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Development of Space Charge and Growth of Ionization in the
Transient Townsend Discharge
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By using the general formulas derived from the analysis in a previous paper, calculations are made of
the development of electronic and ionic space charges, the growth of space-charge-distorted Geld, the
buildup of current, and the gain in ionization integral due to the Geld distortion in the transient Townsend
discharge. On the basis of these data, two types of Townsend-mechanism spark breakdown are also discussed.

I. INTRODUCTION

~ '0 explain the formation stage of spark breakdown,
the development of electronic and ionic space

charges and the growth of currents in a uniform field

gap, after a step-function-like impulse voltage t/' has
been applied, are calculated using the general formulas
derived in the previous paper' (hereafter designated as
PR1). The growth of the space-charge-distorted field
and the increase of the Townsend ionization integral
due to the field distortion are also calculated.

Several combinations of y; and 7„—coeKcients of
electron emission by positive ion and photon at the
cathode, respectively —are chosen to show the effect of
secondary mechanisms on the buildup of discharge
current.

The calculated results give an adequate estimate of
the errors in employing the formulas of PR1 which
ought to be approximately correct for (b) and (c)
ranges.

The contents of this paper are an extension of the
study initiated in PR1 and should be read in con-
junction with PR1. These studies have made clear the
realities of the development of space charge, space
charge distortion of field, and the growth of ionization
by collision of electrons in gases in the formative time
of spark breakdown.

Numerical calculations are made under the following

conditions:

air, l=1 cm, p=722 mm Hg;
sparking Geld: 8,= 28.5 kv/cm;
second Townsend coeflicient: y=y~+y„=1.5X10 ',
electron velocity: v = 1.6X10' cm/sec;
positive-ion velocity: v+ =8X 104 cm/sec;
electron transit time: L=l/v =6.25X10 s sec;
positive-ion transit time: t+ l/v+ 1.2——5X10——' sec;
resultant transit time: t=l/v=t +t+.

These are similar to one of the gap conditions set in

the experiments of Fisher and his collaborators' and

of Handel. '
' Y. Miyoshi, Phys. Rev. 103, 1609 (1956).' I.. H. Fisher and B.Bederson, Phys. Rev. SI, 109 (1951),etc.
' H. W. Handel, Phys. Rev. 95, 1117 (1954).

II. CHARACTERISTIC CONSTANTS

Characteristic constants Xs for ranges (a), (b), and
(c) which determine the temporal growth of Townsend
discharge are the roots of Eqs. (a.3), (b.4), and (c.4)
in PR1, respectively. From (a.3) and (a.5), we have'

X.r—nv(1+y;), )I..p
—nv (1+y„),

v.s
—-1/(1+y), v.,—y,/(1+y), o.s=v,/(1+y). (2)

Real roots for (b) and (c) ranges, Xsr, Ass, and )%.,r can
be obtained graphically. Figures 1(a) and 1(b) show
the roots thus obtained for various values of y;, y„, and
percent overvoltage A. The characteristic constants for
the special cases are summarized in Table I, where A. is
the real root of Eq. (A.1) in PR1.

As seen in the following chapters, modes of develop-
ment of space charges, buildup of current, growth of
space-charge-distorted field, and increase of ionization
integral in the transient Townsend discharge can be
classified into two distinguishable cases, that is y~-
predominant cases and y; predominant -cases; the former
belongs to X~I&0 and the latter, 'Ag1(0. Figure 2 shows
the two cases represented in y;, y„, and d planes.

TABLE I. Characteristic constants for the special cases.

X,1

&a2

&e1

O.V

nv (1+y)
av' h/t b

h/t av'
h/t

-~(1+»

av(1yy)
h/t

a Left column, under the co~dition y fexpt nl{v/v+)g —1)/(v/v+) &1.
b Right column, under the condition y fexptnl(v/v+) g —1 }/(v/v+) &1.

4 Y. Miyoshi, supplementary note to "Theoretical Analysis of
Buildup of Current in Transient Townsend Discharge, " Bull.
Nagoya Inst. Technol. 9, 95 (1957).

