This was done using the data in Table II with TN
taken' as 68'K. Using the data at 4.2'K, (8 1nA/M')
is given at once as

c) lnA/BP=+ (1.9&0.1)X10 '/(kg/cm') (13)

Since (8 lnv/BT) is largest at 35.7'K, the data at this
temperature was used to determine (c) 1nTir/BP) giving

8 lnT+/BP=+ (4.4&0.3)X10 'j(kg jcm') (14)

From these two results and (c) lnv/cjT) Qo. 4 K Eq.
(12) predicts that (cj inv/cjP)oo. 4 K= (2.2&0.1)X10 '/
(kg/cm'). The experimental result is (cj lnv/BP)oo. 4K
= (2.21&0.04) X 10 /(kg/cm'). This satisfactory agree-
ment supports the validity of Eq. (12).

TABLE III. The magnitude and pressure dependence of
ry, rqq, and ),—=3 cos'5 —1.

rI in A 2.13
ryI in A 2.10

0.812

Bri/8P= —(0.78 +0.1) X10 o A/(kg/cmo)
&rii/BP = —(0.945&0.06)X10 A/(kg/cm')

W /8P =+ (0.20 &0.3) X10—'/(kg/cm')

spin alignment, i.e.,

hv(0)5
H„=—

2 g~P~ PI(0)/M„7gioP~

2. Theoretical Calculation of the Magnitude
and Pressure Dependence of H„

a. The Outer Dipole Contribution

The most obvious contribution to H„comes from
the magnetic moments of all the Mn'+ ions surrounding
a given Ii nucleus in the lattice. As may be seen from
Eq. (4), the three nearest neighbors (n.n.) Mn ions
contribute the following:

t'2(3 cos'8 —1) 1 p
(H-)..~."." =g&o I + I& (19)

where rz, rzz, b, and the orientation of Mn moments are
as shown in Fig. 1.

ri =L(o/2)'+2a'(io —u)'7'

rii ——ua&2,

cos'8 = (o/2ri)'.

(20)

Using the x-ray data of Baur for u, c, u, we find for
ri, rii, and )~—= (3 cos'5 —1) the results listed in Table
III. Thus, (II„),.q." =12.80X10' gauss. This result
is listed also in Table IV, row 1. Smilowitz2~ has
calculated the entire lattice sum LEq. (4)7 and finds

(II„),.e.=12.5X10' gauss. Thus the contribution of
farther neighbors is negative and small, amounting to
(II„),q

'" ———0.30X10' gauss.
We may calculate the pressure dependence of

(II„),e. provided that we know the pressure depend-
ence of the bond lengths rz, rzz. These quantities depend
not only on a and c, whose pressure dependence is

We thus find that

B„=40.47&(10' gauss.

Using this with Eq. (13) we find

BII„/BP= (7.7&0.4) X10 ' gauss/(kg/cm'). (18)

No theoretical explanation for the magnitude and
pressure dependence of TN will be presented here.
However, in the following section we shall oGer a
theoretical calculation of the magnitude and pressure
dependence of H„.

2' V. Jaccarino (private communication). "B.Smclowstz (to be pubhshed).
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TABLE IV. Numerical values of the various contributions
to H. and (BH./BP).

l.2

I.O

(H.)..&.
---

(H-). d. '"-
{H.)„
(H„),.
(H„);.&,

(Hoo) theor
(Hoo)expt.

12.80
—0.30
24.07

1.63
1.66

39.86
40.47

in kilogauss

(BH„/BP), .d."".
(aH„/aP). s '"
(aH„/aP)2,
(aH /aP)1,
(8H„/8P);. d.
(BH /M')th. „
(aH„/ap). .pe

1.53 W0.2—0.036&0.003
66 &2
0.57 ~0.2
0.09 &0,008
87 &24
7.7 &0.4

in units of 10 ' gauss/(kg/cm') (AI-

.8
O

I-O .6

known from the compressibility measurements, but
also on the internal parameter I whose pressure de-
pendence is not known. Since I varies but little' for
the homologous rutile structure Auorides, we shall
assume that I is a constant independent of the pressure.
Under these conditions,

Brz c' (1 c)ci a' (1 f)ai
I+ (1—2N)'i —

I (21)
BP 4rz & c z)P) 2rz 4a BP)

0
F Mn~

c)rzz (1 c)a i
rII )

z)P (a BP)

and defining ),= (3 cos'b —1), we have

c)X (1 ac 1 c)rz)—=6 cos'bj—
BP Ec f)P rz BP)

(23)

—.8

—I.O

-l.2

FIG. 8. The normalized radial part of the 3d, 2s, and 2P Hartree-
Fock self-consistent field orbitals for the free Mn2+ and F ions.
The spacing between the Mn2+ ion and F ion is that found in
MnF2.

