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The galvanomagnetic sects in e-type silicon have been in-
vestigated experimentally and theoretically at 77'K and 300'K-
The samples ranged in resistivity from 0.2 to 27 ohm-cm (at room.
temperature). Measurements of the 6eld dependence from 0.5 to
22 kilogauss of the Hall coefBcient and the magnetoresistance for
several orientations are presented, as well as measurements of the
angular dependence of the magnetoresistance and planar Hall
effects at similar fields. A number of theoretical calculations using
a constant relaxation time in the manner of Gold and Roth (1957)
are presented which show the effect on the coeScients of a change
in the mass anisotropy E . The Soltzmann transport equation,
and collision times of the form

v&=I&G ~+LG~+N,
vg=Ig8 &+LB&+N,

where vg and vg are the longitudinal and transverse collision times,
I&, I&, L, and N are constants and 8 is the energy, have been used
to calculate the galvanomagnetic coefBcients for diferent amounts
of lattice, ionized impurity and neutral impurity scattering, and
for di6erent anisotropies of the ionized impurity scattering. The
various components of the collision frequency were taken from
available theoretical work. Detailed comparisons of the experi-
mental data and the theoretical calculations are presented which
show that the assumption of a constant collision frequency allows
one to predict qualitatively all the field dependencies and sym-
metries which are found experimentally. It is also shown that with
an anisotropic, energy dependent collision frequency the quan-
titative agreement with experiment is considerably improved,
especially with regard to the behavior of samples of diGerent
resistivities.

I. INTRODUCTION
' EASUREMKNTS of the magnetoresistance have

- ~ been used extensively to ascertain the structure
of the band edges in various semiconductors, ' and, more
particularly for germanium and silicon, the effective
masses and the mass anisotropy. For germanium and
silicon it has been amply shown that the band edges
have the form of ellipsoids along the $111jand $100]
axes, respectively. "For these two elements the mass
anisotropy has been measured rather directly at 4.2'K.
Experimental results seem to indicate that for both
germanium and silicon the mobility anisotropy is about
the same at 300'K as at 4.2'K but lower at intermediate
temperatures. '4' This has been attributed to an ani-
sotropy of the ionized impurity scattering. 4

The Hall coe%cient has been used primarily to obtain
carrier and impurity concentrations for use in energy
gap calculations and for mobility measurements. '%hen
measured as a function of temperature this gives con-
siderable information about the scattering processes. ~'
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There has been much theoretical work done on
various scattering processes. In particular lattice
scattering has been thoroughly investigated' " and
equations have been derived for ionized"'~ and neutral
impurity scattering. ""This theoretical work has been
directed principally at gaining an understanding of the
temperature and resistivity dependence of the nieasured
carrier mobility. Primary attention in these calculations
has been paid to germanium and silicon.

It seemed desirable to have further detailed measure-
ments of the galvanomagnetic coefficients in silicon
available for comparison with theoretical work. The
following report is an attempt to fit a set of detailed
galvanomagnetic measurements by using available
theoretical work.

II. THEORY

The formal theory of conductivity for an ellipsoidal
energy surface and an energy dependent anisotropic
collision time can be developed in the manner of
Shibuya' and Bullis" to obtain the conductivity tensor
for the current carriers on a single ellipsoidal energy
surface. The requirements are that the relaxation time
be expressed as a tensor which is diagonal in the same
coordinates as the mass tensor, that the electric field
be weak, that the electron concentration be low enough
so that the Boltzmann distribution may be used, and
that there be no spatial e8ects such as temperature
gradients or concentration gradients in the material. ' '

o C. Herring, T. H. Geballe, and J. E. Kunzler, Phys. Rev.
ill, -36 (1958)."C. Herring and E. Vogt, Phys. Rev. 101, 944 (1956).~ E. Conwell and V. Weisskopf, Phys. Rev. 77, 388 (1950)."N. Sdar, Phys. Rev. 104, 1548 (1956).

~4 C. Erginsoy, Phys. Rev. 79, 1013 (1950).
~~ N. Sclar, Phys. Rev. 1Q4p 1559 (1956).

~ M. Shibuya, Phys. Rev. 95, 1385 (1954).
lv W. M. Bugls, -thesis, Massachusetts Institute of Tech ology,

1956 (unpublished).
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In Kq. (2.2), e is the electronic charge, ~ is the relaxation
time tensor, E is the electric field, w is the reciprocal of
the mass tensor m, B is the magnetic field, and s1=m v/
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are the deter-
minants of their respective tensors.

With this distribution function the current density
and therefore the conductivity tensor can be calculated
for a single ellipsoidal energy surface.