All the respective symbols used in the present paper
have the same meanings that they have in PR1. For
example, the three time ranges are as follows:

(a) range: O~t~t,
(b) range: t ~t~t,
(c) range: t~t.
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as t increases, ' Eqs. (b.9)—(b.13) will be precise for
larger f of the (b) range. Especially, in p,-predominant

cases, they could be an exact solution for the later stage
of the (b) range. In y„-predominant cases, space charge
accumulation enough to propagate a streamer or a,

conducting plasma from the anode is reached in some

t or some tens of L, the time required being the
formative time of spark under the application of an
overvoltage. In such cases, Eqs. (b.9)—(b.13) are
su%ciently useful for calculation of the later stage of
formative time of spark; of course, it is not necessary
to calculate the next (c) range. On the contrary, in

y;-predominant cases, a considerable space charge
concentration to distort the field across the gap is
attained not within the (b) range, but in the (c) range
under the application of an overvoltage. In such cases,
a further calculation of the (c) range is needed and the

continuity of electronic and ionic distributions at the
boundary between the (b) and (c) ranges becomes a
subject of discussion.

Figures 6(a) and 6(b) show I (s:,t) and e+(x,t), the
charge densities at the boundary between the (b) and

(c) ranges. The difference hn (x,t) between rs (x,t)
from Eq. (b.9) and rs (x,t) from Eq. (c.8) as well as

the difference be+(x, t) between rs+(x, t) from Eq.
(b.108) and e+(x,f) from Eq. (c.9) may not be over-

)C l 0
I.P

XJQ
0

FIG. 2. p;-predominant and
y~-predominant regions repre-
sented in y;, y~, and 6 plane.

l.o - o5

- 1.0

0.1 Qg 1
---- t55 10

—3 (%)

N (x,t)/Np ——I (x,t)/Np (e /8)
e"*P ~ss exp), ss(t x/v —) ~e *

for the (b) range
e- P v, s exp)~, s(t —x/e ) ~ e *

for the (c) range.
(3)

looked. Our approximate solutions, however, become
more accurate as t increases in the same way as in the
(b) range; hence, Eqs. (c.8)—(c.12) are also useful for
the calculation of the later stage of spark formation.

Space distributions of I for the (b) and (c) ranges
are nearly exponential in x. This is true especially for
y;predominant cases because ).st/w «) M/n ((n and
X.t/n «tr. For the e distribution, '

7:t=v:»l fd,
'

16'

70'

f0~

jo
10
10

1

7

=o:5

50

10

0 O5

(a)

' fo'
0.5
(b)

)0
0 0.5

(c)

$0
50'
]0 I a s I I

I

c5
@AS

(&)

Fro. 3. Electron distribution in transient Townsend discharge. (a) y;=0, y„=1.5X10 s; (b) y;=0.6X10 s, y~=0.9X10
(c) 7;=0.9X10 s, y„=0.6X10 '; (d) y;=1.5X10 ', y„=0. See Table II for explanation of the curve parameter.

' See the„. Appendix of PR1 and another paper (unpublished).
7 ~~ denotes "nearly proportional. "
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For the e+ distribution, '

N~(x, t)/Ns n——~(x, t)/ns (t~/t )

n
e *g~ — ebb

~
expxbb(t x—/w ) ~e"

for x~n+(t —t) of the (b) range,

(&
ibb I

explt»(f —x/t —)
Egbi )

&&(e ' exp' bb(x —l)/8 —e *) ~ (e '—e *} (4)

for x=1 of the (b) range,

(' n
i,b (

explt, b(f —x/t )

&&ft, 'exp)t, b(x —1)/0 —e *) ~ (e' —e *)

for x—1 of the (c) range.

IV. STREAM AND CURRENT

N (O,f) or n (O, t), N+(O, t) or n+(O, t), N (l,t) or
n (l,f), J (f) or N„(f),' and J+(t) for various com-

binations of y; and y„are shown in Figs. 7—11. The
curve parameters, y, and y„ for the figures in Chaps.
IV-VIII (Figs. 7-15, 17-24) are those given in the

accompanying Table III. All the characteristics shown

in these Ggures indicate that they can be classified in

two groups of y~-predominant cases (Xbi)0) and y;-
predominant cases (ltbi(0). As the development of

space charges in the preceding chapter has indicated,
the charge streams or currents large enough to drive the

discharge into the more advanced form, "glow" or
"arc,"are attained in the (b) range for the former group
of ltbi)0 and in the (c) range for the latter group of