The numerical results listed in Table III are based on
our data of the pressure dependence of a and c. It will
be noted that the pressure dependence of cos'8 is so
small that it is below the limit of accuracy imposed by
the compressibility measurements. We shall therefore
take c)X/c)P as equal to zero in the numerical calcu-
lations which follow. Also, we shall make no attempt
to estimate the small changes in (1/a)(Ba/f)P) and
(1/c)(f)c/BP) produced by lowering the temperature
from room temperature to O'K.

From Eq. (19) the pressure dependence of (H„),.s "".
is given by

(BH„)"" 5 gP —6)j, c)rz

0 BI ) .(I. 2 rz rz aI

1c)rzz 2c))z

+ (24)
~ rzz) rzz BP BP

The pressure dependence of the small contribution from
farther neighbors may be estimated crudely by taking
it as inversely proportional to the volume. Thus:

(AH„) '". 1 (BU)

( BP),.d U) BP)
(25)

The numerical magnitudes of the o.d. contributions to
II„are listed in Table IV.

b Isotrops. c Hyper&e Interaction,
As may be seen from Table IV, the outer dipole

contribution to H„ is but a fraction of the total effect.
The remaining contributions to H„come from an
unpairing of fluorine spins by the action of the unpaired
Mn'+ spins. The degree of unpairing of the spins on the
fluorine has been calculated theoretically by Marshall
and Stuart following the approach of Mukherji and
Das. We shall outline the theory of these workers and
apply it to the present problem.

Hyperfine interaction with 2s filorine orbitats Consider.
a single Mn'+ —F pair. Of all the electrons associated
with this pair let us deal with those which are situated
in the 3d orbitals on Mn'+, and also those in the 2s and

2p orbitals on the fluorine. For the purposes of the
present calculation we may regard the m=0, 3d Mn'+
orbital (use') and the rn=O, 2p F orbital (ps„') as
oriented along the Mn'+ —F axis. In Fig. 8 is plotted
the normalized radial part frR(r)] of the electronic
wave functions for these three orbitals, as given by the
Hartree-Fock equation for the free ions. It is evident
from Fig. 8 that the considerable overlap of the free
ion orbitals shouM alter these orbitals through the
eGects of Coulomb correlation and exchange. We shall

neglect the Coulomb correlation since it is independent
of spin and consider physically the effect of the exchange
correlation which is required by the Pauli exclusion
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principle. The unpairing action of the Pauli principle
may be seen most clearly by neglecting, at first, the 2p
electrons, and considering only the three electrons in
the states @s,cr, @s,P, and @ss'o., where cr and P denote
the spin states. The Ps,P orbital is unaffected by its
overlap with the lsd'cr orbital because it is orthogonal
to it. However, the Ps,n orbital is not and it will suffer
an exchange repulsion with the (ts~'u orbital. This
exchange or Pauli repulsion will act to exclude the o.

electrons from the region of large overlap and enhance
it in the regions of smaller overlap. Thus the probability
density for the 0. spin at the Quorine nucleus will be
greater than that of the unaffected P spin, i.e. , there
will be an "exchange polarization" or unpairing of
spins at the Quorine nucleus.

We may treat this problem quantitatively, to first
order, by taking as the correct starting wave function
the Slater determinant for the three electron system:

(|Ised(1)n (I((,(i(2)rr y, (t(3)n

X p»(1)cr y (s2) rrps, (3)n . (26)

(t'»(1)P 4'sa(2)P '(t'»(3)P

The coefficient of the determinant insures the normal-
ization of 0 (1,2,3). The P's are assumed normalized.
The hyperfine interaction between these three electrons
and the Quorine nucleus is given by:

g~P~ Ip" (H—„)», (27)

where S, is the spin of the P" electron (i =1, 2, 3). Is
is the spin of the Quorine nucleus and rp is the posi4on
of the Quorine nucleus. We may determine the field
produced by the hyperfine interaction in the first order
of perturbation theory by calculating the expectation
value:

(28)

Evaluating (28) we find

4m

(&-)"'=—gP
3

2 rI' 2 3d 3d rF

—2ys" (r~)4s. (r~)(es. I es"&
(29)

By the superscript I we denote the contribution to II„
from a single Mn located at a distance ri from the
fluorine.

I Q s, I(t sd'& I' is the square of the overlap
integral between the 2s and 3d orbitals. The p's are

TABLE V. The square of the overlap integral ~((i ~, ~(f(3d ) ~' and
the degree of unpairing (f») of the 2s fluorine orbital as a function
of the Mn —F distance. '

r in A

2.10
2.11
2.12
2, 13
2.14

0.491X10 '
0.471X10 '
0.456X10 '
0.440X10 '
0.423X10 '

0.540 X10~
0.519 X10-2
0.502 X10 2

0,4828 X10~
0.464 X10 2

a See reference 16.