In the case of silicon there are six ellipsoids of revo-
lution oriented such that the axes of rotation are along
the [100) axes. 'o When the conductivity components
are summed over all of the ellipsoids the conductivity
tensor is":

where

4 ee
),,h** exp( —8/kT)d 8, (2.3)
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There is no restriction on the value of the magnetic
field. "With the distribution function expanded to first
order:

f= fo &—(~fo/~@) (2 1)

where fo is the equilibrium distribution, &=6 VvB,
and V'„8 is the group velocity of the electrons, the
Boltzmann transport equation may be solved for the
distribution function with the result" '

R= (E JXB)/(JXB)s,

and the Planar Hall coe%cient

E [(JXB)XJjI'=
(JxB)'(J B)

(2.4)

In these expressions the right-hand sides reduce to
expressions involving only the components of the re-
sistivity tensor p,; (which are functions of the magnetic
field) and direction cosines of the magnetic field.

A simple approximation which can be quite useful is
that of a constant mean free time, independent of the
electron energy. " Considerable use has been made of
this approximation in evaluating cyclotron resonance

O
Qo05

O.OI

0.005

ponents of the conductivity tensor are easily obtained.
In these expressions e is the electron concentration, k is
the Boltzmann constant, T the absolute temperature,
8; is the component of the magnetic field along the ith
axis and &tt&t& L——ort&t&/ttst&»$, rt&t&

——1/vt&t& is the relaxa-
tion time transverse (parallel) to the major axis of the
ellipsoidal energy surface. v & and v-& are not necessarily
the same, either in energy dependence or magnitude.

To obtain the galvanomagnetic coeKcients the con-
ductivity tensor is evaluated numerically and then
inverted to give the resistivity tensor. The components
of the resistivity tensor are then used to evaluate the
galvanomagnetic coeQicients from the following ex-
pressions. "For the magnetoresistance:

&p/po= (p—po)/ps= L(E J)&t/(E J)tt oj—1,

the Hall coeKcient

and by permuting the subscripts 1, 2, 3 and using the
Onsager relation, " o,;(B)=o;,(—B), the other com-

» 7V. K. Krag, thesis, Massachusetts Institute of Technology,
1959 (unpublished }.

» R. N. Dexter, B. Lax, A. F. Kip, and G. Dresselhaus, Phys.
Rev. 96, 222 (1954).

so L. Onsager, Phys. Rev. 38, 2265 (1931l.
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Fxo. 1. Fi.eld dependence of the magnetoresistance b,p/pp forJp10~B ~~'~ =J tIQO~B &~'~. Theoretical —v =constant, {a) E=6.2,
(b) E=5.2, (c) E=4.2, (d) X=3.2 (straight lines are extensions
of the low field square law behavior).

"L. Gold, Phys. Rev. 99, 596 (1955).
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FIG. 2. (a) Angular dependence of the magnetoresistance Ap/po
for JI1MIB& ). Theoretical —v =constant, a,B=0.05; curve e—
K=6.2, b K=5.2, c K—=4.2, d——K=3.2. (b) Angular de-
pendence of the magnetoresistance Ap/pa for J~g/Q]B& l. Theo-
retical —~=constant, e&=0.15; curve u—X=6.2, b—X=5.2,
c K=4.2, d—K—=3.2. (c) Angular dependence of the magneto-
resistance Ap/po for J'~lloiBt ~. Theoretical —r=constant,
u B=1.0; curve u—%=6.2, b—X=5.2, c—%=4.2, d—K=3.2.
Note. The scale under Fig. 2(c) refers also to Fig. 2(a) and (b).
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experiments' and. also in galvanomagnetic experi-
ments "~' ~' ' 2 Kith this approximation the calcu-
lations are, of course, much simplified. The bracketed
terms in Eq. (2.3) are independent of the energy and
can therefore be taken outside the integral and evalu-
ated directly. The integral itself is a gamma function
of order ~.

For energy dependent collision frequencies the
integrals have to be evaluated numerically for each
case. All of the computational work was done with an

~~ H. J. Zeiger, B.Lax, and R. N. Dexter, Phys. Rev. 105, 495
(1956}.

~ L. Gold and L. M. Roth, Phys. Rev. 99, 1655 (1955).
~ L. Gold and L. M. Roth, Phys. Rev. 103, 61 (1956).
2~ L. Gold and L. M. Roth, Phys. Rev. 107, 358 (1957).
~ W. M. Bullis and %.K. Krag, Phys. Rev. 101, 580 (1956).

IBM-704 computer. Six figure accuracy was maintained
throughout.

In the theoretical calculations attention was largely
restricted to the case of a current in a L100j or L1101
direction and a magnetic field in an L001$ direction.
The advantages of this case are {1)it is a high synunetry
direction and the 0 tensor reduces to 5 nonzero com-
ponents, (2) the magnetoresistance is high in this
orientation, and is therefore sensitive to changes in the
mass anisotropy E and/or the scattering functions,
and (3) the curve of the Hall coeKcient versus magnetic
field has a minimum, which is useful for comparisons
of experiment and theory.

