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The behavior of a quantized meson field in a classical gravitational field is examined. Physical quantities
such as the expectation value for the number of created mesons are represented in terms of a formal Green’s
function. They are computed explicitly for the case of a special space-independent gravitational field. The
inadequacy of standard iteration procedures is discussed in an Appendix.

1. INTRODUCTION

HE problem of the creation and scattering of
quantized particles by an externally impressed
gravitational field is a virtually unexplored area of
general relativity. On account of the importance and
difficulty of the theory of gravitation, the author be-
lieves that any aspect of the theory is worth studying if
it has characteristics differing from theory of other field
theories. In the above-mentioned problem, the form of
interaction of the external field is different from that of
usual theories in that the characteristic surfaces of the
quantized field are affected by the external field.
Furthermore there may occur phenomena for which
such a semiclassical treatment will be suitable. The
author does not assert that the investigation of the
present problem is a necessary step to the more impor-
tant problem of the quantized gravitational field, but it
is hoped that some information may nevertheless be
obtained as to a semiclassical limit of the latter. In this
paper we examine the behavior of a quantized neutral
meson field in a classical gravitational field which is
simple enough so that exact solutions may be obtained.
In Sec. 2, physical quantities such as the expectation
value for the number of created mesons are represented
in terms of a formal Green’s function. The sole require-
ment imposed is that the gravitational field be such that
well defined state vectors exist in the remote past and
future. In Sec. 3, the expectation values are computed
explicitly for the case of a special space-independent
gravitational field. Some attention is given in the
Appendix about the iteration method.

2. PRELIMINARY DISCUSSIONS

In order to have a well-defined state vector in the
remote past and future, we shall restrict the gravita-
tional field to be one which has the following properties

(2.1)

where y* is the Minkowski metric, and which admits

g”(x, £T)=v"+0(T~*+L7),
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the following type of solution for a neutral meson field
o(x, £T)=9¢*(x, £T)+0(T~*+LP),

e I 2.2
—(x, £T)=—(x, = T)+0(T-2+LF). 22)
dx* Oxt

T and L are large constants and « and 3 are positive real.
Greek indices run from O to 3, Latin indices from 1 to 3.
In the following, equalities which are correct to order
O(T—*+L-F) will be shown by =. The quantities
¢E(x,f) satisfy the free meson equation and can be
written as

#+(e)=[2r T [ oyt e

X [a*(k) exp(—ikot)+at' (—k) exp(ikot)] (2.3)

where ko, represents (k*+m?)} o' means Hermitian
conjugate of @, and the a’s satisfy:

[a(k),a(k’)]=[a' (k),a" (k") ]=0,

(24)
[a(k),a" (k) ]=08(k—k').

Furthermore we shall assume the following properties
for simplicity
24(x,)=0, for all x and .

The Hamiltonian for the system has the form,

1
H(0)=- f d (—g)!

¢ 0 ¢ 9P
X (—g""— —tgin— ——+m2¢2), (2.5)
ot ot oxt 9x™

and satisfies the asymptotic conditions
1 ,
HT)~- [k ko a0+ ). (26)

The vacuum state vector for the remote past is defined
by a =0, and the incoming single particle states are
given by ¢x=a"t(k)y,.
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The expectation value for the number of created ktok’is

mesons in the remote future in the state for which no Wotat(k)a~" (k)o), (2.8)
mesons are present in the remote past is where ¢t is defined by a*ye+t=0.