It should be noted that in this first-order treatment
it is not necessary to calculate the change in the
orbitals (p) produced by the exchange repulsion. To
do this one could set up the Hartree-Fock equations
for each orbital using the free ion p's to determine the
different exchange potentials for each equation. ""
Using the new P's thereby determined, the hyperfine
interaction can be calculated to the second order.

Mukherji and Das evaluated fs, using the most
recent" " Hartree-Fock solutions for P» and &3d'.

However, their result was only half as big as is required
to explain Tinkham's observations' of the hyperfine
structure of the paramagnetic resonance spectrum of
Mn2+ in ZnF2. W. Marshall noted, however, that recent
neutron diffraction form factor measurements" in a
number of Mn salts, as well as Erickson's4 older data on
the Mn'+ ion in MnF2, show that the 3d orbital is spread
out radially by a scaling factor of 1.10 compared with
the free ion solution. This produces a much larger 3d—2s
overlap. The spreading out of the 3d orbital may be due
to the very considerable overlap of the 2p fluorine orbital
on the Mn nucleus as shown in Fig. 8. This acts to screen
the Mn nucleus from its own electrons. Using the
scaling factor obtained from the neutron diffraction
data, Marshall and Stuart' recalculated the overlap
integrals as a function of the Mn —F distance (r) and
found the results given in Table V. These results are

J. C. Slater, Phys. Rev. 82, 538 (1951).
29 V. Heine, Phys. Rev. 107, 1002 (1957).
~ J. H. Wood and G. Pratt, Jr., Phys. Rev. 107, 995 (1957).
"M. H. Cohen, D. A. Goodings, and V. Heine, Proc. Phys.

Soc. (London) 73, 811 (1959).
'2 D. R. Hartree, Calculation of Atomic Structures (John Wiley

and Sons, Inc. , New York, 1957), p. 173.
"C.Froese, Proc. Cambridge Phil. Soc. 53, 206 (1957).
34 J. M. Hastings, N. Elliott, and L. M, Corliss, Phys. Rev.

115, 13 (1959).

chosen to be real. Equation (29) is the result of Mukherji
and Das." Of the three terms in the numerator the
loess'I' term is negligibly small compared to the first
and third terms. These two terms represent the unpair-
ing produced by the exchange correlation. If fs, repre-
sents the degree of unpairing we have on factoring
Ips, (ry) I' from Eq. (29) that

l(4s I&ss &I'—2Qs less&es" (r~)iLes. (r~)]
(30)
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TABLE VI. The srtuare of the overlap integral ~(p&, ~p3z') [' and drstance Usrng these and
I @r (rz)

I

2 —19 6 I@~ (rz)
I

2

the degree of unpairing f1, of the 1s fluorine orbital as a function
of the Mn —F distance.

r in A fls c. The Anistroprc EiypertrrM Interactr'ort

2.10
2.11
2.12
2.13
2.14

0.277X10 4

0.263X10 4

0.251X10 4

0.240X10 4

0.230X10 4

0.198 X10 4

0.189 X10 '
0.180 X10 4

0.1725X10 4

0.165 X10 4

' See reference 16.

S is the spin of the Mn'+ ion, -', .
Using the results listed in Table V for f2, for the

bond lengths rr and rrr, and I@2,(0) I'=10.79 in Bohr
units, we get the values listed in Table IV for (H„)2,.

The pressure dependence of (H„)2, is given by

about double those of Mukherji and Das. It should be
observed that f2, differs from

I /2, @3e')I' by the cross
term in Eq. (30). This cross term was calculated using
the shielded Hartree-Fock solution at the fluorine
nucleus. Since &3&(r&) may be considerably altered
from this value by the fluorine nucleus, the present
calculation of the cross term may not be accurate.

Equation (29) gives the contribution to (H„)&, from
a single Mn'+ neighbor. To get the effect of the three
neighbors we may sum the eGects of each neighbor
independently and 6nd:

(H„)2,= (4~/3)gp I y2. (rr) I'(2f2,'—f2,"), (31)

where f' and frr are the fractional unpairings due to
the neighbors at rz and rz&, respectively. This may also
be written in the "A" notation of Tinkham' or Clog-
ston."