Consider first the calculations of the galvanomagnetic
coeKcients for the case of a constant mean free time.
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These have been calculated extensively for E=5.2,'~2'
but it is interesting to calculate the coefBcients for
other values of the mass anisotropy. Figure 1 shows
that, as expected, the magnetoresistance increases as
the mass anisotropy increases. Figure 1 is typical of
the eGect of increasing anisotropy on the magneto-
resistance (except that the longitudinal magnetoresist-
ance along a cubic (L100)) axis was zero in every case
both for constant r and energy dependent r) Th. e
variable u&=eB~,/mi is the abscissa scale for all of
the const~& r curves. Figure 2 shows the angular
dependence of the magnetoresistance for one of the
more interesting orientations. Note that the minimum
at the [001$ direction is present only at intermediate
fields, and not at high or low magnetic 6elds, and that
it also disappears for low mass anisotropies. Magneto-
resistance calculations for other con6gurations of the
current and magnetic 6eld showed much the same
behavior as found by Gold and Roth."The anisotropy
of the magnetoresistance as well as the magnitude
decreases for low values of magnetic field (a,B) as well
as for low values of the mass anisotropy.

In considering the Hall coefficients several points
should be remembered. First, it is well known that the
high 6eld limit of the Hall coefficient is equal to
R„=1/ne for a one carrier system, where n is the
number of carriers. "However, since the low field limit,
but not the high Geld limit of the Hall coeKcient, is
experimentally accessible in e-type silicon, all but one
of the curves are normalized to the low 6eld values.
Second, for spherical energy surfaces and a constant
collision frequency the Hall coeKcient is independent
of the magnetic 6eld and equal to its high 6eld value
(the magnetoresistance is zero for this case). And third,
for cubic systems the high and low 6eld limits of the
Hall coeKcients are independent of the configuration
of the various orientation parameters, ' but the low
Geld limit depends on the mass anisotropy and, as will
be shown later, on the scattering functions. Figure 3
shows the behavior of the Hall coeKcient normalized
to the low Geld limit as a function of Geld for several
mass anisotropy ratios (and constant r) for two trans-
verse configurations of the current and magnetic Geld.
The appearance of a minimum in the Geld dependence
of the Hall coefficient depends strongly on the relative
orientations of the current, magnetic field and the
crystal axes, and that the depth of the minimum is a
function of the mass anisotropy.

As seen in Fig. 4 the planar Hall coeKcient I'/pp
also depends on the mass anisotropy and. on the various
orientation parameters.

The calculations making use of a constant collision
frequency do not, of course, correspond to the physical
situation. They do, however, as we shall see, show all
the features whi@h are found experimentally, and being
easily and quickly calculable on even a simple computer
such as the Royal McSee LGP-30, would seem to be
of considerable use, especially in exploratory calcu-
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Fzo. 3. (s) Field dependence of the normalized Hall coefficient
Rn/Rp fot Jiiio]B I~'& =JpooiB &++&. Theoretical —r=constant;
curve e—K=6.2, b—E=S.2, c—K=4.2, d—K=3.2. (b) Field
dependence of the normalized Hall coefficient Rir/Ro for
J~110~B& &. Theoretical —r =constant; curve n—K=6.2, b-
E=5.2, c—K=4.2, d—K=3.2.

lations. For more realistic calculations an energy
dependent collision frequency is required.

Of the many types of possible scattering mechanisms
there are three that are usually important in good
crystals at normal temperatures; lattice scattering,
ionized impurity scattering, and neutral impurity
scattering. At room temperatures lattice scattering is
usually the dominant mechanism and neutral impurity
scattering can probably be neglected. In silicon at
liquid nitrogen temperatures, however, both lattice
and ionized impurity scattering can be important, and
in many cases, neutral impurity scattering plays a
significant role. Usually the scattering mechanisms are
assumed to act independently and a mobility is calcu-
lated for each process separately. However, this
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assumption, as is well known, is not completely justi-
fied, ' since the energy dependence of the scattering
process is de'erent in each case, so that each process
will be efkctive only for the electrons in a particular
range of energy. For this work collision frequencies of
the form

p= I8 I+Lhl+E (2.5)

were used. However, the collision frequencies may also
be a function of the direction of motion of the electrons,
and therefore separate equations for electrons moving
parallel and perpendicular to the major axis of the
ellipsoidal energy surface are required.

b
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Of the three types of scattering under consideration
lattice scattering has probably been the most thoroughly
investigated, Bardeen and Shockley, ~ using the method
of deformation potentials, obtained the expression

k' (puP) 1

Sn I.kT 3 (2rxs*)&Exs
(2 6)

for acoustic mode lattice scattering and for spherical
energy surfaces, where p is the density, I& the velocity
of longitudinal phonons, m* the density of states
effective mass L(tlrIIIp)I for ellipsoidsg, and Ex is the
shift of the conduction band edge per unit dilation. "
This equation may be written in the form 1/7 = p= LXI
where X is the reduced energy 8/kT, and L is a con-
stant. With m~=8.45X10' cm/sec, » rxx~/rrxs=0. 98,
trxg/rrxp=0. 19"where Ixss is the free electron mass, and
Ex= 7.0 ev "' L= 15.09&(10'%ec at 27'K and
116&(10"/sec at 300'K.