In order to calculate these quantities in terms of the

Woatt (k) at (K)yo). (2.7)  basic vectors yo, ¥x- - -, one must express ¢ (xf) or at as

a function of ¢—. By using the meson Green’s function,
The scattering amplitude for the momentum transition they are represented as

(x,0)= fd3( o ))

(2m)*\*
N,L( ) fd‘*kd“k’ Gk, koK' ko) eile x—ikot—ik'T (J; ")~
X[ (ko'+ko")a (k') exp (il T)+ (k' — ko )a= (— k') exp(—ikd'T)], (2.9)

]eikoT
1: -
%5 f dkod*k’ (koko )G (K, ko, k' ko) e~iT (hotka)
X[ (kotko) (ko' +Feo")a= (k) — (ko+-Fo) (k' — ko' )a~t (— k') exp(2iky'T)] (2.10)

(Xy 3 Y, — T)¢'<Y; _T)—G(X) Ly, — )

and

[¢]
a* (k)= (2(2m)7) f d% e-ik-x[ <750)%¢<x,1*>+¢<ko>—%6§

where
G(xtx' )= f d*kd*E G(k koK' k) et x—ik! -x'—ikottiko’t!
In the case of a space-independent gravitational field, several conditions on G are given from general requirements,
namely,
G(kko k' k") = —G*(—k, — ko, — k', — k) (2.11)
from the Hermiticity of ¢,

G(k,ko k' k") =G(—Kk, ko, —K', ko) (2.12)
from reflection invariants, and

. f G (k,ko,ko )G (K, po, p0") (ko' — po) et Futrn—iT Go"+20") @3kd kod k' d pod po’ ~ 0
—g%(?) f G(k,ko,k0")G (K, po,po) (koko' — kopo’) et kutpo—iT (ko'+p0") @3kdkod po'dpodpo’ =~ (2m) [ —g ()} (2.13)

fG (k,ko,k0" )G (K, po, po’) (Roko' po— Ropop et kot p0—il (ka’+20)) @3k d kod ko' dpod po’ =0

from the consistency for a canonical quantization; [¢(x,),¢(x’,5) 1=0 etc. Here G(k,ko,k0") is defined by
G(k,ko,k) 63 (k—K') =G (k,ko,k’ ko). (2.14)

3. MESON FIELD IN A SPACE-INDEPENDENT GRAVITATIONAL FIELD

Using the form, (2.14) for the Green’s function, we may write the Hamiltonian in terms of ¢~ as

O~ L= )] [ athabiapaips eoatomiivirom
X G (k,ko,kd )G (k,po,po’) (— ko) (g% (1) kopo+gV ki m~+m?]
X [ (ko' +o) (pd' +Po)e2 0T a~(k)a~ (—k) =+ (ko' +Fo) (o’ — Po)a (K)o~ (k) ]+ (H.c.)
~ f B Ao (K)a—(—K) 4 Bya—(K)a~ (k) ]+ (HLc.). (3.1)
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It is easily seen that By is real, from (2.11) and (2.12). The Hamiltonian is seen to be quadratic in ¢~ and ¢~.
Moreover, momentum is conserved. The Hamiltonian (3.1) has exactly the same form as that used by Bogolijubov!
in his treatment of the theory of superconductivity and can be diagonalized by the technique which he has intro-
duced. The result is

H()~ f BR(B— | Ax]?)at e (k)+ (H.c), (3.2)
where
a(k)=e"*uya (k) — e~ ?/%_ya~(—k), Ax=|Ax|e™,
sx=cosh®x, vx=sinhxy, tanh2xy=—|Ay|/Bx.
The condition
B> | Ax| 3.3)

is a necessary one for Bogolijubov’s transformation to be permissible. It will be shown later that it is satisfied in our
case as long as the space metric remains positive definite.
The expectation value of the number of created mesons with momentum &, is given by

1
(v +(k)>z; f dkodkd'dpodpo’ G(kkokd )G (ppopo”)eiT otko+potpe’)
X [koko — ko (ko— ko) — ko> L popo’ — ko(po— po') — ka®] (ko) 2(oa—(—k)a=t (= K)0).  (3.4)

The vacuum state in the remote future is defined by
i o
0=a+(k)1//o+z5 f dkodk’ G (kkoko")e= T <otk (ko) [ (kot-ko) (ko' +ko)a~ (k) — (Ro+ko) (ko' — ko)a~t (—k)e*oT T+,

and the scattering amplitude for the process, in which the initial and the final momenta of meson are different is
equal to zero on account of definitions of Yo and yot.