H„= (S/gNPN) (2A2, '—A2,"),
where

A2 ' (gNpN/S) (4rr/3)gp
I 0 2.(rr) I

'f2"'

(H„);.e. ——
2(3 cos'b 1)A r 2A r+A rr+A

(gNPN/S)
(34)

where S= a, and where

2 1 gNPN gPI,II— (f I,II f,r, rr) (3$)
~8

gNPN gPI,II (f I,II f,r, rr) (3{j)
5 r3 S 2

The quantity

p" r'dr IE.~„(r) I'

The overlap of the 2p fluorine orbitals with the 3d
orbital of the manganese produces an unpairing of the
spins in the 2p states. These unpaired. spins produce an
additional "inner dipole" contribution to the magnetic
field at the fluorine nucleus. To determine this field,
consider erst the effect of a single Mn neighbor. I et
the three 2p orbitals be denoted by p„p ., p where
these orbitals point respectively along the bond, along
the y direction and along the third mutually perpen-
dicular direction. Also, let fr, fr, fr be the fractional
unpairing of the spins in each of these orbitals produced
by the overlaps with the 3d orbitals. The direction of
the unpaired spin in each orbital is of course the same
as that of the Mn'+ neighbor. The contribution to the
inner dipole field can then be calculated for these three
orbitals in a straightforward manner. The net effect of
the three nearest neighbor Mn'+'s can be obtained by
adding together the contribution of each neighbor
independently. If the superscripts I, II refer to type I,
and type II Mn neighbors we find that the inner dipole
field is

The numerical value of this contribution to the pressure
dependence of B„is listed in row 3, of Table IV. It
should be noted that the large uncertainty listed for
this number comes from the uncertainty in the measure-
ment of the compressibility.

We may also calculate the contribution to II„ from
the unpairing of the 1s electrons in exactly the same
way as has been outlined above for the 2s electrons.
The overlap integrals and the fractional unpairings fr,
are listed in Table VI as a function of the Mn —F

TABLE VII. The squares of the overlap integrals fp and fp
between the p orbitals on the fluorine and the d orbitals on the
manganese ion as a function of the Mn —F distance.

vinA

0.675X10
0.663X10~
0.651X10-'
0.640X10 2

0.629X10 ~

0.281X10 '
,0.272 X10~
0.263X10~
0.254X10-'
0.245X10 2

2, 10
2.11
2.12
2.13
2.14

I

By&
r Brr cjf2 rr 8 is the average value of 1/r' taken over the radial part

&&I 2 — I. (33) of the 2p orbital. The squares of the overlap integrals
~rr ~I' rirrr &I'~ fr, I(pu„eI&3~')I'——and fr I(p, Id„)I' are ——listed in

Table VII as a function of the distance r. The quantities

"A. M. Clogston (private communication). See reference 16.
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t
BH ) 2 1 gP ( rI(fr.' fr. ')—tIi'r

&tIPI;.q 5 r' 2 E rIr ()P

A r and A 'r are zero because fr f——t I.t should be
noted that in Eqs. (34), (35), and (36) we have assumed
that the degree of unpairing in the p orbitals is uniform
throughout each orbital. This is not, in fact, the case
since the cross term shown in Eq. (30) is a function of
the distance between the Mn ion and the point in the

p orbital at which the unpairing is to be calculated.
We are therefore neglecting entirely the eGect of the
cross term in assuming the unpairing to be uniform and
equal to the square of the overlap integral. This
procedure probably introduces little error in the calcu-
lation of H„and dH„/dP because the inner dipole
contribution to these quantities is in itself quite small.
Using" (1/r)=44. 4&&10"/cm', we find the value of
(H„); q. listed in Table IV.

The pressure dependence of (H„); z. is given by

IV. CONCLUSIONS

From our measurements of the pressure dependence
of the zero Geld nuclear magnetic resonance frequency
of the F" nucleus in antiferromagnetic MnF2, we have
deduced the pressure dependence of the Neel tempera-
ture, and the pressure dependence of the hyperfine
interaction between the fluorine nucleus and the
manganese electrons. No theoretical explanation is
oGered for the pressure dependence of T~.

The theories of Mukherji and Das, and Marshall and
Stuart are used to explain the magnitude and pressure
dependence of the hyperfine interaction. The theory
uses the Hartree self-consistent Geld wave functions
for free Quorine ions, with the Hartree solution for the
Mn'+ ion slightly altered to bring it into agreement
with neutron scattering form factor measurements.
The electron unpairing responsible for the hyperGne
interaction is calculated solely from the sects of
exchange correlation which arise directly out of the
Pauli Exclusion Principle. Agreement between theory
and experiment is very good.

The magnitude of this term is listed in Table IV.
It is clear from the last two rows of Table IV that

the theoretical calculations of H„and dH„/dP are in
excellent agreement with the experimental results.

It may be worthwhile to emphasize that the theory
outlined above does not require the inclusion of any
covalency, in that we do not include the unpairing
effect of Quorine electrons "hopping" into d states on
the manganese ion. Clearly our results indicate that this
is well justihed at least in connection with the s-state
electrons. "Hopping" out of p orbitals may affect the
f„'s somewhat, however, as has been noted above, the
error thereby produced in the calculation of H„and
dH„/dP will be quite small due to the small contribution
of the inner dipole Geld.

"R.G. Harnes and W. V. Smith, Phys. Rev. 93, 95 (1954).
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