Ionized impurity scattering is calculated by assuming
Coulomb interactions, with a cutoG distance equal to
the average distance between impurity centers. "Brooks
and Herring' modiled the Conwell-Weisskopf formula
slightly to take into account screening of the Coulomb
scattering potential by the redistribution of the free
carriers, and obtained the expression

(1/rz) =Xxa s'(wee) —I(2&)—Ix—'Pln(1+b) —b/(1+b) j,
where

b =Srr(rrx*) xkT 8/I'e'k' (2.2)
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Fz is the number of ionized impurities, m* the efkctive
mass and I(: the dielectric constant. Ham later showed
that the anisotropy of the scattering could be con-
siderable for ellipsoidal energy surfaces, ~ and showed
that for small angle ionized impurity scattering ex/r& 4. ——
Then

LpxL(pxT)'ji= &x=1/rx and pxr/pxz, =4, (2.8)

where vz~ is the collision frequency for electrons moving
along the major ellipsoidal axis and v&T the collision
frequency for elect~ons moving perpendicular to the
major axis. The scattering functions for ionized im-
purities can then be written"

O.OI
&zz, =IxX f& pzT=IcX &. (2.9)

0.005

O.OOR
003 O.OS O.l 0.5

Ocs
I.O R.O 40

Fxo. 4. (s) Field dependence of the planar Hall coefficient P/po
for Jpop]B& 0j. Theoretical —v =constant; curve a—E=6.2,
b X=5 2, c E—4.2, d—. X=3.2 (s—traight lines sre the exten-
sions of the low Geld square law behavior). (b) Field dependence
of the planar Hall coefffcient P/po for JInoIBIO'». Theoretical-
~~constant; curve u—X=6.2, b—X=5.2, c—X=4.2, d—X=3.2
(straight lines are the extensions of the low Geld square law
behavior).

» J. Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950).
'8Herring and Vogt" later showed that acoustic lattice scat-

tering may be anisotropic. However, to our knowledge there is no
data on the anisotropy, which is probably small, and none of the
available samples wexe pure enough to make an estimate. Scat-
tering by optical modes was not considered.

» H. J. McSkiodn, J. Appl. Phys. 24, 988 (1953).
» F. S.Hsm, Phys. Rev. 100, 1251 (1955).
~' The energy 8 in the expression for b is usually set equal to

SAT to simplify the scattering terms. Calculations were made
which showed that for samj&les of moderate resistivity the e6ect
of this was small: s 3% decrease in the resistivity snd s 3%
increase in low 6eld magnetoresistance no change in the high
Geld magnetoresistance snd less than 1o/o in the the low Geld Hall
coefficient.
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vt,=I+ &+IX&+N,

vs= I)X ~+LX&+N,
(2.11)

which are the expressions to be substituted in Eq. (2.3)
for the conductivity components.

Figures 5, 6, 'I, 8, and 9 show the behavior of the
Hall codBcient and magnetoresistance when the scat-
tering functions are of the type just described. For all

the figures a mass anisotropy X=5.2 was used, and
with the exception of Figs. 6(a) and 8(a) the anisotropy
of the ionized impurity scattering was 4 (It/Iq 4). ——
The abscissa scale is given in terms of apB=eBrp//m&

where Tp is a constant.
Figure 5 shows the dependence of the ratio of the

low Geld limit Ep to the high Geld limit E„of the Hall

A simple Hall measurement was used to get the number
of ionized impurities, n, Ez was assumed to be equal
to the number of free carriers.

The third scattering mechanism to be considered is
neutral impurity scattering. Krginsoy showed it to be
energy independent on the basis of the scattering of
electrons by hydrogen atoms. " He obtained the
expression

vN= 1/rwr 20dV„Iss/8m'——m*'es=N (2.10)

where X„ is the number of neutral impurities and E
is a constant. Later it was shown that neutral impurity
scattering is probably isotropic even for ellipsoidal

energy surfaces'; and recently Sclar has shown that
the scattering is slightly energy dependent. '~ In the
calculations Krginsoy's expression was used. /„was
assumed to be zero at 300'K and equal to the difference

in the number of free carriers between 300'K and 77'K
at liquid nitrogen temperature.

With these expressions for the scattering mechanisms

we can write:

coeScient on the relative amounts of the three types
of scattering. The ionized impurity scattering increases
toward the right. Note the ratios of Rp/R„ for the
constant r calculations in the lower right hand corner.

Figure 6(a) shows the e8ect of an anisotropy in the
ionized impurity scattering on the Geld dependence of
the Hall coefGcient. In Fig. 6(a), curve b is for isotropic
scattering, curve a was calculated with I~/Ir=4, and
curves c and d were calculated with anisotropies which
increase the total anisotropy, E=E~,. Notice the
similarity of these curves to those of Fig. 3(a), which
show the e6'ect of the mass anisotropy.