Xg1&0.
Moreover, as expected from the results for the space

charge distribution, N+(O, t) and other functions, except
N (O,t) or n (O,f), are not continuous when f=t and
f=t, ; but the discontinuity of N+(O, f) when t=t is

negligibly small for p,-predominant cases and not.

serious for y„-predominant cases. Though the dis-

continuity of N+(O, t) when f = f could not be neglected,

TAsLz III. Values of the parameters y; and y~ for the
curves in Figs. 7—15 and Figs. 17—24.

Consequently, the electronic space charges develop

a distribution similar to the steady-state one already
in an early stage of formative time of spark but it does

not apply to the ionic space charges.

V. SPACE CHARGE DISTORTION OF FIELD

Electronic and ionic densities, n (x,f) and n+(x, t),
develop progressively in a formative time of spark as
shown in Chap. III. Then the space charge density, '

p(x, f)=en(x, f) =e(n+(x, t) —n (x,f)), (5)

as well as the space charge distortion of field grows
rapidly. The actual field E(x,]) in the gap is the sum
of the applied Geld E=V//, and the distorted field

D,E(x,f) due to the space charge p(x, t). E(x,t) or
A,Z(x, f) can easily be determined from the following
equations':

Poisson's equation: dZ/dx = p/E;— '

That is,

l

boundary condition: ~t Z~dx= V.
0

(7)

1 t r
' p(x, f) t" p(x, t)

ApE(x, t) =—
I

' dx' — dx, (8)

oi
Px q

=Q(1,&)
—P) —,& i,z,

it gradually approaches an exact solution with t. For
this reason, J (t) or N„(t), J+(f), and other related
quantities which will be referred to afterwards —e.g. ,
7;N+(O, t), V„N„(f) are—described to be continuous at

or t and to approach smoothly to the later charac-
teristic which may be regarded as accurate.

The eGect of positive ions and photons at the cathode
on the buildup of current in the transient Townsend
discharge is measured straightforwardly by y,N+(O, t)
and &~N„(f), respectively, but not by the magnitudes
of y; and 7„. Figure 12 shows that such quantities
y;N+(O, t) and y„N„(t) increase with t for several values
of y; and y~. It should be noted that y~N„(t) leads
7,N+ (O,t) throughout in y~-predominant cases, but y;N+
(O, f) begins to lead y~N„(f) at the last stage of the (b)
range or the initial stage of the (c) range in y;-predom-
inant cases. That is, at the last stage of formative
time of spark breakdown, y„N„(f))~,N+(O, f) in y~-pre-
dominant cases and Y~N~(t) &y;N+(O, f) in 7;-predom-
inant cases.

From these numerical calculations, it also follows
that charge streams at the cathode or at the anode
increase nearly proportional to J(f), the total current
density, except for smaller values of J (Figs. 13—15).
In these characteristics, the relation between the
quantities concerning electrons and J is in opposite
phase to that of the quantities concerning positive ions
and J with respect to the e6'ect of secondary processes.

No.

~;(X10-)
&,(X10-8)

(i) (ii) (iii) (iv) (v) (vi) (vii) (viii) (ix) (x)

0 1 2 4 6 9 11 13 14 15
15 14 13 11 9 6 4 2 1 0

e is the electronic charge.' E is taken inversely to the x direction. V is assumed constant
in this chapter. X=1/4' for cgs esu; ft=eb=8. 854X10 n

(farad/m) for mks units.
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IO'10-
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FIG. 11.Positive-ion cur-
rent density J+(t) vs t. See
Table III for explanation of
the curve parameter.

FIG. 14. Cathode ion
stream X+(O,t) vs total cur-
rent density J. See Table
III for explanation of the
curve parameter.
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FIG. 12. Electron emis-
sions by positive ions and
photons at the cathode,
y;& (O, t) and y„lV (t) vs t.
See Table III for explana-
tion of the curve parameter.

Fzc. 15. Anode electron
density e (l,t) vs total cur-
rent density J. See Table
III for explanation of the
curve parameter.
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IO-

J/ Joe
fO

jO /0 10

$0

FIG. 13.Cathode electron stream
X (O,t) vs total current density J.
See Table III for explanation of
the curve parameter.