In order to get more explicit expressions for these physical quantities, we shall consider the following gravita-
tional field:

gr=v" for w>>r4LL —7—L1>1>— 0,
(3.14)
g@=n*(const) for >¢>—r.
ﬂ[_” —z_—
T m
I F16. 1. Diagram of the
regions considered.
X —
T — 1
I
In the regions I, III, and V of the Fig. 1, the solution of the field equation is easily found to be
#u)=L220)71 [[ (e Lo () exp(—ifo)-+a~" (=) exp(if)]
oM (x,0)=[2(2x)3]* f d%k (k) teiEx[b(k)e— k40t (—k)et*nt], (3.15)
¢V(x,t)=[2(2m)* ] f @k (ko) ~te™x[at (k) exp(—ikot)+a*t(—k) exp(ikot) ],
where &,= (0'""kikm+m?/—1")%. In the regions II and IV, field equation is
3% 0 ¢ ¢
gt (gL g | gm0, (3.16)
o2 ot ot dxldxm

IN. N. Bogolijubov, J. Phys. U.S.S.R. 11, 23 (1947).
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In the limit L — oo, discontinuities occur in the derivative of ¢. If we suppose ¢, d¢/9x* and d%p/dx'dx™ to be of
order 1, then
0%

0¢ 0
—_ —J(— g)3g00 — )30+ 0 (1)=0.
— /=)Ly (—ggeton)=0

By integration from F7FL~! to & one gets

3¢ Fr
[xn—+1n<—<—g>%g°°>] —o(1,
ot FrFL?
This gives the following relations '
¢ 9%
—(x, 1LY =Y—(x, £7)+0(L™), (3.17)
at : at
¢(x, L) =0(x, £7)+0(L™), (3.18)

where V= (— (—n)#™). This solution is compatible with the above assumption that ¢, d¢/9x* and 9%p/9x'dx* are
of order 1, when it is connected with well-behaved solutions in the regions I, ITI, and V.
Using (3.15), (3.17), and (3.18), we can express ¢t and b in terms of ¢—:

b(k)=% '“‘ﬂ’{ [(—};—2)14— (]]:_—:)%Y‘l:la—(k) exp(ilém)-I-[(%)%— (Z;:) %Y—l]a—f(——k) exp(—ikor) }, (3.19)

) ]a—(k) exp (2ikor) —i(sin2k T) (fﬂ—&)aﬁ*(—k) exp (— 2ikor).
2 ko Ry
(3.20)

i BY ko
at (k) = [COSZk ﬂT—E(SiHZkﬂT) (‘—_—"‘-———

0 n

The other way to get the expressions of physical quantities is to use Green’s functions in regions I, V, and III,
that is,

(2 [[ask eiee=n G+ sinkon— ),
(2 f 0% 685G (k)1 siny (%0 — 1),
and relations (3.17) and (3.18) with the formula
G(xtx' )= f &[G (x,1,x" ") (8/3¢")G(x" 1! X' #')— (8/3¢")G (x4, x" " )G(x" " x' )] —g(¢#'") g (¢"). (3.21)
The results are, for instance,
(2m) GfG(k,ko,ko’ Yeikot—ikoT = (Fo)~1 cosky(t+7) sinko(— 7+ T)+ (k,¥) ! sink,(¢+7) cosko(—7+T) (3.22)
for 7>¢>—7and

(2x)? f G(k,ko,ko)e—ho—iko' T [ (b, V)~ sin2k,r cosko(— r+£)+ (ko) ! cos2k,r sinko(t—7)] cosko(T—17)
+-[cos2k, cosko(t— 7)— koY (ko) sin2k 7 sinko(¢— )] (ko) sinko(T—7)  (3.23)

for t> 7. It is not hard to show that a(k), which is calculated
From (3.1), (3.2) and (3.23), one can get the Hamil- from (3.2) is equal to e*7b(k), which is given in (3.19).
tonian in region III as Expression (3.24), rewritten in terms of 4 and 4" can also

be obtained by using the usual Hamiltonian formalism.