The strong dependence of the Hall coeS.cient on the
relative amounts of ionized impurity and lattice scat-
tering is shown in Fig. 6(b) and 6(c). It should be
emphasized that the high Geld limit and not the low
Geld limit is independent of the scattering functions.
It is evident from Fig. 6(b) that the depth of the
minimum in the normalized Hall coeKcient is a function
of the relative amount of ionized impurity scattering.
This effect has been plotted in Fig. 7. The curve
disappears at the right as the zero Geld value of the
Hall coefGcient normalized to the high Geld limit Rp/R„
rises rapidly at high concentrations of ionized impurities
and the minimum is washed out. Included in Fig. 7 are
the depths of the minima for the constant T calculations.

In Fig. 8 the magnetoresistance versus magnetic Geld

is plotted for the same conditions as used for the
calculations of the Hall coefficient shown in Fig. 8.
Figure 8(a) shows that a change of the anisotropy of
the ionized impurity scattering has much the same
effect on the magnetoresistance as a change in the mass
anisotropy (Fig. 1).Figure 8(b) shows some results that
were quite surprising. The decrease in the low Geld

magnetoresistance coeKcient as the total scattering is
increased is as expected (Fig. 9), however it is diKcult
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Fro. 6. (a) Field dependence of the normalized Hall coeflicient
Rrr/Rp for I]np]B]"'r]. Theoretical —r =r ( 8), E~=5.2, I 1.0,
N= 0, (h) (Ip)'= 1. I]/I p =in curve o—p (R /Rp =1.0857),
b 1(R„/Rp= 1.1—211), c—,' (R„/Rp= 1.1431), d—~& (R„/Rp
=1.1665). (b) Field dependence of the normalized Hall coefficient
Rrr/Rp for J[np]B ]~~). Theoretical —r =r (8), E =5.2, I= 1.0,
N=O, I]/Ip=~p. I]=in curve o—0.01, b—0.1, c—1.0, d—2.0,
e—10.0. R„/Rp o 1.0511& b—1.——103—4, c 1 0287,—d—. 0.9628,
e—0.7696 (c) Field dependen. ce of the normalized Hall coeflicient

Rrr/Rp for J]lip]Binri Theoreti.cal-same as Fig. 6(b).
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to see why the high Geld magnetoresistance should 6rst
decrease and then increase as the amount of ionized
impurity scattering is increased.

The dependence of the low 6eld magnetoresistance
coeflicient (hp/pp)/(apB)' on the total scattering is
shown in Fig. 9. The lattice scattering constants were

not changed in the calculations for this 6gure. The
highest curve is for the least (none) neutral impurity
scattering, and low amounts of ionized impurity scat-
tering are at the left.

Many of the low and intermediate ield effects can
be shown experimentally but unfortunately most of
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PIG. 7. The minimum value of the normalized Hall coeKcient
Rp/Ro as a function of the ratio of ionized impurity to lattice
scattering I~/L. Theoretical —o =r(8), IC =5.2, I~/Ig=4. 0,
N=O, Jp1()~B~~'j. Constant ~ values for various E are shown at
left.

the high Geld sects are beyond the reach of the
available magnetic fields. As we shall see, while the
experimental agreement with the calculations is not
perfect, they do show all of the qualitative phenomena,
at least up to the highest available Gelds.

Results can also be calculated as above for the
angular dependences of the magnetoresistance and Hall
coefBcients. However, these changes with scattering
are relatively small and nowhere near as prominent as
the scattering dependence of. for example, the Hall
coeKcient.

IV. EXPEMMENTAL

The experimental arrangement was straightforward. "
The galvanomagnetic potentials were measured with a
Rubicon Type 8 potentiometer. The magnetic fields
were supplied by a Varian 12-in. electromagnet with
cone shaped polefaces having 3-in. Qats and a 14-in.
gap, and measured by means of a U. S. Navy LM18
frequency meter and a nuclear resonance magnetometer.

With this arrangement the precision of the measure-
ments is estimated at 0.01%%uz. Constant temperatures
were maintained by using a liquid Ns bath for the 77'K
measurements and circulating water from a constant
temperature bath for the 300'K measurements. The
temperatures were constant to better than +0.1'C.
The samples (Fig. 10), shown mounted on a teflon

sample holder, were cut with an ultrasonic die to the
desired shape. The central region was a rod one milli-

meter square in cross section and about 8 mm long,
having side contacts the thickness of the sample and
a width of 0.003 in.-0.006 in. Ohmic electrical contacts
were produced by gold bonding. "~ The sample holder
was designed so that the samples could be rotated in
the magnetic field around each of its principal axes,
where the angle was measured with a pointer and
protractor after calibration for each sample by a zero
of the Hall coeKcient or an extremum in the magneto-
resistance. For each orientation and field four measure-
ments (+8, +I) of the galvanomagnetic potentials
were made in order, and the results averaged, to mini-

mize the thermal eGects and to eliminate errors due to
misplacement of the contact areas. The silicon was

e-type, arsenic doped, and except for sample 2960, was

supplied by the Bell Telephone Laboratories, and the
sample parameters are given in Table I.