Figure 21 shows the increase of the integral d,o (t) due
to space-charge distortion of field as a function of t for
various values of y; and y„. Figure 22, showing the
relation between 6,0 and J, indicates that A,o. increases
nearly proportionally to the square of J. This result is
in accord with Bandel's in form.

VII. DECREASE OF IONIZATION INTEGRAL
DUE TO FLOW OF CURRENT

So far the problem has been concerned with charge
densities n, e+, and e as well as current densities J,
J+, and J, but in the present chapter it is related
directly to the external current I=JS;5 is the discharge
area in which the discharge is assumed to spread uni-
formly. Now we will discuss an influence of the decrease
of gap voltage V caused by flow of current I(t) on the
ionization growth. ""

8I E(x,t)
Ep

'(C&)'(C&)'(C3)

(C3)
(Cy

(9)

-2
(I)~™
3 (l)
2
1
0-1

-2
-3

(H)

0
-I

(e)

-z
~

-3
(C))

7
)

6

(Ct,)

, Q(Ds) 1

-2
-3

(F
5
3
z
0

-2
-3

'0 If we employ a condenser of relatively large capacity for a
dc source, lowering of the source voltage due to Qow of discharge
current does not enter as in Handel's experiments."It is clear from Mori's experiments (to be published in Electro-
Technical Journal of Japan) on a spark at low pressure in air
that larger series resistance causes less rapid buildup of the transi-
ent Townsend discharge and longer formative time lag of spark.

(b)

Fxo. 16. Distribution of space-charge-distorted Geld A~X(x,t) in
the transient Townsend discharge. (a) y, ~O, y„=1.5X10 ';
(b) y;=1.5)&10 ~, y„=O. See Table IV for explanation of the
curve parameter and the multiplication factor.
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VIII. GROWTH OF IONIZATION

Since the space-charge accumulation and current are
not large in the formative time of spark excepting its
last stage, the increment 60 of the ionization integral
can be expressed as the simple sum of Ap(T and —Ago. ,
that is

(i) {iV)(V)
010-

O.05-

(VO~Rli) (X)

8 o.=Apa. —Ago-. (18)

This is shown in Fig. 24 for several combinations of ys
and p„. 310 is nearly proportional to J and hpo, to J2,
so 50 is affected by the potential drop due to current
Qow more than by the space-charge eGect in the earlier
stage of the formative time lag, but later, the reverse
holds. Hence

ao(t) &0 for t& T,
=0 for t= Tp

&0 for t& Tp.

(19)

IX. TWO TYPES OF TOWNSEND-MECHANISM
SPARK BREAKDOWN

In the last stage of formative time. of spark, elec-
tronic and ionic space charge distributions in the whole

TABLE IV. Values of the parameter t and the multiplication factors
for the scales of the ordinates of the curves in Fig. 16.

(a)

A
8
C.
D

p
G

(&)

A
8
C
D
E
p
G

I

multiplication
factor

10
102
103
104
105
10~
10~
]010

10"

(c)

A
8
C
D
8
p
G
H

A
8
Ci
C2
C3
C4
Cg
DI
D2
D3
D4
DQ
D6
+I

E3
p~
P2
G
EI
E

t (sec)

(L)
1X10 7

2X10 '
3X10 '
SX10 7

7X10 '
1X10-'
2X]0 6

3X10 '
5X10 '
7X10 '
1X10 '

(~)

2X10 '
3X10 '
~X10 '
7X10 '
1X10-4
2X10 4

3X10 4

"The same as Bandel's excepting R= 2.1 kilohms.

Tp is a time when 60. becomes zero and obviously it is a
function of y; and y„;when y; is larger, Tp is also larger.
Both in y,-predominant cases and y~-predominant
cases, ho- increases faster from an instant close to Tp
and as a consequence, the discharge begins to develop
the more advanced form —"glow. " So Tp is thought to
be a time closely connected with the formative time as
will be discussed in the next chapter.

5po or 6~0 J, and I at time Tp, taking" R= 1000
ohms and S=Se——78.5 cms (Ss is the electrode area),
are shown in Fig. 25; they decrease as p; increases while

Tp increases.