1 In this example, comparing (3.2) and (3.24) we can see

H~— f @ koot (K)a(k)+ (H.c.). (3.24) that the above-mentioned condition (3.3) is just that
2 n'™ be positive definite. This is physically agreeable.
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The expectation value of the number of created
mesons is obtained by using (3.4) and (3.23) or (3.20).
We find

(it (R) YA [ B,V /Fo— oo/ By Y 2 sin2(2k,7).  (3.25)

It is noteworthy that the expectation value of the total
number of created mesons, J(ut(k))d%, is infinite.
Another curious fact is that (#*(k)) tends to a finite
value in the limit of the breaking of the condition (3.3).

The only nonvanishing component of the Riemann
tensor is (in the limit L — )

Rowom () =% @im—Yim)[8' (¢—7)— 8" (t+7)]

+2L O +0%) (r00—"¥00) (Mim—Y1m)

+ (v*e+0"%) (Mkm—Yiem) (ns1—vs1) ]

X[o@—7)o(t—7)+o(@+7)6(+7)]. (3.26)
In spite of the singular expression of the second term of
the right-hand side of (3.26) the following relation may

be admitted on account of the symmetric character in
the neighborhood of singular points:

f Roum(®) (t— 1) (- 7)dt= (qim—ya) 7. (3.27)

Expression (3.25) can be rewritten as
(n* (k) =3[ (detni)* (n"kokm+m?)?* (o)
—ko(detmk)‘%(n""klkm—l—mz)%]2
Xsin?(n"kikm+m*) 27/ (—1™)t], (3.28)
and we can therefore express this quantity in terms of
the Riemann tensor using relation (3.27). The quantity

7% which appears in the last term can be considered as a
simple correction of the time unit.
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APPENDIX

One might try to treat the problem considered here
by means of the Yang-Feldman integral equation?

() = o (xt)+ f A (xt XY

92 . a 9
x{en—t(—gri—L-igm
ot? (?t ot

9? 9?
k. . }
OxrIx”

o(x'?). (A1)

dxtox*

2 C. N. Yang and D. Feldman, Phys. Rev. 79, 972 (1950).
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Iterating this equation, we get, for the first approxi-
mation,

b (xt) =o(x1)+ f A(xtx't')

62 32
X (n00_+,r,lk _ mz) do(X'1)
a2 9xtoxk
+ A(xtx't)
—r—L71

& EIN
x (£t (gt —ge
a? at at

62

dxtoxm™

gim —m2)¢o(x't'>, (A2)

where
do(xt)= f &k eik'x[cosﬁo(t—}-T)dz(k, -T)

_ _ 9o
+ (k())'—1 sink, (lf+ T)—— (k, - T)]
ot

Under normal initial- conditions, ¢o, d¢po/dx* and
92po/ dx*dx” are of order 1. Therefore the second integral
on the right-hand side of (A.2) becomes

a
f adx’ A(xt, x’ —T)'gt‘(ﬁ(xl , —7T)

L= +1][—g(—r— 0L ]

where 6 is a constant, 1>6>0. On the other hand, the
corresponding first order term of the expansion of the
exact solution is

(A.3)

d
f &%’ Axt, X"T)&"SO(X', —)L(=n¥"+1]. (A4

The other first order terms are just what we get from the
first integral of the right-hand side of (A.2). Obviously
these two expressions, (A.3) and (A.4), are different from
each other except in special cases. The difference between
them arises from the fact that in the iteration method,
9%/ 012, which is really of order L, is replaced by the
quantity 9%pe/9t2, which is of order 1. This situation
represents an important character of the present prob-
lem, arising from the fact that the characteristic surfaces
themselves are perturbed, and shows that attempts to
use standard perturbation methods in problems of this
type are likely to lead only to difficulties.