V. RESULTS

Figure 11 shows the angular dependence of the
magnetoresistance for the current in the t100j and

[110) directions at 300'K and 77'K. Both sets of

measurements were taken at 20 kilogauss. In the

Ggures the experimental points are shown, the solid

lines were calculated using a constant 7, with the

experimental and calculated values matched when the

O
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.l
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I
LO lO

0.02
0.2 0.5 o.0 2.0 5.0 to 20
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Fro. 8. (a) Field de-
pendence of the mag-
netoresistance hp/po forJp~g~B t~'&. Theoretical—v=r(s), E =5.2,
L 1.0, &=0, Ig (Ig)o

t. Io/Io =in curveu~ b—' c—1, d=".
(b) Field dependence of
the magnetoresistance
hp/po for I[xro~B &~~&.

Theoretical —v =v(s),
E =.5.2, L=1.0, N=O,
I~/Io=). Io in curve
u—0.01, b=0.1, c—1.0, -

d—2.0, e—10.0.

(~)
oo P. Debye (private communication).
oo M. Tanenbaum (private communication).
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TABLE I. Sample characteristics.

Sample
No.

Crystal
No. and
supplier Doping

Growth
axis

Growth
method

Direction
of J

Direction
of V~or

Vg

2569A-1

2569B-2

2807B-2

2806B-1

2807A-2

Bell
XS2860B

Bell
XS2860B

Merck
34S
Bell
198A
Bell
199A
Bell
198A

As

As

As

As

As

As

300'K Parameters
cm'

[100)

[100)

[100)

[110)

[110)

[110)

Rotated

Rotated

Rotated
60 rpm
Rotated
60 rpm
Rotated
60 rpm

[100)

[110)

[110)

[110)

[110]

L010]

[110]

[110]

[110]

[110]

[110] [001]
77'K Parameters

cm~
Sample

No.

2569A-1
2569B-2
2960
2807B-2
2806B-1
2807A-2

Approximate
po(ohm cm)

2.0
33'

27
1.9
0.22

Rp
coul

—3.5X 103
—4.7X10 ~

—4.7X10—3.3X103
—3.2X 1P

piicms/volt sec

1700
1430'
1770
1750
1440

Approximate
pp(ohm cm)

0.73
0.66b
3.0
0.51
0.17
0.57

Rp
coul

—83X10'
—7.9X10'b
—5 2X10'—6.8X10—1.5X10—7.4X10'

prrcm'/volt sec

11 400
12 000b
17 000
13 400
8 900

13 000

& Between first and second heating process.
b After second heating process.

magnetic field was in an L001$ direction. As is seen in
the figures the constant mean free time calculatK~n
shows all of the symmetries found in the measurements.

Figure 12 shows an attempt at a more quantitative
calculation using a constant collision frequency. For
these calculations a magnetoresistance vs magnetic
6eld measurement vras made and the results compared
vrith Fig. 1 to get a best 6t and. a relationship between
a,B and the magnetic field. The value of a. vras then
used to calculate the curves in Fig. 12. The numbers

2.0
O

CI

I.B
«I

used in the calculations are given in Table II. Again
the constant r curves shovr all of the qualitative
features of the experimental data. Figure 13 is a com-
parison of the measurements and the calculations for
the normalized Hall coefBcient. The same constants as
in Fig. 12 vrere used in the calculations. A curve for
E=3.2 is also shovrn which seems to Qt the Hall data
much better. Hovrever, vrith K=3.2 none of the mag-
netoresistance data would fit at all.

In Figs. 14, 15, 16, 17, 18 the experimental results
on a set of three samples of di8erent resistivities meas-
ured at 77'I and 3(0'K are shown. In these figures
as elsewhere the points are experimental and the solid
lines are the results of calculations. The numbers used
in the calculations vrere derived on the basis of an energy
dependent relaxation time and are given in Table II.
To plot the 6gures, curve b in Fig. 14(a) and the meas-

urements of the normalized Hall coefficient for sample
2807B-2 were matched to get the constant as. This
value of ao was then used to plot all of the field de-

TEF

Icm
SAMPI E

'0
O.ol OOR OOB O.i O.a OB Lo R.O

FIG. 9. Limit of the magnetoresistance coefEaent (Qp/pp)/
(ooI3) as (&ra) ~0 as a function of the ratio Ii/I. for several
values of S for Ji~~p~BtPP'& Ji~ppiB&PP'&. Theoretical-T T(8),
X 5.2, I.=1.0, Ic/Ii=4.