—QO3 1O' 1O"
g (sec)

FIG. 24. Resultant increment of ionization integral Ao (t) vs t See.
Table III for explanation of the curve parameter.

FzG. 25. Ionization inte-
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density at the time Toesp;,
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gap, n (x,t) and n+(x, t), are similar to those of the
anode region of glow discharge in 7„-predominant cases,
and to those of the cathode region of glow discharge in
y;-predominant cases. To be more precise, the space-
charge distributions in the transient Townsend dis-
charge at the time when the current density J comes
near a critical value J, necessary for the discharge to
transit into complete breakdown, are as follows:

(I) y„-predominant cases

n (x,t) &n+(x, t) for x&x„

n (x,t)&n+(x, t) for x&x,.

(II) y;-predominant cases

n (x,t)«n„(x, t) for x&x„
n (x,t)) n+(x, t) for x)xs.

(»)
(Ib)

(IIa)

(IIb)

The region x&xp is very narrow, and the region x&xp
covers almost the whole gap.

In y„-predominant cases, the region x&xp resembles
the positive column where m+ are slightly larger than
n from (Ia), and the region x)xs, the anode dark
space from (Ib). In y;-predominant cases, on the other
hand, the region x&xp resembles the cathode dark space
where n~ are much larger than n from (IIa), and the
region x)xe, the negative glow from (IIb). Conse-
quently it may be said that in the Townsend-mechanism
breakdown, the formative time is a preliminary stage
for developing the anode region of glow discharg-
aeodic breukdozm —in y~-predominant cases, and for
developing the cathode region of glow discharge-
curhodi c breakdown —in y;-predominant cases.
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On the other hand, it is seen from Fig. 25 that the
condition Dr=0 at Tp is attained at a higher current
density in y„-predominant cases and at a lower current
density in p;predominant cases. Therefore it is known
also that the same condition is attained at a higher
current in the former cases and at a lower current in
the latter if the discharge spreads completely over the
whole electrode surfaces.

In y;-predominant cases, during the time t&Tp, 50-

is as small in magnitude as the change in o- due to the
fluctuation of electric source voltage still unavoidable
by the present technique; hence the discharge is not
brought to extinction, though the buildup of current
becomes less rapid owing to negative Acr. The charac-
teristics common to current-time curves obtained by
Bandel —more or less exponential increase of current
in the middle of the time lag between the initial rapid
buildup and the final upward-curving —may be ex-
plained as the result of 0- being somewhat lowered by
b,&0- in the middle period rather than by other causes.
Conversely, in p„-predominant cases, it results from
Fig. 24 that 60- is not so small in magnitude but it
reaches a suKciently negative value to hinder the
growth of the discharge in t(T0. On comparing I(T0)
in Fig. 25 with Bandel's actual data for cases in which
sparks just failed to develop (Figs. 2 and 5 in his paper)
and other data of critical current just before breakdown
obtained from static characteristics, our computed
results seem to be rigorous for y,-predominant cases
but not for p„-predominant cases. Such inconsistency,
however, may be based on assuming that the discharge
spreads over the whole surface of each electrode also in
y„-predominant cases. Really, the transient Townsend
discharge must be not much larger in sectional area
than in an externally irradiated area in p„-predominant
cases because the absorption of photons in gas permits
in less degree photons to reach other parts of the cathode
surface of longer path than the path to the externally
irradiated part and also because the formative time is
too short to spread the discharge over the whole surface
of the electrode due to electronic diGusion. In y;—
predominant cases, on the contrary, it spreads over the
entire surfaces of the electrodes owing to electronic and
ionic diGusion as in the case treated by Bandel.

Consequently,

S((Sp, for y„-predominant cases,

S—Sp, for y;predominant cases.

The absorption of such photons as play a role at the
cathode in Townsend-mechanism breakdown, however,
is not so serious as it is in streamer-mechanism break-
down, and accordingly the calculations of the buildup
of the transient Townsend discharge in our study suGer
little changes in the general situation if we take into
consideration the discharge not spreading over the
whole surface of electrode in y„-predominant cases.

Table V shows the ratios of the values of quantities

TABLE V. EBect of discharge area on ionization integral.

J
6po.

I
Ago

1
1
k '
k '

(&&)

k
k'

1

The following conclusions can be drawn from the
results of the present study.

(i) The general solutions derived in PR1 are useful
for computation of the space-charge distribution,

'

space-
charge distortion of field, growth of current, and change
of ionization integral during the formative time of spark
breakdown because the errors due to adoption of the
finite terms are so small.

(ii) The growth of the transient Townsend discharge
can be classified into y„-predominant cases and y;
predominant cases; the former correspond to Xb~&0
and the latter, to Kb~ &0. The boundary of these regions,
Kb~=0, depends on y;, y„, and percent overvoltage A.
The mode of development of space-charge distortion of
field and growth of ionization in the discharge can be
classified into 7„-predominant and y;-predominant cases

cited in the column (0) when the discharge is assumed
to occupy a fractional part (1/k) of the electrode
surface, to those when it spreads over the whole
surface. Column ('I) gives the values under the con-
dition that the externally supplied electron stream Xp
or initial current density Jp is taken to be constant
irrespective of discharge-spreading, and column (II),
the values under the condition that the total number
of externally supplied electrons per unit time XpS or
initial current Ip, is taken to be constant. In an electrode
geometry such that the gap length is suKciently small
compared with the diameter of electrode, the discharge
confines itself in a relatively small area instead of
spreading over the electrode surface Sp for y„-pre-
dominant processes, As a numerical example, let us
take the discharge diameter to be 1 cm, a tenth of the
electrode diameter. That is, k=10'. Then under the
condition (I), 6,0 remains as has been calculated above
but 6~0 becomes one hundred times smaller, and con-
versely under the condition (II), 6&0. remains but 6,0.

becomes ten thousand times larger. In both cases, d,o-

overtakes h~o- at an earlier time Tp' than Tp calculated
above. Consequently, A,o- and d&a are so small that 60.
is nearly zero for t&Tp' and the discharge can be
sustained in y„-predominant cases as in y;-predominant
cases.

Finally, at the last stage of formative time, locali-
zation will occur somewhere owing to high space-charge
density and then a streamer having a narrower path
than the discharge path in the formative time, will
begin.

X. CONCLUSIONS
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in the same way as the development of space charges
and the growth of currents.

(iii) In y„-predominant cases, a considerable space-
charge accumulation and a sufhcient current to drive
the discharge into "glow" or "arc" are attained within
the (b) range, but in p,-predominant cases they are not
attained till the time passes into the (c) ranges.

(iv) The electronic space charges develop a steady-
state-like distribution in the whole gap already in an
early stage of the formative time of spark and the ionic
space charges show such distribution only in the
neighborhood of the anode. From this conclusion, it is
clear that the expression for charge stream used by
handel a X+(x)=Pe(e ' —e *), which is completely
valid only for a steady-state distribution set by under-
voltage application, is approximately valid for a tran-
sient-state distribution in the (c) range, but not for a
distribution in the (b) range.

(v) In view of these space-charge distributions in
the formative time of spark, it may be concluded that
anodic breakdown occurs in y„-predominant cases and
cathodic breakdown, in y;-predominant cases.

(vi) Charge streams in the gap increases nearly
proportionally to the discharge current except for
smaller values of current.

(vii) In the initial stage of formative time of spark,
the ionization integral takes a nearly constant value
(al) corresponding to an applied field E, and in the
middle stage it falls a little lower due to the potential
drop in an external resistance; in the final stage it rises

"g+ix) ro(e~' =e~') in —Handel's paper, p. 1125.

very rapidly due to the growth of space-charge dis-
tortion of field overcoming the negative effect of the
potential drop in the resistance and reaches a critical
value to advance the discharge into "glow. " Such a
sufficiently space-charge-distorted field and an ioni-
zation integral may be developed in some t or some
tens of t in y„-predominant cases, but in several times
t in y;-predominant cases.

(viii) Judging by the variation of the ionization
integral with time, it can be said that the discharge
spreads over the whole surface of the electrode in y,-
predominant cases, but it spreads only over a fractional
part of the cathode surface somewhat broader than an
externally irradiated area in 7„-predominant cases.
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