AuSb LEAO WIRES

Fxo. 10. Sample and sample mounting.
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Fro. 11. (a) Angular dependence of the magnetoresistance hp/po at 20 kilogauss. The cardinal directions of the magnetic field 8 are
indicated. Sample 2569A-1, 2'=300'K. The experimental points are for J in a L100j direction; 0 are the points for B in a (100) plane;
)( are the points for 8 in a (010) plane. The solid line was calculated with the parameters given in Table II. (b) Angular dependence
of the magnetoresistance hp/po at 20 kilogauss. The cardinal directions of the magnetic field 8 are indicated. Sample 25698-2, T=300'K.
The experimental points are for 1 in a L110j direction; 0 are the points for B in a (110) plane; X are the points for B in a (110)
plane; the magnetoresistance for 8 in a (001) plane is indicated by the dashed line. The solid lines were calculated with the parameters
given in Table II. (c) Angular dependence of the magnetoresistance hp/po at 20 kilogauss. The cardinal directions of the magnetic field
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TABLE II. Compilation of numbers used for comparisons of experimental data and theoretical calculations.

Figures

12

13

14-17

18a,b

18c,d

19a

a=constant, X=5.2, B=20 kilogauss

11a uQ =0.112
1ib u,B=0.114
11c uQ =0.597
11d u,B=0.560

r =constant, E=5.2, o,=0.0305/kilogauss

curve u—B=20 kilogauss, u,B=0.610
curve b—B= 4 kilogauss, u+=0.122
curve c—B= 10 kilogauss, uQ =0.305

r=constant, E=3.2 and 5.2, o,=0.0305/kilogauss

v=v(g), E~=5.2, os=0.9/kilogauss when ra=10 I sec.

For 77'K data (Figs. 14, 16) the numbers used in Eq. (2.11)for v=v(X) are:
Curve Sample No. I~ L, E It

u 2960 0.944 15.09 0.0064 3.776
b 28078-2 5,58 15.09 1.6409 22.32
C 28063-1 19.58 15.09 6.974 78.33

For 300'K data (Figs. 15, 17) the numbers used in Eq. (2.11) for v= v(X) are:

Curve Sample No. I~ I E It
u 2960 0.164 116.0 0 0.655
b 28078-2 1.903 116.0 0 7.612
C 28063-1 14.691 116.0 0 58.764

v=v(S), E =5.2. Use numbers listed above under 77'K in Eq. (2.11) for v= v(X)
curve b—sample 28073-2 upB =40
curve c—sample 2806B-1 apB =22
v=v(s), E =5.2. Use numbers listed above under 300'K in Eq. (2.11) for v=v(X)
curve u—sample 2960 upB =15.3
curve b—sample 2807B-2 upB =16.4
curve c—sample 28068-1 upB =15.2

pendent data, both for the Hall coeScient and the
magnetoresistance and at both temperatures. For the
angular data on the magnetoresistance the value of
aa8 was chosen to make the measurements and the
computed results coincide in the L001$ direction of the
magnetic field. As can be seen from Fig. 16(a) no value
of apB was able to give the measured value of magneto-
resistance at 20 kG for sample 2960. Therefore no
angular calculations were made for sample 2960 for
Fig. 18.

Figure 19(a) shows the planar Hall coefficient as a
function of angle at 300'K. The numbers used for
numerical calculations were the same as those used for
Fig. 18(d). The planar Hall measurements at 77'K on
these samples showed considerable distortion shown in
Fig. 19(b), apparently due to inhomogeneities, and were
not calculated.

VI. DISCUSSION

Experimental measurements of the galvanomagnetic
coeKcients have been compared with the results of
calculations using both an energy independent and an

energy dependent anisotropic collision frequency. The
constant collision frequency calculations showed all
the qualitative features of the experimental results,
including both the symmetries and the Geld dependent
eGects. Since the symmetry and Geld sects depend
strongly on the structure of the band, edges it is apparent
that because of their simplicity, the constant v. approxi-
mation should be useful in exploratory work on band
structure in many materials.

However, because there is no way, with a constant
collision frequency, to explain either the temperature
or resistivity dependence of the galvanomagnetic
coe%cients, if quantitative accuracy is desired it is
necessary to turn to an approximation which is closer
to the physical situation. As has been shown above an
energy dependent anisotropic collision frequency which
depends on such factors as the temperature, type and
amount of impurities, the scattering anisotropy and
the mass anisotropy can be used to predict more
accurately the experimental results. However, the
calculations are lengthy and must be performed with
the aid of a large computer. Considering the number of

B are indicated. Sample 2569A-1, 2'= 77'K The experimental p. oints are for J in a [100]direction; 0 are the points for B in a (100)
plane; X are the points for B in a (010) plane. The solid lines were calculated with the parameters given in Table II. (d) Angular
dependence of the magnetoresistance np/pp at 20 kilogauss. The cardinal directions of the magnetic Geld B are indicated. Sample
25698-2, T=77'K. The experimental points are for J in a L110$ direction; 0 are the points for B in a (110)plane; X are the points
for B in a (T10) plane; and Q are the points for B in a (001) plane. The solid lines were calculated with the parameters given in
Table II.
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parameters which go into the calculation, and acct
the results, it is difficult to justify this type of calcu-
lation except in substances which have already been
fairly thoroughly investigated. If one were able to
obtain samples in which a single type of scattering was
predominant, it would be possible to isolate and measure
the various parameters one at a time. However, very
pure material is usually unavailable, and large numbers
of impurities often acct the band structure itself.

As was shown in Sec. II, the galvanomagnetic co-
eQicients can be calculated without the use of any
adjustable parameters. However, for most samples
(except Sample 2960 at 77'K and high fields) the

calculated magnetoresistance for J 1110$and B (001j,
(transverse orientation) was always higher than the
measured values which implies that there is con-
siderably mork scattering than has been calculated.
Actually there are a number of scattering sources
which have not been considered, such as the probable
existence of minority impurities contributing to the
ionized impurity scattering, and the presence of neutral
impurities such as oxygen or nitrogen. ~ For this reason,
only the relative values of the amounts of scattering
of diGerent types was used. It is worth noting, however,

)4 W. Kaiser, Phys. Rev. 105, 1751 (1957).
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that for all of the Geld dependent results at both tem-
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less than calculated, could probably be explained by
an anisotropy in the lattice scattering. This anisotropy
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Fzo. 14. Field dependence of the normalized Hall coefticient
Rrr/Ro for J in a L110)direction and T=7'I'K Q—Sample 2960,.
O—Sample 2807B-2, +—Sample 28063-1. The solid lines were
calculated with the parameters given in Table II. (Measurements
of the Hall codKicients were made from 0.4 to 22 kilogauss. The
low field values form a straight line as indicated by the theoretical
curves. They have been left off the curves presented here for
reasons of clarity). (a) 8 is in a $001) direction. (b) 8 is in a
$111$direction.

is probably in such a direction as to reduce the ani-
sotropy ratio E=EM„or E,=r&/r~(1. In rela-
tively pure samples a small anisotropy in the lattice
scattering has a much greater eGect than an anisotropy
in the ionized impurity scattering. None of the samples
available were so pure as to allow neglect of ionized
impurity scattering and allow an experimental deter-
mination of the anisotropy in the lattice scattering. A
single calculation of the angular dependence of the
magnetoresistance was performed with E,= r~/rr
=1/1.1 for acoustic lattice scattering. This change
had a considerable effect on the angular curves, and
little e8ect on the field dependent curves. Only a small
am.sotropy in the lattice scattering would be needed to
Gt the experimental data.

Experimentally, the difhculty seems to lie in the
samples and not in the measurements. Care was taken
to be sure the samples were oriented properly, tem-
peratures were carefully regulated, and the potentials
were accurately measured. Any surface sects with the
fairly low resistivities of these samples should be small-
we detected no such sects. It is probable that inhomo-

geneities in the samples aGected the measurements.
There seems to be no other way to explain the planar
Hall measurements shown in Fig. 19(b), or the asym-

metry of the magnetoresistance in Fig. 18(b), which is

probably a contribution from the planar Hall eGect.
In regard to this, many samples during the beginning
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stages of this experiment were heated to 750—850'C in
a hydrogen atmosphere and then cooled very slowly
(12 hours). In none of these samples were there large
distortions of the measured curves such as are seen in

Fig. 19(b). The implication is that the heat treatment
reduced the inhomogeneities in the material. Herring
has also pointed out that the magnetoresistance can
be affected by inhomogeneities, particularly in the high
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material in order to fix some of the parameters, par-
ticularly those involved in the acoustic lattice scat-
tering. It is also necessary either to measure and
calculate the effects of inhomogeneities or to obtain
very uniform material.

It has also been shown that a calculation using a
constant collision frequency and an anisotropy ratio,
E, is very useful in predicting qualitatively, and to
some extent quantitatively, the field and angular
dependence of the measured galvanomagnetic potentials
to be expected with a particular band edge structure.

field region. '~ This eGect may be enough in some cases
to prevent saturation in the high Geld magneto-
resistance. It is possible that this eGect may be re-
sponsible for the very high (for silicon) magneto-
resistance for sample 2960 shown in Fig. 16(a). For
the lower values of magnetic field, as was pointed out
previously, for most samples the measured magneto-
resistance is somewhat smaller than the calculated
values.

The fact that the anisotropy in the magnetoresistance
is less than was calculated is probably real and not an
experimental defect or due to inhomogeneities, since
the measurements were consistent for all the samples. ACKNOWLEDGMENTS
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CONCLUSIONS

Using the Boltzmann transport equation coupled
with an anisotropic effective mass and an anisotropic
energy dependent collision frequency, it appears to be
possible to explain, qualitatively, all the measure-
ments of the galvanomagnetic coeKcients, both field
and angular dependent, and also as a function of
resistivity. However, to obtain exact quantitative
agreement it will be necessary to begin with very pure

~ C. Hening (private communication).

Fxo. 19.Angular dependence of the planar Hall coeificient V~t/ps at 20 kilogauss for J in a L110) direction and B in an (001) plane.
The cardinal directions of the magnetic field B are given. Q—Sample 2960, O—Sample 28073-2, +—Sample 2806B-1. (a) T=300'K.
The solid lines were calculated with the parameters given in Table II. (b) T=77'K There .are no theoretical curves (see'text)


